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In this work, we calculate the exact asymptotic quantum correlations between two interacting nonresonant
harmonic oscillators in a common Ohmic bath. We derive analytical formulas for the covariances, fully describing
any Gaussian stationary state of the system, and use them to study discord and entanglement in the strong- and
weak-dissipation regimes. We discuss the rich structure of the discord of the stationary separable states arising in
the strong-dissipation regime. Also under strong dissipation, when the modes are not mechanically coupled, these
may entangle only through their interaction with the common environment. Interestingly enough, this stationary
entanglement assisted by dissipation is only present within a finite band of frequencies and increases with the
dissipation rate. Robust entanglement between detuned oscillators is also observed at low temperature.
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I. INTRODUCTION

Over the past decades, nonclassical correlations such as
discord and entanglement have been widely acknowledged
to play a central role in quantum mechanics. In particular,
quantum correlations are a valuable resource in quantum
communication and information processing with continuous
variables (CVs) [1]. Therefore, the investigation of the con-
ditions under which bipartite states indefinitely preserve their
nonclassical nature in the presence of noise and dissipation
is not only of fundamental importance but also of practical
interest. The robustness of entanglement against decoherence
in CV systems has been the object of study in a number of
recent publications [2—-12].

Gaussian two-mode states occupy a privileged position
among all entangled CV preparations, since they combine easy
experimental realization with simple mathematical description
in terms of their second-order moments, which may be
experimentally determined via homodyne detection [13].
Gaussian states also find physical realization in mechanical
oscillators, such as trapped ions coupled by their electrostatic
interaction [14]. A simple but rather general model describing
those systems consists of two (detuned) linearly interacting
harmonic oscillators in contact with a thermal bath.

Needless to say, entanglement is central to quantum
information theory. Particular attention has been placed on CV
quantum information, since the preparation, manipulation, and
measurement of CV entangled states is relatively simple from
the practical point of view [1]. In the following, we use the
logarithmic negativity [15] as an entanglement measure.

The notion of quantum discord [16—18] was introduced to
capture the quantumness of correlations. Since the majority
of quantum states, including most of the separable ones,
have nonzero discord [19], it is said to be more general than
entanglement as an indicator of nonclassicality. It has recently
attracted attention in the field of quantum information now that
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it might provide exponential speedup in computational models
involving mixed states with vanishingly small entanglement
[20], and it has received operational interpretations as a
resource for several quantum communication tasks [21].
Unlike entanglement, it does not vanish suddenly in bipartite
open quantum systems [22]. It was also found that zero discord
between system and environment is a necessary and sufficient
condition for completely positive reduced dynamics [23].

The computation of discord is in general very demanding,
even for small finite-dimensional systems [24], and some
alternative measures have been proposed to overcome this
difficulty [25-27]. These have been also extended to the
realm of CV systems [28—30]. In this work we are concerned
with Gaussian quantum discord [28], which accounts for the
nonclassicality as revealed by local Gaussian measurements on
one of the modes of a bipartite Gaussian state and for which
there are simple analytical expressions.

The stationary entanglement of two resonant modes in a
common environment was formally studied in Ref. [3] using
the exact Hu-Paz-Zhang (HPZ) master equation. Approximate
analytic expressions for the asymptotic entanglement were
derived in the zero- and high-temperature limits, as well as
in the weak-dissipation case. Other recent works such as
Refs. [8,9] addressed the dynamics of quantum correlations be-
tween oscillators in common and independent environments,
assuming weak dissipation and equal oscillator frequencies. It
must be noted that the validity of the results (both analytical
and numerical) obtained with this master equation approach
has been recently questioned in Ref. [31] whenever nonlocal
dissipation effects are important, due to an overlooked mathe-
matical subtlety.

The issue of nonresonant modes was analyzed in Refs. [3,4]
with perturbative master equations: For a common environ-
ment, it was noted in Ref. [4] that the robustness against
sudden death of entanglement critically depended on the fre-
quency matching between the oscillators at high temperatures.
Nonetheless, as argued in Ref. [3], nonzero asymptotic entan-
glement may be achieved out of resonance at sufficiently low
temperatures. Much less is known about Gaussian quantum
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discord in this system: Quantum correlations may arise from
the interaction with the common environment [9] even if the
dissipation is weak. This feature is not present for strictly
Markovian dissipation [11].

In this work, we look into the less-explored case of
nonresonant oscillators under arbitrarily strong dissipation.
We derive exact analytical formulas for the second-order
moments of the Gaussian stationary states of two mechanically
coupled detuned modes, in contact with a common Ohmic
equilibrium environment. Since we proceed by solving the
quantum Langevin equations (QLEs) without performing
any simplifying assumptions [5,6], our results are exact and
therefore apply to the case of strongly non-Markovian system-
environment interaction just as well as to the case of weak
dissipation.

Thus provided with the stationary states of the system, we
exactly quantify the asymptotic entanglement and Gaussian
quantum discord between the two modes and analyze their
dependence on the relevant model parameters. The quantum
discord of the stationary separable states arising from strong
dissipation displays a rich structure that we report and discuss.

In the absence of mechanical coupling between the modes,
their interaction with a common environment may produce
entangled asymptotic states [3,5,12]. We find that this envi-
ronmentally assisted entanglement [2,32] vanishes outside a
finite range of oscillator frequencies and may be enhanced by
increasing the dissipation strength. We also emphasize below
the fact that stationary entanglement may actually be found
between detuned oscillators at finite temperatures.

The article is structured as follows: The system’s Hamil-
tonian is presented and discussed in the beginning of Sec. II.
By choosing a linear system-environment coupling term while
keeping the environment general, in Sec. Il A we formally
obtain the covariances, fully accounting for the stationary
Gaussian state of the system, solving the QLEs exactly
in Fourier space. In Sec. IIB we pick an Ohmic spectral
density for the environment to derive explicit analytical
formulas for the exact asymptotic covariances. We then briefly
consider the weak coupling and low-temperature limit in
Sec. IIC. The calculation of the entanglement and Gaussian
quantum discord is discussed in Sec. III before we present
our results in Sec. IV: The structure of entanglement and
discord in the weak-dissipation regime is first analyzed in
Sec. IV A, whereas the band structure of entanglement in
the absence of mechanical interaction between the modes, as
well as the properties of discord of the stationary states with
intermediate mechanical couplings under strong dissipation,
is discussed in Sec. IV B. Finally, in Sec. V we summarize and
conclude.

II. THE MODEL AND ITS EXACT SOLUTION

Our system consists of two harmonic oscillators interacting
through a term bilinear in the coordinates:

2 2
I O T R L PO
= lzzl o + 2m,a)ixl. + 2(x1 X2)~.

The interaction with a thermal environment can be modeled
by coupling them to a common bosonic heat bath, which
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yields

e B (2 + ) s B

m
92
+ Tf(xl,xz)z,

where Q2 is given by 2 [ dwJ(w)/w, and J(w) is the
bath spectral density J(w) =}, g,/2m ;. The last term
is introduced to compensate for the renormalization appearing
as a result of the system-bath coupling [33]. We use units in
whichm; =h =kp = 1.

As noted in Refs. [3,8] among others, under suitable
conditions, an initially separable state may become entan-
gled in this model, even if kK = 0. However, this ability of
the common environment to create nonclassical correlations
between the two parties exponentially decays by increasing
the physical distance that separates them [5], so distant
dissipative oscillators would be better modeled by considering
independent identical environments.

In the following, all averages are taken with respect to a
separable initial state in the system’s and bath’s degrees of
freedom p(0) ® pr, where p(0) is a Gaussian state of the
two oscillators and pr is a thermal equilibrium state of the
environment at temperature 7.

A. Formal solution of the QLEs

By choosing F(x;,x;) = x| + x, in H one may derive the
following quantum Langevin equations [33]:

2
i+ (0? + 9 Z k(x — x)) + Q%x;15;

= F(t)—i—Z/ dsx(t — $)x;(s), (1)
i=1Y7%

where §;; = 1 — &;;. The quantum force F(¢) acting on both
oscillators and the dissipative kernel y (¢) are connected by the
Kubo relation x(¢) = i0(t){[F(¢),F(0)]), where 0(¢z) stands
for the Heaviside step function. Note that the initial conditions
have been taken at ¢+ — —oo so that any time ¢ already
corresponds to the stationary regime.

For this choice of F(x,x,), the overall system Hamiltonian
H is quadratic in positions and momenta, so for w; # w, the
asymptotic state [which is independent of p(0)] is guaranteed
to be Gaussian.

In the case of resonant oscillators, the normal-mode
decomposition leads to an effective decoupling of the relative
degree of freedom from the bath, and thus the stationary
state would actually depend on the initial condition [3]. In
the following we consider detuned oscillators.

Following the approach of Ref. [6], we can solve
Eq. (1) by Fourier transformation, which we denote by
f= ffooo dte!® f(t). Due to the linearity of the problem, this

formally yields %;(w) = Z ajj (w)F (w), where the general-
ized susceptibilities «;;(w) are elements of the inverse of the
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03+ Q-+ k-3

The central object of our study is the asymptotic covari-
ance matrix I', defined as T';; = (R;R;) — [R;,R;]/2, with
R = {x1,p1,x2,p>} which, up to local displacements, fully
characterizes any Gaussian state of our bipartite system [34].

Provided with the susceptibility matrix «(w), we may
compute the power spectrum (x;x;), = [ dte’® =" (x;(t —
t)x;(0)) of the stationary two-time correlation (x;(t —
t)x;(0)) = (x;(t)x;(¢")) in terms of the power spectrum of
the environmental force:

(x¥ixj)o = ) ip(@ji(—w)(FF),. )
k,l

The rest of the power spectra (R;R;), can be readily
obtained from Eq. (2) since (p;x;), = —iw(x;x;), and
(PiPjlw = w*{(x;x i)w- The full asymptotic covariance matrix
then reads

*® w
Fi't,tz ~
J.0) /_oozn

B. Analytical covariances for Ohmic dissipation

1
(RiRj)o — E[Riij]-

To proceed further in deriving analytical expressions, we
choose an Ohmic spectral density with Lorentz-Drude cutoff
J() =2yo/r(1 + a)z/wf), which leads to a dissipative ker-
nel ¥(w) = 2ya)§ /(w. — iw), and a bath correlation function
(FF), =nJ()[1 + coth(w/2T)], where w. is the cutoff
frequency and y the dissipation rate. The renormalization
constant appearing in Eq. (1) is Q% = 2y, for this choice
of J(w). We start from Eq. (2) to get

/OO d_a) g,-j(a)) coth (%)

OO == | T e h—w)

) 3)

where g;;(w) and h(w) are the fifth-order polynomials
Qw.w(2k + o? — w2)2(2k + w3 — w2)2
(2k + 0] — @) (2k + @} — @?)
h(w) = k[2ia)2a)C — i(w% + a)%)a)c —20°
+a)(a)f + w% + 4522)] + a)(a)% + a)% - 20)2)522
+ (a)2 - w%)z(a) - w2) (w—1i).

The five roots z; of h(w) lay in the upper half plane of
complex frequencies, as can be checked, and satisfy the Vieta
relations:

E Zi
i
E Z2iZjlk =
i<j<k

Z Zikjlril =
i<j<k<l
e =iod

gij(w) =

’

=iwe, Y uz;=-2AQL+k — o — 3,
i<j

—iwC(Zk + o + a)g),

(k + Q%) (0] + @3) + 4Q% + wjws,

a)l + a)2) + a)za)%]
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We now replace coth (w/27T) in Eq. (3) by the expansion

o]

a) ®
coth| — | =2T E —_
<2T) = ®? + v?

where v, = 2wnT are the Matsubara frequencies [35], and we
exchange the summation with the integral sign. The expression
is thus transformed into

(ei(0)x, () = —T/ 7‘”%
do wgij(w)
”Tzfoo 7 H(@)h(—0)
where fi(w) = (0 — ivy)h(w).

We may now use the formula givenin Sec. 3.1.1 of Ref. [36]
to explicitly solve the integrals, which yields

T (ke} + 8ij0je))

k(a)f + w%)wg + w%a)%wz

_2TZ|:k(wc+vn)_Q Vn

(xi(@®)x;(@)) =

h(_l Vn)

n=1

8::
+ i h(—iv,)

The sum above can be further simplified by using the
identity [33]

Z ZHZ ——Za,w<1+z,

i=I

2Q%, + (v + ool /w}) (o + vn)]

where ¥ (z) = d InT'(z)/dz stands for the logarithmic deriva-
tive of Euler’s I' function. The formula holds if ZlN a; =0,
which turns out to be the case. The following compact formula
for the stationary position-position correlations is thus finally
obtained:

T (ko} + 8;jwies)
k(of + @3)o] + vjwie]

5 .
- Zai"”w(l - lﬁ)
Vi

k=1

(xi(Dx;(0)) =

Note that this equals the classical mean value (x;X;)7- o0,
minus a quantum correction term.
The coefficients a."/” are explicitly given by

we — izp(Q2 — k)
7 [Tz — 20)
(0c + iz)o}o)/w? + 22 — w2t — iz}
7 [ [u(ae — 20) .

To complete the analytical characterization of the exact
stationary covariances, we now turn our attention to the
momentum-momentum correlations (p; p ), since the rest of
the elements of the covariance matrix (namely Re(x; (t)p;(¢))),
are all zero as may be seen by analogous calculations:

/"0 do w?gij(w) coth (22)
oo 2 h(wh(—w)

) _ k
a’’’ =

+46ij

(pi()p;(t)) = —
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This may be evaluated in exactly the same way as we did for the position—position correlations, to yield

e QM) — k(@ + vy )?
(pi(t)p(1)) = T8 — 20T Y i)

a) + @2) (@, + vy) + v, [492% + 2v, (@, + v,
2Tk81]Z 1 3)( ) [ ( )]

h(_l Vn)

ad Qzunw%a)g/w? + w%a)z(wc + V) + @; v,,[Q2 + v (we + vy)]

—2iT§; Z
n=1

After explicitly performing all the summations, we are left
with

5
(pi()p;(t)) = T5;j — Zb,(f’j)l/f(l 3 iZ_k).

v
k=1 1

Note again that 74;; equals the classical average
(PiPj)T—o00- Asitis straightforward to check, the coefficients

b,(:’j ) are given by

b](:‘,j) _ ko + itk — Q2)zi]z;
7 [ Tiw(ae — 1)
[wck + (92 + k)2 (0} + 03)
7 [ Lz — 1)
(e + iz )i} + 4ikQPz;
7 [ [z — 20)

(2k + @?) (wez} +iz})

7 [ [iu(ae — 20) .

ij

+3i)

i

C. Weak dissipation and low-temperature limit

Now that we have the exact analytical stationary covari-
ances, we can gain some insight into the physics of the problem
by setting k = 0 and taking the limit y /w. < 1. To first order
in this small parameter, the five roots z; of h(w) become

Y We
21234 = T £ ——F—,
(w; Fiwe)
_ 2yl (o] + @3 + 207)
5 = la)c —_
’ [1; (wlz + w?)

Additionally, in the very-low-temperature regime (i.e.,
T < w;) the asymptotic expansion ¥ (1 +z) ~ Inz + (2z)~!
may be justified. Inserting all this into the formulas of the
covariances derived above, and retaining terms only to first
order in T/w,, w;/w., and y /w,., one gets the temperature-
independent expressions

< 2) 1 y [ 20w, — Tw; n 4 ! W, 1
x)y————"—|———+—[In— | — = |,
! 2; 2w a)l.za)c a)2 w; 2

Pt L3 % o4,
! e

2 2 Y o
ol
< yIn16 V(w%ln%_wgln%)
P1p2) = o e

h(=ivn)

By setting y = 0, the variances (xiz) and ( pl.z) become those
of the ground state of the corresponding oscillators without
dissipation, and the asymptotic (separable) state has a diagonal
covariance matrix. Taking into account that w, /w, > 1, one
sees that increasing y leads to a reduction of (x; 2\ while ( D; 2y
gets larger, as expected. The terms proportlonal to log w./w;
in (p;p;) also occur in the same region of parameters for a
single damped oscillator [33].

III. QUANTUM CORRELATIONS

The asymptotic entanglement and discord between the
modes may be readily estimated from the stationary covariance
matrix I'. We consider the logarithmic negativity (Exr) [15] as
a measure of entanglement. It is based on the positivity of the
partial transpose (PPT) [37], which turns out to be a necessary
and sufficient separability criterion for bipartite Gaussian
states [38], and is computed from the lowest symplectic eigen-
value D_ of the partially transposed covariance matrix [15] as

Ey = max {0,—In27_}

When it comes to discord (D) [16,17], it is defined as the
difference between two classically equivalent definitions of
quantum mutual information:

D (p12) = 1(p12) —Z" (p12),

where the total correlations are given by I(p12) = S(p12) +
S(p12) — S(p12) and the classical correlations [171 T (p12) =
maxmg}{S(p]z) - piS(,oY))}. Here the optimization runs
over all positive operator-valued measurements (POVMs)
{H(Z)} of subsystem 2; p; = trlg{pnl—[(z)} is the probability

associated with the ith measurement outcome and ,0(’) =

trz{plzl'lg )}/ p; is the corresponding postmeasurement re-
duced state of subsystem 1. Here S(---) stands for von
Neumann entropy. D is in general nonsymmetric under
exchange of the parties 1 and 2 (D # D7), and in the
following we are only concerned with D*".

To calculate Gaussian quantum discord (Dg), one restricts
the optimization to Gaussian POVMs {l'[g)i}. An explicit
formula for Dy exists, in terms of the four local symplectic
invariants of any input Gaussian state p, [28].

IV. RESULTS AND DISCUSSION

A. Weak dissipation

We look first into the weak-dissipation regime, where
the relaxation time scale 7z = y ! is much larger than the
bath correlation time, given by 13 = v, ! whenever we >V
[35]. We also pick a low temperature 7 for which nonzero
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FIG. 1. (Color online) (a) Asymptotic entanglement and
(b) discord in the weak-coupling regime as functions of k and w,.
We have chosen w; = 10,y = 0.01, w. = 500, and T = 0.5. Dashed
lines are contours and the color legends are plotted in the upper left
corners.

asymptotic entanglement might exist. Results are presented in
Fig. 1. In accordance with Ref. [3], we observe Ex # 0 out
of resonance at low temperatures, and overall similar behavior
of entanglement and discord.

As can be seen, both measures of quantum correlations in-
crease with w,/k — 0. This may be understood as follows: In
the limit k > w;, the oscillators, whose effective frequency &>
is given by “),'2 + k + 2y w., become nearly resonant and, thus,
approximately decouple in the variables ni = (x| £ x)/ V2
and 7y = (p1 + p2)/v2. As w;i/k — 0, {(n2),(72)} — oo
while {(n}r), (n*)} — 0[6]. This corresponds to anonsymmet-
ric two-mode squeezed thermal state with infinite squeezing
r, i.e., the ideal Einstein-Podolsky-Rosen (EPR) (maximally
entangled) state [39].

B. Strong dissipation

We achieve this regime by increasing y, so that the
relaxation time Tz becomes comparable to the bath correlation
time 7p.

Due to the bigger decoherence, entanglement is
mostly lost, though its maximum is still attained as
wy/k — 0. Interestingly, in the inset of Fig. 2(a), we can
observe a small region around k& =0 where nonclassical
correlations are enhanced by the dissipation. This purely
non-Markovian effect enters into our equations through the
renormalization term 92x;x, in the Hamiltonian H, which
for sufficiently high dissipation rate results in an effective
environment-assisted coupling between the oscillators.
Actually, even at k =0, there may exist nonvanishing
stationary entanglement. The corresponding asymptotic states
are thus non-Gibbsian, as could be expected at sufficiently low
temperatures [40].

One sees in Fig. 2(b) that for fixed w;, y, T, and w, there
exists a band of frequencies w; € [w’,w”] for which the asymp-
totic state is nonseparable. As the temperature increases, the
amount of entanglement gets reduced, while " and ” come
closer to each other. On the contrary, by increasing the dissi-
pation rate y, the maximum attainable E s and the bandwidth
" — o' get larger. Reducing the frequency w; also leads to
narrower bandwidth. One may also see that «’ is almost insen-
sitive to changes in w,, while @” slightly decreases as w, grows.

PHYSICAL REVIEW A 86, 012110 (2012)

2
k wy wa/ Wy

FIG. 2. (Color online) (a) Asymptotic entanglement in the strong-
dissipation regime as a function of k and w,. In the inset, we are
zooming into the region of low mechanical coupling. (b) Asymptotic
entanglement (continuous line) and discord (dashed line) as functions
of w, alone for k = 0. For both plots, parameters are the same as in
Fig. 1 except for the dissipation y = 0.5.

The simple model Hs =) ;[p?/2+ (0} + Q*)x?/2] +
Q2xx, proves useful to understand these features. Note
that the renormalization 92 = 2yw. has been introduced
to account for the bath-mediated coupling. If w;/Q? < 1,
the oscillators are again near resonance and approximately
decouple in the coordinates {1+, 7+ }. Then, Ex # 0 whenever
2 = (%) {n2) < 1/4[6].

It is easy to see that the lowest symplectic eigenvalue of the
partially transposed covariance matrix D_ grows with T and
decreases with 2 and ;. Thus, an increase in the temperature
must be compensated by an increase in ' for the inequality to
be satisfied. Conversely, an increase in either Q2 or w; allows
for a reduction of the critical frequency @’. The existence of an
upper bound @” for this nonseparable region is related to the
structure of the bath, so its behavior cannot be inferred from
this simple nondissipative model.

We also remark that in our simplified model 7_ decreases
as |Q? — k| grows, since the effective coupling between the
oscillators is the net result of two competing effects that
may eventually cancel each other: the environment-assisted
coupling and the direct interaction between the oscillators.
This explains qualitatively why Ex =0 for intermediate
couplings in Fig. 2.

Finally, Fig. 3 contains results on discord, which behaves
rather differently in the strong-dissipation regime: Since
the entanglement has considerably decreased, it no longer
dominates over other quantum correlations and, as could be
expected, remains nonzero even when the asymptotic state
is separable. It displays a maximum around k ~ 20, marked
with the dotted line in Fig. 3, and also vanishes in the limit
{k,awp} — 0.

The global purity  may be found to be roughly constant
for all stationary states, except those with {k,w,} — 0, while
P_ maximizes on the dotted line of Fig. 3, which corresponds
to separable states. This suggests that at fixed u, Gaussian
quantum discord increases with ¥_ provided that v_ > 1/2
(i.e., for separable states), which is consistent with Ref. [28],
where this was seen to hold for squeezed thermal states.
Additionally, since the partial purity o — 0 as {k,wp} — 0
the marginal stationary states p, = tr;(p12) become maximally

012110-5



LUIS A. CORREA, ANTONIO A. VALIDO, AND DANIEL ALONSO

§ T T Yo L
b IR N _—— -
1.5¢ : 1
//.'\ //’/
// \\\ ///
~ e \5__’,’
310+ A5 ’///,
~ ZERan =<
é\,l // ' ~ P
7 R el g
57 o =
0.5 <l i AN ///
-9 [ / N A =7 3
. 5 &N -7 ,//
N ~o_ -7 s
;oo el
WA U /
TR /
0.0 e ot ‘ : s i
0.0 02 04 06 0.8 1.0
2
k/w1

FIG. 3. (Color online) Asymptotic discord in the strong-
dissipation regime. The dotted line highlights the local maximum of
discord for the separable stationary states at intermediate mechanical
coupling strengths. All parameters are the same as in Fig. 2.

mixed in this limit, therefore yielding a quantum-classical
state [26] with zero discord as revealed by measurements on
mode 2.

At higher temperatures and stronger dissipation rates, the
fate of the asymptotic entanglement is to disappear completely,
in contrast with the asymptotic quantum discord, which is
always nonzero as could be expected [19].

V. CONCLUSIONS

We have exactly solved the problem of the asymptotic
quantum correlations in a system of two mechanically coupled
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nonresonant harmonic oscillators in a common bath. In the
case of Ohmic dissipation, we provided analytical formulas
for the exact covariances, fully characterizing any Gaussian
stationary state of the system, and used them to compute
the asymptotic entanglement, as measured by the logarithmic
negativity, and the Gaussian quantum discord, in both the
weak- and strong-dissipation regimes. It is worth stressing
that our results do not rely on any simplifying assumptions
concerning the different time scales of the problem (e.g., weak
system-environment interaction).

We found that robust entanglement between nonresonant
oscillators may exist at sufficiently low temperatures. Further-
more, for a finite band of frequencies, it may be created only
due to the environment-assisted interaction between the two
modes, in the strong-dissipation regime. Also in this regime
we have discussed the nontrivial structure of the quantum
discord of the stationary separable states, corresponding to
intermediate mechanical interaction strengths.

Note added. Recently, another paper appeared [41] where
the dynamics of Gaussian quantum discord between resonant
oscillators in a common environment was studied within Hu-
Paz-Zhang master equation formalism.
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