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Modeling of low- and high-frequency noise by slow and fast fluctuators
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We study the dynamics of dephasing in a quantum two-level system by modeling both 1/f and high-frequency
noise by random telegraph processes. Our approach is based on a so-called spin-fluctuator model in which a
noisy environment is modeled by a large number of fluctuators. In the continuous limit we obtain an effective
random process (ERP) that is described by a distribution function of the fluctuators. In a simplified model, we
reduce the ERP to the two (slow and fast) ensembles of fluctuators. Using this model, we study decoherence in
a superconducting flux qubit and we compare our theoretical results with the available experimental data. We
demonstrate good agreement of our theoretical predictions with the experiments. Our approach can be applied to
many quantum systems, such as biological complexes, semiconductors, superconducting, and spin qubits, where
the effects of interaction with the environment are essential.
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I. INTRODUCTION

Decoherence is one of the main obstacles for building
useful quantum devices. Understanding the mechanisms of
decoherence and achieving long decoherence times is crucial
for many fields of science and applications including quantum
computation and quantum information [1], protein dynamics
[2—4], dynamics of excitons and charge separation in biological
complexes [5-9], and the new and rapidly growing fields of
NMR and MRI with ultrasmall (microtesla) magnetic fields
[10-12]. In the latter case, the Larmor frequencies of the
spin precession become relatively small (in the kHz region),
causing the effects of 1/f noise to become so important that
noise suppression must be used.

In many situations the influence of noise can be mod-
eled by an ensemble of two-level systems or fluctuators
[13-19]. Depending on the distribution of parameters of
the fluctuators, such as amplitudes and switching rates, and
coupling constants, this model can describe both Gaussian and
non-Gaussian effects of noise [13—15]. Recent experiments
with Josephson qubits [20-22], on the quantum dynamics
of excitons in light-harvesting antennas in photosynthetic
complexes [5-9] demonstrated these important contributions
of noise and thermal fluctuations to decoherence, relaxation
processes, and quantum coherence effects.

In this paper, we study relaxation and dephasing processes
using a spin-fluctuator model [13,14]. In the spin-fluctuator
model, fluctuations are described by a random telegraph
process (RTP) produced by N fluctuators. Each fluctuator is
characterized by two parameters: its amplitude and switching
rate. Depending on the distribution function of fluctuators over
amplitudes and switching rates, the RTP can describe noise for
a broad range of frequencies using spectral characteristics that
include both low- and high-frequency noise.
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We consider the noisy environment produced by a large
number of fluctuators, N > 1.In the limit N — o0, we obtain
an effective random process (ERP) described by a continuous
distribution of fluctuators. We derive a closed system of
integrodifferential equations for functions averaged over the
ERP. Even though this system of equations is closed, it is still
very complicated for direct analysis and even for numerical
solutions.

We study two approximations in which these equations
are reduced to a system of differential equations. The first
one we call the Gaussian approximation, because, as we
demonstrate, in the simplest case of a two-level system
(qubit) under the influence of an ERP, it yields the relation
(exp(i@)) = exp(—(¢?/2)), where ¢ is the random angle of
the Bloch vector. This Gaussian approximation is widely
used in theoretical and experimental research to describe the
influence of noise on quantum systems [15,18,23-28]. In many
situations, this approximation is very useful because (i) it
captures some important properties of noisy dynamics and
(i1) it is simple to apply. However, the Gaussian approximation
does not describe different “non-Gaussian” effects which can
play a significant role.

Our second approximation is based on two effective
fluctuators which include both low- and high-frequency noisy
components. We show that this approximation goes beyond
the Gaussian approach and better describes the experimental
results for a superconducting flux qubit in a noisy environ-
ment [23].

A. Our main results

(a) We create a different model based on an effective random
process (ERP) that includes both slow (low-frequency) and
fast (high-frequency) fluctuators. This model can describe the
influence of noise on a quantum system over a wide frequency
range.

(b) For the functions averaged over the ERP, we obtain
an integrodifferential master equation which we reduce to a
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closed system of differential equations in two approximations:
(i) a Gaussian approximation and (ii) an approximation of two-
effective fluctuators. Both of these approximations describe, to
some extent, the contributions from low- and high-frequency
noise.

(c) We demonstrate that the two-effective-fluctuator ap-
proximation accurately models “non-Gaussian” effects ob-
served in experiments with superconducting flux qubits [23].

(d) We show that the two-effective-fluctuator model better
describes the suppression of 1/f noise in experiments involv-
ing echo decay in superconducting flux qubits [23].

This paper is organized as follows. In Sec. II, a general
model of noise based on ERP is introduced that describes both
low-frequency (1/f) and high-frequency noise. In Sec. III,
we use the reduced density-matrix approach to describe the
interaction of a quantum system with its environment by a
master equation. For two cases, (i) the Gaussian approximation
and (ii) the two effective-fluctuator model, we reduce the
system of integrodifferential equations to a closed system of
differential equations. In Sec. IV, the general method devel-
oped in Secs. IT and Il is applied to describe the decoherence of
a superconducting flux qubit for free-induction decay and for
echo decay experiments. In the same Sec. IV, we compare our
theoretical predictions with available experimental data and
demonstrate a good agreement with experiments. We conclude
in Sec. V with a discussion of our results. In the Appendixes
we present some technical details.

II. DESCRIPTION OF NOISE USING A RANDOM
TELEGRAPH PROCESS

To describe noise we use the spin-fluctuator model devel-
oped in Refs. [13,14]. In this model, noise is described by
a sum of N uncorrelated fluctuators, &y = Z,N: | Ci(?), where
i (t) is a random telegraph process (RTP). The variable &;(t)
takes the values —a; or a;. Consequently, ¢*(f) = a? = const.

The RTP obeys the following relations [13,29-31]:

(¢i()) =0, (1)
(@(g; (1)) = sijaje 10, )

The amplitude a; together with the switching rate y; com-
pletely characterize the ith fluctuator. The correlation function
related to &y (r) is defined as xn(|t —t'|) = (En()En(1)).
Using Eqgs. (1) and (2), we obtain

N
an(t =1 =) afe L, 3)

i=1

Further, assuming N >> 1, we consider continuous distribu-
tions of amplitudes and switching rates. The corresponding
correlation function, x () = limy_, o xn(t), can be written as

x(t =) = // dw(o,y)o?e 21" “4)

where 02 = limy_,o, Na?, and dw(o,y) depends on the spe-
cific distributions of amplitudes and switching rates. The ran-
dom process described by the function £() = limy_, o En ()
we call an effective random process (ERP).
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In order to model the characteristic behavior of the
spectral density of noise in different frequency domains, we
introduce a family of random variables and distributions,
{£,(1),dw,(0,y)}. In particular, n =1 -corresponds to
low-frequency (1/f) noise, and n =2 corresponds to the
Lorentzian spectrum for high frequencies (see Appendix C
for details).

Accordingly, we introduce the ERP as &(r) = )" &,(2),
where each &,(r) is an independent source of noise. This
implies (&,,(1)&,(t")) =0 (m # n). As shown in Appendix
A, the corresponding spectral density S,(w) behaves as
S, (w) ~ 1/w" in some region of frequencies. The total cor-
relation function is a sum of the partial correlation functions,
x(t —=t'D) =, xa(It —t']), where

we == [[awopatei )
In this paper, we adopt the simple model introduced in

Ref. [13] for uncorrelated o and y. We define the distribution
function as

dwy(0,y) = 8(0 — 0u)Pu(y)dody, (6)
where o, is a typical value of the amplitude and
dy
Pa(¥)dy = 4,0 (ve, — v)O(y — ym,,)ﬁ (7)

Here, ®(x) is a step function, and y,,, and y,, are the lower

and upper switching rates, respectively. The normalization
constant A, is

1 —

In(Ye, /Ymy)’ n=1,

(n—Dyyp-! ()
oy n#EL
(v )

A, =

In the following, we restrict ourselves to two important
cases: n = 1 and n = 2, which are related to 1/f noise and to
high-frequency noise with the corresponding spectral densi-
ties. (The case for arbitrary » is analyzed in Appendix C.) We
denote ¥, = Ym,» Ve = Ve » and yy = y,,. For the distribution
functions, P;(y) and P,(y ), we impose conditions at the point
Y = Yessothat yu, = ye, = Ye (Ym < Ve < 0)-

Using Eq. (C6) (Appendix C), we obtain

x1(7) = 07 A [E1QymT) — E1(2y.T)], 9)
E>,2y. E>(2
o) = 022A2( 22yet)  Ex( Vof)>. (10)
Ve Yo
Computation of the spectral density,
1 o0
Su(@) = — / Xo(2) cos(@D)d, (1)
T Jo

yields

012A1 w w
Si(w) = - arctan o — arctan )| (12)

0} A; (! + w? 4y}
Tw? 1+ w?/4y3 )

So(w) = (13)

where A; = 1/In(y./y) and Az = y. /(1 — v¢/ Vo).
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FIG. 1. (Color online) Spectral density of noise (2y,, =15,
2y, =1 1s7', 2y =10 us™!, 01 = 0p = 1,0 = 27 f). Lower green
line: Contribution of the slow fluctuators described by S;( f). Dotted
black line: Spectral density of 1/f noise, S1,,(f) = A/(2n f). Middle
red line: Contribution of the fast fluctuators described by S>(f).
Dashed blue line: Total spectral density, S(f) = Si(f)+ S2(f).
Upper blue line: Lorentzian spectrum, Sz (f) ~ 1/f2.

From Eqgs. (12) and (13) it follows that, in the interval y,, <
w < ¥, the spectral density S;(w) describes 1/ f noise. Indeed,
in this interval Si(w)~ A/w, where A = 012/[2 In(y./vm)],
and y,, and y, are related to the infrared, w,, = 2y,,, and
the ultraviolet, w. = 2y,, frequency cutoffs, respectively (Ap-
pendix C). For S,(w), we obtain the following asymptotic be-
havior: Sy(w) ~ 1/w? (® > w.). Thus, asymptotically S»(w)
has a Lorentzian spectrum.

To estimate the relative contributions of different processes
for low- and high-frequency noise, we evaluate the relation
S (w)/S1(w) at frequencies w ~ 0 and w ~ w,. A simple
computation yields the following rough estimate:

2
05 Y In(Ye/Yim)
S2 (CL)) ~ 012 Ye ’

Si(w)

w0,

o2 (14)
(,_?2 In(ye/vm), o= w,.

Taking values typical for superconducting qubits, 2y, ~ 1 s~!
and 2y, ~ 1 us™', we obtain

S(w)
Si(w)

-5 2/ 2 ~
10 02/01, w~0,

100’22/0'12, o~ .

5)

Thus, for low-frequency noise the main contribution near @ =
01is provided by slow fluctuators (SFs) with the switching rates
y being in the interval (y,,,y. ). However, for high frequencies,
® 2 w,, the contribution of fast fluctuators (FFs) with y 2 .
dominates (see Fig. 1).

III. MASTER EQUATION FOR AVERAGED
DENSITY MATRIX

We consider a quantum system governed by the Hamilto-
nian H(t) (generally time dependent), depending on control
parameters A; (external flux, biased current, critical current,
etc.). The noise associated with fluctuations of these parame-
ters is described by random functions, §1;(¢). For simplicity,
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we restrict ourselves to only one fluctuating parameter, 6A(¢),
denoting it as &(¢). Generalization for many parameters is
straightforward. Expanding the Hamiltonian to first order in
&(t), we obtain

H(t) = Ho(?) + V(@)§ (). (16)
To include the effects of a thermal bath, we use the reduced

density-matrix approach leading to the master equation:

dp .
2= i[H(@),pl+ Lp, (17)

where the superoperator £ describes coupling to the bath.
Using (16), one can recast Eq. (17) as

d
% = —i[Ho(@®),p(D] + Lpt) — i[E@OV(D),p()].  (18)
For the average density matrix, this yields
dp) ; .
pra —i[Ho(@),(p()] + L{p@®)) — i[V(1),(X(®))],

19)

where (X(#)) = (£(¢)p(¢)), and the average () is taken over
the random process describing the noise.

As before, we assume that fluctuations are produced by
the ERP, so that £(r) = ), £,(¢), and the correlation function
can be written as a sum of the partial correlation functions,
x(t = t'1) =2, xa(lt —t']) [see Eq. (5)].

Equation (19), an integrodifferential equation, is rather
complicated. However, in two important cases (the Gaussian
approximation and the approximation by effective fluctuators)
we obtain a closed system of first-order differential equations
(Appendix B). Below we summarize our results for &£(¢) =
&1(t) + &(t), where &,(¢) is related to slow fluctuators leading
to 1/f noise, and &,(¢) is related to fast fluctuators leading to
high-frequency noise.

The Gaussian approximation. Applying the method de-
scribed in Appendix B, we find that, in the Gaussian approxi-
mation, the master equation can be recast as follows:

d{p())
dt

= —i[Ho(®),(p())] + L{p(1))

—VOLIK@®), (e + OUVIY, (20
where  K(t) = [y dt'x(t — Y UT@)V(t)U(t). We denote
V(1) = U@t)V()U' (1), and

U(t) = T (e o o), 1)

The approximation by two effective fluctuators. In the ap-
proximation by two effective fluctuators, the set of slow, &;(t),
and fast, &(¢), fluctuators is approximated by two effective
fluctuators: one for SFs and the other for FFs. The total
correlation function, x (|t —t'|) = x1(|t = ¢'|) + x2(It = 7)),
is approximated as

Xu(lt =D R az?e i n =12, (22)
where a; and y,’ (the effective amplitude and switching rate)
are defined as follows: al’;z = xp(0)and y," = —(1/2)d In x (¢)/
dt|;—o (for details, see Appendix B).

Applying the method developed in Appendix B for an
arbitrary system of stochastic first-order ordinary differential
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equations, we obtain from Eq. (19) the following closed system
of ordinary differential equations:

d
77 P = —i[Ho(1),{p}] + L{p)
—i[V(®),(X1(0))] = i[V(©).(X2(0))], (23)

d
—(X1(0) = =2y (X1(1) — i[Ho(). (X1 (D] + L{X1 (D))

dt
— iafz[V(t),bO(t))] —i[V(®),(X12))], (24)

d
E(Xz(t)) = =2y, (X2(1)) — i[Ho(0),(X1(1))] + L{X(1))
— i@ V() (p)] — iV@), (X1, (25)

d
(X12(0)) = =201 + ¥ (X12(0) — i[Ho(1),(X12(1)]

dt
+ L(X12(0)) — ia? V1), (X2(1))]
—iad’ V@), (X1 (1)), (26)
where  (X,(1)) = (E(Dp(1),  (X2()) = (E2(H)p(1))  and

(X12(1) = (51(DE@)p(1)).

IV. NON-GAUSSIAN NOISE AND DECOHERENCE
IN A SUPERCONDUCTING PHASE QUBIT

In this section, the general method developed in Secs. IT and
Il is applied to describe relaxation effects in a superconducting
qubit. The effective Hamiltonian for a superconducting qubit
can be written as [23] (see also references therein)

H(t) = —39@) - o, (27)

where o denotes the Pauli matrices. We assume that H(t)
depends on the control parameters A; of the system, including
external flux, biased current, critical current, etc. Limiting
ourselves to a single fluctuating parameter A and expanding
the Hamiltonian in Eq. (27) to first order in the fluctuations
SA(t), we obtain

HO = Lo Lsan 22 (28)
B A YU

where, for simplicity, we assume that 2 does not depend on
t. In the eigenbasis of the unperturbed Hamiltonian, Eq. (29)
takes the form

H(1) = —1Q0, — 1Dy 8M(t)o. — 1D 1 8M()oy,  (29)

where D, , = 0Q2/dX and o, denotes the transverse spin
components, either o, or o,. (We adopt the notation of
Ref. [18].)

Below, in the framework of the ERP model, we obtain the
relaxation rates, and compare our results with the results which
follow from the well-known Bloch-Redfield (BR) theory
[33,34] applied to the external noise [18]. Before proceeding,
we present here some important results of the BR approach.

In BR theory, the dynamics of a two-level system is
described by two rates: the longitudinal relaxation rate, I'} =
Tl_1 , and the transverse relaxation rate, ') = T2_1. BR theory
is valid if 77,7, > t., where t. is the fluctuation correlation
time. The transverse relaxation rate I'; is a combination of I';
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and the so-called “pure dephasing” rate I'y,,
[y =10 +T,. (30)

In terms of the spectral density of noise, Sy (w), these rates are
defined as follows [18]:

Ty =7nD;  S.(Q), (1)

T, = D5 _S;(0). (32)

In our approach, fluctuations of the parameter A are
described by an ERP. Thus §A(r) = >, &,(¢). Further, we
restrict ourselves to consideration only the case n = 1,2. Then,
SM(1t) = &1(t) + &(¢), where &(¢) describes the contribution
to the ERP of SFs, and &,(¢) describes the contribution of
FFs. The spectral density of noise can be written as Sy (w) =
Si(@) + $2(w).

Since only FFs have small correlation times and satisfy the
conditions of applicability of BR theory, we use the spectral
density of FFs given by Eq. (13) to calculate the relaxation and
dephasing rates provided by the BR theory. We obtain

Iy =7D; 5(Q)
2. 1+ Q?/4y?
ot ( /”), (33)

=D n
PR -y /) \1+ Q242
O'2 Y
T,=nD>_S0)=D> 21+ Z). 34
1% Ty, »(0) A’Z4)/c + Yo (34)

Note that the validity of the BR theory is restricted by the
condition 'y, 1) < 1, where 1t = (1/2y.)(1 + y./Y0) is
the effective correlation time of the FF.

The above effective rates can also be obtained directly from
the averaged expressions for the partial rates,

% 2
ro=Dp2, / DY gy, (35)
s Ve 4y2+92
2
r, = p? / "% du). (36)
4 4 2
ve <Y

A. Pure decoherence

Let us consider the Hamiltonian (29) for a pure decoherence
case. Then D, | = 0, and the Hamiltonian H(#) takes the form

H(t) = —1Q(t)o. — 1D, .8)(t)o, (37)

where D, ; = d€2/9A. The equation of motion for the density
matrix, i p = [H(¢), p], reduces to only one component:

d . .
;P = iQ(1)po1 + iDy 5M1)po1. (38)

The matrix elements, poo and p;;, are constant.

Setting poi(t) = fo1(1)e' ™, where @o(t) = [; Qdt is a
regular phase, we find that py;(¢) satisfies the following
differential equation:

d
Eﬁm(l‘) = iD; 01(t)po1(1). (39
Its solution can be written as
Poi(t) = €"® py; (0), (40)
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where ¢(t) = fot D, ;5\(¢)dt is a random phase. After av-
eraging over the random process, we obtain (pp;(#)) =
(€'%)) pg1(0). This yields (po1 (1)) = ' (")) py (0). Thus,
the problem of obtaining exact solution of Eq. (38) reduces to
the computation of the generating functional, (¢'#"). Return-
ing to Eq. (38), one can see that, for averaged components of
the density matrix, it takes the form

d
77 (P01 ) = iQ) (o1 (1)) + D3 (0AD)por (1)) (41)

In what follows, we obtain solutions of Eq. (41) in the
Gaussian approximation and in the two-effective-fluctuator ap-
proximation. We apply these solutions to describe two widely
used experimental protocols: (i) free-induction decay and
(i1) echo decay. We compare our theoretical predictions with
the experimental data [23], and demonstrate that the experi-
mental results (i) are described by the Gaussian approximation
and (ii) that the details of the dynamics of the signal decay can
be understood by using slow and fast effective fluctuators.
We also demonstrate that the approach based on two effective
fluctuators allows one to fit the experimental data better.

1. Gaussian approximation

In the Gaussian approximation Eq. (41) can be presented in
the form

d
7 (001(1))

= iQ(1){po1(1)) — D@(/() x(t— t/)dt/> (por(0)),  (42)

where x(t — t') = (8A(£)A(¢")). Its solution can be written as
(Por(1)) = €O g, (0)), (43)

where @o(t) = fol Q(t)dt is a regular phase, ¢(t) =
D; . fot SA(t")dt’ is the random phase accumulated during the
time ¢, and

P*(1)) = //X(|t —t"Ddt'dt” (44)

is the variance of ¢(%).

Thus, in the Gaussian approximation, the random phase of
the free-induction decay is Gaussian distributed, and we obtain
the well-known result for the generating functional,

(€90 = ¢~ /D) (45)

Using the spectral function of noise, S;(w), one can rewrite
(45) as [13,18]

. SR X
(eup(l)> = exp (_ ED)\,Z / dwS; (w)sinc 7), (46)

o0

where sinc x = sinx/x.
In the echo experiments, the total phase ¥/ (¢) is defined as
the difference between two free evolutions, so that [13,18]

- / 3,\(t’)dﬂ). A7)
t/2

In the Gaussian approximation, we obtain

(VO = =W, (48)

t/2
V(1) = DA,Z( f Sxhdt
0
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/ / dr'dt" x (|t —t"))

—4D§,Zf d:’/ dt"x(|t' = t"]). (49)
0 /2

where

(Y2 (0) =

In terms of the spectral density, the echo decay can be
written as [13,18]

) 12 *© t t
(V) = exp (- = D7 / dwS; (w) sin? P inc2 2 ).
270 4 4

(50)

In Appendix C, we obtain explicit expressions for (¢?(¢)) and
(Y2(10)).

Using the asymptotic formulas for the exponential integrals
E,(2) [32], we find that, for y,t < 1 (y.t < 1), the free-
induction decay produced by SFs is given by

. 1
(") = exp [—rZDizA(ln 5

Vm

; +0(l)>], (51

where A = 0521 /[21n(y,/¥m)]- Substituting w,, = 2y,,, we find
that (51) is exactly the same expression that is used in the
literature for estimating the quasistatic contribution of 1/f
noise to the free-induction decay [18]. In the same limit, for
the echo decay we obtain

(") =exp (—1*D; ,AIn2), (52)
which coincides with the corresponding formula obtained from
Eq. (50) for w,,t < 1 [35].

The contribution of low frequencies, wt < 1, in Eq. (45)
obtained in the limit y,,¢,y.t < 1 is

o)y _ 2
(ewf)_e:)(p(—EDM 51) (53)

This coincides with the corresponding expression widely used
in the literature [18].

2. Two-effective-fluctuator model

In this section, the SFs and FFs introduced above are
approximately described by two effective fluctuators with the
following correlation functions (see Appendix B):

(n=1,2), (54)

Xt —1']) & g2e 2l ="

where

1.9 In[x, ()]

W=y | 55
Y > ar . (55)

the effective amplitude and switching rate being o, and y,,.
Computation yields

Ye — Vm

=—) 56
" G/ vm) 0
_Ye ln(VO/Vc). 57)
I —vye/vo
For the averaged functions, (poi(¥)), (Xi(¢))=
E1@po1 @), (X200)) = (52(0)por1(2)), and (X12(1)) =

(&E1(1)&2(t)po1(1)), we obtain the following closed system of
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first-order differential equations:

d
—(po1(1)) = Q1) {po1(1)) + i D;_[{(X1(1)) + (X2(1))],

dt (58)
%(xlu» = —271(X1(D) + i QU)X (1))

+iD; [(X12(0)) + ai (por@)],  (59)
%ﬂxxn>=—ayxan>+i90xxxn>

+iD; [(X12(0) + a3 (por(1))],  (60)

£ (X)) = =201 + P X1(0) + 20X 1)

+iD; [a3(X1(1)) + aj (X2(t)].  (61)
The solution of Egs. (58)—(61) can be written as

(P01 (1)) = DD, (1) D(1)po1 (0), (62)

iDy (X1 (1)) = PV D (1)D2(t)p01 0), (63)

i Dy (X(0)) = VD (1)D(1) 01 (0), (64)

D; (X 12(1)) = —' DD, (1) D,(1) por (0), (65)

where @((t) = fot Q(t")dt’. We denote by ®;(r) (i = 1,2) the
generating functional of the RTP [29-31],

®;(t) = <exp {i /tdfsi(f)vi }>,
0

where v} = D} _a?. The generating functional satisfies the

second-order differential equation [29-31],
d*®; o,

a7 +2y1 dt + v; ®; =0,

with the initial conditions being ®;(0) =1 and d®;(0)/

dt =0.

Free induction and echo decay solutions for a single
fluctuator. In the following, we consider solutions of Eq. (67)
corresponding to free-induction signal and echo signal exper-
iments. Previously Eq. (67) was studied in Refs. [13,36,37].

(a) The solution corresponding to the decay of the free
induction signal is given by [13,37,38]

(66)

(67)

—vit

®/ (1) = S sinh(ypit) + ¢ 7 cosh(yipt),  (68)

1

where u; =/1 — viz/yiz.

(b) In the echo experiments, the 7 pulse with duration, 7,
is applied at time T = 7/2 to switch the two states of qubit.
It is assumed that 7; < t. The corresponding solution for the
functional ®{(¢), with the initial conditions ®{(0) =1 and
d®¢(0)/dt = 0, is written as [13]

—vit
— [ sinh(y;pit) + cosh(yipit) + i —1]. (69)

e
(1) =

1

B. Comparison with experiment

In this section, we compare our theoretical predictions with
the experimental data obtained in Ref. [23] and the theoretical
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results of the model [39]. The measurement of the decoherence
due to 1/f noise was done for the flux qubit described by the
effective Hamiltonian [23],

e A
HQ = —EO'Z — EO'X, (70)
with the energy difference between two eigenstates Ey =

Ve? 4+ A2
The diagonalized Hamiltonian, with the fluctuations only
of Ey;, can be written as

1
H=-"to -3 Z D, :5ha(t) 0, (1)

2
where D,, . = 0Ey/9A,, and the term §A,(¢) describes the
fluctuations of 1, in the Hamiltonian. In the experiments [23],
the authors studied the decoherence due to fluctuations of
(i) the normalized external flux, ngy = ®cex/ Py, where Pg
is the flux quantum, and (ii) the superconducting quantum
interference device (SQUID) bias current /. The contributions
from different decoherence sources were separated, so that the
fluctuations of ny and I, were observed independently. We
consider two approximations: (i) the two-effective fluctuator
approximation and (ii) the Gaussian approximation.

1. Two-effective-fluctuator approximation

In the approximation of two effective fluctuators, SA(t) =
£1(t) + 52(1), and

EWME () = §ijofe ™™, =12 (72)

Our task is to determine the fitting parameters, (v, y1,v2,)2),

where vi2 = D% Zoiz, and

_ Vc(l - Vm/VC) - Ye ln(VO/Vc)

1H(Vc/Vm) 1 — VC/VO ’

The switching rates, y,, and y,, are chosen according to

the available experimental data for the spectral behavior of

1/f noise, namely, y,, ~ 1 s~! and y. ~ 1 us~'. Then, the

only two free fitting parameters are yy and v,. Their values

are chosen from the best fit of theoretical results to the

experimental data.

To fix the value of v|, we use the experimental data for echo

decay fitted to the Gaussian decay, exp{—[Fi (M1}, using
the relation from [23,35],

3E01
rjj)E(x) = A, 1n2‘ .

’

(73)

. 74
5 (74)
The constant A, is determined from the experimental data
describing the behavior of the spectral density of 1/f noise,
S, (w) = A, /w, at the frequency, f = 1 Hz [23].

Inserting A, = 012 /12 In(y./vm)] into Eq. (74), we obtain

21 C m
vi(h) = FjE(A),/%.

In Fig. 2, we compare our theoretical predictions with the
experimental data obtained for decoherence of a flux qubit with
fluctuations of the external normalized flux ng (sample A from
[23]). To fit our theoretical results to the experimental curves,
we set two cutoffs for 1/f noise as y. = 0.5 us~' and y,, =
0.5 s7!'. Then, calculating the switching rate y;, we obtain

(75)
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17,
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0.6

@ 057
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0.3
0.2
0.1

04

0 1 2 3 4

FIG. 2. (Color online) Sample A from [23]. Echo decay, ®°(¢) =
(V). The solid blue line is fit by the two-fluctuator solution,
(eVVy = O(1)D5(¢). The dashed green line is the theoretical
predictions of Ref. [39]. The dotted red line corresponds to the
Gaussian decay, (e'?®) = ¢ T The experimental data (not
shown) are obtained for decoherence at value Ang = 0.0009

[Fig. 4(a), Ref. [23]].

v1 = 0.04 us~'. From Fig. 4(c) (in Ref. [23]), describing the

echo dephasing rate I'y ;. vs Ang, we extract Iy ; = 0.8 pus™',

\/ﬁ —4.92 us'. The
parameters v, and y;, are chosen by best fitting our curve to
the experimental data. For the high-frequency noise we obtain
the upper cutoff as y = 4.25 us~!. For the switching rate
¥ this yields y, = 1.2 us~'. The amplitude v, we choose as
vy =2.72 us~ L.

In Fig. 3, we compare our theoretical predictions with the
experimental data obtained for decoherence in a flux qubit
with fluctuations of the external flux n, (sample B from [23]).
The fitting parameters obtained in the same way as for sample
Aare y; =004 pus™, vy =21 us™!, =575 us™", v, =
12.45 ps~!, and FiE =3.75 us~!. In Figs. 2 and 3, the echo
decay of the two-fluctuator model (blue curves) resulted from
both low- and high-frequency fluctuators.

and then, using (75), we obtain v; =

1,

0.9
0.8
0.7+

. 0.6
0.5

@ 0.4
0.3
0.2
0.11

07\ T T T e 7
0 0.2 0.4 0.6 0.8 1

FIG. 3. (Color online) Sample B from [23]. Echo decay ®°(¢) =
(e'¥®). The upper blue line is fit by the two-fluctuator solution.
The lower red line corresponds to the Gaussian decay e Tor "’ The

experimental data are obtained for decoherence for value Angy =
—0.0008 [Fig. 4(d), Ref. [23]].
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1,

0.951 ~=

N
CDe 0.91 T S
<
\\_
0.851
0 1 2 3 4

t(us)

FIG. 4. (Color online) Suppression of 1/f noise in echo-decay
experiment in a flux qubit at fluctuations of the external flux. The
dashed blue line corresponds to sample A, and the red solid line
corresponds to sample B from Ref. [23].

In order to determine the contribution from only 1/f noise
to this echo decay, we present in Fig. 4 the decay (for samples
A and B) provided by only a slow effective fluctuator with the
same parameters, y; and v, as those indicated in Figs. 2 and
3. One can see from Fig. 4 that in both cases, a suppression of
1/f noise is up to 95% in the time interval (0 — 1 us).

In Fig. 5, we compare our theoretical results for echo
decay with the experimental data obtained for decoherence
in a flux qubit for fluctuations of SQUID bias currents I,
(sample A from [23]). In all considered cases, we find that
our solutions based on two effective fluctuators better fit
the experimental data than the theoretical description of the
Gaussian approximation used in Ref. [23].

We consider also free-induction decay, and compare the
obtained effective decoherence rate F(gp r with the experimental
data and theoretical results of the Gaussian model [18,23]. For

1,

0.9
0.8
0.7
0.6
@ 051
0.4
0.3
0.21
0.1

0 0.2 0.4 0.6 0.8 1

t(us)

FIG. 5. (Color online) Echo decay, ®°(t) = (¢'¥®). The lower
blue line is fit by the solution of the two-effective-fluctuator
model, with the choice of y; = 0.04 MHz, v; = 10.5 MHz, y, =
2 MHz and v, = 50 MHz. The upper red line corresponds to the
exponential decay, e "&£’ with [,z = 1.7 MHz. The experimental
data are obtained for decoherence at value of SQUID bias current
I, = —0.7 pA [sample A, Fig. 3(c), Ref. [23]].
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free-induction decay, the two-fluctuator solution is
(V) = of (@] (1), (76)

where ®/ () (i = 1,2) are given by Eq. (68).
Expanding (76) into a Taylor series, we obtain

(@ =1-1(}+v)2+---. (77)

(o )
Tyr)” we obtain

1
M =50 +23). (78)

Substituting v; = 4.92 MHz and v, = 2.72 MHz (sample A),
we find FéF =3.97 MHz.

Computation for the sample A of the the ratio, F(gp i F(gp £
yields T'§, /T, ~ 4.96. This is in good agreement with
the theoretical prediction, TS,/ TS, <5 [18], and with the

estimate from the experimental data yielding a ratio between
4.5 and 7.5 [23].

Then, comparing with the Gaussian decay, e

2. Gaussian approximation

In the Gaussian approximation, the free-induction signal
decay is described by

<eilﬂ(1)> — 67(1/2)<<p2(t))’ (79)

where (92(1)) = (@i (1)) + (p3(1)), and (pa(1)) (n =1,2) is
given by Eq. (C29).

In Fig. 6, we compare the Gaussian approximation (green
dashed line), the two-fluctuator solution (blue solid line)
and the Gaussian decay (red solid line). As one can see,
the Gaussian approximation and the Gaussian decay yield
practically the same results. However, the two-fluctuator
solution shows non-Gaussian oscillatory behavior.

o
o

FIG. 6. (Color online) Sample A from [23]. Free induction
signal decay, ®/(t) = (¢/*"). Lower blue line fits to the two-
fluctuator solution, ®7(¢) = d>]f (t)d>{ (t). Red line corresponds to
the Gaussian decay, ®/ = ¢~ "or"” with %, =3.97 us™'. Dashed
green line presents the Gaussian approximation for free decay,
(ei#®y = =1/’ ®) (Data are taken from Ref. [23] for decoherence
at various flux biases ng4, sample A.)
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| ™\

0.9 \
0.8 \
0.71 \
0.6 .

e .

d 0.51 N,
0.4 \..
0.3 .
0.2 NG
0.1 X

FIG. 7. (Coloronline) Sample A [23]. Echo signal decay, ®°(¢) =
(e'¥®), The dashed blue line is fit by the Gaussian approximation,
(V) = ¢~/ The green solid line: two-fluctuator solution,
(€)= ®¢(1)D45(). The dotted red line corresponds to Gaussian

decay, (¢/¥®) = ¢~ s,

We also considered the echo decay signal for sample A. Our
theoretical results for echo decay follow from (48) and (49),

(VO = =IO, (80)

where (Y2(1)) = (Y7(1)) + (Y3(1)), and (Y7 (1)) (n = 1,2) is
given by Eq. (C33).

In Fig. 7, we present theoretical results (sample A) for
echo decay for the two-effective-fluctuator model (solid green
curve), the Gaussian approximation (dashed blue curve), and
Gaussian decay used in Ref. [19] (dotted red curve). In
Fig. 8, we compare the theoretical results for suppression of
1/f noise by slow fluctuators in the two-effective-fluctuator
model and the Gaussian approximation. One can see that,
up to 1 us, both descriptions give similar results. For times
larger the 1 ms, the Gaussian approximation does not describe
the suppression of 1/f noise, since fluctuators with y =~ y,
dominate.

17
0.851

. 0.6
D 0.45;
0.31
0.15;

0+ : : : )

0 1 2 3 4

FIG. 8. (Color online) Suppression of 1/f noise in echo decay
experiment. The upper blue line corresponds to the two-fluctuator
solution with only slow fluctuators. The lower red line corresponds
to the Gaussian approximation with slow fluctuators.
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V. CONCLUSIONS

The approach based on modeling of noisy environment
by an ensemble of two-level systems (fluctuators) is widely
used for quantum solid-state systems [13—-16,18,19]. Recent
experiments with Josephson phase qubits [20-22] demon-
strated the importance of noise of all frequencies in de-
coherence processes and stimulated theoretical discussions
on the contributions of low- and high-frequency fluctuators
[18].

In this paper, we have discussed the SF model for
continuous distribution of fluctuators to describe both low-
and high-frequency noise. We considered two approxi-
mations of our model: the Gaussian approximation and
two-fluctuator approximation, and compared our theoretical
predictions with the experimental results for decoherence
of a superconducting flux qubit [23]. We showed a good
agreement between our theoretical model and experimental
results.

We should emphasize that the two-fluctuator approximation
leads to the non-Gaussian behavior in the signal decay. The
non-Gaussian effects, yielding contribution to a particular
behavior of the tail in the spin-echo signal, are very strong for
free-induction signal decay. The main problem is that available
experimental results on superconducting qubits (including
those reported in Ref. [23]) may not have a good enough
precision to distinguish Gaussian and non-Gaussian behavior.
However, it is no doubt that the non-Gaussian behavior is
relevant to many situations and can help us to understand
better the nature of noise and its action on the system under
consideration.
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APPENDIX A: SOME PROPERTIES
OF RANDOM PROCESSES

1. Random telegraph process

In this section, we derive some useful formulas for the ran-
dom telegraph process (RTP) defined by &y(¢) = ZlN: L Gi(@)
with the correlation function, yn(|t — ') = En(@)En(E)),
given by

N
(|t — t/|) _ Zaizefz)/iltft’l- (A1)

i=1

We assume that the RTP is described by N uncorrelated
fluctuators, ¢;(¢). Each fluctuator switches randomly be-
tween the values —1 and 1 with the probability 1/2, so
that {?(t) = a} = const, and after averaging over the initial
states of each fluctuator, the following correlation relations

PHYSICAL REVIEW A 85, 052125 (2012)

hold [29-31]:

(¢i(@) =0, (A2)
(G(Og; (1)) = §jate =1 1 >0, (A3)
Mi(t,ta, ... ty) = aZe I =RIMI (15,00 8,),  (A4)
where
Mttty .o ty) = (G(t) . Gt)), h =t > >ty

(AS5)

From Egs. (A2)—(A4), a recursive formula follows:

MY (112, .. tg) = xn(t — MY (13, .. 1), (A6)
where
MYty . ot) = En@) . En)), h == >t

(AT)

The RTP is conveniently described by the generating
functional [31],

Syt v(r)] = <exp {i /tdréN(r)v(r)D. (A8)
0

Applying Eq. (A6) and using the Taylor expansion of Eq. (A8),
we obtain an exact integral equation for the generating
functional ®y[z; v]:

Dy[t;v(T)]
—1- / d, [ diaxn(ty — )0t V(E) D h: (D)1,
0 0
(A9)

One can transform this integral equation into the integrodif-
ferential equation,

d t
S @xlrs v = —vi) /0 dty Xt — 1)) Dy s v(D)]
(A10)

Let R[t;&En(7)] be an arbitrary functional. Then, using
Eq. (A6) and a Taylor expansion in £y(7), one can show that
the following correlation splitting formula holds:

(En@DEN()R[1:EN(D)]) = xn(t1 — )(R[1;E8(D)]),
h=>th>rt. (A1l)

To calculate the correlator (§x(¢)R[t; En(T)]) for T < ¢ we use
the following relations [31]:

(EnOR[1;En(T) + n(D)])
= <5N(I)GXP {/) dtén(t)
(

Sn(r)}>R[t;n(f)], (Al2)

052125-9



ALEXANDER I. NESTEROV AND GENNADY P. BERMAN

where n(tr) is a deterministic function. With the help of
Eq. (A10), we obtain

(En@OR[;En(T) + n(T)])
t 8 n (S
=/0 dleN(t—f1)<8n(tl) CXP{/O drSN(T)(Sn(r)H
x R[t;n(7)]
! )
=/ dtlxN(t—t1)< R[t;n(7) + §n(T)O(1 —r)]>
0 dn(t)
(A13)

Taking the limit » — 0, we find
(EnOR[t;En(D])
=/0ldt1XN(l—t1)<5$ e )R[t t1,§zv(f)]> (Al4)
where
Rl1,0;68(D)] = RIEN(D)OM — T +0)]. (A15)

By differentiating (A15) with respect to time ¢, we obtain
d
E(“;:N(I)R[t; En(D])

! d
_/o dtlEXN(t_tl)<8$ @ )R[f f1,§N(T)]>

d
= <SN(I)ER[I;§N(T)]>~ (A16)

This formula generalizes the differential formula [29-31]

d d
(E + 2V>(§(I)R[t; ¢())) = <§(I)ER[I;§(f)]>, (A7)

taking place for the RTP described by ¢(#) with switching
rate y.

Theorem 1. For the random telegraph process &y(t), the
following relation holds:

N xn(@ —1) , ,
EnEIR[EEN(D)]) = ——————EnORIEN(D]), 21,
xn(0)

(A18)

where R[t;&xn(7)] is an arbitrary functional.

Proof. Writing &% (1) as
N N

EV) =)0+ Y GO0, (A19)

i=1 ij

we can employ the fact that £?(#) = const [29,30]. Next, using

the relation xy(0) = Z,N: | £(1), we obtain

SO

XN(O) XN (O)Zgl(t)fj(t)_ 1.

(A20)

PHYSICAL REVIEW A 85, 052125 (2012)

Inserting (A20) into the left-hand side of Eq. (A18), we find
(En(HRIt; En(D)])

<s (t )éNE ) Rlt;En(z )]>

N

(G (O (OENE )R En(D)]).
i#j

-— A21
xn(0) (2D

Then, applying (A6), we obtain
(En(t)RIt; En(T)])

= %@Nmmr;swm
N
———— ) (GO ENE)RIEN(D]), >t
xn(0) oy
(A22)
Since fori # j, (£;(¢)¢;(t)) = 0, this yields
(EnER[:EN(D]) = M(“Ezv(t)l'?t EN(D)]), >t
xn(0)
(A23)
Corollary. In the limit N — o0, one has
ERIEON =L ORI s, (21 (A2)

x(0)

where (' — t) = limy_.oo xn (& —1).

2. Effective random process

We define the effective random telegraph process (ERP) for
N > 1, as £(t) = limy_, o En(2), considering the continuous
distribution of amplitudes and switching rates. The correlation
function, x () = limy_, o xn(f), can be written as

N
x(t =)= lim Zaize_zy""_’/'=/fdw(a,y)aze‘zy""",
—00
i=1
(A25)

where o2 = limy_ o Na?, and dw(o,y) depends on the
specific distribution functions of fluctuators on the amplitudes
and switching rates. The main relations for the ERP can
be obtained from the previous section by taking the limit
N — oo. Below we present the most important formulas.
The generating functional for the ERP being defined as

Ot v(r)] = <exp {i /t dré(t)v(r)}> (A26)
0

satisfies the following integral equation:

@[t v(r)]=1 —/dﬁ/ l dty x (11 — t)v(t)v(t2)P[12; v(T)].
o Jo
(A27)
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One can transform Eq. (A27) into the integrodifferential
equation,

d t
S ol (] = —u) / dix(t — 1))l ()],
0
(A28)

For an arbitrary functional R[#;£(7)] the following corre-
lation splitting formula holds:

E@E@IR[EM@]) = x (1 —L)(R[EEMD], hz2n>T.

(A29)

Finally, the differentiation formula (A16) takes the form

%(E(Z)R[I; &(0)

4 d S -
—/0 dt%xu—t1)<%k[r,n,s<r)1>

= <$(t)iR[t;E(T)]>- (A30)
dt
Relation to the Gaussian random process. We would like
to mention here an important consequence of the central limit
theorem concerning a relation between ERP and the Gaussian
random process. Assume that for individual fluctuators the
correlation relations are given by

(¢i(0) =0, (A31)

2
7 o — ¢!

(Gi(); (1)) = Waije 2vie=rl, (A32)

Then, for N — oo, the ERP, defined by &y(f), becomes a

Gaussian Markovian process with an exponential correlation
function [29,31],

(EMEM)) = a?e 1,

where £(t) = limy_, o &Ey(2). Thus, the N-fluctuator RTP, with
the same switching rates y and the amplitudes o>/N for a
finite number N is an approximation of a Gaussian Markovian
process.

(A33)

APPENDIX B: STOCHASTIC DIFFERENTIAL EQUATIONS

We consider a system of first-order stochastic differential
equations

d A o
EX(t) = A(x(1) +EOBOx(1), x(0)=x, (BI)

where & (1) describes ERP, sothat (§()E()) = x(t — 1)@ > 1)
and

x(jt —1']) = /dw(a,y)aze—zy"—”‘. (B2)

In what follows we study two approximations leading to a
closed system of differential equations for averaged variables:
(1) the effective fluctuator approximation and (ii) the Gaussian
approximation.

PHYSICAL REVIEW A 85, 052125 (2012)

1. Gaussian approximation

In the interaction picture, we introduce the new variable
(1) = U~ (1)x(¢), where

U(t) = T(eh A0 \x@r), (B3)

with a T-ordered exponential on the right-hand side. For X(¢),
Eq. (B1) takes the form

d 2
7, X0 = iE0BOX),  X(0) = X0, (B4)

where we set ié(r) = U’l(t)é(t)U(t). Equation (B4) can be
recast as

d 2 2 ! 2
ZP?(I):l'i-?(t)«"i(t)fi(o)—B(I)/0 EMEWB(), X(t)dt'.
(BS)

After averaging over ERP, we obtain the following integrodif-
ferential equation

d 2 ! 2
EW)) = —B(1) fo x(@ — 1B )X("))dt'. (B6)

For practical purposes, Eq. (B6) is not very useful. However
for some reasonable assumptions, it can be simplified. First,
employing (B6) one can write

(&) = (X(t)) — / dr' B(t) / Xt — "B &) dr".
t 0
(B7)
Then, inserting (B7) into Eq. (B6) we obtain

d 2 ! 2 2
7 &) = —B(t)/0 x(t = 1)B(@dt (k1)) + O(| B|Y).
(B8)

Considering the last term on the right-hand side of Eq. (B1) as
a perturbation, one can approximate Eq. (B6) as follows:

d _ 2 i A
E<X(I)) = —B(t)/ x(& —)B(@)dr' (X(2)).  (B9)
0
Its formal solution can be written as

{X(0)

— T{ exp <— / B(t"ydr’ f Xt — t”)é(ﬂ’)dr”)}(i(o»
0 0

- T{exp <—% /0 /0 fz(ﬂ)x(t’—z”)é(r”)dﬂdz“)}<i(0)).

(B10)

As can be seen, it has the form of solution for the Gaussian
random process [29-31].
Returning to (x(¢)), we obtain the first-order differential
equation,
d N A
E(X(I)) = A@)(x(1)) + BV (0){x()), (B11)

where

V(t):i/ dt' x(t — OU@DBEHU™\(1).  (B12)
0
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As an illustrative example, let us consider the following
stochastic differential equation:

%x(r) =iAx(t) + ivE@)x(1), (B13)

with A and v being const. Its solution can be written as follows:

(x(1)) = "D (M) (x(0)), (B14)

where @g(t) = At is the regular part, and ¢(r) = v fot x(t —
t")dt' is the stochastic phase accumulated at time ¢.

In the Gaussian approximation, we find that the average
(x(2)) satisfies the differential equation,

(X(t)) Ax(1)) — vz(fo x(t — t’)dt/> (x(@). (BI15)

The solution of Eq. (B15) is given by

(x(1) = (") (x(0)), (B16)
where
k(1) = v? / dr’ / x(t —t)dt"
——v//x(lt—tl)dtdt”— —{p*1)). (BIT)

From here and (B14), it follows that the decay law for (e/?®)
is the Gaussian,

(1) = A (B18)

This agrees with the general conclusions made in this section.

2. Two-effective-fluctuator approximation

Averaging Eq. (B1) over the ERP, we obtain

A (x(1) + B(t)(Xe (1)), (B19)

d Ay —
E<X( )) =

where (X¢(¢)) = (§(1)x(¢)). Using (B1), and taking into
account that (X¢(0)) = 0, we obtain

C(Tx—=1) ,
<Xs(t)>—/0 0 A1) (Xe(2))dt

+ / x(t —t)YB@)(x(t))dt (B20)
0

Taking the derivative on both sides of Eq. (B20), we obtain

/ Bx(t
x(0)

x[A@)(Xe (1)) + x OB (x(t))]d'.

Finally, we obtain the following closed system of integrodif-
ferential equations:

dXt
E< £(1))

= A)(Xe (1)) + x (O)B@){(x(t)) +

(le)

d A .
77 XO) = ADX@) + B(r)(X, (1)), (B22)
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d
77 Xe ()

8 p—
= A@)(Xe () + x(O)B(1)(x(1)) + (o>/ X(t s

x[A@) (X)) + x OB ) (x(z"))1dt . (B23)

In this section, we consider the system of Eqs. (B22) and
(B23) in the approximation that the ERP can be approximated
by a random telegraph process with the correlation function,

x (It =),

Xt =] = / dw(o,y)oe 2"

~ M=t =aPe” I (B24)

where the time-independent parameters a* and y* (the
effective amplitude and the switching rate) are defined
by the following expressions: a*>= x(0) and y* =

—(1/2)d In x(2)/9t],=0-
To proceed, consider Eq. (B23) rewritten as

A)(Xe (1) + x(0)B(t)(x(2))

"9lnx@ —1t
+/ x( )X(t_t/)
0 ot

d
77 Xe() =

1 A~
(WA(z ) Xe(t) + B(t’)(x(t’)))dt
(B25)

Usually In x (¢) is a slowly changing function. Then, replacing
d1ny(¢t —t")/0t by its value at time, ¢ = ¢/, one can approxi-
mate the integral on the right-hand side of Eq. (B25) as follows:

"9lnx(t—1) ,
—_— (=t
/0 o x( )

1 A
(—A(t )(Xe (@) + B(t/)(X(t')))dl

0)
/ x(—1")
t=t' JO

_0lnx@—1)
1 N
(—A(t )WXe () + B(ﬂ)(x(/)))dﬂ. (B26)

ot
0)

Inserting (B26) into (B25), and employing (B20) we obtain

d . .
E<Xs(t)> = AOXe () — 27" (Xe (1)) + a*? B)(x(1)),

(B27)

where y* = —(1/2)dIn x(¢)/8t],—0 and a*? = x(0). Next,

combining (B19) and (B27), instead of a system of integrod-
ifferential equations, we obtain a closed system of first-order
differential equations,

d o N
S xO) = ADOKD) + BOX @), (x(0) =x(0), (B28)
d
— (Xe(0) + 27" (X (1)
= A1) (X (1)) + a** B(t)(x(1)),(X£(0)) = 0.  (B29)
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FIG. 9. (Color online) Correlation functions yx,(¢) (upper blue line) and exponential correlation functions, y, () = exp(—2y,t) (lower red

line). Left panel: Low-frequency noise defined by x;(z) (y,, = 0.5 s~

High- frequency noise defined by x»(t) (y, = 0.5 us™

This system of differential equations describes RTP with
the amplitude a*, switching rate y*, and the correlation
function [31]

x (|t —1']) = a*2e I, (B30)

In Fig. 9, we compare the exact correlation functions,

x1(7) = 0f A1[E12YnT) — E1Q2¥:0)], (B31)
1) = 02 AZ(EZ(ZVJ) B Ez(zyor)) B32)
Ye Y0

with their approximated expressions, x, & 02 exp(—2y,t)
given by (54). The choice of parameters y, and y, was
motivated by the range of frequencies for 1/f noise. The
parameter ), was chosen to better fit both exact and ap-
proximate correlation functions. Note that the correlation
function in Eq. (54) which describes the low-frequency noise
X1 18 not very sensitive to variations of the parameter y,,.
Further, when fitting the experimental data, the parameters
ym and y. were essentially the same as in Fig. 9. As can be
seen, the approximation (B24) describes the behavior of the
exact correlation functions reasonably well for the region of
parameters which we use.

The system of Egs. (B28) and (B29) approximately
describes an ERP by RTP defined by a single fluctuator.
Below, we will describe a model with two effective (low- and
high-frequency) fluctuators. The advantage of this approach is
that we calculate in a straightforward way the coefficients a*
and y*.

a. Two-effective-fluctuator model

Let us consider the same system of first-order stochastic
differential equations as above,

%x(x) = A(Ox(®) + E@)B1x(), x(0) = xp, (B33)

with the RTP described by two uncorrelated fluctuators &;(¢)
and 24,(1), so that §(r) = {2(7) + ¢2(7), and

(¢i()) =0,

(g1 = sijaje 1=,

(B34)

i=12 (B35

, ¥e = 0.5 us™"). There is good agreement up to ~2 us. Right panel:
,vo=2us . Inallcases o’ =1 (n = 1,2).

We set (X)) = (1(Ox(0)), (Xa(1)) = (5(0)x(1)), and
(X12(1)) = (€1(1) 5 ()x(2)). Applying the formulas of differ-
entiation for an RTP [29-31], we obtain the following system
of differential equations for averaged variables:

d A N
7 X0) = ADKX®) + BOUX (1)) + (X2(0))],

d ~
E<X1(f)> = —2y1(X4 (1)) + A(){X; (1))

+BO[(X0a(0) + af (x(1))],

d R
—(Xa(1)) = =21 (X4 (1)) + A (X2 (1))

o (B36)
+BO[(X12(0) + a3 (x(1))],

d n
2 X)) = =201 + 1) (Xp®) + A0 (Xi20)
+ B(0)[a3 (X1 (1)) + ai (X2(1))].

APPENDIX C: PROPERTIES OF THE
CORRELATION FUNCTIONS

We consider a family of random variables and distributions,
{€,(t),dw,(0,y)}, in which each &,(¢) describes an indepen-
dent ERP: (§,,(1)€,(t")) = 0(m # n). Then, the total correla-
tion function is a sum of the partial correlation functions and
x(t —1t') =", xa(Jt — t']) can be written as

x(e—tp=Y" / f dw,(o,y)o’e 11 (D)

We define the distribution function dw, (o,y) as

dwy(0,y) = 8(c — 0n)Pu(y)dody, (C2)
where o, is some typical value of the amplitude, and
Pu(¥)dy = AuO(ve, — v)O(y — ym")jl/—);, n=12...;
(C3)

here, ®(x) denotes the step function, y,,, and y., are the lower
and upper switching rates, respectively. The normalization
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constant given by

1

(e, /vm )’ n=1,

A, = (C4)

—1 n—1
(n 7)]Vm,171 , I’l?él
(vt rvt")

is obtained from the normalization condition, f dw,(o,y)=1.
Inserting (C3) into (C1), we obtain

ol = 1)) = o2 / P )dye 1 (C5)

From (C5) it follows that o2 = x(0), and straightforward

computation ylelds
E, 2 'm E, 2 Ve

n—1 n—1
my Cn

mm=ﬁm(

where E,(z) denotes the exponential integral [32].
It is convenient to describe each noise source by its spectral
density,

1 [e.¢]
Sn(@) = — / Xn(7) cos(wT)dT, (o0))
T Jo
and, as it can be easily seen, 0> = 2 fooo S, (w)dw. Employing

Egs. (C1) and (C7)), one can obtain the following integral
representation for S, (w):

Su(w) = —1 /—2)/ i dw,(0,y), (C8)
T 4y? + w?
where
SL(R) = —1 —2y : (C9)
7w 4y? + w?

is the Lorentzian spectral density of the fluctuator with the
amplitude o and switching rate y [13].
Performing the integration in Eq. (C7), we obtain forn > 2

[(n+1)/2] k+1
1 2 n—1 (_1) 1 1
Sn(w) = ;Un A,2 kzzl: (n— Zk)a)Zk b272k - szzk
(C10)
1 I+(w/b,)* -
3 1n (1+(a)/cn)2)’ n=2p,

+%An0,122"’1
Tw arctan (l%) — arctan (Cﬂx), n=2p+1,
(C11)

where b, = 2y,,, and ¢, = 2y,,. Forn = 1,2, the computation
yields

ZA
Si(w) = gi arctan 2 - arctan d , (C12)
Tw by C1

02 A, n (1 + (a)/bz)z)'

Tw? 1+ (w/cy)?

SH(w) = (C13)

We impose on the distribution functions P;(y) and
P>(y) boundary conditions at the point y =y, so
that y,,, = y.,. Further, we denote Vi, = Vum,» Ye = Ver»
and ¥o = ¥e, (¥m < ¥ec < y0). Using these notations, we
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obtain

2ZA
Si(w) = Gjlw)] |:arctan (%) — arctan (26; )], (C14)

wwzﬁhml+#ﬂﬁ
T w? 1 —|—a)2/4)/02 '

(C15)

This yields the following asymptotic behavior of S;(w) and
Sy(w):

of Vun
2T Ym lnl(yf/ym)(l o _)’ @ L 2,

Ye
207 ye(1=Ym/ve)
7P In(ye/ym) ° @ > 2y,
and
2
e (L+ 1), w KL 2y < 2w,
~ 202y,
S (w) ~ g By v In (ﬁ), 2y € 0 L 2y, (CI7)
202y,
e (7). @ > 2n.
93 Y I/ V) % ~
Spw) ol (1+ Vo)’ w0, €18)
Si(w) 93 In(ye/yn)

In ( 1+a)2/4yc2 ) R Z 2)/L

o2 2(1=ve/w0) 1+o? /4yg

From Egs. (12) and (13), it follows that in the interval y,, <
o < y, the spectral density S;(w) describes 1/f noise. Indeed,
in this interval Sj(w) ~ A/w, where A = 012/[2 In(ye/yYm)]-
For S;(w) we obtain the following asymptotic behavior:
Sr(w) ~ 1/w?* (w > w.). Thus, asymptotically S,(w) yields
the Lorentzian spectrum.

Writing the spectral density for 1/f noise as Sy/r(w) =
AO(w, — 0)O(w — w,)/w, where w, and w,, are ultraviolet
and infrared cutoff, respectively, we obtain

o0 o0
of =2 / Si(w)dw ~ 2 / Sy (@)dw
0 0

2 In(w, /W)

= 2AIn(wc /W) = 07 )

(C19)

From here it follows that y./y,, =~ w./w,. Thus, y,, and y.
are related to the infrared and ultraviolet frequency cutoff,
respectively. Further we assume w. = 2y, and w,, = 2y,,.

As can be seen from Eq. (Cl1), our model covers
various asymptotic aspects of the spectral density, S(w) =
Y, Su(w), including 1/f noise and the Lorentzian spectrum
as some particular cases. This allows us to include into
consideration the more complicated behaviors of the spectral
density.

Estimates of correlation times for superconducting qubits.
Following [29,31], we define the correlation time related to
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Xn(T) as
1 [o¢]
T, = xn(t)dr. (C20)
X2 (0) /o
From here, employing Eq. (C6), we obtain
1—171/61 n= 1’
- . e
—Gueyt 17 L
For b, « c,, this yields
b ln(l oy = 1,
T, A nLI o (C22)
n_b,,’ n sé 1.

Using Eq. (C20), we calculate the correlation time of 1/f
noise to be

1 —Ym/ve
o= Imi¥e (C23)
2Ym In(ye/Vm)
For y,, < v., this yields
! (C24)
QR ——.
2Ym In(ye/¥m)
Computation of the correlation time 7, yields
1 Ye
= 1+ —. (C25)
4y, Yo
From Egs. (C23) and (C25) we obtain
2 < I ey, (C26)
T1 2y,

For superconducting qubits various experiments demon-
strate that the frequency interval of 1/f noise is f ~
(1 Hz-1 MHz) [18]. Substituting 2y, =1 s~ and 2y, =
1 us~! into (C24), we obtain an estimate of the effective
correlation times as 7; ~ 0.01 s. The experimental data on
the ultraviolet cutoff of the spectral density are unknown, so
Yo 1S an unknown parameter. Supposing ), 3> Y., one can
estimate the effective correlation time as ©, ~ 1/(4y,). Once
again, assuming that y, ~ 0.5 us~!, we obtain 7, ~ 0.5 us.
So, the fluctuations due to &,(¢) have shorter correlation times
than fluctuations related to 1/f noise, 7, < t;. Thus, indeed,
the SFs produce mainly noise with the spectrum ~1/w, and
the FFs lead to the spectrum ~1/w?.

1. Free-induction signal decay

For a superconducting qubit in the Gaussian approxi-
mation, free-induction signal decay is defined by (¢/#?)) =

PHYSICAL REVIEW A 85, 052125 (2012)

WD) where ¢(1) = D;._. fot SA(t")dt' is the random
phase accumulated at time ¢, and

(@*(1)) = D , f / (|t —¢"hdr'dt”.  (C27)
0 0

The correlation function yx;(t) of the ERP defined as §A(¢) =
>, &n(t) can be written as the sum of the partial correlation
functions, xx(7) =Y, x»(7), and the overall accumulated

random phase ¢(r) is given by ¢(t) =) D; . fol E,(t)Hdr .
From this we obtain (¢*(t)) = Y, (¢2(1)), where

t t
(r)) = D3, / / xu(|t' = t")dt'dt” . (C28)
0 0

Computation of ((p,%(t)} yields

En+2(bnt) _ En+2(cnt)

n+1 n+1
bn Cil

- ! L)+ (Lo (C29)
n+1\cptt ptt) on\bron )]

2. Echo decay

In echo experiments, the total phase v (¢) is defined as the
difference between two free evolutions [13,18],

(pr) = 2”1)3,10,3/4,1[

t

t/2
Y(t) = D“/ M(t/)dt/—D,\,Z/ SA(Hdt' .
0 12

(C30)

In the Gaussian approximation, one obtains (e'¥®) =
e~ 1DWO) where

W(t»:Di,Z( /0 /0 dr'dt" y, (it —t"])

/2 '
—4/ dt’/ dt”x,\(|t’—t”|)). (C31)
0 12

Inserting x:(|t' — ¢"]) = >_, x.(|t" — ¢"]) into Eq. (C31), we
obtain (y2(1)) = Zn(l/f,f(t)), where

(w,%<t))=D§,z( /0 /0 dr'dt” (It —t"])

12 t
—4f dﬂ/ dt”)(n(lt’—t”|)>. (C32)
0 t/2

Computation yields

E,2(byt/2) _ E,12(cat/2)

n+1 n+1
bl‘l Cn

(Vi) =2"D; .0} A, [4

En+2(cnt) En+2(bnt)
CZ+1 - b;,lJrl

N 3 1 1 4! 11 ©33)
n+1\cg prtt)  n\br )]
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