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Vortex-peak interaction and lattice shape in rotating two-component Bose-Einstein condensates

Amandine Aftalion,' Peter Mason,' and Juncheng Wei?
YCNRS & Université Versailles-Saint-Quentin-en-Yvelines, Laboratoire de Mathématiques de Versailles, CNRS UMR 8100,
45 avenue des Etats-Unis, 78035 Versailles Cédex, France
2Department of Mathematics, The Chinese University of Hong Kong, Shatin, N.T., Hong Kong
(Received 1 February 2012; published 12 March 2012)

When a two-component Bose-Einstein condensate is placed into rotation, a lattice of vortices and cores appear.
The geometry of this lattice (triangular or square) varies according to the rotational value and the intercomponent
coupling strengths. In this paper, assuming a Thomas-Fermi regime, we derive a point energy that allows us
to determine for which values of the parameters the lattice goes from triangular to square. It turns out that the
separating curve in the phase diagram agrees fully with the complete numerical simulations of the Gross-Pitaevskii
equations. We also derive a formula for the critical velocity of appearance of the first vortex and prove that the
first vortex always appears first in the component with largest support in the case of two disks, and we give a

criterion in the case of disk and annulus.

DOI: 10.1103/PhysRevA.85.033614

I. INTRODUCTION

When a two-component condensate is set into rotation,
topological defects of both order parameters are created,
which lead to more exotic defects than in a single-component
condensate. Experiments on two-component condensates have
shown how the condensates can exhibit either triangular or
square vortex lattices [1]. According to the values of the
interaction strengths, the defect patterns can vary a lot, as
illustrated in the numerical simulations [2,3]. One specific
feature is the appearance of coreless vortices: the existence of
a vortex in component-1 corresponds to a peak in component-2
and vice versa. The interaction between vortices and peaks
leads to changes in the geometry of the vortex lattice.
We are interested in determining the equations governing
this vortex peak behavior in the Thomas-Fermi regime and
estimating the interaction energy between the lattices of
the two components. Indeed, for a single condensate, the
vortex lattice is triangular, while for a two-component, the
vortex-peak interaction can lead to a square lattice. In Ref. [4]
an asymptotic interaction between two half-quantized vortices
is derived for two-component homogeneous condensates. In
this paper we want to take into account the nonhomogeneity of
the condensate due to the trapping potential and estimate the
vortex-peak energy according to the parameters of the system.
We derive an energy depending on the location of vortices
and peaks and determine for which values of the experimental
parameters the lattice goes from triangular to square. These
critical values agree well with the ones found from the
numerical computations of the full Gross-Pitaevskii equations
of Ref. [3]. We note that in the rapid rotation regime, using
the lowest Landau-level approximation, several papers [5,6]
(see also Refs. [2,7] for a review) have analyzed the transition
between triangular to square lattices. We point out that Ref.
[8] found a point energy with an interaction term eIPi=a;”,
which is different from ours and from Ref. [4]. We first
review relevant results for a single condensate (see Ref. [9]),
before moving to the derivation of homogeneous equations
and the computation of the interaction term in two-component
condensates.
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For a single-component condensate, the wave function
minimizes the energy
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under f [¥)? = 1, where & = Qe, is the rotation, V(r) is
the trapping potential, and in most cases V(r) = r2. We will
denote by V, the operator V — i x r. For g large, at 2 = 0,
the ground state n of E, o approaches the inverted parabola

1
—(—r?)
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in the disk of radius R> = A = 2,/g/m and goes to 0 outside
the disk. If the problem is rescaled on a disk of size 1, then
the analysis of the vortex cores leads to a vortex of size 1/,/g,
and, close to the core, the wave function behaves like f(r)e’?,
where f is the solution tending to 1 at infinity of

f”+f7—riz+f(1—f2)=0- 2

This is the equation of a vortex core in a uniform system.
In the case of a single condensate, from the equation of the
vortex core, one can estimate the energy of vortices, the critical
velocity for the nucleation of the first vortex, and the interaction
energy between vortices [9—12], which is

= loglpi = pil+ ) Ipil’. (3)

i#j i

where p; are the location of the vortex cores and log is the
logarithm in basis 10. Numerically, the minimization of (3)
yields an almost triangular lattice for a large number of vortex
points.

The aim of this paper is to describe the equivalent of (2)—(3)
in the case of two-component condensates. We define g; to be
the intracomponent coupling strength for component i and g,
to be the intercomponent coupling strength. For simplicity, we
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assume equal masses for the atoms in each component and
equal trapping potentials, but a general case could be handled.
The ground state of a two-component condensate is given by
the infimum of

Eghgzaglz,Q(WIawZ)
= Eq o)+ Eg o) + g0 / Wl @)

under [ |Y11> = Ny, [ Y2 = No. We set g1 = a8, g2 =
axg, g12 = opg, where g is large, so that & = 1/,/g is small.

We change wave functions to v1(x,y) = /eu1(x/€,y/¢),

Yo (x,y) = Jeur(x+/¢,y4/¢). Calling @ = (ag,c1,02), the en-
ergy we want to minimize is
2
e 1 o
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where (iu,Vu) = iuVii — ii#Vu. For Q = 0, the ground state
is real valued, and we denote it by (171,12). It is a solution of

—&(R x 1) - (iuz, V) + opluy |*|ua |,

(6)
(7
The shape of the ground state varies according to « and,

when ocg —ajay < 0, can be either two disks or a disk and
an annulus, as we will see below.

—&? Ay + 1?0y 4 20} + 200m301 = win,

—&e>Any + rny + 200m3 + 200m7 12 = pana.

II. REDUCTION TO THE CORE EQUATIONS

We recall that (n1,n,) is the ground state for 2 = 0, and
we consider (u#;,u;) a ground state of E, o. We call (fi, f2)
such that u; = 1, f1 and uy = n, f. We expect 7; to include
the slow-varying profile and f; to include the vortex or peak
contribution, so that f; is 1 almost everywhere except close
to the vortex and peak cores. We want to write the energy of
(u1,uy) as the energy of (11,n2) plus a rest, which is the energy
that we are going to study. This follows a trick introduced
in Ref. [13] and used for single Bose Einstein condensates
in Refs. [9,10]. We multiply (6) by n,(|fi|> — 1) and (7) by
m2(] f2/* — 1), and integrate and add the two equations, which
yields the identity

82
/—IVn1|2(|f1|2 —D+e'mfiV -V fi
+ = r MAAP =D +am{(fiF=1)

+aomni(lfil* = 1)+ —|V712| (T2

1
+e'm V-V + §r2n§<|fz|2 —1)
+052772(|f2| - 1)+O!0772771(|f2| ®)

Note that the Lagrange multiplier term has disappeared
because u; and n; are normalized similarly. We replace (u1,u)
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by (fin1, fa1n2) into the energy (5), use the identity (8), and find

Eqq(ui,uz) = Eqo(n1,m2) + Foo(f1, /2)

where
2
Foolfi,fo) = [ %n%wmz —eni( @ x 1) - (if1,V f1)

1
+ —ami(fil* = D>+ —772|sz|2

2

1
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+aoniny(1 — | AP — | AP )

This splitting of energy does not assume anything about the
scales of energy: it is an exact identity. We point out that as
soon as ooy — ag > 0, then the quadratic form in the energy
F, q is positive, and minimizing E, o in (u;,u2) amounts to
minimizing F, ¢ in (f1, f2).

Now we assume that we scale everything close to a point p
where n? = p1, 7 = pa, and fi, f> can be written as functions
of p + |r — p|/e. Then, in the new variable 7 = |r — p|/e, the
functions f1, f, are a ground state of

1
fa,g(fl,fz)=/§p1|Vf1I2—8p1(Sl X P) - GFLVf)

1
+ zamfumz — D>+ agp1o2(1 = 1 £ilP)

2 1 2
< (L=1£1)+ 7,V £

. L 0 L2
—em(@ xr)-(ifa,V o)+ 5062,02(|f2| -1
(10)

and solve the system

—p1Afi —ie(@ x 1) - o1V fi + 201 p0( f1P — D f
+2a0p1 0 fi(l o = 1) = A1 fi
—p2Afr —ie(@ x 1) - 02V fo + 2005 o] = D f2
+ 2000102 fo(1 1P = 1) = X2 fo. (11)

This is exactly the system studied in Refs. [4,14] for a
homogeneous condensate. The splitting of energy has allowed
us to reach a homogeneous system. Assuming a vortex
in component-1 and a spike in component-2, we have
fi =vi()e’? and f, = v2(r). We expect that v;,v, tend to
1 at infinity so that A1 =¢eQ and A, = 0. This yields the
following system:

(rvi), V] (

. + — + 2101 (v — l)vl +2060,02U1( ) =0,

(12)

(r vz)’

+ 20502 (v3 — 1)v2 + 200102 (v] — 1) = 0.

(13)

From this system, asymptotic expansions can be obtained
for v, and v, at infinity: v;(r) — 1~ —y;/r> and
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vy(r) — 1 ~ y,/r? for some constants y; and y,. Equations
(12)—(13) at infinity imply that oxpry» = app1y1 and
1 — 410191 + 4agp2y, = 0; thus

oo

yp=————andy=—""7—, (14)
4pra I 4praionlyn
where
o
Fp=1-——. (15)
312 %)
In particular,
o = .
0YV1Y1P102 16a1F122

In order to fully analyze the system (12)—(13), we need to
have information for p;, p,, that is, the ground states n;, 1,:
in particular, we need to know whether the supports of n;, 1,
are disks or annuli, and where they reach their maximum.

III. THOMAS-FERMI PROFILE OF THE GROUND STATE

We recall some properties of the solutions of (6)—(7)
obtained in Ref. [3]. The following nondimensional parameters
are introduced:

r=1-2 (17)
o]

r=1-2 (18)
ay

To begin, assume that both components are circular with radii
R, and R, and with R; < R,. When ajay — ag > 0, that is,
'z 2 0, and ¢ is small, both components are in the Thomas-
Fermi (TF) regime, and the density profiles for r < R; are

[200]
Im|* = o (m ke —r2r2>, (19)
1

1 (6%} 2
——u—rTy), 20
YenT <M2 o ny—r 1) (20)

and for Ry <r < Ry are

In|* =

I = Z— 1)

with |1]?> = 0. The chemical potentials p; and ji,, and the
radii, R; and R,, are to be found. In addition we have the
normalization condition

/|nk|2 = Ng, (22)

where, for generality, Ny # N,. We denote &, = Nya; and
o = /N1 Ny and get

- 1/4
R = (4“1F”) , 23)
JTFz
o 1/4
Ry = {4[0[2 + 05711(1 ')l } ’ 24)
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(4&1F12F2)1/2
w=———
i

4 172
+(1—F2){;[5l2+511(1—r1)]} , o (25)

4 12
M2 = {; [6r +a (1 — Fl)]} . (26)

We find from (19) and (14) that

I, R? LN
2 2147 24V1
1 =1ni0) 2T ‘/mlFlz 27)
i T
n= 16N10[1F2F12’

1 | 12
P2 = 13(0) = —{ |:—(N2062 + Nlolo)i|
(0%) T

1/2
SRR

mo

and

while

and y, follows from (14).

Equations (23)—(24) are valid provided I'j/ T, > 0 (to
ensure that Ry and p, are real) and &;I"; < &,I"> (to ensure
that R, > R;). If instead the initial assumption about the size
of the radii was taken to be R; > Rj, then the appropriate
expressions would also be given by Egs. (23)—(24), however,
with the indices 1 and 2 alternated. In this case the conditions
would be 5[1F1 > d2F2 and F12/ F1 > 0.

Returning now to R, > R, one must ensure that |172|2 >0
for all » < R; to have a disk rather than an annulus. Suppose
that there is a point at the origin, where |772|2 = 0. Then, from
Eq. (20),

aifpy N
1 2(Ny + Ny)

+1 aiN} N
2V (N1 + Ny)?

The existence of some I"|, at which the density in component-2
hits zero at the origin is the indication of a spatial separation
of the components. Notice that this critical value for T'y,
is independent of 2. In the spatial separation regime,
component-1 is circular while component-2 is annular,
provided R, > R;. Itis not possible for an annulus to develop
in component-1 if R, > R;; this can be seen by writing
the TF density expressions for an annular component-1 and
a circular component-2 in which the chemical potentials
become multivalued. Similarly, an annulus can develop only
in component-1 if R; > R,. Thus under the assumption
R > Ry, an annulus can develop only in component-2, and
the condition to have two disks is thus «y < @p.

Ol()=5£()=

4N2011062
Ni+ Ny

(29)
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IV. VORTEX INTERACTION

Let us call prg.1, pre2 the Thomas-Fermi limits of |7 |2
and |n,|? given by (19)—(21) and (23)—(26) in the case of two
disks. Then

r
prr1 = ——— (R} — r?), (30)

r 1
PTE2 = (RT—r) + 2—(R§ —R})

20T, 0 !
(052 )] (%) G1)
ifr < Ry,
1
2 —(R3 —1?) ifr > Ry. (32)

We want to estimate the various terms in the energy Fy g as in
Refs. [9,10], and we are going to show that, if p; are the vortices
for component-1 and g, are the vortices for component-2, then
they minimize the point energy

—me Y pilog|pi — pjl —we? Y paloglg; — g
i%] i%]

. +ss2p1) > il
+n(—82|log8| r +8Q,02>Z|q~|2
20,0712 ,
1T
+ 7 — &’|loge
162, <a1 ) logel ) ="

i#]

+7 (=% log €| I
2a1F1

| i_CI]
(33)

A. Estimate of the kinetic energy term

Let us call p; the vortices in component-1 and
g; in component-2. Then the kinetic energy term
(1/2) [ n}e*|V f1|* provides a leading-order term due to the
kinetic energy of the phase (which behaves locally like 1/r
outside a disk of radius ¢ around each vortex), which is

we? Y prea(p)llogel —we? Y prea(pi)log|pi — p;l
i i#]
(34)

with a similar term for component-2, where p; is replaced
by gq;.

B. Rotation term

We call X(r) the primitive of —rprg,1(r), which vanishes
at Ry, and X,(r) the primitive of —rprg2(r), which vanishes
at R,. Then forr < Ry,

T,
X,(r) = m(RZ —r?)?, (35)

o n 2 22
Xo(r) = SaaT'1s (R1 r )
1
—|—g(R2 RY)(R; + Rf —2r%).  (36)
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Thus the rotation term —e& [ n}(R x r)- (if1,V f1) is well
approximated by —¢ f 2 x VX -(if1,V f1). An integration
by parts around each vortex yields

—271892)(1(17[) 37

i

with a similar contribution for component-2.

C. First vortices

The leading-order approximation of the kinetic and rotation
energy yields (assuming vortices at points p; for component-1
and ¢; for component-2):

7&* Y prea(polloge| +me” Y prealq;)llogel
i J
—2meQ Y Xi(pi) —2meQ Y Xa(g,). (38)
i J
The energy is minimized by a configuration such that prg ;1 / X

or prr2/ X» reaches its minimum. We find that

X1(r) _l 22
) — 2R, 59

Xo(r) 1 1 (R3—R})(R;—1?
2 =Z(R12_r2)+ZF1(2 )(22 )2‘
o1E,2(r) F_lz(Rl —r2) + (R} — R})

(40)

This implies that above a critical value Q€, vortices become
energetically favorable in the system, and Q¢ is given from
(38) by

Q° = Lelloge| min; , 2L, (41)

For a harmonic potential, and in the case of two disks, the
minimum of p;(—F occurs at the origin. Furthermore, since
12

PTF2 _ PTF.1

Y. = x, ~ PO (42)
where
_ 4(R3 — R})(R3 —1?)
=" _p
y 1
(£ (R = r2)° + (RS — RY)(R: + B3 —27)]
(43)

and given the signs of the parameters, we see that D(0) > 0
so that we always have ptr1/X| > prr2/X2.

The first vortex is thus preferred in component-2 (i.e., the
component with larger support) and occurs at the origin with
the critical velocity given by

o= YT
@l

28| loge|[T2y/@ + a1 (1 —T)
— (1 =Tpya gl (44)

033614-4



VORTEX-PEAK INTERACTION AND LATTICE SHAPEIN ...
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FIG. 1. The critical velocity for creation of the first vortex plotted
analytically from Eq. (44) (solid line) and numerically (dotted line) as
a function of I'j, for two parameter sets: (a) € = 0.0352, «; = 0.97,
oy = 1.03 and (b) ¢ = 0.0358, o) = a0, = 1.

Note that this expression gives Q¢ = 0 when oy = & (pro-
vided «; # a; otherwise 2¢ reduces to a nonzero constant).
For some computations in the rest of the paper, we can assume
Nya; = Nyay so that R; = R,, and we have a lattice of peaks
and vortices close to the origin. Since min; , pr,;/X; = 4/ R?,

we have
T
Q° = glogel | - (45)
ail'p

We have plotted 2¢ — I'y, curves for two cases in Fig. 1, the
first with distinct intracomponent coupling strengths and the
second with equal intracomponent coupling strengths [where
Eq. (44) reduces to Eq. (45)] and compared then to the
numerical results of Ref. [3] (these parameter sets correspond
to sets “ES1” and “ES3,” respectively, from Ref. [3]). We find
good agreement between the two results.

D. Energy expansion

We now have to go further into the energy expansion to
estimate the interaction energy. We assume that the vortices
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appear close to the origin. Then (34) and (37) can be expanded
around the origin, using (30)—(32) and (35)-(36), which yields

—me’ Y pilog|p; — pjl —me® Y palogla; — gl
pry i#i

1) 2
—e|l Q ;
+ne< ellog el o+ m)ZIpl

Iy 2
—e|l Q °. 46
+ne< ellog |z + pz>Z|q| (46)

E. Interaction energy

We find from (9) that the interaction energy is

Otopl,Oz/(l — P = v

Near a vortex peak, this reduces to

QoP1P2Y1 7/2/ ZLZL,
"a,0 "o,
where we take the notations of [4]: r(j o) is the local distance
to the vortex in component-1, and r(g 1) is the distance to the
next peak in component-1, or equivalently to the vortex in
component-2. From (16), we find that the coefficient in front of

the integral is equal to ]16;55 . The computations in Ref. [4]
12

allow us to estimate the integral term, and we find for the
interaction term
T 116F1;]2 i‘«34| 10g8|—2.
2 % |pl - qj|
This is for a vortex in vy. Of course, if the vortex is in v, it
would be different by a factor 1/a;.
The interaction energy is thus

1-Tpn /1 1 4
T — 4+ — ) &7|loge
16F%2 ((11 012) | g |Z
i#]

1
. @4
lpi —q;l?

Together with (46), this leads to (33).

V. NUMERICAL SIMULATION OF THE RENORMALIZED
ENERGY

We now want to find the ground state of (33) when the radii
of both components are equal. Under this condition we have
p1 = p2, 'y =T, and «; = «,. This allows us to perform a
rescaling that leaves the renormalized energy dependent only
on a single parameter. We write Q = wQ° for Q¢ defined in
(45). Then

| log €] n Q I | Iy 1
- — ) = ogel|lw, | — ——= |,
P R% & p1 & a1F12 R12

(43)

which implies that we can rescale the p; and g; as p; = y p;
and g; = yg; with
1
2= = (49)
k4 1
2/ log el (a) Il _ R_12>
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T T

FIG. 2. The ground state of the renormalized energy (50) calcu-
lated for (a) ¢, = 0.05 and (b) ¢, = 0.3 with the number of points in
each component equal to N = 46. Component-1 is shown in the left
columns and component-2 in the right columns.

so that the new energy is

Zloglp, _Zlog|q5_qj|2

i#] i#]
1
+Z|p,| +Z|ql| +cw2| 4 (50)
iz i
with
ﬂ(l_rl2) 2 2
cp = ——Qw — 1)e“|logel|”. 51
4o T2, ( )e“|log | (51)

We simulate this renormalized energy (50) using a conju-
gate gradient method varying the parameter c,, and the number
of vortex points. For a fixed number of lattice points N, when
increasing c,,, the ground-state lattice goes from triangular to
square at a critical ¢”¥. Note that when N gets large, c’¥ no
longer depends on N. In Fig. 2 we plot the ground state for
two values of c,, which give a triangular (¢, = 0.05) and a
square lattice (¢, = 0.3) when N = 46.

For each N, we can calculate the critical ¢!? and compare
this with the simulations on the full GP equations, as performed
in Ref. [3] (they provide the appropriate value of N). From
(51), we thus find the critical value of €2 for which the lattice
goes from triangular to square:

1 2c18 l—~2 r
O — [_+ €0 1 2] T2 [logel. (52)
2 7(1 =Tp)e?|logs| g1l

It turns out that when €2 gets close to 1, the condensate expands,
and one has to include in the TF profile a term (1 — Q%)r?
instead of just 2. The radii R, and R, vary like (1 — Q%)/4.
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0.8f

0.6f

Q

0.41

0.2r

04 0.6 0.8 1
Ty

FIG. 3. The critical value of Q" as a function of I'j, calculated
analytically by Eq. (55) (solid line) and numerically (dashed line) for
the parameters ¢ = 0.0358, o) = o, = 1.

This changes c,, from (51) to

_ 7'[(1 — Flz) 2w — 1-—
T 4aT}, J1-2

QZ
) e?|logel*  (53)

so that if we define
2 g T

B [1 + 28107 ] L2 logel, (54)
= | = oge
“T 2T = TollegeP |\ sl

= Bisy/ 1 — (£2%)2, which yields
IBts

V1+ 85
We plot this form of Q' as a function of ', in Fig. 3,

where we have taken ¢ = 0.0358 and o; = a, = 1 (note that

this parameter set corresponds to set “ES3” in Ref. [3]). This

provides good agreement with simulations of the full Gross

Pitaevskii energy and confirms that our point energy (33) well
describes the system.

then Q7

QF = (55)

V1. DISK PLUS ANNULUS

Equation (29) introduces the critical @y (or equivalently
I'1) for which the two-disk state is no longer a solution. In
this section we consider og > @ so that the system is given
by a disk in component-1 and an annulus in component-2.
This requires «; to be different to «p, because otherwise
the conditions g > &g and oeé — a0y < 0 are not consistent.
Defining the inner and outer radii of component-2 to be at r =
R, andr = R,, such that R, < Ry < R»,, the appropriate
density profiles are

M1—”2

2061

P1EA(r) = |mi > = (56)

forO <r < R, ,

2 (o))
ptE1(r) = m|” = <M1 - —Mz —r Fz) (57

(07
(m — 2 - r2r1> (58)
aj

20[1F1

o1ra(r) = |ma|* =

20,12
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for R, <r < Ry, and

Mz—r2

2 (59)

P1E2(r) = |m2)* =

for Ry <r < Ry, .
The normalization condition (22) gives the following
expressions for the radii:

(60)

r
Ri= |R— |-—( -y, 61)
I',

Ry, =\ R+ /-T\T5S, (62)

and
H1 =R, (63)
Mo = R + —F1FQS (64)

for the chemical potentials. Here we have introduced the
parameters

&2
a1+ %1 -1y
0

T

laa2(1 —T
§=2 Lﬂz)‘ (66)
Tag

A number of conditions can immediately be found from
these expressions. In order for R, < R;, it must be that
I'i2 > 0. (The inequalities R, > Ry and R,, > R, are
automatically valid.) Second, all the expressions (except that
for 1) require I'; I, < 0. This is equivalent to o, > or; (under
the assumption that the annulus develops in component-2).
Thus the range of '}, for which component-1 is circular and
component-2 is annular is given by 0 < I';5 < 'y, where
[1» = I'y, evaluated at g = @&, given by (29).

When oy = &y we have shown in Eq. (44) that the critical
velocity for creation of the first vortex (that occurs at the origin
in component-2) is identically zero. This is precisely the point
at which the annulus develops [prp2(r = 0) = 0 with R, =
0]. In the region og > &y, the first appearance of a topological
defect is the development of a giant vortex in component-2,
and this can be analyzed fully. We need to introduce

Ry, 1 R2
Ay = 2/ PTE,2(5) ds = — F1R§ log (—21)
a2 JR, N 4052F12 B RZ_

R2
2 24
+F12R2+ log < R2 )] . (67)

1

R=2 , (65)

Then the critical velocity for nucleation of the giant vortex is
determined by €2,, = £A,, and the circulation of this giant
vortex is the integer part of €2/(¢A;). Next, we want to
determine vortices in the bulk and apply (38) to the case of the
disk plus annulus. Thus we need to define X,(r) to take into
account the giant vortex.
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We define X(r) the primitive of —rprp ((r), which van-
ishes at Rj, giving

1 2
Xi(r) = ST“(Rf —r?)
ool

S B R)(Ri+ Ry —2r%) - (68)
for 0 <r < R,_, and is the same as Eq. (35) in the region
Ry < r < R;.Inorder to account for the development of vor-
tices beyond the giant vortex, we must recall that additional to
the term —¢ f p1E2(2 X 1) - (i f2,V f2), there will be a kinetic
energy term coupling the giant vortex and the vortex cores,
namely, 2d [ pre2/r(if2,V f2) - e;, where d is the degree of
the giant vortex, of order 2/(e A,). Therefore, we define X, (r)
to be the primitive of —rprp2(r) + (1/A2)pre2(r)/r, which
vanishes at both R, =0and R, =0,

R prra(s)

Ro, 1
&m=/ sotEa(s)ds — — ds,  (69)

A2r

where A; is given by (67). Completing the integrals gives

Xo(r) = —(R;, — 72)2 -

2 R%Jr 2 2
+ F12R2+ log (F) +Tre — FIRQ_:| (70)
1

for R, <r < Ry and

1 2
872( 2,

! R? 1 R, 2_R? 71
_4a2A2 2. 08 r2 TR, 7D

for Ry < r < Ry, . As before we write the ratios prg; /X;:

Xo(r) = - r2)2

PTF,1
X, (r)
_ 4 4 (R —RY(R: —r?)
- (RI=r?) | Tne (Rt —r2)
<[(R =) 4 OB — R (RS + RS —2,2)]
FCpay ™ -
(72)
forO <r < R, ,
4
Pl = (73)

PTE,2 _ ﬂ 2 .2
X )= ISP (R =77)
(R, =) = S22 (R = )

ail'y
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FIG. 4. (Color online) (a) Functions prg/X; (solid lines) and
p1r.2/ X, (dashed lines) given by Eqgs. (72)—(75) for I'j; = 0.0202
(black lines) and I';; = 0.015 (blue [gray] lines). (b) The critical
velocity for creation of the first vortex plotted from Eq. (41) (black
line) and numerically (blue [gray] line) as a function of I"},. The solid
part corresponds to a vortex in component-1 at the center, and the
dashed part in component-2 in the interface region. The parameters
are ¢ = 0.0352, a; = 0.97, and o, = 1.03. Note that [}, = 0.02.

2 MR? 1 Ri
f— 0 —
AQF]Z 152108 r2

R2 -
2,
+ 1“12R§+ log ( = ) + Ty (r* — Rg)] ]

1

(74)
for R, <r < Ry and
,OTF,z(r) _ 4(R§+ —r?)
X 2 R?
LR ()
(75)

for Ry <7 < Ry,.
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It follows that

TR+l RE

. ( pTF1 whR T for 0<r <Ry
min = ! 2=
= 4

X for R, <r <Rj.

Ri-R3)
(76)
Using the expressions above for the radii, we see that

40!2F2R% + (X()FIR%_ 2 T ~ ~ 77
GTOR T ol R 0?1‘/ o (1@ +aa2),  (77)
which we note is independent of ¢. If we compare the values
of Eq. (76), we see that they are equal when oy = & (Which we
can consider a degenerate case), and otherwise min(orr,1/X1)
over the whole space is simply given by the expression in
Eq. (77). This implies that the vortex in component-1 is
preferred at the origin rather than in the interface region of
the two components.

To complete the analysis we must also find the
min(prr2/X2) over the whole space to determine whether
vortices appear first in component-1 or component-2. It is not
possible to find an analytic expression for this minimum, and
so we must resort to plotting the function and comparing this
to min(prr,1/X1). In Fig. 4 we plot the functions prg /X,
and prr2/X> in two different cases where min(org,1/X1) <
min(otg,2/X2) and min(prg,1/X1) > min(prE2/X2). We also
plot the critical 2 defined in Eq. (41) as a function of 5.
We see that until some critical value of I'y5, the vortex first
nucleates at the origin in component-1, while above in some
small region in I';, before reaching I'i,, the vortex first
nucleates in the interface region in the second component.
Then increasing €2 leads to a vortex lattice close to this point
of nucleation. Recall that the giant vortex is always present.

VII. CONCLUSION

From the energy of a rotating two-component condensate,
we have derived a reduced energy (33) governing the location
of peaks and vortices. We have found that the ground state
of this reduced energy yields a square lattice of vortices
in regimes consistent with the ones found numerically for
the full Gross Pitaevskii energy. We have analyzed in detail
the geometry of the ground state (two disks or disk and
annulus) and derived the formula of the critical velocity
for the appearance of the first vortex. We can determine in

which component the first vortex appears and the shape of the
lattice.
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