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We study the formation of stable homonuclear and heteronuclear pentamers from ultracold atoms via a
generalized stimulated Raman adiabatic passage scheme. The atom-molecule dark-state solutions for the system
are obtained, and the linear instability and the adiabatic fidelity of the dark state are investigated. We also discuss
the effects of external field parameters on the conversion efficiency.
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I. INTRODUCTION

The production of ultracold molecular gases has attracted
much attention [1–3] since it opens possibilities for studying
unique physical phenomena and their applications. For exam-
ple, ultracold molecules may be used in testing fundamental
symmetries [4], in precision spectroscopy [5], in quantum
information processing [6], and in ultracold chemistry [7].
Photoassociation (PA) [8] and magnetic Feshbach resonances
(FRs) [9] are two ways in which gases of ultracold atoms
may be connected to the molecular bound states of their
underlying two-body interaction potentials. However, the
diatomic molecules formed by a PA or FR process are
usually loosely bound energetically unstable. They have to
be adiabatically transferred into a tightly bound ground state
via a stimulated Raman adiabatic passage (STIRAP) [10,11].
First proposed for associating nondegenerate atoms into stable
molecules, FR-aided STIRAP [12–14] is considered a more
efficient way of converting atomic condensates into molecular
ones than the bare STIRAP technique. The success of STIRAP
relies on the existence of the coherent population trapping
(CPT) state [15], i.e., dark state, which should be followed
adiabatically. Such a condition can be fulfilled for linear
systems by appropriately choosing laser frequencies. However,
for systems with interparticle interactions, the two-photon res-
onance condition dynamically changes when the population is
transferred from atomic states to molecular states. This renders
the CPT state more difficult to be followed adiabatically and
leads to a low atom-molecule conversion efficiency [13]. To
cope with this problem, the generalized STIRAP scheme [16]
adopts a chirped coupling field to compensate for the effects
of nonlinear interactions and thus to efficiently generate large
amounts of deeply bound ultracold molecules.

Another interesting issue in this field is to obtain an
ultracold complex molecule. From the perspective of few-body
physics, a three-body Efimov resonance (ER) molecule was
predicted in the early 1970’s [17] and was first observed
for ultracold gases in 2006 [18]. It not only confirmed the
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existence of weakly bound trimer states, but also opened up
different ways of exploring the intriguing physics of few-body
quantum systems. ER was soon generalized to four-body
systems [19,20]. For four identical bosons [21–23], it was
found that the Efimov trimer and tetramer states always appear
as sets of states with two tetramers associated with each of the
trimer levels. Experimentally, tetramer states were recently
realized in an ultracold gas of cesium atoms [24]. With the help
of mean-field theory, the generalized STIRAP technique has
been used to obtain the homonuclear [25] and heteronuclear
[26] tetramer molecules. To take another step forward, one
may naturally wonder if we can assemble even more complex
ultracold polyatomic molecules.

The goal of this paper is to demonstrate theoretically that the
generalized STIRAP technique can in principle be employed
in the generation of homonuclear and heteronuclear molecular
pentamers. We first create tetramer A4 from ultracold atoms,
and then couple it with another atom to a bound pentamer A5 or
A4B via PA. A coherent atom-molecule dark state is exploited
to prevent the tetramer population from becoming significant
throughout the conversion process. After deriving the atom-
pentamer dark-state solution for the conversion process, we
focus on the linear instability induced by the interparticle
interactions and the adiabatic fidelity of the atom-pentamer
dark state in the STIRAP. To choose suitable parameter
values to implement efficiently the conversion from atoms
to pentamers, we also discuss the effects of the single-photon
detuning, and the strength and width of the Rabi pulse on the
atom-pentamer conversion efficiency.

The rest of this paper is organized as follows. In Sec. II,
we introduce our model and obtain the CPT state solution. In
Sec. III, we study the linear instability and adiabatic fidelity of
the CPT state and discuss the effect of external field parameters
on the conversion. The conclusions and discussions are given
in Sec. IV.

II. MODEL AND CPT STATE

Our model consists of ultracold Bose atoms coupled to
molecular tetramers from ultracold atoms, and then these
tetramers, along with another atom, are photoassociated to
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form pentamers. This coherent transfer process can be better
understood by analyzing an abstract three-level model. The
free atomic, the high excited tetramer, and the stable pentamer
states form the abstract three-level system to which STIRAP
can be applied.

A. Homonuclear pentamer

We consider first the creation of homonuclear pentamers.
By denoting the atom-tetramer coupling strength as λ′ with
detuning δ, and the Rabi frequency of the photoassociation
laser as �′ with detuning �, in the interaction picture, the
Hamiltonian describing the system reads

Ĥ = −h̄

∫
dr

{ ∑
i,j

χ ′
i,j ψ̂

†
i (r)ψ̂†

j (r)ψ̂j (r)ψ̂i(r) + δψ̂
†
t (r)ψ̂t (r)

+ λ′[ψ̂†
t (r)ψ̂a(r)ψ̂a(r)ψ̂a(r)ψ̂a(r) + H.c.]

+ (� + δ)ψ̂†
p(r)ψ̂p(r) − �′[ψ̂†

p(r)ψ̂t (r)ψ̂a(r) + H.c.]

}
,

(1)

where ψ̂i and ψ̂
†
i are the annihilation and creation operators,

χ ′
i,j represents the two-body interaction, and the indices

i,j = a,t,p stand for the atom, tetramer, and pentamer states,
respectively.

The particle number is very large in experiments, and we
can apply the mean-field theory. In the approximation, the
number of particles tends to infinity while the density is held
and fixed, and the quantum and thermal fluctuations around
the mean value are negligible [27]. The field operators ψ̂i and
ψ̂

†
i are replaced by c-numbered order-parameter fields

√
nψi

and
√

nψ∗
i , where n is the density of the total particle number.

The Heisenberg equations of motion for annihilation operators
ψ̂i can be written as

dψa

dt
= 2i

∑
j

χaj |ψj |2ψa + 4iλψtψ
∗3
a − i�ψpψ∗

t ,

dψt

dt
= 2i

∑
j

χtj |ψj |2ψt + (iδ − γ )ψt + iλψ4
a − i�ψpψ∗

a ,

(2)
dψp

dt
= 2i

∑
j

χpj |ψj |2ψp + i(� + δ)ψp − i�ψtψa,

in which χij = nχ ′
ij , λ = n

√
nλ′, and � = √

n�′ are the
renormalized quantities and the term proportional to γ is
introduced phenomenologically to simulate the decay of the
intermediate tetramer state.

Now we demonstrate that Eqs. (2) really support a steady
CPT state with |ψ0

t | = 0. We start by considering the steady-
state solutions of Eqs. (2) through the following steady-state
ansatz:

ψa = ∣∣ψ0
a

∣∣ exp[i(θa − μat)],

ψt = ∣∣ψ0
t

∣∣ exp[4i(θa − μat)], (3)

ψp = ∣∣ψ0
p

∣∣ exp[5i(θa − μat)],

where μa is the atomic chemical potential. Putting Eqs. (3)
into Eqs. (2) and keeping the intermediate state unpopulated,
one can obtain the following CPT solutions:

∣∣ψ0
a

∣∣2 =
−2 × 15

1
3 + 2

1
3
[
45 λ

�
+

√
60 + (

45 λ
�

)2] 2
3

30
2
3

λ
�

[
45 λ

�
+

√
60 + (

45 λ
�

)2] 1
3

,

∣∣ψ0
t

∣∣2 = 0, (4)∣∣ψ0
p

∣∣2 = 1

5

(
1 − |ψ0

a |2),
and the conserved total particle number, |ψa|2 + 4|ψt |2 +
5|ψp|2 = 1. The chemical potential and the generalized two-
photon resonance conditions [16] are

μa = −2χaa

∣∣ψ0
a

∣∣2 − 2χap

∣∣ψ0
p

∣∣2
(5)

and

� = −δ + (10χaa − 2χpa)
∣∣ψ0

a

∣∣2 + (10χap − 2χpp)
∣∣ψ0

p

∣∣2
. (6)

A population distribution such as Eqs. (4) has a remarkable
property of allowing all the atoms to be converted into pen-
tamers as λ/� changes from 0 to ∞ as long as the two-photon
resonance condition (6) can be maintained dynamically.

B. Heteronuclear pentamer

We now turn to the situation of heteronuclear pentamer
formation. The dynamics of the system can be described by
the Hamiltonian

Ĥ =−h̄

∫
dr

{ ∑
i,j

χ ′
i,j ψ̂

†
i (r)ψ̂†

j (r)ψ̂j (r)ψ̂i(r) + δψ̂
†
t (r)ψ̂t (r)

+ λ′[ψ̂†
t (r)ψ̂a(r)ψ̂a(r)ψ̂a(r)ψ̂a(r) + H.c.]

+ (� + δ)ψ̂†
p(r)ψ̂p(r) − �′[ψ̂†

p(r)ψ̂t (r)ψ̂b(r) + H.c.]

}
,

(7)

where the subscript b represents atom B. Under the mean-
field approximation, the system is described by the mean-field
equations of motion

dψa

dt
= 2i

∑
j

χaj |ψj |2ψa + 4iλψtψ
∗3
a ,

dψb

dt
= 2i

∑
j

χbj |ψj |2ψb − i�ψpψ∗
t ,

(8)
dψt

dt
= 2i

∑
j

χtj |ψj |2ψt + (iδ − γ )ψt + iλψ4
a − i�ψpψ∗

b ,

dψp

dt
= 2i

∑
j

χpj |ψj |2ψp + i(� + δ)ψp − i�ψtψb,

where χij = nχ ′
ij , λ = n

√
nλ′, and � = √

n�′ are the renor-
malized quantities and the decay rate γ accounts for the loss
of untrapped tetramers.
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By using the steady-state ansatz

ψa = ∣∣ψ0
a

∣∣ exp[i(θa − μat)],

ψb = ∣∣ψ0
b

∣∣ exp[i(θb − μbt)], (9)

ψt = ∣∣ψ0
t

∣∣ exp[4i(θa − μat)],

ψp = ∣∣ψ0
p

∣∣ exp{i [4θa + θb − (4μa + μb)t]},
where μb is the chemical potential of atom B, one finds that
the following CPT solutions exist:

∣∣ψ0
b

∣∣2 =
−5 × 3

1
3 + 5

1
3
[
72 λ

�
+

√
75 + (

72 λ
�

)2] 2
3

16 × 15
2
3

λ
�

[
72 λ

�
+

√
75 + (

72 λ
�

)2] 1
3

,

∣∣ψ0
a

∣∣2 = 4
∣∣ψ0

b

∣∣2
, (10)∣∣ψ0

t

∣∣2 = 0,∣∣ψ0
p

∣∣2 = 1

5
− ∣∣ψ0

b

∣∣2
,

where we have used the condition of conserved particle
number: |ψa|2 + |ψb|2 + 4|ψt |2 + 5|ψp|2 = 1. The atomic
chemical potentials and generalized two-photon resonance
condition are

μa = −2χaa

∣∣ψ0
a

∣∣2 − 2χab

∣∣ψ0
b

∣∣2 − 2χap

∣∣ψ0
p

∣∣2
,

(11)
μb = −2χba

∣∣ψ0
a

∣∣2 − 2χbb

∣∣ψ0
b

∣∣2 − 2χbp

∣∣ψ0
p

∣∣2
,

and

� = −δ + (8χaa + 2χba − 2χpa)
∣∣ψ0

a

∣∣2

+ (8χab + 2χbb − 2χpb)
∣∣ψ0

b

∣∣2

+ (8χap + 2χbp − 2χpp)
∣∣ψ0

p

∣∣2
. (12)

Similarly, from Eqs. (10) and (12), we can find that, by dynam-
ically maintaining the resonance condition, the population can
be concentrated in atomic and pentamer bound states under
the respective limits λ/� → 0 and λ/� → ∞.

III. LINEAR INSTABILITY AND ADIABATIC FIDELITY
OF CPT STATE

The existence of the CPT state, however, does not guarantee
that this state can be followed adiabatically. In the section, we
investigate the stability properties and the adiabatic fidelity for
the atom-pentamer CPT state.

We adopt the linear stability analysis, i.e., we add a
small fluctuation to steady-state CPT solutions and follow
the dynamical evolution of the system to see whether the
fluctuation remains insignificant. For this purpose, we linearize
the equations of motion including the chemical potential and
obtain the Jacobi matrix around the fixed point (CPT state) for
the atom-pentamer conversion system. The excitation frequen-
cies (corresponding to the eigenvalues of the Jacobi matrix)
of the linearized equation other than the zero-frequency mode
(corresponding to the Goldstone mode [28]) can be found
analytically as

ω = ±
√

(B ± √
B2 − 4C)

2
, (13)

where

B =
{

32λ2
∣∣ψ0

a

∣∣6 + 2
(∣∣ψ0

a

∣∣2 − ∣∣ψ0
p

∣∣2)
�2 + A2, homonuclear,

32λ2
∣∣ψ0

a

∣∣6 + 2
(∣∣ψ0

b

∣∣2 − ∣∣ψ0
p

∣∣2)
�2 + A2, heteronuclear,

(14)

C =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
16λ2

∣∣ψ0
a

∣∣6 + (∣∣ψ0
a

∣∣2 − ∣∣ψ0
p

∣∣2)
�2

)2

− 4A
[
8λ�(χaa − χap)

∣∣ψ0
a

∣∣5∣∣ψ0
p

∣∣
+�2(χaa − 2χap + χpp)

∣∣ψ0
a

∣∣2∣∣ψ0
p

∣∣2 + 16λ2χaa

∣∣ψ0
a

∣∣8]
,

homonuclear,(
16λ2

∣∣ψ0
a

∣∣6 + (
∣∣ψ0

b

∣∣2 − ∣∣ψ0
p

∣∣2
)�2

)2

− 4A
[
8λ�(χab − χap)

∣∣ψ0
a

∣∣4∣∣ψ0
b

∣∣∣∣ψ0
p

∣∣
+�2(χbb − χbp + χpp)

∣∣ψ0
b

∣∣2∣∣ψ0
p

∣∣2 + 16λ2χaa

∣∣ψ0
a

∣∣8]
,

heteronuclear,

(15)

with A = δ + 2(χat − 4χaa)|ψ0
a |2 + 2(χtp − 4χap)|ψ0

p|2 for
the homonuclear atom-pentamer system and A = δ + 2(χat −
4χaa)|ψ0

a |2 + 2(χbt − 4χab)|ψ0
b |2 + 2(χtp − 4χap)|ψ0

p|2 for
the heteronuclear atom-pentamer system. When ω becomes
complex, the corresponding CPT state is dynamically
unstable. Hence, the unstable regime is given by either C < 0
or C > B2/4. We see that the stability properties of the CPT
state strongly depend on the nonlinear interactions. The typical
results from the stability analysis based on the parameters of
our interest are summarized in Fig. 1, where the (�,δ) space

is divided into the stable (white) and the unstable (blue/dark
gray) regions. There are two unstable regions: Region I is thin
along the δ dimension and corresponds to the unstable region
obtained by setting C > B2/4; region II is the unstable region
obtained by setting C < 0. In order to convert atoms into
stable pentamers, it is crucial to avoid these unstable regions
when designing the route of adiabatic passage.

In our calculations, we have taken the parameters for 133Cs
and 87 Rb atoms and have created the molecular pentamers
Cs5 and Cs4Rb. The s-wave scattering lengths for cesium and
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FIG. 1. (Color online) Instability diagrams in (�,δ) space for
(a) homonuclear and (b) heteronuclear atom-pentamer systems. The
blue (dark gray) areas correspond to the unstable regions.

rubidium atoms are a = −374a0 [24] and a = 100a0 [29] (a0

is Bohr’s radius). We take the atom density n = 6 × 1019 m−3

and λ = 1.961 × 104 s−1. This gives rise to the parameters
χaa = 0.182λ, χbb = 0.074λ, and other interaction parameters
are taken as 0.055λ [30].

Samples of our results on the atom-pentamer conversion
are shown in Figs. 2(a) and 2(b) for the homonuclear
and heteronuclear cases, where we have numerically solved
Eqs. (2) and (8) including the loss term with a time-varying
Rabi frequency given by

�(t) = �0 sech
t

τ
, (16)

where �0 and τ are the strength and the width of the Rabi
pulse. Here δ is chosen so that the system remains in the stable
regime. We note that the time is in units of 1/λ, and other
quantities are in units of λ. Also plotted in the figure are the
analytical CPT solutions of Eqs. (4) and (10) for homonuclear
and heteronuclear pentamers. We find that the stable formation
of pentamers is always possible by optimizing the parameters
of the system.

In the stable regions, the existence of the CPT state
facilitates the adiabatic coherent population transfer between

FIG. 2. (Color online) Population (upper) and adiabatic fidelity
(lower) as functions of time with δ = −2.0 for homonuclear (left)
and heteronuclear (right) systems. The adiabatic fidelities without
considering two-body interactions are also shown in (c) and (d),
respectively. The other parameters are �0 = 50, τ = 20, and γ = 1.0.

atoms and pentamers. The adiabatic evolution of our system
can be thoroughly studied quantitatively by employing the
adiabatic fidelity [31,32] which describes the distance between
the adiabatic solution and the actual one. Here we define
the adiabatic fidelity of the CPT state for atom-pentamer
conversion system as

Fap(t) = |〈ψ(t)|CPT〉|2, (17)

where |ψ(t)〉 is the exact solution of the Schrödinger equation.
|ψ(t)〉 and |CPT〉 are the rescaled wave functions of the |ψ(t)〉
and CPT state, respectively. The actual state of the system is

|ψ(t)〉 =

⎧⎪⎨
⎪⎩

(
ψ5

a

|ψa |4 ,2
ψaψt

|ψa | ,
√

5ψp

)T

, homonuclear,(
ψ4

a ψb

|ψa |3|ψb| ,
ψ4

a ψb

|ψa |4 ,
2ψbψt

|ψb| ,
√

5ψp

)T

, heteronuclear.

(18)

If the system can adiabatically evolve along the CPT state,
then the value of the adiabatic fidelity should be close to 1. The
variation of the adiabatic fidelity with time for homonuclear
and heteronuclear pentamers via the tetramer-intermediated
dark-state scheme is shown in Figs. 2(c) and 2(d). One can see
that the system adiabatically evolves along the CPT state at
the initial time. The fidelity diminishes to minimal values of
0.56 and 0.45 at times 150 and 135 for the homonuclear and
heteronuclear pentamer systems, respectively, which implies
that the system deviates from the CPT state distinctly at that
time. Although the fidelity begins to fluctuate later on, its
final value is still no more than 0.795 and 0.723, respectively.
The corresponding results without considering the interparticle
interactions are also shown. We find that the interactions
suppress the conversion.

FIG. 3. (Color online) Effects of the external field parameters on
the conversion efficiency for homonuclear (left) and heteronuclear
(right) systems. (a), (b) The adiabatic fidelity vs the detuning
δ. (c), (d) The adiabatic fidelity vs the Rabi pulse strength �0.
(e), (f) The adiabatic fidelity vs the pulse width τ . The corresponding
results without considering two-body interactions are also shown as
short-dashed red (light gray) lines. The parameter γ = 1.0.
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Furthermore, we find that the final adiabatic fidelity Fap(∞)
is used to indicate the conversion efficiency because Fap(∞)
is the final value of adiabatic fidelity Fap(t) in the process
of evolution, and the larger is Fap(∞), the higher is the
conversion efficiency.

The dependence of the conversion efficiency on the external
field parameters is investigated and shown in Fig. 3. We see
that that stable creation of pentamers is always possible for red
detuning (δ < 0), whereas for blue detuning (δ > 0) the final
conversion efficiency is very small. However, no matter what
the detuning is, there always exists higher efficiency without
considering the two-body interactions. The conversion effi-
ciency increases quickly with increasing Rabi pulse strength
and width for smaller �0 (�0 < 10) and τ (τ < 10) while it
increases very slowly for larger �0 and τ . Compared with the
results disregarding two-body interactions, the atom-pentamer
conversion efficiency with two-body interactions becomes
lower, i.e., the two-body interactions suppress the conversion
of pentamers. It is clear that the conversion efficiency from
ultracold atoms to pentamers can be controlled effectively by
the external field parameters δ, �0, and τ .

IV. CONCLUSIONS AND DISCUSSIONS

In conclusion, we have investigated the homonuclear and
heteronuclear molecular pentamer conversion problem via the
generalized STIRAP scheme in an ultracold bosonic system
that includes interparticle interactions and have derived the
CPT state solution. The linear instability and the adiabatic
fidelity of the atom-pentamer dark state in the STIRAP have
been studied via an analysis of linear stability and the proper
definition of adiabatic fidelity, respectively. We have also

discussed the effects of the single-photon detuning, and the
strength and the width of the Rabi pulse on the atom-pentamer
conversion efficiency, and found that optimized parameter
regions for stable conversion always exist. Our results not
only provide a possible route for creating homonuclear and
heteronuclear pentamers experimentally in the future, but also
can be extended to the assembly of more complex ultracold
polyatomic molecules.

It should be pointed out that hitherto we have not discussed
how to form the intermediate tetramer state in our scheme.
Recently, the experimental realization of tetramer states with
universal properties tied to Efimov physics in an ultracold
gas of cesium atoms [24] was reported, which may provide
a possible way to form the intermediate tetramer state.
However, the fully realization of coherent atom-pentamer
conversion is experimentally challenging, and some conditions
for the validity of our analysis have been hard to confirm.
Nevertheless, in view of the rapid progress in the production
and manipulation of ultracold molecules [33–35], such as the
creation of long-lifetime, high-efficiency molecules in optical
lattices [36,37], and the formation of stable dimers, trimers,
and tetramers in low-dimensional geometries [38], we hope it
may become possible in the future.
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Nägerl, and R. Grimm, Phys. Rev. Lett. 94, 123201 (2005);
T. V. Tscherbul and R. V. Krems, ibid. 97, 083201 (2006).

[8] H. R. Thorsheim, J. Weiner, and P. S. Julienne, Phys. Rev. Lett.
58, 2420 (1987); P. D. Lett, K. Helmerson, W. D. Phillips, L. P.
Ratliff, S. L. Rolston, and M. E. Wagshul, ibid. 71, 2200 (1993).

[9] S. Inouye, M. R. Andrews, J. Stenger, H. J. Miesner, D. M.
Stamper-Kurn, and W. Ketterle, Nature (London) 392, 151
(1998); J. Stenger, S. Inouye, M. R. Andrews, H. J. Miesner,

D. M. Stamper-Kurn, and W. Ketterle, Phys. Rev. Lett. 82, 2422
(1999).

[10] A. Vardi, D. Abrashkevich, E. Frishman, and M. Shapiro, J.
Chem. Phys. 107, 6166 (1997).

[11] M. Mackie, R. Kowalski, and J. Javanainen, Phys. Rev. Lett. 84,
3803 (2000).

[12] E. A. Donley, N. R. Claussen, S. T. Thompson, and
C. E. Wieman, Nature (London) 417, 529 (2002); J. Herbig,
T. Kraemer, M. Mark, T. Weber, C. Chin, H. C. Nägerl, and
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