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Anticrossing-mediated entanglement of adsorbed polar molecules
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We study the entanglement of two adsorbed polar molecules in static electric fields. The concurrence is
estimated to quantify the entanglement. The adsorbed molecules reveal significant rotational characteristics,
such as anticrossing features, due to the influences of electric field and quantum confinement. Numerical results
demonstrate that these rotational properties dominate the amount and profile of concurrence. At zero temperature,
an enhanced concurrence is obtained near the anticrossing in the ground state. Moreover, we analyze the effect
of temperature on the concurrence. The temperature-dependent concurrence displays a suppressed behavior,
especially at the anticrossing.
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I. INTRODUCTION

The development of exploring entanglement has opened up
a variety of exciting research opportunities [1]. Entanglement
is a nonclassical property that represents a correlation between
two or more quantum systems [2]. For instance, the quantum
state of two entangled states cannot be regarded as a product
of the individual quantum states. Such a quantum mechanical
feature has been surveyed in a variety of physical systems
ranging from atoms to quantum dots [3,4]. The implementation
of entanglement is further oriented toward applications of
quantum computation and quantum information [5]. In addi-
tion to these platforms, polar molecules have recently become
one of the best prototypes for exploring entanglement [6–8].
Polar molecules display prosperous perspectives in view of
their internal properties and interactions [9,10]. Molecular
parameters, such as energy levels and wave functions, can be
flexibly modified via external electric fields. Such a tunability
is derived from the coupling of the field to dipole moment
[11,12]. Consequently, it is absolutely useful to manipulate
the molecular properties through external influence for probing
entanglement in polar molecules.

A basic scheme consisting of coupled polar molecules
can generate entanglement [13,14]. One of the generating
sources originates from the dipole-dipole interaction [15]. The
parameters of the interaction, such as its strength, affect the
degree of entanglement. To explore molecular entanglement,
recent work has undertaken the study of coupled polar
molecular systems that are subject to lasers or static electric
fields [7,8]. The dressed rotational states under external fields
are addressed with the help of a free rotor model. Compared
with efforts in free molecules, however, exploration of the
entanglement of adsorbed polar molecules is still lacking. The
rotational motion of the adsorbed molecule is hindered and
different from that of a free rotor [16] because the rotational
properties are strongly affected by the interaction between the
molecule and its surrounding environment [17,18]. In order
to study these molecules in depth, we aim to investigate the
influence of the hindered rotation on the entanglement of
adsorbed molecules, especially in electric fields. The electric
field allows one to tailor the rotational states of the molecules.
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Therefore, the entanglement will become interesting in the
system.

In this work, we investigate the entanglement of two
adsorbed polar molecules that will become important in a static
electric field. The method of exact diagonalization is applied
to evaluate the effect of an electric field on the rotational states.
By tuning the electric field, adsorbed molecules markedly
reveal anticrossing features between energy levels. We further
employ the concurrence to measure the entanglement of the
system. An enhanced behavior is obtained at zero temperature.
The results of the excited states are discussed as well.
Furthermore, we analyze the dependence of temperature on the
concurrence. The concurrence at the anticrossing is suppressed
with increase of temperature.

The paper is organized as follows. In Sec. II we describe the
theoretical model and the method of calculation for confined
molecules. In Sec. III we exhibit the results of numerical
calculations in detail, including energy states and concurrence.
The related comparison and discussion are interpreted in
Sec. IV. Finally, there is a conclusion in Sec. V.

II. MODEL SYSTEM

A. Hamiltonian

We consider two polar diatomic molecules that are solidly
adsorbed on a surface. Both molecules are identical and
spatially separated by a distance d. For each molecule,
its rotational motion is hindered by a surface potential, as
illustrated in Fig. 1. A conical well with finite barriers is
proposed to depict the surface potential [19]. The geometry
of potential is assumed to be symmetric with respect to the
z axis, i.e., the structure of the well is independent of the
azimuthal angle [17,19]. The conical well is then partitioned
into two regions with different potential barriers. In such
confinement, the molecular rotation demonstrates particular
features. To flexibly control the rotational properties of the
molecules, a static electric field is externally applied along the z

axis. The Hamiltonian for coupled adsorbed molecules is then
expressed as

H =
2∑

i=1

(
BJ2

i + V i
c + V i

e

) + Vd, (1)
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where B is the rotational constant and Ji is the rotational
angular-momentum operator. The notation i = 1 and 2 rep-
resents the left and right molecules, respectively. The conical
well V i

c is given by

V i
c =

{
0, 0 � θi � α

V0, α < θi � π
(2)

where α is the hindrance angle and V0 is the barrier height.
The coupling of a dipole moment μ with a static electric field
ε along the z axis is written as

V i
e = −ω cos θi, (3)

where ω = με is the field strength parameter. According to
the molecular positions indicated by the coordinates, one can
derive the interaction between two electric dipoles [7]. Since
two dipoles are separated by a vector d = dŷ, the dipole-dipole
interaction Vd is simplified to be

Vd = U0(−2 sin θ1 sin φ1 sin θ2 sin φ2

+ sin θ1 cos φ1 sin θ2 cos φ2 + cos θ1 cos θ2), (4)

with U0 = μ2/4πε0d
3 the interaction strength parameter and

ε0 the permittivity of free space.

B. Method

For a single adsorbed polar molecule in the electric field, the
energy εσ,m and its wave function 
σ,m for the (σ,m) energy
state can be obtained by solving the Schrödinger equation (i
omitted)

(BJ2 + Vc + Ve)
σ,m = εσ,m
σ,m, (5)

where 
σ,m is a superposition of a suitably large basis set
which is formed from the field-free eigenfunctions ψl,m of
single adsorbed-molecule model [19]. Here the wave function
ψl,m with quantum number (l,m) reads

ψl,m(θ,φ)

=
{

AI
l,mPI

(
υI

l,m,m, cos θ
)

exp(imφ), 0 � θ � α

AII
l,mPII

(
υII

l,m,m, cos θ
)

exp(imφ), α < θ � π
(6)

with

PI
(
υI

l,m,m, cos θ
) = sin|m| θF

(
|m| − υI

l,m,1 + |m| + υI
l,m,1 + |m| ;

1 − cos θ

2

)
(7)

and

PII
(
υII

l,m,m, cos θ
) = sin|m| θF

(
|m| − υII

l,m,1 + |m| + υII
l,m,1 + |m| ;

1 + cos θ

2

)
, (8)

where F represents the hypergeometric function [20]. AI
l,m and AII

l,m are the normalization constants. The notation system I and
II is used for the two regions. By matching the boundary conditions at the angle α, one can obtain the values of positive numbers
υI

l,m and υII
l,m from the following equation:

PI
(
υI

l,m,m, cos α
)
P ′

II

(
υII

l,m,m, cos α
) − P ′

I

(
υI

l,m,m, cos α
)
PII

(
υII

l,m,m, cos α
) = 0, (9)

with P ′
I = dPI/dθ , P ′

II = dPII/dθ , and υII
l,m(υII

l,m + 1)B = υI
l,m(υI

l,m + 1)B − V0.
The effect of the dipole-dipole interaction on coupled adsorbed molecules can be analyzed with the help of the above results.

For each adsorbed molecule, the system decreases to a two-level system with the ground state |0〉 = |σ = 0,m = 0〉 and the first
excited state |1〉 = |σ = 1,m = 0〉, corresponding to the energies ε0 = ε0,0 and ε1 = ε1,0, respectively. By restoring the marked
numbers in subscript, the basis states |00〉 = |01〉 ⊗ |02〉, |01〉 = |01〉 ⊗ |12〉, |10〉 = |11〉 ⊗ |02〉, and |11〉 = |11〉 ⊗ |12〉 are built
to solve the Hamiltonian in Eq. (1). The eigenvalues Ej and their corresponding eigenfunctions j are obtained by diagonalizing
the matrix in the basis

H̃ =

⎛
⎜⎜⎜⎝

2ε0 + �0,0 �0,2 �0,2 �2,2

�0,2 ε0 + ε1 + �0,1 �2,2 �1,2

�0,2 �2,2 ε0 + ε1 + �0,1 �1,2

�2,2 �1,2 �1,2 2ε1 + �1,1

⎞
⎟⎟⎟⎠ , (10)

with �α,β = U0�α�β consisting of the factors �0 =
〈0i |cos θi | 0i〉, �1 = 〈1i |cos θi | 1i〉, and �2 = 〈1i |cos θi | 0i〉
for i = 1 and 2. It is worth mentioning that �α,β are not
related to the azimuthal angle. The results come from the fixed
quantum number m = 0 so that the first and second parts of
Vd in Eq. (4) average to zero [8].

C. Concurrence

Next, the entanglement of adsorbed molecules is explored
by employing the density matrix method [21]. At temperature
T , the density matrix generally reads ρ = exp (−H/kBT ) /Z

with the Boltzmann constant kB and partition function

023415-2



ANTICROSSING-MEDIATED ENTANGLEMENT OF . . . PHYSICAL REVIEW A 85, 023415 (2012)

FIG. 1. (Color online) Two identical conical wells with hindrance
angles α. Each well consists of two distinct potential barriers,
differentiated by the hindrance angle. The left and right molecules are
located at (x,y,z) = (0,0,0) and (0,d,0), respectively. Their moments
of inertia are marked by the filled circles.

Z = Tr[exp (−H/kBT )] [22]. In the model, the corresponding
density matrix is clearly described as

ρ (T ) = 1

Z

4∑
j=1

exp(−Ej/kBT )|j 〉〈j |, (11)

with

Z =
4∑

j=1

exp(−Ej/kBT ). (12)

Based on the density matrix, one can use the concurrence C

to measure the entanglement of the molecular system. The
concurrence is then defined as

C = max {0,λ1 − λ2 − λ3 − λ4} , (13)

where {λk} are the square roots of the eigenvalues in decreasing
order of the matrix

� = ρ(σy ⊗ σy)ρ∗(σy ⊗ σy), (14)

where σy is the Pauli matrix and ρ∗ is the complex conjugate
of ρ. The concurrence ranges from C = 0 for nonentangled
states to C = 1 for the maximum degree of entanglement.

III. NUMERICAL RESULTS

The single-molecule system is analyzed to characterize
the rotational properties. Calculations are performed for a
barrier height V0/B = 50 and a hindrance angle α = 40◦.
Figure 2(a) shows the rotational-state energies of a single
adsorbed polar molecule for fixed quantum number m = 0.
The coupling of the dipole moment with the electric field
induces level shifts. The energies generally diminish with
increasing field strength. In particular, the anticrossing features
between the energy levels are observed in the case of ω < 0.
The adjacent energy levels do not cross each other due to the
same quantum number m. The energy levels with m �= 0 show
similar behavior. For the lowest energy, one can clearly see
an anticrossing between the (σ,m) = (0,0) and (1,0) energy
levels at the point ω∗/B 	 −25.474. The surrounding region
is enlarged in the inset of Fig. 2(a). The energy gap between the
two states is �∗/B 	 7.7 × 10−3. Such an anticrossing feature
originates from the presence of the conical well. For ω > ω∗,
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FIG. 2. (Color online) (a) Low-lying energy spectrum as a
function of field strength parameter for m = 0. The inset emphatically
shows an anticrossing between the (σ,m) = (0,0) and (1,0) energy
states. (b) and (c) represent the probability densities of the (0,0) and
(1,0) energy states for ω/B = −25.45 and −25.5, respectively. The
dotted gray line denotes the hindrance angle α = 40◦.

the influence of quantum confinement is stronger than that of
the electric field. As illustrated in Fig. 2(b), the probability
density |
0,0|2 of the ground state is mostly located inside the
well while the probability density |
1,0|2 of the first excited
state spreads outside the well. When the strength of the electric
field increases sufficiently strongly, the adsorbed molecule
will be pushed to overcome the confinement of the hindered
potential. The consequence leads to a drastic transformation
in the distribution of the two states in the case of ω < ω∗ [see
Fig. 2(c)].

Let us now examine the entanglement of coupled polar
molecules. The related properties closely rely on the temper-
ature and rotational states as shown in Eq. (11). In such a
limit of T = 0 K, the ground state |1〉 plays a dominant
role in the entanglement of the system. Figure 3 shows the
concurrence for different interaction strength parameters U0.
The electric field is applied around the region, where the
anticrossing exhibits in the ground state of a single adsorbed
molecule [see the inset of Fig. 2(a)]. For a fixed U0, the
concurrence reveals an enhanced behavior, depending on the
strength of the electric field. Its value reaches a maximum at
the anticrossing point ω∗ corresponding to a highly entangled
system. For instance, the concurrence approaches 0.71 in
the case of U0/B = 0.01. Once the electric field is tuned
away from the region, however, the concurrence will drop
rapidly to a small value. At ω/B = −25.4, the concurrence
for U0/B = 0.01 is as low as 2.7 × 10−4. Actually, the
concurrence is slight in the case of ω > 0. Up to several orders
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FIG. 3. (Color online) Concurrence for different interaction
strength parameters. The electric field is tuned over the region of
anticrossing in the ground state of a single adsorbed polar molecule.
The temperature is T = 0 K.

of magnitude variation of the concurrence are achieved by
tuning the electric field. Furthermore, increasing the parameter
U0 would strengthen the dipole-dipole interaction. A stronger
correlation between two molecules leads to an increase in the
concurrence. Consequently, one can control the features of
entanglement by tuning the parameters of the system.

To capture the enhanced feature, one can analyze the
elements of the matrix shown in Eq. (10). The influence of the
off-diagonal elements is critical to induce the entanglement
via the dipole-dipole interaction. Due to the symmetry, merely
three different components contribute effect to the off-diagonal
part of the matrix. From Fig. 4, the elements obviously
exhibit drastic fluctuations in the vicinity of anticrossing.
Otherwise, the elements are inhibited greatly. The results
are attributed to the factors �0, �1, and �2 shown in the
inset. The electric field modulates the rotational states so
that the redistributions of their wave functions effectively
strengthen the correlation between two molecules. Improving
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FIG. 4. (Color online) Off-diagonal elements as a function of
field strength parameter. The inset shows the factors �η for η = 0, 1,

and 2.
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FIG. 5. (Color online) Concurrences of the four states for U0/B =
0.01. The inset partially shows the corresponding energies of the four
states.

the influence of the dipole-dipole interaction by the altered
rotational states makes a significant impact on the magnitude
of concurrence. Moreover, an increase in the parameter U0 can
equally enlarge the values of the elements. The concurrence
is increased even when the electric field is tuned out of the
anticrossing. Since it is different from the local modulation
caused by the anticrossing, the influence of the parameter U0

is much more extensive and leads to the result that the shape
of the concurrence broadens in the case of large U0.

Further analysis of concurrence is extended forward to
the situations of the excited states. For the state j , the
concurrence can be obtained by utilizing the density matrix
ρ = |j 〉〈j |. The effect of temperature is eliminated. Note
that the concurrence of the ground state |1〉 coincides with the
concurrence at T = 0 K. Figure 5 depicts the concurrences of
the four states, depending on the electric field. When the field
is away from the specific region, the effect of the dipole-dipole
interaction becomes weak. The smooth energies of the states
are observed in the inset. The concurrences of the states |2〉
and |3〉 are close to 1, while those of |1〉 and |4〉 are very
small. In addition, the concurrence for |2〉 is robust with the
electric field. The result is similar to the case of free polar
molecules [8]. However, the concurrences of the excited states
|3〉 and |4〉 as well as |1〉 undergo drastic changes in the
region of anticossing. Because of the anticrossing, there are
explicit variations in the energies of the states. Specifically,
one can find that all of the concurrences show local maxima at
the anticrossing point.

It is believed that the temperature strongly influences the
entanglement of the system [22]. When the temperature rises,
the population of the excited states becomes more significant.
The ground state then mixes with the excited states [see
Eq. (11)]. The dependence of temperature on the concurrence
is illustrated in Fig. 6. The concurrence reveals decreasing
behavior for different applied electric fields. The degree of
decrease in concurrence at the anticrossing is larger than that
seen in cases where ω �= ω∗. This fact can be understood in
light of the fact that the excited states as well as the ground
state have relatively large concurrences at ω = ω∗ as shown
in Fig. 5. The consequence of the mixing effect between these
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FIG. 6. (Color online) Temperature-dependent concurrence for
U0/B = 0.01. The inset emphatically shows the behavior of the
concurrence C → 0.

states makes the net concurrence smaller than that in the ground
state. At a certain temperature, the concurrence eventually de-
creases to zero, where the entanglement of adsorbed-molecule
system vanishes. The specific temperature depends on the
electric field. More importantly, such a threshold temperature
in the case of ω = ω∗ reaches the lowest point. As shown
in the inset, the threshold value is kBT ∗/B 	 6.76 × 10−3 at
ω = ω∗. Therefore, the anticrossing appearance accelerates to
suppress the temperature-dependent concurrence.

IV. DISCUSSION

We briefly make some comparison with the related studies.
The entanglement of a molecular system is probed by use of the
rotational degrees of freedom [7,8]. Most efforts are concerned
with free polar molecules, while we concentrate our study
on the conical wells. The main difference comes from the
presence of the quantum confinement. For polar molecules,
the electric field is an effective tool to tailor the rotational
properties [23–27]. The altered rotational states dominate the
behavior of entanglement via a kind of correlation between
polar molecules. In addition to the dipole-dipole interaction,
the cavity is proposed to establish the correlation between
molecules [6]. On the other hand, the adsorbed molecules
manifest some interesting properties such as anticrossing fea-
tures that are explicitly distinct from those of free molecules.
The anticrossing-related phenomenons are similarly observed
in various physics systems [28–30]. By controlling the electric
field, the adsorbed-molecule system has significant entangle-
ment with the help of the anticrossing. Such a consequence
provides more insight into the underlying properties of
entanglement based on the specific rotational states.

The confined molecules might be utilized as qubits and
have potential applications to the field of quantum information
processing. It is crucial to evaluate the performance of the qubit
for realistic platforms [31]. As an example, a controlled-NOT

gate based on the confined-molecule model is considered in
the estimation. In order to implement the gate, one has to
resolve the transitions |00〉 ↔ |01〉 and |10〉 ↔ |11〉 as well as
the transitions |00〉 ↔ |10〉 and |01〉 ↔ |11〉 [8,9]. The gate
time is approximately τg ∼ 1/ν, where ν is the frequency dif-
ference between the transitions. On the contrary, spontaneous
emission can destroy the coherence of the system, which limits
the number of the qubit operations [7,32]. The corresponding
coherence lifetime is estimated as τc ∼ 3πε0h̄

4c3/μ2�3,
where c is the speed of light and � is the energy difference
between energy states. As the electric field is tuned around
the region of the anticrossing, the related parameters are
about hv/B � 10−6 and �/B � 10−1. The LiH molecule of
B = 7.51 cm−1 and μ = 5.88 D are introduced into the
calculation [33]. Accordingly, the gate time and coherence
lifetime are τg � 4 × 10−6 s and τc � 2 × 105 s, respectively.
If the molecules are placed close to a dielectric surface, the
lifetime τ ′

c is modified to be lower than τc. In analogy to the
atomic systems [34–36], the surface-induced effect is related
to the refractive index. For silica, the ratio τ ′

c/τg is obtained
at approximately 1010. On the other hand, a similar behavior
exhibits in the case of the molecules near a metal surface. The
lifetime is modified by the dielectric properties of the metal
and the molecule-surface distance [36,37]. For example, the
distance is set to be 10−6 m from the gold surface. The lifetime
τ ′
c is suppressed by two orders of magnitude relative to τc. By

comparing the time scales, the gate time is much shorter than
the different lifetimes in two situations. Therefore, one can
conduct enough operations to achieve the specific computing
work in the lifetime limit.

V. CONCLUSION

The entanglement of adsorbed-molecule system is studied
in an electric field. The rotational states of adsorbed molecules
can be modulated by tuning the electric field. In particular, the
anticrossing features between the energy levels are observed
in the presence of quantum confinement. This modulation
on the rotational states varies the influence of the dipole-
dipole interaction on the entanglement. In the vicinity of
anticrossing, the concurrence exhibits an enhanced feature
at zero temperature. In contrast, the temperature-dependent
concurrence reveals a suppressed behavior at the anticrossing.
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