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Coulomb focusing in above-threshold ionization in elliptically polarized
midinfrared strong laser fields
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The role of Coulomb focusing in above-threshold ionization in an elliptically polarized midinfrared strong laser
field is investigated within a semiclassical model incorporating tunneling and Coulomb field effects. It is shown
that Coulomb focusing up to moderate ellipticity values (§ < 0.3) is dominated by multiple forward scattering
of the ionized electron by the atomic core that creates a characteristic low-energy structure in the photoelectron
spectrum and is responsible for the peculiar energy scaling of the ionization normalized yield along the major
polarization axis. At higher ellipticities, the electron continuum dynamics is disturbed by the Coulomb field
effect mostly at the exit of the ionization tunnel. Due to the latter, the normalized yield is found to be enhanced,
with the enhancement factor being sharply pronounced at intermediate ellipticities.
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I. INTRODUCTION

The rescattering of an ionized electron by the atomic core
in a strong laser field plays a fundamental role in strong-field
physics [1,2], in particular, giving rise to above-threshold
ionization, high-order harmonic generation, and nonsequential
multiple ionization [3-8]. In a laser field of elliptical polar-
ization, the ionized electron acquires a lateral drift motion
with respect to the major polarization axis (m.p.a.), which
could seem to suppress the rescattering, with the consequence
of extinguishing the related effects. However, recently it has
been shown that even in a laser field of elliptical polarization,
the rescattering can play a significant role in nonsequential
double ionization [9-12]. Nonsequential double ionization
is due to the backscattering of the electron at small impact
parameters. In contrast, the multiple forward scattering of an
ionized electron by the atomic core at large impact parameters
induces Coulomb focusing (CF) [13—15]. Another contribution
to CF comes from the initial Coulomb disturbance (i.e., the
momentum transfer to the ionizing electron by a Coulomb
field at the initial part of the electron trajectory near the
tunnel exit) [16]. Recent experiments [17-19] have shown
that a characteristic spikelike low-energy structure (LES)
arises in the energy distribution of electrons emitted along
the polarization direction of linearly polarized midinfrared
laser radiation. The multiple forward scattering is shown to
be responsible for the LES [20-22] (for other aspects, see
[23-26]). A question arises as to whether the multiple forward
scattering of the rescattering electron survives in a field of
elliptical polarization and, in general, how CF and the LES are
modified due to the ellipticity of the field.

Several experiments have been devoted to above-threshold
ionization in an elliptically polarized laser field [27-30],
in particular, the dodging phenomenon has been discovered
[29-31]. It is expressed as a quick drop of the photoelectron
normalized yield along the m.p.a. with increasing ellipticity
(the yield is normalized to the one in a linearly polarized field)

*Chengpu.Liu @mpi-hd.mpg.de
K. Hatsagortsyan @mpi-k.de

1050-2947/2012/85(2)/023413(10)

023413-1

PACS number(s): 32.80.Rm, 32.80.Fb

that is reversed when circular polarization is approached. The
first indication of the Coulomb field effects for above-threshold
ionization in an elliptically polarized field, manifested in the
lack of the fourfold symmetry of the photoelectron angular
distribution, has been shown experimentally in [28] and
discussed theoretically in [32-37].

In this paper, we investigate how the Coulomb field effects
of the atomic core modify the dodging phenomenon in above-
threshold ionization in an elliptically polarized midinfrared
laser field. First, our attention is focused on the ellipticity and
energy-resolved photoelectron yield along the m.p.a. up to
moderate ellipticities. We show that due to CF, a remarkable
energy dependence arises in the yield. What is more surprising
is that the energy dependence of the yield for the low-energy
domain [decreasing of the yield with increasing energy, in the
energy interval of (0,4) eV, as shown in Fig. 1] is reversed
with respect to that for the high-energy domain [in the energy
interval of (4,40) eV, as shown in Fig. 1]. We demonstrate a
direct relationship of this peculiar energy dependence of the
yield with the LES appearance and with the specific features
of multiple forward scattering of the ionized electron by the
atomic core. Second, we investigate the role of the Coulomb
field effects at high ellipticities of the field. The CF is shown
to enhance the photoelectron total yield along the m.p.a. at
high ellipticities. Moreover, the enhancement factor peaks at
an intermediate value of ellipticity.

We employ a semiclassical model incorporating tunneling
and Coulomb field effects. Note that the CF effect and LES
are conspicuous in midinfrared laser fields when the Keldysh
parameter is small, i.e., y = ./1,/2U, < 1 [3], where I, is
the ionization potential and U, is the ponderomotive energy.
In this case, the electron dynamics after tunneling is mainly
classical and not disguised by quantum interference.

The structure of the paper is as follows. In Sec. II,
our theoretical model is presented. Coulomb focusing up to
moderate ellipticity values is considered in Sec. III. In this
section, the appearance of the LES and peculiar energy scaling
of the normalized yield are shown and discussed. Section [V
is devoted to the discussion of the Coulomb focusing effect
at high ellipticities of the laser field. Section V concludes our
discussion.
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FIG. 1. (Color online) The photoelectron normalized yield emit-
ted along the m.p.a. vs ellipticity and photoelectron energy:
(a) analytical estimate of the yield in the PPT model via Eq. (7),
(b) numerical simulations without taking into account Coulomb field
effects, and (c¢) numerical simulations with Coulomb field effects.
The laser intensity is o = 9 x 10'> W/cm? and the wavelength is
A = 2 um. The target atom is hydrogen. The curves with value 0.5
are guides for the eye.

II. THEORETICAL MODEL

Our investigation is based on the classical trajectory Monte
Carlo method, with tunneling and the Coulomb field of the
atomic core fully taken into account. The ionized electron
wave packet is formed according to the Perelomov, Popov,
and Terent’ev (PPT) ionization rate [38,39], which is further
propagated by the classical equations of motion,

d_p =—E@)+ VVc(r), (1)
dt
where V¢(r) = Z/r is the Coulomb potential of the atomic
core (the target atom is hydrogen, Z = 1, and atomic units
are used throughout the paper). The laser field E(¢) =
[EL(2),E,(),0] is elliptically polarized,

E.(t) = Eof(t)cos wt,
Ey(t) = —§Eyf(t)sinwt,

2)
with the ellipticity £ (|€] < 1). The electrons are born at the
tunnel exit with the coordinates

xi =x/cosB, yi=x/sinf, z; =0, 3)

where 8 = arctan(—¢£ tan ¢;), ¢; = wt; is the ionization phase,
and x] is the initial position along the laser polarization
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direction [40]. The initial momentum components are

Dix = —piLcosasinfB, p;, = pi1 cosacosf,
“4)

piz = piLsina,

where « is the angle between p;; and the axis y’ (i.e., the
y axis after rotation by an angle 8 around axis z), which is
randomly distributed within the interval (0,2). The transverse
momentum p;; follows the corresponding PPT distribution
[38]. The positions and momenta of electrons after interaction
with the laser pulse are used to calculate the final asymptotic
momenta [41] at the detector. Only electrons emitted along the
x direction (m.p.a.) within an opening angle 6y, = £2.5° are
collected. The laser-pulse profile is half trapezoidal, that is,
constant for the first ten cycles and ramped off within the last
three cycles. The number of propagated electrons is 10° and the
convergence is checked via a double increase of the electron
number. The electrons are launched within the first half cycle
(wt; € [0,1]), since there are no multicycle interference effects
in the classical theory. The model has been confirmed to
provide an adequate description for the strong-field dynamics
in the midinfrared regime [20].

III. LOW-ENERGY STRUCTURE

As we are concerned with the CF impact on the dodging
phenomenon, let us first recall how this phenomenon arises
when the Coulomb field effect is neglected [29]. The electrons
born near the maximum of the elliptically polarized field tend
to drift toward the minor axis of the polarization ellipse.
Consequently, the electron should have a rather large trans-
verse momentum, |py| =~ |A,(¢;)| = & Eo/w, at the tunnel exit
to counteract the drift and to reach the final state where
the momentum points along the m.p.a. (i.e., along X). Here,
A, (¢;) is the field vector potential component at the ionization
phase ¢;. As a result, the ionization probability for electrons
moving along the m.p.a. is exponentially decreased with rising

ellipticity (up to & < /Ep):
We O(eXp(—%'zE(%/szi), 5

where Aﬁ_ =E /m is the width of the transverse mo-
mentum distribution [42]. In describing the dodging phe-
nomenon [29], the photoelectron yield Y¢(e) along the m.p.a.,
normalized to the yield in a linearly polarized field, has been
introduced and measured, where £ and ¢ indicate the ellipticity
and electron energy dependence of the yield, respectively.
Using the PPT probabilities for the photoelectron momen-
tum distribution in an elliptically polarized field, d* We /d’p
[42,43], where the CF effects for the electron dynamics in the
continuum are neglected, the normalized yield can be derived:

fAQ(d3Wg/d3p)dSZ
[aad>Wo/d*p)dQ
Here the integration is carried out over the solid angle A2

along the m.p.a. with an opening angle 6y. At § < +/Ey, the
yield reads

24/2¢et Egby
Ye(e) = exp {—52 ( Ep _ 2 )} M, @)

W?A2 A2 2v/26£ Eofy
L [ oAZ
1

YE (8) =

(6)
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FIG. 2. (Color online) Photoelectron spectra emitted along the m.p.a. in an elliptically polarized field with different ellipticity &, for the
cases with CF taken into account (solid lines) and without CF (dashed lines). The LES is observable up to & ~ 0.25. The laser and atom

parameters are the same as in Fig. 1.

where Aﬁ = 3E;/(21,)*?@? is the width of the longitudinal
momentum distribution and 7;(Z) is a modified Bessel
function. As Eq. (7) shows, the yield exponentially decreases
with rising ellipticity £ and depends weakly on energy &, when
the CF effects are neglected; see Figs. 1(a) and 1(b). The cut
across Fig. 1 at a fixed energy illustrates the first point, while
the cut across Fig. 1 at a fixed ellipticity illustrates the second
point [see also the dashed line in Fig. 5(c) below]. With the
Coulomb field included, our numerical simulation shows an
anomalous energy dependence of the yield for ellipticities up to
~0.3; see Fig. 1(c) and also Fig. 5(c) below in which the yield
decreases with increasing energy in the low-energy interval
of (0,4) eV, while the energy dependence is reversed in the
high-energy domain of (4,40) eV.

To understand the role of the Coulomb field effects, we have
calculated the photoelectron normalized yield, neglecting the
momentum change induced by the Coulomb field, either for
the final longitudinal or for the final transverse momentum.
This is accomplished by propagating an electron with certain
initial conditions twice: taking into account V¢ () in Eq. (1)
or neglecting it. Afterwards, we replace the longitudinal
(transverse) component of the exact final momentum with that
derived from the calculation neglecting V¢ (r). We note that
neglecting the Coulomb field for the longitudinal momentum
has no significant effect on the yield, while the same for the
transverse momentum eliminates the peculiar energy depen-
dence. As the CF is induced by the reduction of the transverse
momentum of the ionized electron [15], we conclude that
the CF is behind the anomalous energy dependence of the
normalized yield.

The anomalous energy dependence of the yield is closely
connected with the appearance of the LES in the energy

spectrum of electrons emitted along the m.p.a. The latter
is calculated numerically and shown in Figs. 2-4. We see
that the LES [i.e., the peak in the energy interval (0, 4) eV]
persists up to intermediate ellipticities (§ ~ 0.3 at [ = 4.5 x
108 W/em?, & ~0.25at Iy = 9 x 10 W/cm?,and &€ ~ 0.23
at Iy = 1.2 x 10" W/cm?). Figures 2—4 show also that at
larger ellipticities, although there is no LES, the yield is
significantly enhanced due to CF. The LES and CF due to
soft forward scattering persist up to higher values of ellipticity
at a given laser intensity than hard recollisions with backward
scattering. The upper value of ellipticity for backscattering (&)
can be estimated [9,10] by equating the lateral drift momentum
& Ey/w to the width of the transverse momentum distribution,
A& ~ w//Eo(21,)"/*. For the parameters chosen in Fig. 2,
&, ~ 0.098, while the LES for the same parameters persists up
to £ ~ 0.3. Nevertheless, the scaling with a laser intensity of
the upper limit of ellipticity for the LES is surprisingly well
reproduced by the above estimation, & ~ I, i

To explain the reason for the anomalous energy dependence
of the normalized yield at moderate ellipticities, we proceed
with an estimation of the yield taking into account CF. First,
we express the momentum distribution of the ionized electrons
at the detector d> W /d>p via the distribution function over the
transverse momentum p, ; (with respect to the field at the ion-
ization moment) and the ionization phase ¢; at the tunnel exit:

d*We _ d3WE(§0i9pii)

d’p deid®p;
where J; = —‘;E‘ZH%S
momentum of the electron p is a function of the variables at
the tunnel exit, p = ps(¢:,p; ), which depends on & and is

is the transformation Jacobian. The final
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FIG. 3. (Color online) Same as Fig. 2 with a laser intensity of I, = 4.5 x 10'> W/cm?. The LES is observable up to & &~ 0.3.

essentially disturbed by CF. Consequently, the dependence of
the distribution function, d> Welpi (p),p; L (p)] /d(pidzpl- 1, on
the final momentum is also modified due to CF. Fortunately,
this modification is negligible when the transverse momentum
induced by CF 8p is rather small: §p§ < w/€,/2I, [a
derivation of this condition is given in Sec. IV; see Eq. (26)
below]. This is the case in the region of the anomalous

energy dependence of the yield; see, e.g., Figs. 7(b) and 7(d).
Thus, in this region, the CF effect is mainly contained in the
Jacobian Jg. With this approximation, the normalized yield
with CF effects, Ysc(e), can be expressed via the yield without
CFE, Y:(e), given by Eq. (7): YE(e) = Ye(e)(JE [ I§ ) (Jo/ ),
where the index C indicates incorporation of the CF effects.
The ratio of the Jacobians can be expressed by the ratio
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FIG. 4. (Color online) Same as Fig. 2 with a laser intensity of Iy = 1.2 x 10'* W/cm?. The LES is observable up to & ~ 0.23.
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FIG. 5. (Color online) (a) The initial phase-space volume of contributing electrons dzpicLs in a.u. vs photoelectron energy at £ = 0 and
& = 0.15; numerical calculation (filled circles) and estimation (open circles; see text). (b) The ratio of the initial momentum-space volumes
dzpﬁg /dzpﬁo; numerical calculation (filled circles) and estimated (open circles). (¢c) The normalized yield; numerical calculation (filled circles)
and estimated via Eq. (10) (open circles) [obtained by multiplying the numerical values of the volume ratio from Fig. 5(b) by Y:(¢) of Eq. (7)].
The dashed line shows Y;(¢) via Eq. (7). The laser and atom parameters are the same as in Fig. 1.

of the initial momentum space at the tunnel exit at a fixed
momentum space at the detector,
]gc - dzpiciz;‘ )
Jy Al
Moreover, without CF effects, Jg/Jo ~ dzpug /d%p;i 1o =1,
because when CF is neglected, the final momentum space at
the detector equals that for the contributing electrons at the
tunnel exit for any ellipticity. In conclusion, the yield with
CF effects, ch (&), can be expressed via the yield without CF,
Ye(¢), and the ratio of the initial momentum-space volumes
d*pf, . /d*pf at a fixed final momentum space is
2.C
YE(e) = d pzcis
d*pi
We have calculated numerically the ratio of the momentum-
space volumes d’p{ . /d*p{, [see Fig. 5(b)] and checked
the validity of the estimation of Eq. (10) [open circles in
Fig. 5(c)], comparing it with the exact numerical calculations
[filled circles in Fig. 5(c)]. One can see that in the energy
interval of (2,30) eV, which includes the region of peculiar
behavior of YSC (e), the above estimation describes the energy
dependence of the yield appropriately. As Yz(g) without CF
[dashed line in Fig. 5(c)] depends on energy monotonously, we
can conclude that the minimum at ¢ & 4 eV in the yield ¥, EC (&)
with CF originates from the ratio of the momentum-space
volumes of contributing electrons at the tunnel exit and is due
to CF influence.

Ye(e). (10)

Now, let us see why the ratio of the momentum-space
volumes has a minimum. We can estimate the initial transverse
momentum-space volume at the tunnel exit for the electrons,
which at the detector move along the m.p.a., with a given
energy interval as follows. In the case of linear polarization,
the electron gets a transverse momentum kick 8pf due to
CF during its motion from the tunnel exit to the detector,
and, therefore, only the electrons which are distributed at the
tunnel exit on a ring in a transverse momentum space with
a radius 8pf will move along the m.p.a. at the detector; see
Figs. 6(a) and 6(b). The width of the ring is of the order of
the final transverse momentum allowance dp s, ~ p6p, with
p= J2e. Therefore, in the linear polarization case, the initial
momentum space of contributing electrons is proportional to
the transverse momentum change due to CF,

Y

In an elliptically polarized laser field, the momentum-space
distortion is more complex; see Figs. 6(c) and 6(d). In this
case, the transverse phase space of contributing electrons
at the tunnel exit can be expressed via the components of
the momentum change 8p§ .¢ induced by CF; see Fig. 6(e):
d*pfl. ~ 2RPSps1, with R = [(3p5)* + (3p%)*1/8pS, and
sin¢g = SpZCE/R, yielding

(‘Spycé)z + (‘szcé)2 .
. sin
Spyé

dzpiclo ~ 271p908pf_ .

8P} 3p%|
(‘Spyce)z + (5chs)2
(12

dzpiCJ_é ~8prL
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FIG. 6. (Color online) The initial (at the tunnel exit, marked
i) and the final (at the detector, marked f) transverse momentum
distributions of electrons with specified energies: (a), (c) € =3 eV
and (b), (d) € = 10 eV for the cases of (a), (b) linear or (c), (d)
elliptical polarization (¢ = 0.15), respectively. The initial distribution
shifted by A,(¢;) is indicated as i’. (¢) To the estimation of the
momentum-space volume; see text, Eq. (12). The laser and atom
parameters are the same as in Fig. 1.

In the most essential range of the photoelectron energy
(see Fig. 7), 8p)C,E < szcs, which allows simplification of
the estimate d’p{,/d’p,, o 8p, /3p,. These estimations
are in qualitative agreement with the exact calculations, as
Figs. 5(a) and 5(b) show. Therefore, the minimum in the
ratio of the initial phase-space volumes, d’p{ . /d*pf, . is
connected with the minimum of the transverse momentum
change due to the CF, SpJC_E. The latter for the cases of linear
and elliptical polarizations are calculated and shown in Fig. 7
using the method described in [22]. The partial contributions of
high-order scattering events into the total momentum change
are shown separately. The total momentum change due to CF,
in both cases, exhibits a pronounced minimum at the energy
corresponding to the minimum of the ratio of the momentum-
space volumes; see Fig. 5(b). This minimum marks the LES
region and corresponds to the threshold of the multiple forward
scattering. The ionized electrons with final energies larger
than 4 eV rescatter by the atomic core only once, while the
electrons with smaller energies can rescatter several times,
inducing larger momentum change; see Fig. 7. It is remarkable
that the contribution of the second forward scattering is more
pronounced in the case of elliptical polarization than in the
linear one, as noted also in [9]. The high-order forward
scatterings have an essential contribution to the transverse
momentum change of the low-energy photoelectrons. They are
responsible for the creation of the minimum in the ratio of the

PHYSICAL REVIEW A 85, 023413 (2012)

momentum-space volumes and, consequently, for the creation
of the minimum in the normalized yield at photoelectron low
energies. An important conclusion is that the multiple forward
scatterings play a significant role in CF also in the elliptically
polarized field. It is the reason why the LES persists up to
moderate ellipticities.

IV. COULOMB FOCUSING AT LARGE ELLIPTICITY

At large ellipticities & > 4/Ep, the character of CF is
essentially different. In this domain, the electron drift mo-
mentum is dominated by the vector potential at the ionization
moment, with a minor contribution from the initial transverse
momentum [42]. The contribution of the high-order forward
scattering in CF, as Fig. 8(a) shows, becomes monotonous in
¢; and perturbative. Moreover, the contribution of the forward
scattering in CF becomes negligible relative to that of the
initial Coulomb disturbance. The momentum transfer at the
initial Coulomb disturbance is directed along the field at
the ionization moment [16], i.e., it is perpendicular to the
drift momentum, causing rotation of the initial momentum
distribution around the axis perpendicular to the polarization
plane; see also [9]. Therefore, the momentum-space volume
will not be essentially modified by CF in this case. In fact,
as one can see in Fig. 8(b), the ratio of the initial to final
transverse momentum-space volumes is approximately one at
large ellipticities & 2> 0.25.

The effect of rotation of the momentum distribution due
to CF can be monitored by observing the enhancement of
the photoelectron yield along the m.p.a. In other words, we
investigate the modification of the dodging phenomenon due
to CF. We calculate the total normalized yield along the m.p.a.
(see Fig. 9) and its enhancement factor due to CF (see Fig. 10).
We find that the enhancement factor is sharply peaked at an
intermediate ellipticity value, &,, = 0.4; see Fig. 10. This value
corresponds to the minimum of the yield along the m.p.a.; cf.
Fig. 9 [44].

In the following, we give a simple analytical estimate of
the CF impact on the tunneling probability that elucidates
the origin of the peak of the yield enhancement factor. The
tunneling probability of an electron can be estimated with
exponential accuracy,

wi (@i, pis) < exp[—2E,/3E(;) — p?, /A1, (13)

where ¢; = wt; is the laser phase at the tunneling moment,
pi1 is the initial transverse momentum with respect to the
instantaneous direction of the field, and E, = (21 ,,)3/ 2 is the
atomic field. The electron momentum at the detector is

p=p; — Alp) + 3p°, (14)

where p; is the electron initial momentum at the tunnel exit,
A(g;) is the vector potential at the ionization moment, and
8pC is the momentum change due to CF (in the case of large
ellipticities, it is due to the initial CF).

In the limit & — 1, the ionization of electrons, which at the
detector move along the m.p.a., takes place mostly near the
laser phase when the vector potential points along the m.p.a.;
see Fig. 11(a). For the field given by Eq. (2), the vector potential
is

A(p;) = —Agsing;, A,(¢;) =—EAgcosy;, (15)
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FIG. 7. (Color online) The transverse momentum change due to CF vs photoelectron energy. The total value according to numerical
simulations (black line). The estimated contributions from high-order forward scattering (here up to the fourth) and from initial Coulomb
focusing (ICF) at the tunnel exit are shown separately. (a), (c) § = 0; (b), (d) £ = 0.15. The laser and atom parameters are the same as in Fig. 1.

with A9 = Eyp/w, and the ionization phase is close to ¢; =
/2. By introducing 6; = 7/2 — ¢; < | and expanding the
field over a small parameter 6; up to the second order, we
obtain, for the total field,

E(g) = \/E2+ E2 ~ EEo[1 +07(1 — £%)/28%].  (16)

The ionization phase is determined from the vanishing of the
final transverse momentum with respect to the m.p.a., namely,

— T
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FIG. 8. (Color online) (a) The transverse momentum change due
to the initial CF and the first forward scattering for large ellipticity
values as indicated in the inset. (b) The ratio of the momentum-space
volumes d’pf, . /d*p{,, vs photoelectron energy and ellipticity. The
laser and atom parameters are the same as in Fig. 1.

Py = Diy — Ay(@i) + (Spyc ~ 0. The probability is maximal at
piy ~ 0. By taking into account also that the longitudinal
component (with respect to the laser field) of the momentum
change due to the initial CF is [16]

5p§ ~ mE(9)/ 21,2,

we find that 5p€ ~ 7€ Eo/(21,)% and 6; ~ ww/(21,)2. As
a result, the ionization probability in the limit £ — 1 is

a7

| 2E, 72w (1 — £2) (18)
Wilg—1 X X — .
Nt PN T3eE, T 3EE QL)
3 T LA | T 3
10° 3
o —e—CF
107 3 —o—NCF !
w E ]
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o E 3
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FIG. 9. (Color online) The photoelectron normalized yield along
the m.p.a. integrated over the total energy range for the cases with CF
(YE"; black, filled circles) and without CF (YN"'; red, open circles).
The laser and atom parameters are the same as in Fig. 1.
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FIG. 10. (Color online) The ratio Y7 / Y NCF for different laser intensities (Iy) and wavelengths (1): (a) numerical simulations, (b) analytical
estimations, according to Eq. (25), (¢) Iy = 9 x 103 W/cm?, A =2 um, (d) Iy = 1.2 x 10" W/cm?, A =2 um, and (e) Iy = 9 x 10"* W/cm?,
A =3 pm; numerical simulation (solid lines), analytical estimation (dashed lines).

The last term in Eq. (18) describes the influence of the initial
CF on the ionization probability and leads to the probability
enhancement. This is because the electrons which move along
the m.p.a. are tunneled out at a larger 6;, and, consequently, at
a stronger laser field [see Eq. (16)] when the CF effect is taken
into account.

In the opposite limit & — 0, ionization of the electrons
which move along the m.p.a. takes place mostly at ¢; ~ 0. In
fact, the ionization probability at the laser phase, ¢; ~ 7 /2, is
negligible because of the weakness of the field at this phase
(E ~ £Ey). Meanwhile, at ¢; ~ 0, the field is large (E ~ E),

FIG. 11. (Color online) The geometry of the ionization near the
phase of the laser field when the ionization probability is maximal:
(a)& — 1, (b) £ — 0. The x axis is along the m.p.a.

and the laser-induced lateral drift momentum is small (as A, ~
EEy/w with £ <« 1) and can be compensated by the initial
transverse momentum; see Fig. 11(b). The total field expanded
near ¢; ~ 0 reads

E(g;) = Eoll — g}(1 — £%)/2].

In this case, the initial transverse momentum p;, is required
to have a nonzero value such that p;, = p;| cosg; would
compensate the drift velocity and result in the vanishing of
the final lateral momentum. The momentum change due to the
initial CF is 8p$ &~ —7& Eog; /(21,)*'*. The vanishing of the
final lateral momentum of the electron p, ~ 0 leads to

w§Ey
——= SIn
(le)2

19)

§Ey
Dil COS@; = i — — = COs gi. (20)

From the latter, p;, is derived employing an expansion over

@it
EEy [ mwe;
piL X — — —1].

w L2132 h

Here, the first term between the brackets is due to the initial
CF. The ionization phase ¢; is determined by p,, which can
be deduced from the x projection of Eq. (14),

Ey 2piLEy
+‘Pz|:w+Pu (21)2:|

JTE()

(2Ip )3/2 (22)

Dx ¥

The latter simplifies for p, > m E, (i.e., the electron energy
larger than 0.3 eV for the chosen parameters), yielding
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¢; = pyw/Ey. By inserting the obtained values for ¢; and
pi1 into Eq. (13), one gets

1— 2y 42
w;(px)lg—o ~ exp(—2E,/3Ep) exp {—%
52 EO T WPy >
Az [Z - (211,)3/2} } ' 29

By integrating Eq. (23) over p, and keeping the leading terms
in the exponent (up to £*) over the expansion by a small
parameter £, we derive the ionization probability in the limit
& — 0 with exponential accuracy:

2E, &*E}  3n’tE}
3Ey  o?A% w*(21,)?

The last term in the exponent in Eq. (24) stems from the
initial CF. It enhances the ionization probability because the
initial transverse momentum of the electron, moving finally
along the m.p.a., is decreased when CF is accounted for;
see Eq. (21). Using the derived asymptotic expressions for
the ionization probability given by Egs. (18) and (24), we
interpolate the ionization probability for arbitrary &,

} .24

Wilg—0 O €Xp {—

w;(§) ~ max{w;le—o,wile—1}, (25)

and from the latter estimate the ratio of the yield with CF to the
yield without CF; see Fig. 10. The estimated ratio reproduces
correctly the position of the peak. The CF effect is described
by the last terms in the exponent in Egs. (18) and (24). These
terms increase as one moves away from the asymptotic values
of £. Consequently, enhancement of the ionization probability
due to CF is largest at an intermediate ellipticity [45]. The
peak of the yield enhancement shifts to lower ellipticities with
increasing intensity or wavelength. It is correctly predicted by
our estimation via Egs. (18) and (24); see Fig. 10. However,
our qualitative estimates are carried out only with exponential
accuracy, neglecting the prefactors. For this reason, we cannot
predict correctly the absolute value of the yield ratio.

Thus, the normalized yield at large ellipticities is enhanced
due to the Coulomb field effect (i.e., initial CF). The reason
for the enhancement is that the electrons which drift along
m.p.a. have larger tunneling probability when the CF is taken
into account. This is due to the fact that either (in the case
of & — 1) the electrons are tunneled out at larger laser field
values or (in the case of & — 0) the electrons are tunneled
out with smaller initial transverse momenta when the initial
CF is taken into account. At intermediate ellipticities, both of

PHYSICAL REVIEW A 85, 023413 (2012)

the enhancement mechanisms can contribute, which induces a
sharp peak in the enhancement factor.

Equation (23) of this section can be used to deduce
the condition for neglecting the CF effects in the distri-
bution function d>W;[g:(p),p; (P)l/d¢id*p;, at small &.
The CF modification is given by the term proportional to
T WPy /(21‘,,)3/2 in the exponent of Eq. (23), which equals
the momentum change due to CF §pS. The modification is
negligible if $p§ <« A and §pSEEy/w < A% . The second
of these conditions is the strongest and reads

5pC « — o (26)

e,

For the parameters used, this yields Spf < 0.14.

V. CONCLUSION

We have investigated the role of Coulomb focusing in
above-threshold ionization in a midinfrared laser field of
elliptical polarization. We have shown that multiple forward
scattering of the ionized electron by the atomic core has the
dominated contribution in Coulomb focusing up to moderate
ellipticity values. The multiple forward scattering causes
squeezing of the transverse momentum-space volume, which
is the main factor influencing the normalized yield at moderate
ellipticities, described by Eq. (10). It is responsible for the
peculiar energy scaling of the ionization normalized yield
along the major polarization axis, and for the creation of
a characteristic low-energy structure in the photoelectron
spectrum.

At large ellipticities, the main CF effect is due to the
initial Coulomb disturbance at the exit of the ionization
tunnel. The initial Coulomb disturbance, as our estimates
in Egs. (18) and (24) show, enhances the ionization yield.
This is because the electrons are tunneled out at larger laser
fields or with smaller initial transverse momentum when the
initial CF is taken into account for the electron drifting along
the m.p.a. The enhancement factor is shown to be sharply
pronounced at intermediate ellipticities when both of the
above-mentioned enhancement mechanisms contribute. In this
region of ellipticity, the yield is enhanced by an order of
magnitude due to the CF.
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