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Isolated-attosecond-pulse generation due to the nuclear dynamics of H2
+

in a multicycle midinfrared laser field
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A scheme is proposed to generate isolated attosecond pulses in the water window driven by a multicycle
2400-nm midinfrared laser field with moderate intensity interacting with H2

+ molecules. Single attosecond
pulses are achieved due to the charge resonance-enhanced ionization and nuclear motion by the numerical
solutions of a non-Born-Oppenheimer time-dependent Schrödinger equation. Thus, the single attosecond pulse
generation provides insight into the nuclear dynamics.
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I. INTRODUCTION

High-order harmonic generation (HHG) induced by the
interaction of a high-intensity laser pulse with atoms or
molecules is proved to be an effective way to generate
an extreme ultraviolet (XUV) source [1,2] and an isolated
attosecond pulse [3], which have already proven ideal for
capturing the motion of electrons in atoms, molecules, and
materials [4,5].

In the so-called water window, from 4.4 to 2.3 nm (from
280 to 550 eV), water is comparatively transparent and organic
materials are absorptive for carbon-containing biological
samples. Thus, high-contrast biological spectroscopy in this
spectral window has long been one of the most important
objectives of the development of coherent XUV sources [6].
The generation of isolated attosecond pulses in the water
window has an extremely vital significance for studying the
ultrafast electronic dynamics of biological samples in water.
With the rapid development in ultrafast laser technology, the
intense ultrafast laser sources in the midinfrared region have
been achieved [7–10] and have been employed experimentally
[2,11], which makes it possible to realize the attosecond pulse
generation in the water window. Several approaches have so
far been proposed to achieve single attosecond pulses in this
spectral region, including the detuned midinfrared two-color
scheme [12], midinfrared polarization gating modulated by
a weaker linearly polarized pulse [13,14], and the double
optical gating with very high intensity [15]. However, the
above methods have high demands for the driving laser field
and depend on a complex shaped laser field. Thus we aim
to find an approach to generate isolated attosecond pulses in
the water window based on the directly available driving laser
pulses with moderate intensity.

Compared to atoms, molecules inevitably introduce a fur-
ther complexity in harmonic generation due to the additional
degree of freedom for nuclear wave packet motion, including
charge resonance-enhanced ionization (CREI) at distances
larger than equilibrium [16,17], the molecular bond being
softened by multiphoton couplings [18]. Molecules in the
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strong-field process were investigated earlier at fixed inter-
nuclear distance from the Born-Oppenheimer approximation,
which ignores the couplings of the electronic and nuclear
wave packet. Recently, non-Born-Oppenheimer (NBO) time-
dependent Schrödinger equation (TDSE) simulations have
revealed a variety of unique nonlinear responses, such as
allowing the shortening of the trains of generated attosecond
pulses [19] and monitoring electron-nuclear dynamics on
an attosecond time scale since the harmonic signal can be
modified by the nuclear motion [20,21].

In the present work, we propose a scheme to produce
isolated attosecond pulses in the water window using a
2400-nm midinfrared laser pulse with moderate intensity
interacting with H2

+ molecules. By using numerical solutions
of NBO TDSE, single attosecond pulses are achieved resulting
from the nuclear motion. Thus, the nuclear dynamics could be
reflected from the generation of single attosecond pulses.

II. THEORETICAL MODEL

In our work, we follow the numerical treatment described
in Ref. [22]. Up to now, the HHG of the aligned molecules has
been a proven technique [23–25]. Therefore, the molecular
axis is assumed to be parallel to the polarization direction
of the linearly polarized laser field and electron moves along
the molecular axis. Here the moving electron and nuclei are
allowed to be calculated using complete one-dimensional (1D)
TDSE. Such a simplified 1D H2

+ model has been verified by
many previous studies [19,23,26,27]. The 1D TDSE is written
as (e = h̄ = me = 1 in atomic units (a.u.), which are used
throughout unless otherwise indicated):

i
∂ψ(z,R,t)

∂t
= [TR + Te + V (z,R) + VI (z,t)]ψ(z,R,t), (1)

where R is the relative nuclear coordinate, and z is the elec-
tronic coordinate with respect to the center of mass of the
two nuclei. TR = − 1

mp

∂2

∂R2 + 1
R

and Te = − 1
2γ

∂2

∂z2 denote the
nuclear and electronic kinetic-energy operators, respectively.
mp = 1836 is the proton mass, and γ = 2mp

1+2mp
is the nuclei-

electron reduced mass. The soft-Coulomb potential V (z,R)
reads

V (z,R) = − 1
√

(z + R/2)2 + 1
− 1

√
(z − R/2)2 + 1

. (2)
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The external interaction VI (z,t) between the laser field and
molecule reads

VI (z,t) = −2mp + 2

2mp + 1
zE(t), (3)

where E(t) = E0f (t) sin(ωt) denotes the linearly polarized
driving field with peak amplitude E0, envelope function f (t),
and frequency ω. In the TDSE calculations, the Schrödinger
equation (1) is numerically solved by the second-order split-
operator technique [28]. The high harmonic intensity spectrum
is proportional to the squared modulus of the Fourier transform
of the dipole acceleration expectation value.

In the simulation, we employ an envelope function f (t) =
sin(πt/T )2, where T is the total pulse duration. The ground
state of the field-free H2

+ molecular system with Hamilton
operator H0 = TR + Te + V (z,R), obtained by propagating
the field-free Schrödinger equation in imaginary time [29],
is chosen to be the initial wave function. The H2

+ molecular
ground-state energy is set to be –21.1 eV. The wave function
ψ(z,R,t) is discrete on a two-dimensional grid containing
16 384 grid points on the z axis with the step of 0.2 a.u. and
1024 grid points in the R axis with the step of 0.05 a.u. The
time step of wave function propagation is dt = 0.08 a.u. In
order to avoid spurious reflections of the wave packet from the
boundary, the wave function is multiplied by a cos1/8 mask
function [30].

III. RESULTS AND DISCUSSION

The high-order harmonic spectra are shown in Fig. 1 for
the H2

+ molecule (red solid curve) and the H atom (blue
dotted curve) respectively, driven by the laser pulse with a
peak intensity of 4 × 1014 W/cm2, a wavelength of 2400 nm,
and a duration (the full width at half maximum) of about four
optical cycles shown in the inset of Fig. 1. In the simulation,
the softening parameter is properly set for the H atom so that
its ground-state energy is equal to that of the H2

+ molecule
E0 = –21.1 eV. As can be seen, the harmonic intensity of the
H2

+ molecule is about one order of magnitude lower than that
of the H atom for the spectral region higher than ∼270 eV.

FIG. 1. (Color online) High-order harmonic spectra for the H2
+

molecule (red solid curve) and the H atom (blue dotted curve),
respectively. The inset shows the sketch of the driving laser pulse with
a peak intensity of 4 × 1014 W/cm2 and a wavelength of 2400 nm.

FIG. 2. (Color online) Temporal profiles of the harmonic emis-
sion by performing an inverse Fourier transform of the spectra from
258 to 323 eV in the plateau region (a), and in the cutoff (b) (from
626 to 691 eV for the H2

+ molecule and from 433 to 497 eV for the
H atom, respectively).

Nevertheless, the cutoff energy is extended from 497 eV for
the H atom to 691 eV for the H2

+ molecule.
Figure 2 shows the temporal profiles of the harmonic

emission by performing an inverse Fourier transform of the
spectra from 258 to 323 eV in the plateau region [Fig. 2(a)],
and in the cutoff [Fig. 2(b)] from 626 to 691 eV for the H2

+
molecule as well as from 433 to 497 eV for the H atom,
respectively. One can see that an isolated attosecond pulse
is generated not only in the cutoff but also in the region of
plateau for the H2

+ molecule taking the nuclear motion into
account, while attosecond pulse trains are obtained for the H
atom. The durations of the single attosecond pulse generated
in the plateau region and in the cutoff are 137 as and 117 as,
respectively. In the calculations we scan the position and
bandwidth of the spectrum, and the spectrum from 258 to
323 eV in the plateau region and that from 626 to 691 eV
in the cutoff are found to be optimal to achieve an isolated
attosecond pulse. It also can be seen from these figures that
the generated isolated attosecond pulses are accompanied by
several weak pulses, which result from the modulation of the
spectra shown in Fig. 1 due to the interference between the
continuum spectra close to each other. The maximum ratios
of weak pulses to the main pulse are 1:8 in the plateau region
and 1:7 in the cutoff, respectively.
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FIG. 3. (Color online) Time profiles of the harmonic spectra from 499th to 915th for the H atom (a) and for the H2
+ molecule (b).

(c),(d) Time profiles of harmonics (575th and 821st) by performing an inverse Fourier transform for the H2
+ molecule (red solid) and for the

H atom (blue dashed). (e) Time-dependent internuclear distance for the H2
+ molecule.

The isolated attosecond generation is attributed to the CREI
and the nuclear motion just as shown in the following text. The
time profiles of the harmonic spectra from 499th to 915th are
presented in Figs. 3(a) and 3(b). It is interesting to note that
for the H2

+ molecule the harmonic generation is restricted
in the region of 40.3–48.9 fs marked by the dashed line.
That is to say that only the pulse appearing in the region of
40.3–48.9 fs is selected for generation with all the other pulses
suppressed in the pulse train. Whereas, for the H atom, the
harmonic emissions are generated every half-cycle resulting
in the creation of attosecond pulse trains. Figures 3(c) and 3(d)
represent the time profiles of harmonics (575th and 821st) by

performing an inverse Fourier transform for the H2
+ molecule

(red solid curve) and for the H atom (blue dashed curve). The
red solid and the blue dashed curves in Figs. 3(c) and 3(d)
are normalized, respectively. It can be seen more directly that
an isolated attosecond pulse is generated from one order of
harmonic for the H2

+ molecule, while attosecond pulse trains
are obtained for the H atom. Therefore when selecting the
range of harmonic spectra properly, an isolated attosecond
pulse can be produced for the H2

+ molecule as shown in
Fig. 2. The harmonic emission process can be well explained
by a three-step model: Active electrons first tunnel through
the potential barrier, are accelerated by laser fields, and then
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FIG. 4. (Color online) Temporal profiles of the harmonic emission at the cutoff for the H2
+ molecule (red solid curve) and for the H atom

(blue dotted curve), respectively, driven by laser pulse with (a) λ = 800 nm, (b) λ = 1600 nm, and (c) λ = 2400 nm. Diagrams of the time
profiles of harmonic spectra for the H2

+ molecule driven by the laser pulse with (d) λ = 800 nm, (e) λ = 1600 nm, and (f) λ = 2400 nm.
Time-dependent internuclear distance for the H2

+ molecule driven by laser pulse with (g) λ = 800 nm, (h) λ = 1600 nm, and (i) λ = 2400 nm.

recombine with parent ions to emit high-energy photons [31].
Furthermore, the electrons are ionized at about half of an
optical cycle earlier than the crest of the electric oscillation
adjacent to the moment when the harmonic emission occurs.
For the H2

+ molecule the harmonic emission is confined in
the time range from 40.3 to 48.9 fs as shown in Fig. 3(b).
This means that the electrons are ionized in the time range
from 34.0 to 41.9 fs. At this very moment, the internuclear
distance ranges from 6.7 to 10.3 a.u., as shown in Fig. 3(e).
As is well known, when R increases to intermediate-to-large
internuclear separations (5 < R < 12 a.u.), CREI in the H2

+
molecule is remarkable [16,19]. While for the H atom, the
attosecond pulses are generated every half-cycle resulting in
the creation of attosecond pulse trains, as shown in Fig. 3(a).
For the H2

+ molecule the nuclear motion is taken into account,
which is the only difference between the H2

+ molecule and the
H atom in our model. Thus we think that the CREI and nuclear
motion operate in concert resulting in the generation of single
attosecond pulses for the H2

+ molecule. Our scheme suggests
that isolated attosecond pulses in two spectral regions—258–
323 eV which is well within the water window and 626-691 eV
which is beyond the water window—can be produced at-
tributed to the enhanced ionization and concomitant nuclear
motion of H2

+ molecule driven by a 2400-nm, 4 × 1014 W/cm2

laser field with a duration of about four optical cycles.

In order to clarify the role of the molecule motion played
in the process of isolated attosecond pulse generation and to
reduce the influence of the driving laser field as much as possi-
ble, we employ an envelope function f (t) that rises during the
first half of an optical cycle, decreases during the last half of an
optical cycle, and holds constant for the middle fifteen optical
cycles. The intensity of the laser pulses is 2 × 1014 W/cm2.
Figures 4(a), 4(b), and 4(c) show the temporal profiles of the
harmonic emission at the cutoff with a bandwidth of ∼30 eV
for the H2

+ molecule (red solid curve) and for the H atom
(blue dotted curve), respectively. Figures 4(d), 4(e), and 4(f)
present the time profiles of harmonics for the H2

+ molecule
by performing an inverse Fourier transform of each harmonic
from 13th to 55th [Fig. 4(d)], from 43th to 237th [Fig. 4(e)],
and from 351st to 725th [Fig. 4(f)]. Figures 4(g), 4(h), and
4(i) illustrate the time-dependent internuclear distance for the
H2

+ molecule. The central wavelengths of the driving laser
pulses are 800 nm [Figs. 4(a), 4(d), 4(g)], 1600 nm [Figs. 4(b),
4(e), 4(h)] and 2400 nm [Figs. 4(c), 4(f), 4(i)], respectively.
One can see from these figures that the wavelength effect on
the selecting of the generation of single attosecond pulses
is obvious. The generated attosecond pulse train is shorter
for the longer wavelength. This can be understood as that in
the long-wavelength laser field, the ponderomotive energies
of the nuclei are so large that the nuclei can be efficiently
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accelerated and the electron-nuclear motion is prominent. The
relevant internuclear distances when the attosecond pulses are
generated are from 3.5 to 7.7 a.u. in Fig. 4(g), from 3.4 to
7.5 a.u. in Fig. 4(h), and from 4.5 to 7.8 a.u. in Fig. 4(i). The
regions of the internuclear distance in which the attosecond
pulses are selected to generate are the same for the different
wavelengths. All these prove that the CREI and nuclear motion
give rise to the generation of single attosecond pulses.

IV. CONCLUSION

In this work, we propose a scheme to generate isolated
attosecond pulses not only in the plateau region (258–323 eV,
within the water window) but also at the cutoff (626–691 eV,

beyond the water window) using a multicycle 2400-nm
midinfrared laser field with moderate intensity interacting
with H2

+ molecules. The CREI and nuclear motion operate in
concert resulting in the generation of single attosecond pulses.
Thus, the single attosecond pulse generation provides insight
into the nuclear dynamics.
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