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We study nonsequential double ionization (NSDI) processes of an atom by applying the frequency-domain
theory based on the nonperturbative quantum electrodynamics. We obtain the transition formulas that describe the
NSDI processes caused by the collision ionization (CI) and the collision-excitation ionization (CEI) mechanisms.
By analyzing the NSDI results of each above-threshold ionization (ATI) channel, we investigate the contributions
to the NSDI from the backward and forward collisions. In particular, for the CI process, the backward collision
makes a major contribution to the NSDI probability, whereas for the CEI process, it depends on the characteristics
of the laser-atom system: if the energy that the recolliding electron needs to excite a bound electron is much
larger than the laser photon energy, such as for the case of helium in this work, the backward collision dominates
the contribution; otherwise, the forward collision dominates the contribution. We also discuss the source of
interference fringes in the NSDI momentum spectra due to the CI mechanism and find that the fringes can be
predicted by using a simple cosine function. This work can be regarded as a development of the frequency-domain
theory, which may shed light on the study of multiparticle dynamics in intense laser fields.
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I. INTRODUCTION

A recollision process of an electron in a strong laser field [1],
such as high-order harmonic generation (HHG), high-order
above-threshold ionization (HATI), and nonsequential double
ionization (NSDI), provides us with a window to do in-depth
study on the interaction between matter and the intense laser
field [2] and also with the possibility to control the correspond-
ing highly nonlinear transition process [3]. For example, HHG
can be used to obtain ultrashort attosecond pulses [4,5] and to
image atomic or molecular structures [6–10], HATI can be used
to investigate molecular structures [11–15] and dynamics [16],
and NSDI shows that the multielectron ionization in an intense
laser field is not always sequentially one by one [17–22].
It is often the case that these three phenomena, i.e., HHG,
HATI, and NSDI, may occur during a single recollision
process, implying that we may treat them under a unified
theoretical frame. One such approach is the frequency-domain
theory based on the nonperturbative quantum electrodynamics
(QED) [23], which has recently been developed to deal
with recollision processes [13,15,24–27], including HHG and
HATI. By using this theory, Fu et al. [25] have investigated
the relationship between ATI and HHG and found that the
origin of the plateau on a HHG spectrum is attributed to
a laser-assisted recombination process. Recently, Guo et al.
[13] have investigated the interference fringes in the HATI
spectra of molecules and found the charge distribution effect
of imaging the molecular structure by HATI [15].

With the help of formal scattering theory [28], the
frequency-domain theory provides a different viewpoint on the
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interaction between matter and the intense laser field. In
this theory, all dynamic processes can be treated as quantum
transitions between two states of a laser-matter system, where
the laser field, as a part of the whole system, is treated as a
quantized field. Based on this theory, a recollision can
be considered as a two-step process: an above-threshold
ionization (ATI), followed by a laser-assisted collision (LAC)
or a laser-assisted recombination (LAR). Consequently, the
characteristics of a recollision process lay in the LAC or
LAR, with a weight given by the first-step ATI transition. For
example, the quantum interference fringes in an angle-resolved
HATI spectrum of a diatomic molecule are attributable to the
two-center LAC and the oscillation of recolliding electrons
driven by the laser [13]. In this paper, we will develop this
method to investigate the NSDI process. By analyzing the
contributions of each ATI channel to NSDI, we investigate the
source of interference fringes in NSDI momentum spectra as
well as the contributions of backward and forward collisions.
In particular, we find that the backward collision dominates the
contribution to NSDI for the collision ionization mechanism,
whereas the contributions of the backward and forward
collisions to NSDI for the collision-excitation ionization
mechanisms depend on the characteristics of the laser-atom
system. All these results can be interpreted by looking at the
corresponding Bessel functions involved in the LAC process.

This paper is organized as follows. In Sec. II, we describe
the frequency-domain theory of NSDI. In Sec. III, we
investigate the NSDI contributed by the collision ionization
mechanism and discuss the source of quantum interference in
a two-electron momentum spectrum. In Sec. IV, we present
the NSDI results due to the collision-excitation ionization
mechanism for low laser intensities. Finally, in Sec. V, we
make our conclusions.
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II. FREQUENCY-DOMAIN THEORY OF NSDI

The Hamiltonian for a two-electron atom interacting with
a single-mode laser field is [29]

H = H0 + U + V. (1)

In the above expression (atomic units are used throughout
unless otherwise stated),

H0 = (−i∇1)2

2
+ (−i∇2)2

2
+ ωNa (2)

is the free electron and photon energy operator and Na =
(a†a + aa†)/2 is the photon number operator, with a (a†)
being the annihilation (creation) operator of the laser photon
mode. Also, U = U1 + U2 + U12, where U1 and U2 are the
interaction potentials between the nucleus and the two elec-
trons, respectively, and U12 is the interaction potential between
the two electrons. Finally, the electron-photon interaction
potential is V = V1 + V2, where

Vj = −A(rj ) · (−i∇j ) + A2(rj )

2
, j = 1,2, (3)

A(rj ) = g(ε̂aeik·rj + c.c.) is the vector potential, g =
(2ωVγ )−1/2, k is the wave vector, Vγ is the normalization
volume of the photon modes, and ε̂ = ẑ is the polarization
vector of the laser mode.

The frequency-domain theory based on the above-
mentioned Hamiltonian enables us to treat an atom-laser
interaction process as a genuine scattering process in an
isolated system that consists of an atom and a laser field.
Since the total energy of the system is conserved throughout
the interaction process, the formal scattering theory [28] thus
applies. The NSDI process is a transition from an initial
two-electron bound state with U being on and V being off
to a final two-electron Volkov state with V being on and U

being off. It is assumed that the interaction-free initial state
ψi satisfies (H0 + U )ψi = Eiψi and the final state ψf of the
free electrons in the laser field satisfies (H0 + V )ψf = Ef ψf .
Then the scattering wave function for the initial state can be
written as [28]

ψ+
i = ψi + 1

Ei − H + iε
V ψi, (4)

and the scattering wave function for the final state is

ψ−
f = ψf + 1

Ef − H ′ − iε
Uψf + 1

Ef − H ′ − iε
U

1

Ef − H − iε
V ψf , (5)

with H ′ = H0 + U . The S matrix for the transition from ψi to ψf is

Sf i = δf i − 2πiδ(Ef − Ei)Tf i, (6)

where the T matrix element can be written as

Tf i = 〈ψf |
[
U + V

1

Ef − H − iε
U

]
|ψ+

i 〉 = 〈ψf | U |ψi〉 + 〈ψf | V
1

Ef − H − iε
U |ψi〉

+ 〈ψf | U
1

Ei − H + iε
V |ψi〉 + 〈ψf | V

1

Ef − H − iε
U

1

Ei − H + iε
V |ψi〉. (7)

The first term in Eq. (7) can be rewritten as 〈ψf | U |ψi〉 = 〈ψf | Ei − H0 |ψi〉. Since the total energy of the system is constant
during the transition process, i.e., Ef = Ei , we have 〈ψf | U |ψi〉 = 〈ψf | Ef − H0 |ψi〉 = 〈ψf | V |ψi〉.

Since the T matrix includes many quantum paths leading to a double ionization of the two electrons, we should now classify
these transition paths according to the components of the T matrix as follows:

Tf i = T0 + T1 + T2, (8)

where

T0 = 〈ψf | V |ψi〉, (9)

T1 = 〈ψf | V
1

Ef − H − iε
U |ψi〉 + 〈ψf | U

1

Ei − H + iε
V |ψi〉, (10)

T2 = 〈ψf | V
1

Ef − H − iε
U

1

Ei − H + iε
V |ψi〉. (11)

Substituting V = V1 + V2 and U = U1 + U2 + U12 into
Eqs. (9)–(11), the transition paths can be classified as follows:
(1) T0 corresponds to the process where one electron is ionized
by the laser field and the other electron is shaken off. (2) T1

includes three subpaths: (2a) one electron is ionized and then
recollides with the core, and the other electron is shaken off

(V1 ��� U1); (2b) one electron is ionized by the laser field,
and the other electron is shaken off and then recollides with
the core (V1 ��� U2); (2c) one electron is ionized, and then it
recollides with the other electron and sets the other one free
via the collision (V1 ��� U12). (3) T2 includes six subpaths:
(3a) one electron e1 is ionized by the laser field and then
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recollides with the core, resulting in being captured by the
core; finally, it is ionized by the laser again, whereas the other
electron e2 is shaken off (V1 ��� U1 ��� V1). (3b) One electron
e1 is excited by the laser field, and the second electron e2 is
shaken off; then e2 recollides with the core, and finally, e1

is ionized by the laser field (V1 ��� U2 ��� V1). (3c) One
electron e1 is ionized by the laser field and recollides with
the other electron e2; then e2 is ionized by the collision,
but e1 is captured by the core; finally, e1 is ionized by the
laser field again (V1 ��� U12 ��� V1). (3d) One electron e1

is ionized by the laser field, and then it recollides with the
core; the other electron e2 is then ionized by the laser field
(V1 ��� U1 ��� V2). (3e) One electron e1 is ionized by the laser
field, and the other electron e2 is shaken off; then e2 recollides
with the core and is recaptured by the core, and finally, e2 is
ionized by the laser field (V1 ��� U2 ��� V2). (3f) One electron
e1 is ionized by the laser field, and then it recollides with the
other electron e2 and excites it; finally, the excited electron e2

is ionized by the laser field (V1 ��� U12 ��� V2).
Among the above-mentioned transition paths, path (2c),

which represents the collision-ionization (CI) process, and
path (3f), which represents the collision-excitation-ionization
(CEI) process, are proven to have major contributions to NSDI
under the current low-frequency laser conditions [19]. In the
following, we will focus on these two paths. The transition
term for CI is

TCI = 〈ψf | U12
1

Ei − H + iε
V1 |ψi〉 , (12)

and the transition term of CEI is

TCEI = 〈ψf | V2
1

Ef − H − iε
U12

1

Ei − H + iε
V1 |ψi〉.

(13)

The initial state of the atom-laser system is |ψi〉 =
|	i(r1,r2),ni〉 = 	i(r1,r2) ⊗ |ni〉, which is the eigenstate of
the Hamiltonian H0 + U (r1,r2) with the energy Ei = −E12 +
(ni + 1

2 )ω. Here 	i(r1,r2) is the ground state of He, with
E12 being the ionization energy of this state, and |ni〉 is the
Fock state of the laser mode with the photon number ni . On
the other hand, the final state |ψf 〉 = 
p1p2k , with the energy
Ef = Ep1p2k being the quantized-field Volkov state with two
electrons in a single laser field [30],


p1p2k = V −1
e

∞∑
j1=−k

exp{i[p1 + (up − j1)k] · r1}J j1 (ζ1,η)∗

×
∞∑

j2=−k−j1

exp{i[p2 + (up − j2)k] · r2}J j2 (ζ2,η)∗

× |k + j1 + j2〉, (14)

which is an ansatz from the general one-electron Volkov
state [23] by assuming that the two electrons are separated far
away from each other so that the correlation between them can
be ignored. Also in the above Ve is the normalization volume
for the free electrons, up = 2/ω is the ponderomotive energy
in units of the photon energy in the laser, and  = g

√
k

gives the half amplitude of the classical field in the limit
of g → 0 and k → ∞. The integer ji , with i = 1 or 2,
represents the photon number transferred between the laser

field and one of the electrons. The generalized Bessel function
J ji

(ζi,η), with i = 1 or 2, is defined in terms of the ordinary
Bessel functions as J ji

(ζi,η) = ∑∞
m=−∞ J−ji−2m(ζi)Jm(η),

where ζi = (2/ω)pi · ε̂, with pi being the momentum of the
corresponding electron and η = up/2 [23]. We should notice
that the final state Eq. (14) for the two ionized electrons
does not include the Coulomb interaction between these
two ionized electrons. Therefore the so-called “finger-like”
structure in the correlated electron momentum distribution
shown in Refs. [31,32] is not expected to appear in our
results. This approximation may be improved by including
the Coulomb interaction between the two ionized electrons in
future work.

In the first step in a NSDI transition, an electron in helium is
ionized, and the other electron is still bounded. Therefore, an
intermediate state can be expressed as 
p1m ⊗ 	1(r2), where
	1(r2) is the ground state of He+. Also, 
p1m is the well-known
Volkov state,


p1m = V −1/2
e

∞∑
j=−m

exp{i[p1 + (up − j )k] · r1}

×Jj (ζ1,η)∗ |m + j 〉. (15)

By using the completeness relation of the intermediate states
together with the initial and final states, we can express the CI
transition term as

TCI = −iπ
∑
p′

1m

〈

p1p2k

∣∣U12

∣∣ψp′
1m

	1(r2)
〉〈

p′

1m
	1(r2)

∣∣
×V1 |	i,ni〉δ

(
Ef − Ep′

1m

)
. (16)

On the other hand, for a CEI process, we need another
set of intermediate states where the bound electron is in its
excited state. In our calculation, we found that the NSDI yield
contributed by the first excited state is more than three orders of
magnitude larger than that contributed by the second excited
states. Hence we only consider the first excited state of the
bound electron, and then an intermediate state in this set can
be expressed as 
p′′

1l
⊗ 	2(r2), with 	2(r2) being the first

excited state of He+ and 
p′′
1l

being the Volkov state of the
ionized electron in the laser field after it recollides with the
bound electron. Thus the CEI transition term can be written as

TCEI = π2
∑
p′′

1 l

∑
p′

1m

〈

p1p2k

∣∣V2

∣∣ψp′′
1 l
	2(r2)

〉〈

p′′

1 l
	2(r2)

∣∣
×U12

∣∣ψp′
1m

	1(r2)
〉〈

p′

1m
	1(r2)

∣∣V1 |	i,ni〉
× δ

(
Ef − Ep′′

1 l

)
δ
(
Ep′′

1 l
− Ep′

1m

)
. (17)

The physics underlying Eqs. (16) and (17) can be under-
stood as follows. The transition term 〈
p′

1m
	1(r2) | V1 |	i,ni〉

in both Eqs. (16) and (17) represents the direct ATI amplitude
of the first electron e1, where it absorbs j = ni − m photons
from the laser field and is ionized with momentum p′

1.
Furthermore, the term 〈
p1p2k | U12 |ψp′

1m
	1(r2)〉 in Eq. (16)

represents the laser-assisted collision ionization (LACI) of the
bound electron e2, where the first ionized electron collides
with the bound electron and sets it free from the ground state
of He+ ion under the help of the laser field by absorbing m − k

photons; the term 〈
p′′
1 l
	2(r2) | U12 |ψp′

1m
	1(r2)〉 in Eq. (17)

is the amplitude of the laser-assisted collision excitation
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(LACE) of the bound election e2 by the collision of the
first electron, followed by the term 〈
p1p2k |V2 |ψp′′

1 l
	2(r2)〉,

which is the direct ATI transition of e2 from its excited state.
Additionally, since the first electron has no relationship with
the ATI process of e2, it keeps its momentum during the ATI
process of e2, i.e., p′′

1 = p1.
The ATI transition matrix element 〈
p′

1m
	1(r2) | V1

|	i,ni〉 can be written as [23]〈

p′

1m
	1(r2)

∣∣V1|	i,ni〉= V −1/2
e ω(up−j )	′(p′

1)J j (ζ ′
1,η),

(18)

where j = ni − m, ζ ′
1 = (2ω)p′

1 · ε̂, p′
1 is the momentum

of the first ionized electron before recollision and 	′(p′
1) =∫∫

dr1dr2 exp[−ip′
1 · r1]	1(r2)	i(r1,r2). In order to simplify

the actual calculation of 	′(p′
1), here we make an approxi-

mation that the ground-state wave function is a product of
two one-electron ground-state wave functions and the second
electron remains in its initial state when the first electron is
ionized [33,34]. At present, the influence of this approximation
of the initial state on the final NSDI results is still an open
question. Then the LACI transition matrix element becomes〈


p1p2k

∣∣U12

∣∣ψp′
1m

	1(r2)
〉

= V −3/2
e

∑
j

∑
j ′

I (P)J j1 (ζ1,η)J m+j ′
1−k−j1

× (ζ2,η)J ∗
j ′

1
(ζ ′

1,η), (19)

where

I (P) =
∫∫

dr1dr2 exp[−i(p1 − p′
1) · r1]

× exp[−ip2 · r2]U12	1(r2) (20)

is the coordinate integral due to the collision-ionization
process, with p1 and p2 being the final momenta of the two
ionized electrons, and P denotes (p1,p2,p′

1). Consequently, by
using Eqs. (18) and (19), the CI transition matrix term TCI can
be written as

TCI = −iπV −2
e

∑
p′

1,s

I (P)J q1+q2−s(ζ1 + ζ2 − ζ ′
1,η)

×ω(up − s)	′(p1)′J s(ζ
′
1,η)δ

(
Ef − Ep′

1m

)
. (21)

We notice that Eq. (21) agrees with the formula obtained by
Becker and Faisal from their Feynman-like diagram approach
[19].

On the other hand, the LACE transition matrix element can
be written as〈


p1l	2(r2)
∣∣U12

∣∣ψp′
1m

	1(r2)
〉 = V −1

e I ′(P)Jm−l(ζ1 − ζ ′
1),

(22)

where Jm−l(ζ1 − ζ ′
1) is an ordinary Bessel function and

I ′(P) =
∫∫

dr1dr2 exp[−i(p1 − p′
1) · r1]U12	1(r2)	2(r2),

(23)

with 	1(r2) and 	2(r2) being the ground and first excited states
of He+, respectively. Here P denotes (p1,p′

1). Therefore, by
using Eqs. (18) and (22), the CEI transition matrix term TCEI

can be expressed as

TCEI = π2V −2
e

∑
p′

1,s

I ′(P)Jq1−s(ζ1 − ζ ′
1)J q2 (ζ2,η)

×ω2(up − s)(up − q2)	′(p′
1)	2(p2)J s(ζ

′
1,η)

× δ
(
Ef − Ep1l

)
δ
(
Ep1l − Ep′

1m

)
, (24)

where 	2(p2) is the first excited state of He+ in momentum
space.

III. CHANNEL CONTRIBUTIONS AND QUANTUM
INTERFERENCE IN A CI PROCESS

We now consider the NSDI probability by a CI process
that is expressed by Eq. (21). Figure 1 presents the NSDI
momentum spectra of two ionized electrons with their mo-
menta along the polarization axis, as the laser intensity is
7 × 1014 W/cm2. This result qualitatively agrees with the
experimental results shown in Fig. 2(a) of Eremina et al. [35],
where the corresponding perpendicular momenta have been
integrated in their experiments. One may find that (1) the NSDI
probability is dominated by processes where the final momenta
of the two electrons are along the same directions (the first
and third quadrants in Fig. 1), rather than along the opposite
directions (the second and forth quadrants in Fig. 1), and (2)
there are many interference fringes in Fig. 1, indicating that the
NSDI process involves interference between quantum paths
during a recollision. Now we would try to answer the following
fundamental questions: At first, where does the quantum
interference come from? Second, why is the NSDI probability
dominated by the processes where the final momenta of two
electrons are along the same direction, rather than in the oppo-
site directions? Third, for the CI mechanism, which recollision
process, the forward or backward, dominates the NSDI?

FIG. 1. (Color online) NSDI momentum spectra of two ionized
electrons with their momenta parallel to the laser polarization
direction. The laser intensity is 7 × 1014 W/cm2, and the laser
wavelength is 800 nm. In logarithmic scale.
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FIG. 2. (Color online) Channel contributions of NSDI momentum spectra with the final momenta of the two ionized electrons p1 and p2

along the +z direction for (a) channel 1, (b) channel 5, (c) channel 11, and (d) channel 23. (e)–(h) present |J q1+q2−s(ζ,η)|2 for the backward
collision for (e) channel 1, (f) channel 5, (g) channel 11, and (h) channel 23. (i)–(l) present |J q1+q2−s(ζ,η)|2 for the forward collision for
(i) channel 1, (j) channel 5, (k) channel 11, and (l) channel 23. The laser intensity is 7 × 1014 W/cm2. In logarithmic scale.

As we have mentioned above, the final result is obtained by
summing up coherently the contributions of all ATI channels.
From Eq. (21) we may find that the contribution from each
ATI channel can be expressed as

T k
CI = �k

LACI�
k
ATI ∝ I (P)J q1+q2−s(ζ1 + ζ2 − ζ ′

1,η)�k
ATI,

(25)

where �k
ATI = V

−1/2
e ω(up − s)	1(p′

1)J s(ζ ′
1,η) is the ATI am-

plitude for channel k, and k = s − [E1
ω

+ up] is the order of the
ATI channel. Clearly, one can see that the interference pattern
comes from the LACI process �k

LACI. Particulary, it is from
the generalized Bessel function J q1+q2−s(ζ1 + ζ2 − ζ ′

1,η) in
Eq. (25). Therefore we should focus on analyzing this function
in order to answer the above questions.

In general, the generalized Bessel function can be written
as an integral form [13,27]:

J q1+q2−s(ζ1 + ζ2 − ζ ′
1,η)

= 1

2π

∫ π

−π

dϕ exp{i[(ζ1 + ζ2 − ζ ′
1) sin ϕ + η sin 2ϕ

+ (q1 + q2 − s)ϕ]}, (26)

where the argument ζ1 + ζ2 − ζ ′
1 = 2

√
up/ω(p1 + p2 − p′

1) ·
ε̂, which depends on the direction of the momenta before and

after the collision. Particularly, if the momentum p′
1 is in the

same direction of the momentum p1, we call this collision
a forward collision; if these two momenta are in opposite
directions, we call it a backward collision.

We now present the NSDI momentum spectra of the
two electrons with their final momenta p1 and p2 along the
+z direction in Figs. 2(a)–2(d) for channels 1, 5, 11, and
23, respectively. From Figs. 2(a)–2(d), one can see that (1)
the momentum distribution decreases as the channel order
increases, which indicates that the lower channels dominate the
contribution to the NSDI, and (2) the NSDI density distributes
at larger momentum values for lower ATI channels and it dis-
tributes at lower momentum values for higher ATI channels. To
explain these results, we present the momentum distribution of
function |J q1+q2−s(ζ1 + ζ2 − ζ ′

1,η)|2 for a backward collision
case, where p′

1 is along the −z direction, in Figs. 2(e)–2(h),
as well as a forward collision case, where p′

1 is along the
+z direction, in Figs. 2 (i)–2(l), for channel 1 [Figs. 2(e) and
2(i)], channel 5 [Figs. 2(f) and 2(j)], channel 11 [Figs. 2(g)
and 2(k)], and channel 23 [Figs. 2(h) and 2(l)]. Comparing
Figs. 2(a)–2(d) with 2(e)–2(h) and 2(i)–2(l), one can see that,
for the case where the final momenta of two ionized electrons
are in the same direction, the backward collision dominates the
contribution to the NSDI, and the quantum interference pattern
on the distribution of each channel shown in Figs. 2(a)–2(d)
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FIG. 3. (Color online) Schematic diagram showing the relation-
ship between |p1| + |p2| and |p′

1| when f1 is small. The dashed line
is for the forward collision, and the solid line is for the backward
collision.

is mainly determined by the characteristic of the backward
collision of the corresponding channel.

In order to further understand the results shown in Fig. 2,
we analyze the generalized Bessel function by using the
classical action function Sc(t,p) = (1/2)

∫
dt[p − eAc(t)]2 =

( p2

2 + upω)t + ζ sin ωt + η sin 2ωt [27]:

Jq1+q2−s(ζ1+ζ2 − ζ ′
1,η) = ω

2π

∫ T

0
dt exp{−i[�Sc(t)+E2t]},

(27)

where �Sc(t) = Sc(t,p1) + Sc(t,p2) − Sc(t,p′
1) and T =

2π/ω. Applying the saddle-point approximation, Eq. (27)
becomes

Jq1+q2−s(ζ,η) = ω

2π

∑
t0

√
2π

i�S ′′
c (t0)

exp{−i[�Sc(t0)+E2t0]}

= 2ω

π
√

ζ sin ωt0 + 4η sin 2ωt0
cos �, (28)

where � = ζ sin ωt0 + η sin 2ωt0 + (q1 + q2 − s)ωt0 and ζ =
ζ1 + ζ2 − ζ ′

1. Here the saddle-point time t0 satisfies the energy-
conservation equation

[p′
1 − eAc(t0)]2

2
− [p1−eAc(t0)]2

2
− [p2 − eAc(t0)]2

2
= E2,

(29)

FIG. 4. (Color online) Channel contributions of NSDI momentum spectra of two ionized electrons with their momenta p1 along the +z

and p2 along the −z directions for (a) channel 1, (b) channel 15, (c) channel 23, and (d) channel 41 (d). (e)–(h) present |J q1+q2−s(ζ,η)|2 for
the backward collision for (e) channel 1, (f) channel 15, (g) channel 23, and (h) channel 41. (i)–(l) present |J q1+q2−s(ζ,η)|2 for the forward
collision for (i) channel 1, (j) channel 15, (k) channel 23, and (l) channel 41. The laser intensity is 7 × 1014 W/cm2. In logarithmic scale.
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(a) (b)

(c) (d)

FIG. 5. (Color online) |J q1+q2−s(ζ,η)|2 calculated by using the saddle-point approximation as shown in Eq. (28) for the backward collision
with (a) channel 15 and (b) channel 41and for the forward collision with (c) channel 15 and (d) channel 41.

i.e., ζ cos(ωt0) + 2η cos(2ωt0) + (q1 + q2 − s) = 0. From
Eq. (28) we find that the amplitude of the NSDI transition

is proportional to
√

2π
i�S ′′

c (t0) , i.e., J q1+q2−s(ζ,η) ∝ 1/
√

f1,

where f1 = −|p1| − |p2| − |p′
1| + 2

√
2ωup| cos(ωt0)| for

the backward collision and f1 = −|p1| − |p2| + |p′
1| +

2
√

2ωup| cos(ωt0)| for the forward collision. Obviously, the
smaller the value of f1 is, the larger the amplitude of
J q1+q2−s(ζ,η) is. The relationship between |p1| + |p2| and
|p′

1| for a fixed value of f1 is depicted schematically in
Fig. 3. As illustrated by Fig. 3, for the backward collision,
the value of |p1| + |p2| decreases as |p′

1| increases, and hence
the values of the momenta of the ionized electrons decrease
as the channel order increases, as shown in Figs. 2(e)–2(h).
On the contrary, for the case of forward collision, the value
of |p1| + |p2| increases with |p′

1|, and hence the values of
the two momenta increase with the channel order, as shown
in Figs. 2(i)–2(l). Furthermore, because higher values of the
final momenta of the two electrons require more photon
absorbtion during the ionization process, the NSDI probability
will decrease as the final momenta of the two electrons

increase. As a result, the backward collision plays a dominant
role and the forward collision plays a less dominant role in an
NSDI process.

On the other hand, the NSDI momentum spectra for the
case where the two final momenta p1 and p2 are in opposite
directions (i.e., p1 is in the +z direction and p2 is in the
−z direction or vice versa), as shown in Fig. 1, can also be
understood by analyzing Eq. (28). Figures 4(a)–4(d) show
the NSDI momentum spectra of p1 along the +z direction
and p2 along the −z direction for channels 1, 15, 23, and
41, respectively. One can see that (1) the low ATI channels
cannot provide an obvious contribution to the NSDI but the
middle ATI channels of order from about 15 to 35 make major
contributions and (2) both the forward and backward collisions
make equal contributions to the NSDI.

To explain these results, we first focus on the backward
collision. The generalized Bessel function in Eq. (28) can
also be expressed as J q1+q2−s(ζ,η) ∝ 1/

√
f1, where f1 now

becomes f1 = −|p1| + |p2| − |p′
1| + 2

√
2ωup| cos(ωt0)|. It

is clear that the amplitude of the Bessel function becomes
large when f1 becomes small. Thus, if we set f1 = 0,
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(a) (b)

FIG. 6. (Color online) Interference fringes on the NSDI momentum distributions for (a) channel 1 and (b) channel 5. The solid squares
show the positions where the function cos � equals zero.

|p1| = |p2| − |p′
1| + 2

√
2ωup| cos(ωt0)|. Hence for the low-

channel case where |p′
1| ≈ 0, |p1| has the minimum value

of 2
√

2ωup| cos(ωt0)|. Moreover, as the channel order in-
creases, the value of |p′

1| increases; hence the minimum
value of |p1| = −|p′

1| + 2
√

2ωup| cos(ωt0)| decreases. Since
the NSDI probability is small if the final kinetic energy of
the ionized electron is large, the NSDI probability for low
ATI channels is small, and it will increase with the ATI
channel order. In our calculations, we found that the major
contributions to the NSDI come from the ATI channels higher
than 15. Furthermore, for the middle channels, in order for
|f1| to be small, |p2| must remain small, as shown in Fig. 4(f);
moreover, as the channel order increases, |p′

1| becomes larger,
and thus f1 can be small even if |p2| increases, as shown in
Figs. 4(f)–4(h). On the other hand, for the case of forward
collision, the roles of |p1| and |p2| are exchanged, and the
results shown in Figs. 4(j)–4(l) can be understood with a
similar analysis. To confirm this investigation, Fig. 5 shows
|J q1+q2−s(ζ,η)|2 using the saddle-point approximation for the
backward [Figs. 5(a) and 5(b)] and forward [Figs. 5(c) and
5(d)] collisions for channel 15 [Figs. 5(a) and 5(c)] and channel
41 [Figs. 5(b) and 5(d)]. We can see that the results from the
saddle-point approximation agree with the quantum numerical
ones, as shown in Fig. 4.

We now investigate the source of the interference fringes
appeared in Fig. 1. Because the final distribution shown
in Fig. 1 comes from the coherent summation over all
channel contributions, the interference lies in the NSDI density
distribution for each ATI channel, as shown in Figs. 2(a)–2(d).
From Eq. (28), we find that the interference comes from the
function cos �, where the destructive interference lines should
appear as cos � = 0, as shown by the dark squares in Figs. 6(a)
and 6(b) for channels 1 and 5. One can see that the locations of

these dark squares agree well with the distribution of minima
from the quantum calculations, as shown in Fig. 6. From the
saddle-point approximation, we may find that the interference
fringes in Figs. 2(a)–2(d) come from the interference between
the two trajectories that are born at the saddle-point time t0 and
2π/ω − t0, where the phase difference of these two trajectories
leads to the cosine function. This result is similar to a HATI
process of an atom or a molecule in a laser field [13,27].

FIG. 7. (Color online) NSDI momentum spectra for the CEI
mechanism with two ionized electrons momenta parallel to the laser
polarization direction. The laser intensity is 2.2 × 1014 W/cm2. In
logarithmic scale.
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IV. CEI PROCESSES IN NSDI

We now consider an NSDI of atomic helium dominated
by the CEI mechanism, where the kinetic energy of the
recollision electron is not large enough to ionize the bound
electron directly by collision. Figure 7 presents the NSDI
momentum spectra of helium with the momenta of the two
ionized electrons along the laser’s polarization direction. The
laser intensity is 2.2 × 1014 W/cm2, and the laser wavelength
is 800 nm. We notice that our results shown in Fig. 7 agree
qualitatively with the experimental results shown in Fig. 2(b)
of Eremina et al. [35], where the corresponding perpendicular
momenta have been integrated in their experiments. Compar-
ing with Fig. 1, we may see that the NSDI probability for
the final momenta of two electrons along the same direction
is now comparable to that along the opposite directions. This
result can be easily understood through Eq. (24), which can be
rewritten as

T k
CEI = �k

ATI2�
k
LACE�k

ATI1 ∝ I ′(P)Jq1−s(ζ
′
1 − ζ1)�k

ATI2�
k
ATI1,

(30)

where �k
ATI1 and �k

ATI2 are the ATI transition terms for the
two electrons and �k

LACE ∝ I ′(P)Jq1−s(ζ ′
1 − ζ1) represents the

LACE transition. We can see that the probability for the LACE
transition depends only on the momentum of the collision
electron before and after it collides with the bound electron
and is completely independent of the final momentum of the
second electron, which is ionized by the laser from its excited
state after the collision. As a result, Fig. 7 shows a symmetric
structure with momenta p1 and p2.

Let us investigate the contributions from the forward and
backward collisions due to the CEI mechanism. In calculating
the CEI of helium, we found that the backward collision makes
major contributions to the NSDI and the forward collision
makes a negligible contribution, no mater which directions the

two final momenta are. Figures 8(a)–8(d) present the NSDI
momentum spectra of the two ionized electrons with their
momenta along the laser’s polarization direction for different
channels. Figures 8(e)–8(h) show the NSDI momentum
spectra for the backward collision. It is seen that, for the
CEI mechanism, the NSDI momentum spectra of backward
collision agree with the total NSDI momentum spectra for
ATI channels, which confirms the above observation. This
result can also be explained by analyzing the Bessel function
Jq1−s(ζ1 − ζ ′

1), which carries a crucial piece of information
about the collision of the first ionized electron:

Jq1−s(ζ1−ζ ′
1) = 1

2π

∫ π

−π

dθ exp{−i[(ζ1−ζ ′
1) sin θ−(q1−s)θ ]}

= ω

2π

∫ T

0
dt exp{−i[�Sc(t) + �E2t]}, (31)

where �Sc(t) = Sc(t,p1) − Sc(t,p′
1), �E2 is the energy differ-

ence between the ground state and the first excited state of He+,
and T = 2π/ω. This expression indicates that the collision is
an inelastic one, with the energy change being �E2. We may
also use the saddle-point approximation to obtain the following
expression for the Bessel function:

Jq1−s(ζ1−ζ ′
1) = ω

2π

∑
t0

√
2π

i�S ′′
c (t0)

exp{−i[�Sc(t0)+�E2t0]},

(32)

where the saddle-point time t0 now satisfies the equation [36]

[p′
1 − Ac(t0)]2

2
− [p1 − Ac(t0)]2

2
= �E2. (33)

In the above, Ac(t0) is the potential of the classical laser field.
This expression is similar to the HATI process discussed in
Ref. [27], where the only difference is that the HATI process
is an elastic collision process. The interesting fact from our

FIG. 8. (Color online) Channel contributions of NSDI momentum spectra for the CEI mechanism with two ionized electrons momenta
parallel to the laser polarization direction for (a) channel 1, (b) channel 5, (c) channel 12, and (d) channel 20. (e)–(h) present the backward
collision contributions to the CEI-NSDI. The laser intensity is 2.2 × 1014 W/cm2. In logarithmic scale.
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calculations is that, because of the large energy difference �E2

for atomic helium, the major contribution to the NSDI comes
from quantum trajectories rather than classical ones, where
the recollision time is imaginary, i.e., t = (i/ω) cosh−1(q1 −
s)/(ζ1 − ζ ′

1). Thus the Bessel function becomes

JL(ζ1 − ζ ′
1) = ω

2π

∑
t0

√
2π

ω2[L2 − (ζ1 − ζ ′
1)2]1/2

× exp{−i[(ζ1 − ζ ′
1) sin(ωt0) − Lωt0]}, (34)

where L = q1 − s is the change of the photon number
during the recollision. Similar to the CI case, the transition
amplitude can be expressed as T k

CEI ∝ 1/f 1/4, where f now is
f = L2 − |ζ1 − ζ ′

1|2 = L2 − |ζ1|2 − |ζ ′
1|2 + |ζ1ζ

′
1| cos θ , with

θ being the phase difference between ζ1 and ζ ′
1. In particular,

θ = 0 is for the forward collision, and θ = 180◦ is for the
backward collision. Since L is large for large �E2, f is
always smaller for the case of backward collision than for
the forward collision. This is the reason why the backward
collision dominates in an NSDI process for the case of helium.
On the other hand, one may find that if �E2 is small, then the
classical trajectories with real saddle-point times t0 will play
an important role in NSDI, and hence the forward collision
may replace the role of the backward collision and dominate
the contribution to NSDI.

V. CONCLUSIONS

Based on the strong-field nonperturbative quantum elec-
trodynamics, we have developed the frequency-domain for-
malism for calculating the NSDI probabilities due to collision
ionization and collision-excitation ionization mechanisms. By
analyzing the contributions from each ATI channel, we have
found that the backward collision plays a dominant role in both
the CI and CEI processes in the NSDI for the case of atomic
helium. Furthermore, we have also found that the quantum
interference fringes in the NSDI momentum distributions for
each ATI channel are attributable to the interference between
two trajectories created at two different times.
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