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We present two realistic entanglement concentration protocols (ECPs) for pure partially entangled photons.
A partially entangled photon pair can be concentrated to a maximally entangled pair with only an ancillary
single photon with a certain probability, while the conventional ECPs require two copies of partially entangled
pairs at least. Our first protocol is implemented with linear optics and the second protocol is implemented with
cross-Kerr-nonlinearities. Compared with other ECPs, they do not need to know the accurate coefficients of the
initial state. With linear optics, it is feasible with current experiments. With cross-Kerr-nonlinearities, it does not

require sophisticated single-photon detectors and can be repeated to get a higher success probability. Moreover,
the second protocol can get the higher entanglement transformation efficiency and it may be the most economical
protocol by far. Meanwhile, both protocols are more suitable for multiphoton system concentration because they
need less operations and classical communications. All these advantages make the two protocols useful in current

long-distance quantum communications.
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I. INTRODUCTION

Entanglement plays an important role in current quantum
information processing, such as quantum computation [1],
quantum key distribution [2,3], quantum teleportation [4],
controlled teleportation [5], dense coding [6], and quantum-
state sharing [7]. In the past ten years, a large number
of experiments have reported that quantum computation
and quantum communication are more powerful in many
aspects than their classical counterparts. In order to complete
such quantum-information-processing protocols, maximally
entangled states are usually required. However, in practical
transmission and storage, the entanglement inevitably will
contact the environment, and the noise will degrade the
entanglement. Generally speaking, the maximally entangled
state such as the Bell state |¢T) = \/Lz(lHHH) + |V)|V)) may

become a mixed state. That is,

p=Flp") I+ =Py )yl ey
Here, |¢¥1) = JLE(|H)|V) + |V)|H)). It also may become
a partially entangled state |¢p) = «|H)|H) + B|V)|V), with
la|?> 4 |B|*> = 1. Here |H) (|V)) represents the horizontal
(vertical) photon polarization.

Entanglement purification can distill a set of mixed entan-
gled states into a subset of highly entangled states with local
operation and classical communication [§—15]. However, it can
only improve the quality of the mixed state and cannot get the
maximally entangled state. On the other hand, entanglement
concentration, which will be detailed later, can be used
to convert the partially entangled pairs to the maximally
entangled pairs [16-27]. In 1996, Bennett et al. proposed the
entanglement concentration protocol (ECP), which is called
the Schmidt decomposition protocol. In their protocol, they
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use collective measurements which are difficult to manipulate
experimentally [16]. Bose et al. also proposed an ECP based
on entanglement swapping [17], but their protocol requires
the collective Bell-state measurement. Moreover, they need
to know the coefficients in order to reconstruct the same
entangled states. In 2001, Zhao et al. and Yamamoto et al.
proposed two similar ECPs independently with polarization
beam splitters (PBSs) [19-22]. They simplified the Schmidt
projection method and adopted the parity check to substitute
the original collective measurement. Here we call it PBSI
protocol. This idea was developed to reconstruct the ECP with
the cross-Kerr-nonlinearity, which can be used to construct
quantum nondemolition detectors (QND) [25]. Here, we call
it the QND1 protocol.

The current ECPs have in common that, for instance, in
Refs. [19,21,23-27] they need initially at least two copies of
less-entangled (or, say, partially entangled) pairs. But, after
performing the protocols, at most one pair of maximally
entangled states can be obtained, or both of each should be
discarded, according to the measurement results by classical
communication. Local operation and classical communication
cannot be used to increase entanglement. Therefore, these
ECPs are essentially the transformation of entanglement and
the previous works of entanglement concentration are not
optimal. Actually, two copies of less-entangled pairs are not
necessary. Using one copy of a less-entangled pair to distillate
high-quality entanglement has been proposed in continuous-
variable system. In Ref. [28], Opatrny er al. showed the
improvement on teleportation of continuous variables by
photon subtraction via a conditional measurement. In 2008,
He and Bergou proposed a general probabilistic approach for
transforming a single copy of a discrete entanglement state
without classical communication [29].

In this paper, we describe two single-photon-assisted ECPs
in which only one pair of less-entangled states and one single
photon are required. The two ECPs are focused on the practical
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discrete less-entangled photon pairs and are implemented
with linear optics and the cross-Kerr-nonlinearity, respectively.
Comparing with current ECPs, the single-photon-assisted
ECPs are more economical. The first ECP, with linear optics,
can reach the same success probability as the protocol of
Ref. [21] but requires only one pair of less-entangled states. In
the second ECP, with the help of the cross-Kerr-nonlinearity,
it can be repeated to get a higher success probability. These
advantages make the two protocols more feasible in practical
applications.

This paper is organized as follows: In Sec. II, we first
explain the basic principle of single-photon-assisted ECP with
linear optics. We call it the PBS2 protocol. In Sec. III, we ex-
tend this protocol to the system of cross-Kerr-nonlinearity. We
call it the QND2 protocol. We show that sophisticated single-
photon detectors are not required and the discarded items in the
PBS2 protocol can also be reused to perform concentration.
A success probability higher than other protocols can be ob-
tained. In Sec. IV, we first calculate the entanglement transfor-
mation efficiency and then present a discussion and summary.

II. SINGLE-PHOTON-ASSISTED ENTANGLEMENT
CONCENTRATION WITH LINEAR OPTICS

The basic principle of our PBS2 protocol is shown in Fig. 1.
The less-entangled pair of photons emitted from S; are sent
to Alice and Bob. Photon a belongs to Alice and photon b
belongs to Bob. The initial photon pair is in the following
unknown state:

[P)arpr = a|H)atlH)p1 + BIV)atl V)i (2)

The other source S, emits a single photon of the form
[P)az = | H)az + BIV )a2- 3)
Here, |@|> + |8|> = 1 and a1, b1, and a2 are different spatial

modes.
The initial state of the three photons can be written as
(W) = [®)aip @ [z = | H)at|[H)pi| H) a2
+aB|H)alH)pilV)a2 +aBIV)a1lV)ei|H)a2

+BHV)at V)11V ) o €))
D; s,
cl al bl
I .
) >
HWPs
D, PBS, s,
c2
a3 a2
PBS, HWPq,
1 Alice Bob

FIG. 1. Schematic of the single-photon-assisted ECPs with linear
optics. S, is the partial entanglement source and S, is the single-
photon source. PBSs transmit the horizontal polarization component
and reflect the vertical component. HWPg, and HWP,s rotate the
polarization of the state by 90° and 45°, respectively.
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Alice first rotates the polarization state of the single photon
|®),2 by 90° by half-wave plate (HWPy in Fig. 1). Then the
state can be rewritten as

W) = [®)a1p1 ® D)3 = & | H)a1|H)p1 |V )a3
+af|H)a1|H)pi | H) 3
+aBIV)atl Vo1 1V)az + BZIV)atl Vst | H ) a3

= o[ H)a1|V)a3| Hpt + BV )ar |H) a3 V)it
+aB(|H)at |H)a3|H)p1 + [V )at V)3l V)e1)- )

From above equation, it is evident that the items
|H)a11H)a3|H)pr and | V) 41|V ) a3V )p1 will lead to two output
modes cl and c¢2, both containing exactly one photon.
However, item |H),1|V).3|H)p1 will lead to two photons
both in mode ¢2, and item |V'),1|H)43|V)p1 will lead to both
photons in mode c1. Therefore, by choosing the three-mode
cases (i.e., each of modes cl, ¢2, and bl contain exactly
one photon), the initial state is projected into a maximally
three-photon-entangled state:

W) = %(|H)cl|H)c2|H>bl +V)etlV)eal Vip),  (6)
with a probability of 2|f|>.

In order to generate a maximally entangled Bell state
between Alice and Bob, they could perform a 45° polarization
measurement on the c2 photon. In Fig. 1, with the quarter-wave
plate (HWPys in Fig. 1), it can make

1
_Hc VCs
ﬁ(| Y2 +1V)e2)

1
V) = _2(|H)c2 —1V)e2) (7

7

After the rotation, Eq. (6) evolves to

|H)02 -

W) = S(IH)e1|H)pt + V)l V)| H) ez
+(H) el H)pt = V)t IVIsDIV)e2. (8)

Now Alice lets photon c¢2 pass through PBS,. Clearly, if
detector D, fires, the photon pair is left in the state

1
|0 ) a1pr = ﬁ(|H>Cl|H>bl +V)erlV)p). )
If detector D, fires, the photon pair is left in the state
1
& arp1 = E(|H>CI|H>b1 = 1V)alV)p). (10)

Both Egs. (9) and (10) are maximally entangled states. One of
them says Alice or Bob only needs to perform a phase flip to
convert Eq. (10) to (9), and the whole concentration process
is finished. It has the success probability of 2|a8|?, which is
the same as Ref. [21]. During the whole process, they do not
require two copies of the less-entangled pairs, and only one
pair and a single photon is required. Meanwhile, they do not
need to know the exact coefficients of the initial states | D) ;151
and |®),,, but only require them to equal.

From Fig. 1, it is straightforward to extend this protocol
to reconstruct maximally entangled multipartite Greenberg-
Horne-Zeilinger (GHZ) states from partially entangled GHZ
states.

012307-2



EFFICIENT SINGLE-PHOTON-ASSISTED ENTANGLEMENT ...

X)X
| a> @ @ H(|)modyn|e
al °BS a2
N v
a2 a2
— _/

FIG. 2. Schematic of the principle of the quantum nondemolition
detector(QND) constructed by the cross-Kerr-nonlinearity. It can also
be shown in Ref. [25]. One can distinguish the state |H H) and |V V)
from |HV) and |V H) by the different phase shift of the coherent
state.

The partially multipartite entangled GHZ state with N
photons can be written as

|P)v =a|H)sH)p---H) + BIV)aV)p---V). (1)

Here the subscriptions A, B, ... denote the parties Alice,
Bob, Charlie, etc. Each one owns one photon. With the same
principle described above, Alice needs another single photon
of the same form as Eq. (3). After passing through the PBS,
if the output modes of Alice’s PBS both contain exactly
one photon, then the whole system collapses into an N + 1
maximally entangled state. Then, with the same principle,
they can obtain the N-photon maximally entangled state by
measuring one photon after rotating 45°.

Interestingly, this protocol seems more feasible for the
concentration of a multiphoton GHZ system. First, in this
protocol, only Alice needs to perform the protocol, while in the
conventional protocols [19,21,25], all parties should perform
the same operations as Alice. Second, in this protocol, only
Alice asks other parities to retain or discard their photons, and
they do not need to check their measurement results. It greatly
simplifies the complication of classical communication. Third,
multiphoton GHZ states are more difficult to generate in the
current condition. We can have the same success probability
but need only one pair of a less-entangled GHZ state.

III. SINGLE-PHOTON-ASSISTED ENTANGLEMENT
CONCENTRATION WITH
CROSS-KERR-NONLINEARITY

So far, we have briefly described the single-photon-assisted
ECP based on linear optics. In the above description, Alice
exploits the PBS and sophisticated single-photon detectors
to distinguish |[HH) and |VV) from |HV) and |VH). It
is essentially the parity-check measurement of polarized
photons. Unfortunately, with current technology, sophisticated
single-photon detectors are not likely to be available, which
makes this protocol unachievable with only linear optics.
In this section, we introduce the cross-Kerr-nonlinearity to
construct a QND, which can also be used to implement
this protocol. The cross-kerr nonlinearity has been widely
studied in the construction of CNOT gates [30], performance of
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FIG. 3. Schematic of the ECP with QND. Here we substitute the
PBS shown in Fig. 1 with the QND. This ECP can obtain a higher
success probability.

complete Bell-state analysis [31], entanglement purification
[13], and so on [32-40]. The Hamiltonian of a cross-Kerr-
nonlinear medium can be written as H = h xr,n;,. Here, the
h x is the coupling strength of the nonlinearity, which is decided
by the cross-Kerr-material, and 7, (1) is the number operator
for mode a (b).

If we consider a coherent state |«) and a single pho-
ton |¢) = y|0) + 6|1) that interacts via the cross-Kerr-
nonlinearity, the whole system can be described as [30,31]

Uagl¥la) = (710) + 8[1))]ex)
= y10)|a) + 8] 1)]ece’®). (12)

Here, |0) and |1) are Fock states, which means no photon and
one photon, respectively, and 6 = xt, where ¢ is the interaction
time. It is obvious that the phase shift of the coherent state is
directly proportional to the number of photons.

In Fig. 3, we adopt the QND shown in Fig. 2 to substitute
the PBS. Then the whole system |®),1,1 ® |®'),3 with the
coherent state |«) can be written as

W) |or)
= [®)q1p1 ® |9 )aslat) = (@ |H)at|[H)p1|V )aa
+af|H)at|H)p1|H)oz +aBIV)atl Vel V)3
+ B2V a1 V)1 | H ) a3)let)
— o |H)a1|V)a3| H)ploe™ )+ B2V ) a1 | H)a3| V)i lor)
+aB(H)a|H)a3 | HYpr + 1V )ar Va3V )pDle').
(13)

In above evolution, the items |H),1| V)43 and |V),1|H )43 pick
up a 26 phase shift and no phase shift, respectively. But the
items |H),1|H )43 and |V)41]V )43 both pick up a 6 phase shift.
Therefore, if the phase shift of homodyne measurement is 6,
Alice asks Bob to keep the whole state. Otherwise they discard
the state. The remaining state is essentially the state described
in Eq. (6). Therefore, following the same step described
above, one can ultimately obtain the maximally entangled state
|¢T)e1p1 if Dy fires and gets ¢~ )c1p1 if Dy fires.

In above description, Alice only picks up the instance with
phase shift 8 on her coherent state and discards the other
instances. If a suitable cross-Kerr-medium is available and
Alice can control the interaction time ¢ exactly, which makes
the phase shift & = m, one cannot distinguish in this way
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the phase shift O from 2x. The discarded items in the above
equation are
|®) = &®[H)er|V)as| H)pt + B71V) et [ H)as| V)1, (14)

with probability |a|* + |8|*. Alice uses HWP;s to rotate the
photon in ¢2 and finally detects it by D; or D,. Equation (14)
becomes

|0") = & |H)et|H)p + B2 V)tV )i (15)
if D, fires and becomes

|9") = &®|H)e1|H)pt = B2V )erl V)i (16)

if D, fires.
|®”) and |®") are both the partially entangled states which
can also be used to reconcentrate to the maximally entangled
states. For instance, if they get |®”), Alice only needs to choose
another single photon of form a?| H) 4> + 82|V )42 and follows
the same method as described above. That is,
@2 H) 1| H)pr + BV el V1)
®@’[H)az + B2V)a2) ® )
— (@ [H)et|H)pt + B2V )l V)s1)
®(@*|V)a2 + B2 H)a2) ® |a0)
— & H)alV)alH)plae™) + BY1V)a | H) a3l V)i o)
+ @B (IH)ar | H)as | H)pt + [V)at V) a3l V)p)lae”).
a7
Alice can also pick up the phase shift 6 and get the same state
as Eq. (6). The probability of success for obtaining Eq. (6) is

Pl (18)
2T el 1B
We can also get
2 8
PR 1
jfs + 1B
20>
T e "

where N is the iteration number of our concentration pro-
cesses.

The total success probability to get a maximally entangled
state from the initial partially entangled state is

oo
P=P +P+-+Py=) Py (20)
N=1

Interestingly, ifo = B8 = \/LE’P = % + % + .-+ 2LN = 1.But

ifa # B, P < 1. Figure 4 shows that the relationship between
the coefficient of the initial partially entangled state «
and the total success probability P. From Fig. 4, it is shown
that the success probability is not a fixed value. It is related
with the entanglement of the initial state, and it increases with
the entanglement of the initial partially entangled state.

We should point out that, during a practical operation, the
longer interaction time will induce decoherence from losses.
It will make the output state become a mixed state. Therefore,
controlling the longer interaction time to make the phase shift
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FIG. 4. Success probability P of getting a maximally entangled
state after performing the QND2 protocol N(N — 00) is altered with
the entanglement of the initial partially entangled state (i.e., ). For
the numerical simulation, we chose N = 10 as a good approximation.

6 = m may not seem like an efficient way. Fortunately, a better
alternative is to rotate the coherent state in Eq. (13) by 0. After
rotation, Eq. (13) becomes

— &?H)a1|V)a3| H)pi |e™)
+BHV) | H) o3|V )1 | ™)
+aB(H)at|H)w3 | H)pt + 1V)a1 Va3l VIsDla).  (21)

From the above description, if the coherent state picks up no
phase shift, the remaining state is also the same as Eq. (6).
Otherwise, one can use |X)(X| homodyne detection [30],
which makes |ae™?) so that it cannot be distinguished. In
this way, the discarded state is also the same as described in
Eq. (14). Moreover, with the help of the QND, this protocol
can also be extended to multiphoton systems and can be used
to reconstruct maximally entangled multiphoton GHZ states.
It has the same success probability as shown in Fig. 4.

IV. DISCUSSION AND SUMMARY

Thus far, we have fully described our protocols with both
PBS and QND. In each protocol, we only require one pair of
less-entangled photons and a single photon. It is known that
local operation and classical communication cannot increase
the entanglement. Therefore, entanglement concentration is
essentially the transformation of entanglement. We define the
entanglement transformation efficiency 7 as

— EC
=%
Here, E is the entanglement of the initial partially entangled

state and E. is the entanglement of the state after concentrating
one time. E. can be described as

n (22)

E. =P x14+(1—P)E. (23)

The first term of Eq. (23) means that, after concentration, we
get the maximally entangled state with success probability P;.
The second term means that the concentration is a failure, and
we get a lesser-entangled pair. Obviously, if we use the PBS
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to perform the concentration, the second term is O because
it collapses to a separated state |HV) or |V H) in different
spatial modes [19,21]. For a two-body pure entangled state,
von Neumann entropy is suitable to describe the entanglement.
Therefore, the entanglement of the initial state in Eq. (2) can
be described as

E = —|af*log, a|* — |B|* log, |BI. (24)
We calculate the n of the PBS1 protocol as [21]
9Bl x 1 |ap]
npBSI = 2ol x1 _ —'B (25)

2E E

The “2” in the denominator means that initially we need two
copies of less-entangled states with entanglement E.
For the QND1 protocol [25],

EE)NDl
= , 26
1QNDI E (26)
with
Egnpr = 2laBl? + (lal* + 1B
( ot Joe|*
X | — og
le* + 81+ 72 Jal* + |84
1BI* 18I* )
— log . 27
loe* + 1814 72 |al* + |BI*

In our protocol, we only need one pair of less-entangled
states to perform the protocol. Therefore, in the PBS2
protocol,

2|aB|?
MBSy = —— = 2npBs1 (28)
and, in the QND2 protocol,
E/
flonp2 =~ = 2N (29)

The relationship between the coefficient « and entanglement
transformation efficiency is shown in Fig. 5. It is shown
that n is also not a fixed value but increases with the
initial entanglement. In the QND2 protocol, n can reach
the maximum value 1 with o = % which means that the

initial state is the maximally entangled state. But in traditional
protocols [21,25], n < 0.5.

We also calculate the limit of the entanglement transforma-
tion efficiency of the QND?2 protocol by iterating the protocol
N(N — o0) times:

N—oo __ Zi]ozl EyPy _ ﬂ (30)

NonD2 = Eo = E,’

where Ey gives the entanglement of the remaining states after
performing a successful concentration in the Nth iteration. Itis
a maximally entangled state with E) = 1. Figure 6 shows the
relationship between « and the transformation probability 7.
Obviously, n monotonically increases with the entanglement
of the initial state and can reach the maximum value 1 when
the initial state is maximally entangled, because o = %2

In this paper, the basic elements for us to complete the task
are the PBS and QND. In fact, both of them play the same role
(i.e., a parity check). In Refs. [21] and [25], they also resort to
PBS and QND to perform the concentration. But in each step,
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FIG. 5. Entanglement transformation efficiency 7 is altered by
the coefficient o after performing each protocol one time. Curves
B, C, D, and E correspond to the protocols PBS1 [21], QND1 [25],
PBS2, and QND?2, respectively. All the curves show that 7 increases
with entanglement of the initial entangled state. The QND2 protocol
has the highest transformation efficiency. It can reach the maximum

1
value 1 when o = 5

they require two pairs of less-entangled states. Our protocol
shows that, with only one pair of less-entangled states and a
single photon, we can also perform this task. This good feature
gives these protocols a higher entanglement transformation
efficiency than others. In the process of describing our
concentration protocol, we exploit the entanglement source
and the single-photon source. An ideal single-photon source
should emit exactly one and only one photon when the device is
triggered. However, no single-photon source or entanglement
source will be ideal. With current technology, a practical pulse
generated by a source may contain no photons or multiple
photons, with different probabilities. We denote as P,, the
probability of emitting m photons. Interestingly, Py means no

0.9—-
0.8—-
07
0.6—-

0.5

nN—)oo

0.4
0.3
0.2 1

0.1

W — 77
00 01 02 03 04 05 06 07 08 09 10

(03

FIG. 6. Entanglement transformation efficiency 7 plotted against
« after performing each protocol N(N — 00) in the QND?2 protocol.
For the numerical simulation, we chose N = 10 as a good approxi-
mation.
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photon and will not give rise to errors. It only decreases the
success probability of the protocol because only two photons
cannot satisfy the three-mode cases. However, m > 2 will give
rise to errors. For example, m = 2 will lead both modes c1
and c2 to contain one photon in Fig. 1, which is a success
event in our protocol. Fortunately, it is possible to make the
probability of such events rather small. In Ref. [41], a single-
photon source was reported whose Py and P, were 14% and
0.08% respectively. Current spontaneous parametric-down-
conversion entanglement sources are analogous to the single-
photon source. It generates an entangled pair of the form [19]

IT) = 3(lvac) + y1¢1) + ¥ 1¢ )2 + ). (3D)

The multiphoton items |¢T)? can also cause errors. In
practical teleportation experiments, > ~ 10™* [42,43], and
the errors of multiphoton items are negligible.

In Sec. III, we exploit the cross-Kerr-nonlinearity to
implement our protocol. Although a lot of works have studied
the area of cross-Kerr-nonlinearities [25,26,30-40], we should
acknowledge that it is still a quite-controversial assumption
to have a clean cross-Kerr-nonlinearity in the optical single-
photon regime. In 2002, Kok ef al. pointed out that the Kerr
phase shift is only 7 ~ 107'8 in the optical single-photon
regime [44,45]. In 2003, Hofmann showed that, with a single
two-level atom in a one-sided cavity, a large phase shift of
7 can be achieved [46]. Gea-Banacloche showed that large
shifts via the giant Kerr effect with a single-photon wave
packet are impossible with current technology [47]. The results
of previous work of Shapiro and Razavi are consistent with
Gea-Banacloche [48,49]. Recently, He et al. discussed how the
feasibility of QNDs relies on the compatibility of small phase
shifts with large coherent-state amplitude. They developed a
general theory of iteration between continuous-mode photonic
pulses and applied it to the case of single photons interacting
with a coherent state. They showed that, if the pulses can fully
pass through each other and the unwanted transverse-mode ef-
fects can be suppressed, the high fidelities, nonzero conditional
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phases, and high photon numbers are compatible [37]. Recent
research also shows that, by using weak measurements, it is
possible to amplify a cross-Kerr-phase-shift to an observable
value, which is much larger than the intrinsic magnitude of the
single-photon-level nonlinearity [50].

In summary, we have presented two different protocols for
nonlocal entanglement concentration of partially entangled
states. We exploit both the PBS and the cross-Kerr-nonlinearity
to achieve the task. Our protocols have several advantages:
First, they do not need to know the exact efficiency « and g
of the less-entangled pairs. Second, they also do not resort to
collective measurements. Third, with QNDs, the parties are not
required to adopt sophisticated single-photon detectors, and it
can be iterated to get a higher success probability. Fourth,
compared with previous works, the most significant advantage
is that, in each step, we only need one pair of the less-entangled
state. It allows our protocols to obtain higher entanglement
transformation efficiencies than others. Fifth, these protocols
are more feasible for multiphoton GHZ state concentration
because they greatly reduce the practical operations and
simplify the complication of classical communication for each
parties. All these advantages may make our protocols more
useful in practical applications.
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