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A photonic realization of the quantum field theoretical Lee model, describing the strong coupling of two
neutral fermions and a neutral scalar boson field, is proposed in the ghost regime, where the Lee Hamiltonian is
non-Hermitian but P7" symmetric. Our optical system, which is based on light transport in an engineered semi-
infinite waveguide lattice, could provide an accessible laboratory system to simulate P7 -symmetric quantum
field theories and to visualize the appearance and role of ghost states in the dynamics.
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I. INTRODUCTION

An unpleasant feature arising in nonperturbative renormal-
ization procedures of relativistic quantum field theories (QFTs)
is the “ghost problem,” (i.e., the appearance of negative norm
states and nonunitary of the S-matrix for strong coupling).
Such predictions are generally viewed as a fundamental
deficiency for an acceptable QFT [1-3]. This happens, for
example, in the Lee model [4], which was introduced in 1954
by Lee as a simple toy model of three interacting fields (two
neutral fermion fields and a neutral scalar boson field) in
which renormalization can be exactly performed. Killen and
Pauli showed that, when the renormalized coupling constant
is larger than a critical value, the Hamiltonian of the Lee
model becomes non-Hermitian and a ghost state appears [2,5].
Numerous attempts were suggested to make sense of ghost
states, for example, by introduction of an indefinite metric
in the Hilbert space; however, at the price of giving up
microscopic causality and the unitarity of the S-matrix (see, for
instance, Ref. [2] and references therein). This was regarded as
unacceptable and the Lee model in the ghost regime has been
then generally viewed as an unsatisfactory QFT [3]. However,
since the advent of P7 quantum mechanics [6-8], there has
been a renewed interest in P7 -symmetric extensions of QFTs
[7,9,10], including the Lee model in the ghost regime [10]. In
Ref. [10], Carl Bender and collaborators noticed that, in the
ghost regime, the Lee Hamiltonian is not Hermitian, however it
does possess P7 symmetry (i.e., it is invariant under combined
space reflection and time reversal), and a unitary quantum
theory can be constructed by introduction of an appropriate
time-independent operator (the C operator) and a new inner
product, in terms of which the ghost state has a positive norm
and the Lee model is an acceptable unitary quantum field
theory for all values of coupling.

Recently, a great interest has been devoted to the realization
of physical systems described by P7 -symmetric Hamiltonians
[11-20], including optical [12,13,15-19] and electronic [20]
systems. In particular, since the pioneering work by Makris,
El Ganay, and collaborators [12], it has been recognized
that light propagation in engineered photonic structures
with balanced optical gain and absorption can provide an
experimentally accessible test bed to realize P7 -symmetric
quantum mechanical theories, with important applications to
the realization of nonreciprocal optical devices [19]. Most
of such previous studies in the optical context have been
mainly focused to the realization of nonrelativistic [12—15] or
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relativistic [16,18] P7 -symmetric quantum mechanical wave
equations; however, so far little attention has been devoted to
simulate in optics P7 -symmetric extensions of QFTs, which
is the aim of this work. In particular, here we propose an
optical system, based on light propagation in an engineered
semi-infinite waveguide lattice, which could provide a test bed
to simulate in the laboratory the Lee model in the ghost regime.

The paper is organized as follows: In Sec. II, we briefly
review the QFT Lee model in the ghost regime, corresponding
to a complex-valued bare coupling constant, and present
analytical results for a specific spectral coupling function.
The photonic realization of the non-Hermitian model is then
presented in Sec. III. Finally, in Sec. IV the main conclusions
are outlined.

II. LEE MODEL AND GHOST STATES
A. The model

In this section, for the sake of completeness we will briefly
review the QFT Lee model [2—4], focusing our attention on
the ghost regime where the Hamiltonian is not Hermitian
but P7 symmetric [10]. Such an analysis will be then
specialized in Sec. II B by assuming an exactly solvable
spectral coupling function and dispersion relation, suggesting
a photonic realization of the model in Sec. III.

The Lee model is a rather simple QFT model describing
three interacting fields: two fermion fields, describing the V
and N particles, and a boson field, describing the 6 particles.
The V particle can emit a 6 particle, transforming into the N
particle; however it cannot absorb a 6 particle. On the other
hand, the N particle can absorb a 6 particle, transforming into
the V particle, but cannot emit a 6 particle. Here we consider a
one-dimensional system, so that the momentum of particles is
a scalar variable. The Hamiltonian describing the field system
(with#i = ¢ = 1) reads H = Hy + H;, where [2-4]

Hy =mvo/deT(p)V(p)+mN0/dp1\7T(p)1\7(p)
+ f dkQk)ay (k)ag (k) (1)
is the noninteracting Hamiltonian, and
H =g / dkf (k) / dplV'(p)N(p — k)ag(k)
+ 8 (p — bajk)V (p)] )
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describes the interaction of the three fields. In the previous
equations, ]\A/T(p) [\A/T(p)] and ]V(p) [V(p)] are the creation and
annihilation operators of the fermion N [V] with momentum
D, &g (p), and ay(p) are the creation and annihilation operators
of the bosons 6, my,, and my, are the bare masses of the
V particle and N particle, respectively, 2(k) is the energy
of a 6 quantum of momentum k, g is the bare coupling
constant, and f(k) is the (real-valued) normalized spectral
coupling function. The energy (k) is usually taken to be
Q(k) = /u? + k2, where p is the mass of the boson, and a
cutoff function is introduced in the shape of f(k) to avoid
divergences [2,3]. However, here we will not specify the form
of the dispersion relation 2(k), as well as the shape of the
spectral function f(k). It is well known that, in the Lee model,
the physical and bare one- N-particle and one-0-particle states
coincide; that is, NT(p)|0) and a'(k)|0) are eigenfunctions of
H with eigenvalues m N, and S2(k), respectively. This is not
the case for the physical and bare states of the V particle.
The “physical” state |my, p) of the V particle, corresponding
to the “bare” state |my,,p) = Vi p)|0) in the noninteracting
(g — 0) limit, is found as a solution of the eigenvalue equation
H|my,p) = my|my,p) corresponding to a bound state. The
eigenvalue my is the renormalized mass of the physical V
particle. The state [my, p) can be represented by the following
superposition of the V and N-6 bare scattering states (see, for
instance, Ref. [2]):

Imy,p) = «/E{V* (p)I0) + / dk®(k)N'T(p — k)ézg(k>|0>} ,
3)

where Z = Z(my, p) is a normalization constant. The renor-
malized mass my is then found as a solution to the nonlinear
algebraic equation

my —my, = g*A(my), 4)

where we have set

)
Ay =P [kt o 5)
and
(k) = QK) + my,. ©6)

Note that, after introduction of the density of states p(w) =
(0k/dw) and the spectral function G(w) = p(w) f 2(w), one
can write

Almy) =P/da) Glw)
m

A stable V particle is found provided that a solution my to
Eq. (4) does exist outside the continuum of N-6 scattering
states [i.e., for which my # w(k) for any allowed value of k].

Let us first assume that the bare coupling constant g is real
valued (i.e., H is Hermitian). Then, the renormalized coupling
constant g, is introduced as [2,3,10] g2 = Zg?, from which
one obtains (see, for instance, Ref. [2])

)

V_w.

2 _ grz
1—g2L’

g ®)
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where we have set

B G dA
L= [0 20 T2 ©)

The value g, of the renormalized coupling constant is in
principle taken from experimental data [2,3]; the value of
g is correspondingly retrieved from Eq. (8). For a strong
renormalized coupling g, (i.e., larger than 1/+/L), from Eq. (8)
one would obtain an imaginary bare coupling constant, g = i gy
(with go a real number); that is, the Hamiltonian of the
Lee model becomes non-Hermitian. This would imply that
probabilities are neither conserved nor are they necessarily
positive definite, which is generally viewed as an unacceptable
result. In addition, a new state with negative norm, which is
called a “ghost,” appears. Such predictions have been seen as
a fault of the Lee theory, which has been thus regarded as
nonphysical in the g, > 1/+/L regime (the ghost regime) [3].
However, in Ref. [10], Carl Bender and collaborators showed
that, in the framework of P7 quantum theories, the Lee model
can be an acceptable unitary quantum field theory for all
values of coupling g,. In the following, we will focus our
attention on the ghost regime of the Lee model, assuming
an imaginary bare coupling g =igo. In this case, H is not
Hermitian (i.e., H # HT); however, H is P7 invariant and
one has AT = H * (where * stands for complex conjugation),
rather than I:I f = H. Therefore, for a couple of eigenstates
Y1) = |my1,p1) and V) = |mya, p2) of H the biorthogonal
relations (¥ |¥2) = Sy, my,8(P1 — p2) should be satisfied.
From Eq. (3), it readily follows that

(Wi1v2) = Zmy1, p)(1 = LgG)Smyymy,8(p1 — p2), (10)

where L is defined by Eq. (9). Hence the normalization
constant Z should be taken equal to

1

P 11
=L (11

Therefore, in the non-Hermitian case the sign of Z is not
defined; that is, it can be positive (this is the case of the
physical V state and the physical N-0 scattering states), but
also negative, which is the case of the so-called ghost states.
For the usual shape of the spectral coupling f (k) and dispersion
relation €2(k) of the bosonic field, as g, crosses the limiting
value 1/ /L and H becomes non-Hermitian, in addition to the
physical V state, corresponding to a positive value of Z, a ghost
appears, with opposite sign of Z [2,3,10]. The appearance of
this new state can be visualized in the time domain as an
oscillatory behavior of the amplitude probability of the bare V
state. In fact, let us look for a solution to the time-dependent
Schrodinger equation 9, | (2)) = A [ (2)) in the form

[Y (1) = co(t)VT]0) + / dk® Kk, N1 (p — k)aj(k)[0). (12)

The evolution of the amplitude probabilities co(¢) and P (k,?)
of bare V and N-6 scattering states then reads

idfjf” — mycot) + 8 / dkfUOdKD,  (13)
qu k,
D = e + g (Rreoto), (14)
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with g = igo in the ghost regime. Note that cy(?) represents
the amplitude probability of the bare V-particle state. Let us
assume that, at + = 0, the system is in the bare V-particle
state [i.e., cp(0) = 1, ®(k,0) = 0], and that the interaction is
switched on at t = 0. The amplitude probability cy(¢) can be
written in a closed form as a contour integral of the resolvent in
the complex plane. If A has two bound states, the physical V
state and the ghost state with masses my, and my,, then, after a
transient, two terms survive in the asymptotic behavior of ¢y (?),
which thus oscillates at the frequencies my, and my,. Hence
the appearance of a ghost state, in addition to the physical V
state, is responsible for a beating in the probability |co(z)|? at
the frequency |my, — my, |. Conversely, if only the physical V
state does exist, |co(t)]? settles down to a constant value and
does not oscillate. As will be discussed in Sec. 111, the presence
or the absence of an oscillation in the evolution of |cy(¢)|* can
be easily visualized in our photonic simulator of the QFT Lee
model.

B. An exactly solvable case

Let us specialize the general analysis briefly reviewed in the
previous subsection to an exactly solvable model, which can be
rather simply implemented in a photonic system as discussed
in the next section. Let us assume the following forms for

L[y — 002 — 4G + my — o)

Almy) = 2173(mv — wyp),
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the spectral coupling function f (k) and the dispersion relation
w(k) = Qk) + my,:

fk) = \/gsink, w(k) = wy — 2k cosk, (15)

where the quantum number & varies in the range 0 < k < 7,
ko is a positive constant that determines the energy width
4k of the N-0 scattered states, wy = u + 2k + my,, and
1 is the lower limit of the dispersion curve Q(k) (it plays
the analogous role of the boson mass i of Refs. [2,3,10]).
It should be noted that, for a real bare coupling g, this
model has been studied in different physical contexts as
well, such as in problems of Fano resonances and bound
states in the continuum (see, for instance, Refs. [21-24] and
references therein). A non-Hermitian extension of the model
was recently investigated in Ref. [25], where attention was
primarily devoted to the investigation of spectral singularities.
However, such a non-Hermitian model was not P7 invariant
and the analysis was not related to the Lee model in the ghost
regime. Using Eq. (15), the spectral function G(w) and A(my)
can be calculated in a closed form and read

1 w—wg \2
Gy = | V1= (532) le—el <20 )
0, otherwise,
my —wy < —2Ko
|mV — w0| < 2KO (17)

1 2
m[— \/(mv —wo)? —4kG +my — ], my —wy > 2.

We will limit our analysis to the case my, < u + my,,
which ensures the stability of the physical V-particle state.
Using Eq. (17), the bound states of H below the continuum
(i.e., corresponding to my < u + my,) can be readily calcu-
lated from Eq. (4), according to the graphical construction
shown in Fig. 1(a). The results in parameter space (my,,8&o)
are summarized in Fig. 1(b). In particular, three cases should
be distinguished.

(i) For (go/ko) < /=2 + (wo — my,)/(2ko) [domain I in
Fig. 1(b), delimited by curve 1], there exists a simple and
real-valued root my =my, to Eq. (4), with Z >0 (e,
corresponding to the physical V particle) given by

my, = my, + pn — 2io(cosh uy — 1), (18)
where p) is defined by

my, — o (my, — wo)? 2
oty = o ()

2/(0 4/{3 Ko

19)

[case I of Fig. 1(a)].

(ii) For V=24 (@ — my,)/(2k0) < (g0/k0) <
V=14 (@) —my,)?/(2kp)?> [domain II in Fig. 1(b),
delimited by curves 1 and 2], there exist two real-valued roots

my = my, and my = my, > my, to Eq. (4), which are given
by

my, = mpy, + pu — 2kp(cosh p; — 1) (20)
with j = 1 or 2 and where w; and p, are defined by

2 2

my, — wo (my, — wo) 80
+ B - 1 - - 3

2/(0 4IC0 Ko

2D
my, — @ (my, — wp)? £0 2
exp(pz) = — — -1-1=

2K() 4/(3 Ko

exp(pr) = —

[case II of Fig. 1(a)]. For the former solution my,, one has
Z > 0, (i.e., it corresponds to the physical V-particle state);
however, for the latter solution my,, it turns out that Z < 0
(i.e., this additional solution corresponds to a ghost state).

(iii) For (go/x0) > \/—1 + (wg — my,)?/(2kp)? [domain 111
in Fig. 1(b), delimited by curve 2], there are two complex-
conjugate roots to Eq. (4). In such a domain, the P7 phase of
H is broken. This case will not be considered further here.

It should be noted that, as the boundary between domains II
and III is approached from domain II [curve 2 in Fig. 1(b),
corresponding to g3 = 1/L], the two states corresponding to
my, and my, coalesce [see the dashed curve in Fig. 1(a)] and
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FIG. 1. (Color online) (a) Graphical construction for the deter-
mination of bound states of the P7 -symmetric Lee Hamiltonian
with spectral coupling and dispersion relation defined by Eq. (15).
The eigenvalues my of bound states are obtained as the intersection
of the straight line my — my, with the curve —géA(mv), where
A(my) is given by Eq. (17). In case I there is only one intersection,
corresponding to the physical V-particle state with a positive norm.
In case II there are two intersections, one with a negative norm
corresponding to a ghost state. The dashed straight line corresponds to
the boundary of P7 symmetry breaking, where the two intersections
coalesce. (b) Domain of existence of bound states for the Lee
Hamiltonian in the (my,,go) plane. In domain I, there exists solely
one bound state, corresponding to the physical V-particle state. In
domain II there are two bound states, the additional one being a ghost
state. In domain III a pair of complex-conjugate energies appears
(broken P7 phase). The analytical expression of curves 1 and 2,
that define the boundaries of the three domains, are given in the
text.

Z — oo according to Eq. (11): hence at the P7 symmetry-
breaking boundary two complex-valued energies bifurcate
from the coalescence of the two real-valued branches (20) and
an exceptional point, signaled by the vanishing of (Y |y»),
appears [see Eq. (10)].

III. OPTICAL REALIZATION OF P7T-SYMMETRIC
LEE MODEL

An optical simulation of the P7 -symmetric Lee model,
described in Sec. II B, can be realized by mapping the
temporal evolution of the probability amplitudes cy(f) and
®(k,t) of bare V-particle and N-6 scattering states, governed
by Egs. (13) and (14), into spatial propagation of light waves
in suitably engineered arrays of evanescently coupled optical
waveguides [26]. In fact, Eqs. (13) and (14) describe quite
generally the decay dynamics of a bound state coupled to
a continuum and, as shown in Refs. [24,27], this problem
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can be simulated in an optical setup based on light transport
in a semi-infinite waveguide lattice. However, to simulate
the Lee model in the ghost regime, we need to realize an
imaginary coupling g = igo between the bound state and the
continuum of scattering states, and this possibility was not
addressed in such previous works. As we will show here,
an imaginary coupling g can be realized by considering
either second-order nonlinear interactions in the boundary
waveguide of the semi-array, or a suitable fast modulation
of both the real and imaginary parts of the refractive index of
the boundary waveguide.

To provide an optical simulation of Eqgs. (13) and (14),
following Ref. [24] let us notice that, since k varies in the
range 0 < k < 7, we can expand ®(k,t) as a Fourier series of
sine terms solely according to

D(k,t) = —\/g Z ¢, (2) sin(nk), (22)
n=1

and the inversion relation

c,(t) = —\/Z/.]r dk®(k,t) sin(nk) (23)
T Jo

(n=1,23,...) holds. Taking into account that
foﬂ dk sin(nk) sin(mk) = (v /2)8,,», the evolution equations
of the amplitudes ¢, can be readily derived using Eqgs. (13),
(14), (22), and (23) and read

dc,
i il —Kko(Cpt1 + 1) + woc, (n = 2), (24)
dcy )
i— = —kKoCy — igoCo + woc, (25)
dt
dc
id—f = —igocy + my,co. (26)

In their present forms, Eqs. (24)—(26) describe light transport
of monochromatic light waves in a semi-infinite array of
optical waveguides [see Fig. 2(a)], in which ky is the coupling
constant and wq in the propagation constant of the guided
modes in the waveguides n > 1 (i.e., except for the boundary
waveguide), my, is the propagation constant of the boundary
waveguide n = 0, i gg is the complex-valued coupling constant
between the waveguides n = 0 and n = 1 in the lattice, and ¢
is the longitudinal spatial coordinate of the array, as shown in
Fig. 2(a). A major issue that should be addressed for a physical
realization of the tight-binding lattice model Eqs. (24)—(26) is
the request to implement an imaginary coupling rate: in fact,
evanescent coupling of optical fields between two coupled
dielectric optical waveguides generally leads to an effective
real-valued coupling (after a suitable choice of the phase
of the propagating field amplitudes). To realize an effective
imaginary coupling, we must consider a non-Hermitian optical
setup.

A first possibility, briefly sketched in Fig. 2(b), consists
of considering a semi-array of waveguides manufactured in a
nonlinear x® optical medium. The boundary waveguide of
the semi-array is designed to sustain three modes of different
frequencies w; (the signal field), w, (the idler field), and
w3 = w| + w, (the pump field) which are phase matched
via a quasi-phase-matching (QPM) grating (see, for instance,
Ref. [28]). For a strong pump field and weak signal and idler
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FIG. 2. (Color online) (a) Schematic of the optical realization of
the P7 -symmetric Lee model discussed in Sec. II B, based on light
transport in a semi-infinite array of evanescently coupled optical
waveguides. In the optical analog, the longitudinal propagation
distance ¢ plays the role of time in the QFT model. The complex
coupling g = igo of the Lee Hamiltonian in the ghost regime requires
a complex coupling between the boundary waveguides in the semi-
array. Panels (b) and (c) show two possible optical implementations
of such a complex coupling. In panel (b), a semi-infinite array of
waveguides with a second-order x® nonlinearity is considered, in
which parametric amplification between signal and idler fields at
frequencies w; and w, is allowed in the boundary waveguide via
a QPM grating. The signal field is then evanescently coupled to
the other waveguides in the array, where propagation is linear. In
panel (c) the complex coupling g = ig is realized by introduction of
a fast modulation of both real and imaginary parts of the effective
refractive index in the boundary waveguide, with spatial period
27/ 2. As discussed in the text, in the fast modulation limit and
for appropriate modulation parameters, the waveguide lattice in
(c) effectively behaves as the lattice in (a).

fields, in the no-pump-depletion limit the signal and idler
modes in the boundary waveguide are coupled by an effective
imaginary coupling i gy, where gy is the parametric gain which
is proportional to the intensity I3 of the pump field and to
the effective second-order susceptibility des of the medium
according to the relation go = 27Tdeff\/213/(n1n2n3)»1)\26’060),
where n; are the refractive indices of the signal, idler, and
pump waves at wavelengths A; (k = 1,2,3) [28,29]. The other
waveguides in the semi-array lack of the QPM grating, so
that frequency conversion does not take place there and light
propagates in the linear regime. The waveguides are designed
such as the field at frequency w; is close to a cutoff (i.e., it is
weakly confined), whereas the modes at frequencies w; and ws
are well confined. In this way, evanescent coupling between
adjacent waveguides is mostly effective for the signal field at
frequency w;, whereas it may be neglected for both the idler
and pump fields. Therefore, in such a system, light propagation
is described by Eqgs. (24)—(26), where c( and c; correspond to
the modal amplitudes of the fields at frequencies w, and oy,
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respectively, propagating in the boundary waveguide, whereas
the ¢, (n > 2) correspond to the modal amplitudes of the
field at frequency w; trapped in the other waveguides of
the semi-array. The complex coupling igg is realized by the
parametric gain in the boundary waveguide, which can be
conveniently tuned by varying the intensity /3 of the pump
wave.

A second possibility consists of considering a semi-infinite
waveguide array in which a longitudinal modulation of both
optical gain or absorption and effective modal index in the
boundary waveguide is introduced, as schematically shown
in Fig. 1(c). In this case, in the tight-binding and nearest-
neighboring approximations, the coupled-mode equations
describing light propagation in the non-Hermitian waveguide
lattice of Fig. 1(c) read

dc,
i dr = —Ko(C,hLl —+ Cnfl) =+ woCy (I’l > 2)7 (27)
d
iﬂ = —koCr — kag + wycq, (28)
dt
.dag
i = ke [my, — A cos(R1)]ao, (29)

where k is the real-valued coupling constant between waveg-
uides n = 0 and n = 1, 2 is the spatial modulation frequency
of the complex-valued modulated propagation constant in the
guide n =0, A = Ar +iA; is the modulation amplitude,
¢y (n > 1) are the modal amplitudes of light trapped in
waveguides with index n > 1, and ay is the modal amplitude
of light trapped in the boundary waveguide n = 0. Physically,
the real part of A accounts for the longitudinal sinusoidal
modulation of the effective modal index, whereas the imag-
inary part of A describes the longitudinal modulation of
the optical gain or absorption in the boundary waveguide.
The z-independent lattice model of Egs. (24)—(26) can be
obtained as a first-order approximation from the #-periodic
lattice model of Eqgs. (27)—(29) in the large-modulation limit
Q > ko,k,|wg — my,|, with A/ finite and of order ~1,
by a multiple-scale asymptotic analysis (see, for instance,
Ref. [30]). Let us introduce, in place of ay(¢), the new variable
co(t) = ap(t) exp[—iT sin(2t)], where we have setI' = A/ Q.
Then Eqs. (27)—(29) can be written in the equivalent form

dc,
i T —ko(Cnt1 + Cu1) + @ocy (n = 2), (30)
.dcy .
ZE = —kocy — k explil sin(2t)]co + wocy,  (31)
.dco -
ZE = —k exp[—iI sin(Q2t)]c; + my,co. (32)

An exact analysis of Egs. (30)-(32) would require the deter-
mination of quasi-energies by Floquet theory; in particular,
we are interested in exploring the parameter space where the
quasi-energies remain real (in spite of the non-Hermiticity
of the system); this would correspond to the unbroken P7
phase of the Lee model. In the fast-modulation limit, at leading
order in the analysis, the rapidly oscillating terms in Eqs. (31)
and (32) can be replaced by their averaged values over one
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oscillation cycle (see, for instance, [30]); that is, one can
write

dc,
i T >~ —ko(Cpp1 + Cn1) + woc, (n 2 2), (33)
.dcy
I— >~ —KoCy — K.Co + woci, (34)
dt
.dco
ZE X —K.C1 + my,Co, (35)

where we have set

A
Ke = Kk Jy (5) , (36)

where Jj is the Bessel function of first kind of zero order.
Hence, if the ratio between the complex modulation amplitude
A and the modulation frequency €2 is chosen such that «,
is purely imaginary, the effective lattice model described by
Egs. (33)—(35) reduces to that of Eqgs. (24)—(26), with igy =
Kk¢; that is, it realizes the P7-symmetric QFT Lee model
introduced in Sec. 11 B.

As discussed at the end of Sec. II A, the appearance of
a ghost state in addition to the physical V-particle state can
be monitored by the temporal evolution of lco(2)|?, when the
system is initially prepared in the bare V state. In the optical
setting of Fig. 3(c), such an initial condition corresponds to the
excitation, at the input # = 0 plane, of the boundary waveguide
n =0 [i.e., to ¢,(0) = 8,0 in Egs. (30)—(32)], whereas in the
optical setting of Fig. 3(b) this corresponds to initial excitation
of the boundary waveguide by the idler field. In the parameter
region corresponding to domain I of Fig. 1(b), there is only one
bound state (the physical V state), and hence after an initial
transient |co(t)|? sets to a constant and nonvanishing value.
This is shown, as an example, in Fig. 3(a), which depicts the
evolution of |co(¢)|* for parameter values go/xo = 0.91 and
(my, — wo)/ko = —4. In the figure, the behavior of lco(D)]?,
predicted by the Lee model [Eqs. (24)—(26), dotted curve
in Fig. 3(a)], is compared with that obtained by numerical
analysis of the time-periodic system [Egs. (30)—(32), solid
curve in Fig. 3(a)], corresponding to the optical realization of
Fig. 3(c). As gy is increased to cross domain II, the appearance
of the ghost state, in addition to the physical V state, changes
the asymptotic behavior of |cy(¢)|?, which is now oscillatory
at the frequency |my, — my,|, as shown in Fig. 3(b). As the
upper boundary of domain II is approached [i.e., if we move
toward curve 2 in Fig. 1(b)], the period of the oscillation
increases, as shown in Fig. 3(c). In the photonic realization of
the modulated lattice of Fig. 2(c), we assumed a modulation
frequency 2/ko = 15 and a normalized complex modulation
parameter ' = A/ Q ~ 2 — 1.996i, leading to an imaginary
value k, = ig, according to Eq. (36). The increase of gg, from
Figs. 3(a) to 3(c), is obtained, in the realization of Fig. 3(b),
by simply increasing the parametric gain (i.e., by an increase
of the pump intensity I3), whereas in the optical realization of
Fig. 3(c) an increase of gy can be achieved by simply increasing
the coupling constant «, i.e., by diminishing the distances of
waveguidesn = 0 andn = 1.

To get an estimate of the parameter values in physical
units corresponding to the simulations shown in Fig. 3, let us
consider for instance the optical implementation of Fig. 2(b),
based on a nonlinear waveguide array, which seems to be the
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FIG. 3. (Color online) Behavior of |cy(¢)|?; that is, evolution of the
probability of the bare particle state V|0) versus normalized time iyt
for the initial condition ¢y(0) = 0, ®(k,0) = 0, detuning my, — wy =
—4k, and for (a) go/ko = 0.91, (b) go/ko = 1.547, and (c) go/k0 =
1.638. The dotted curves are obtained by numerical analysis of
Egs. (24)—(26), which exactly reproduce the P7 -symmetric Lee
model and are implemented by the optical system of Fig. 2(b). The
solid curves in the figures refer to the numerical analysis of Eqgs.
(30)-(32), which describe the optical implementation of Fig. 2(c)
based on fast modulation of the real and imaginary parts of the
refractive index in the boundary waveguide.

more accessible experimental system [31]. Let us consider
a semi-array of periodically poled lithium-niobate (PPLN)
waveguides, with pump, signal, and idler waves at wavelengths
A3 =532 nm, A; = 1.55 um, and A, = 810 nm, respectively.
For the PPLN crystal at 25 °C, a QPM grating of the nonlinear
x @ susceptibility with spatial period A >~ 7.39 umis required
in the boundary waveguide to phase match the frequency
conversion process (see, for instance, Ref. [29]). Let us
assume a typical coupling constant of adjacent waveguides
for the signal modes of ko =2 cm™~!. Correspondingly, the
physical unit of propagation length in the horizontal axis of
Fig. 3 is 0.5 cm, so that for a sample of length 10 cm the
dynamics shown in Fig. 3 can be observed up to kot = 20. The
levels of parametric gain gg required to observe the dynamics
shown in Figs. 3(a)-3(c) are given by gy >~ 1.820, 3.094, and
3.276 cm™!, respectively, whereas the detuning between the
propagation constant of the boundary waveguide, for the signal
field, and the other waveguides in the array turns out to be
4xy = 8 cm™!. Such a detuning can be readily achieved by a
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suitable waveguide design. A parametric gain of the order of
go ~ 3 cm™! requires a pump level I3 ~ 22 MW /cm? (taking
dege ~ 17 pm/V for first-order QPM in PPLN [29]); for an
effective mode area A, ~ 6 um?, this would correspond to a
continuous-wave pump power of P; ~ A,I3 ~ 1.32 W, which
is a reasonable level for PPLN waveguides.

IV. CONCLUSIONS

In this work, we have proposed theoretically an optical
realization of the QFT Lee model in the ghost regime, where
the Lee Hamiltonian is non-Hermitian but 77 symmetric [10]
and ghost states appear. Our optical system is based on light
transport in an engineered semi-infinite waveguide lattice,
using either nonlinear parametric amplification in quadratic
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x® waveguides or suitable modulation of optical gain and
absorption to mimic a complex coupling in the Lee model. It
is envisaged that our results could stimulate further theoretical
and experimental studies aimed to realize an accessible and
feasible laboratory tool to simulate P7 -symmetric quantum
field theories and to visualize the appearance and role of ghost
states.
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