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Phase control of group velocity in a dielectric slab doped with three-level ladder-type atoms
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Propagation of an electromagnetic pulse through a dielectric slab doped with three-level ladder-type atomic
systems is discussed. It is shown that the group velocity of the reflected and transmitted pulses can be switched
from subluminal to superluminal light propagation by the thickness of the slab or the intensity of the coupling
field. Furthermore, it is found that, in the presence of quantum interference, the reflected and transmitted pulses
are completely phase dependent. So, the group velocity of the reflected and transmitted pulses can only be
switched from subluminal to superluminal by adjusting the relative phase of the applied fields.
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I. INTRODUCTION

The study of light propagation in a dispersive medium
has been triggered by a series of papers by Sommerfeld [1]
and Brillouin [2] and continues to be of much interest [3–9].
It is shown that the group velocity of a light pulse can be
slowed down [10,11], can become faster than its value c, speed
of light in vacuum, or can even become negative [12–18].
The superluminal light propagation has been investigated for
many potential uses, not only as a tool for studies of a very
peculiar state of matter, but also for developing quantum
computers, high-speed optical switches, and communication
systems [19]. Both experimental and theoretical studies have
been performed to realize superluminal and subluminal light
propagation in a single system. It has been shown that
switching from subluminal to superluminal pulse propagation
can be achieved with the intensity of coupling fields [20–22]
and the relative phase of applied fields [23,24]. The effect
of controlling parameters, such as intensity of the incoherent
pumping field and quantum interference on the group velocity
of a light pulse has also been proposed [25–28]. In view
of many experimental proposals for controlling the group
velocity of a light pulse from subluminal to superluminal
propagation, the proposal by Kim et al. [29] is notable. They
have shown that, for a weak-coupling field, the superluminal
Gaussian light pulse is accompanied by induced absorption.
However, for a strong-coupling field, the subluminal probe
light is accompanied by induced absorption that lies between
two transparency windows. Experimental realization of an
incoherent pump field on subluminal and superluminal light
propagation has also been observed by Xiao et al. [30]. In
addition, the transformation of electromagnetically induced
transparency into enhanced absorption by a strong-coupling
field in an Rb vapor has also been reported by Bae et al. [31].
The above experimental and theoretical studies on subluminal
and superluminal light propagation are proposed in gaseous
systems. However, light propagation in a solid-state material,
such as a slab system or photonic crystals (PCs) also are
important due to their potential applications. Propagation of
an electromagnetic field in one-dimensional PCs (1DPCs) has
attracted a lot of attention in recent years. In fact, periodic
media called PCs are an important material for studying the
subluminal and superluminal propagation of a light pulse

[32,33]. A multilayered medium is considered as a simple
example of the 1DPCs. The essential property of the PC is the
band-gap structure. The electromagnetic field of frequency
within the gap is evanescent. Since the evanescent field is
analogous to the wave’s function of an electron in a quantum
barrier, the 1DPCs are used as an optical barrier to investigate
the tunneling time [34–36]. In the present paper, the main
attention was focused on the transmission of a pulse through
the media. However, superluminality of the reflected pulse
was theoretically discussed in an optical-phase conjugation
mirror [37] and a symmetric 1DPC [38]. Nimtz et al. [39]
demonstrated that the reflection delay was almost independent
of the barrier’s length. It is also predicted that the superluminal
phenomena may occur simultaneously both in reflection and in
transmission by using optical-phase conjugation in an unstable
region [37].

On the other hand, the reflected and transmitted pulses
of an electromagnetic field from a slab have widely been
studied. In a conventional gas system, we can provide only
subluminal or superluminal light propagation, whereas, in
the slab system, we achieve the superluminal pulse reflection
and the superluminal pulse transmission simultaneously. In
addition, a slab system can be used for studying the light
propagation in a photonic band-gap crystal. The superluminal
pulse reflection and transmission in a slab system doped with
two-level or three-level atoms has been studied [40].

In this paper, we extend the results of previous researchers
and find that the reflected and transmitted pulses can simply
be tuned from subluminal to superluminal by varying the
controlling parameters. We consider a pulse incident on a
slab system doped with three-level ladder-type atoms. The
effect of quantum interference arising from spontaneous
emission on the group velocity of the reflected and transmitted
light then is discussed. It is found that, in the presence of
quantum interference, the transmitted and reflected light can
be switched from subluminal to superluminal just by the
relative phase of the applied fields. An important key point
is that the superluminal pulse reflection and the superluminal
pulse transmission are simultaneously achieved. Furthermore,
we find that both the reflected and the transmitted pulses are
superluminal or subluminal for the doped slab depending on
the intensity of the controlling field and the phase difference
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between the applied fields. Most of the related papers discuss
gaseous systems. However, according to our knowledge, the
important proposal on light transmission and light reflection
from a slab system is discussed in Ref. [40]. In Ref. [40],
the authors discussed the possibility of the light reflection and
transmission in a slab system doped with two- or three-level
atoms without introducing the explicit dependence of the
group velocity on controlling parameters, such as intensity
and the relative phase of the applied fields. However, we have
discussed the effect of controlling parameters, such as intensity
and the relative phase of the applied fields as well as quantum
interference induced by spontaneous emission on the group
velocity of the reflected and transmitted probe pulses.

The effect of spontaneously generated coherence (SGC)
was employed by Javanainen [41] to show the disappearance
of the dark state in a �-type three-level system. This coherence
has also been employed by Menon and Agarwal [42] for phase
control of the absorption and the dispersion. Here, we used this
coherence for phase control of the reflected and transmitted
light pulses from or through a slab doped with a three-level
atomic system.

The paper is organized as follows: In Sec. II, we present
the slab model and a brief representation on light propagation
in a slab system. The reflected and the transmitted pulses are
also discussed via the transfer-matrix method. The equation of
motion for the atomic system is presented in Sec. III. Results
and discussions are given in Sec. IV, and a conclusion can be
found in Sec. V.

II. PULSE PROPAGATION IN A SLAB

A light pulse is normally incident on the weakly absorbing
and nonmagnetic slab (extended from z = 0 to z = d

in the z direction) with the complex relative permittivity
ε(ωp) = εr + iεi where εr and εi represent the dispersion and
the absorption parts, respectively (Fig. 1). Both sides of the
slab are vacuums. The incident pulse is a Gaussian form
at the surface of the slab in plane z = 0, and its electric
field is expressed as Ep(0,t) = A0exp[− t2

2τ 2
0

]exp[−iω0t] at

the incident surface with the Fourier component given by

Ep(0,ωp) = ( τ0A0

2
√

π
)exp[−τ 2

0
(ωp−ω0)2

2 ]. Here, τ0 is the temporal
width of the Gaussian pulse, ω0 is the center frequency, and
A0 denotes the amplitude of the incident pulse. For a TE
plane wave, the transfer matrix for the electric and magnetic
components of a monochromatic wave of frequency ω through
the slab is given by [40,43](

cos [kd] i 1
n(ωp) sin [kd]

in
(
ωp

)
sin [kd] cos [kd]

)
, (1)

where n(ωp) =√
ε(ωp) is the refractive index of the slab. We

assume that the slab is doped by three-level atoms, so the
dielectric function, i.e., (ωp), can be divided into two parts,

ε(ωp) = εb + χ (ωp), (2)

where εb = n2
b is the background dielectric function and

χ (ωp) represents the susceptibility of the atoms doped in
the dielectric slab. The linear susceptibility of a weak probe
field, i.e., χ (ωp), is calculated in following section. Using

Incident pulse Absorbing 
medium 

Transmitted pulse

z

d

FIG. 1. Schematic of the weakly absorbing dielectric slab.

the transfer-matrix method, one can obtain the reflection and
transmission coefficients of the monochromatic wave as [40]

r(ωp) =
− (

i
2

) (
1√
ε

− √
ε
)

sin (kd)

cos (kd) − (
i
2

) (
1√
ε

+ √
ε
)

sin (kd)
, (3)

t(ωp) = 1

cos (kd) − (
i
2

) (
1√
ε

+ √
ε
)

sin (kd)
, (4)

where we have assumed εb = 4.0. For a narrow spectral pulse,
the group delay time can be defined from the peak times T

peak
r,t

of the transmitted and reflected pulses (the subscripts r and t

denote the reflected and transmitted pulses, respectively) [40,
44]. From the shapes of the reflected and transmitted pulses,
we can obtain the peak times T

peak
r,t of the resulting pulses. For

the reflected pulse, T
peak
r < 0 means the superluminal pulse

reflection, while for the transmitted pulse, T
peak
t < d/c means

the superluminal pulse transmission. The peak time T
peak
r,t is

equivalent to the phase time delay defined as τr,t = [ ∂ϕr,t

∂ω
]ω=ω0

[where ϕr,t are the phases of the reflection and transmission
coefficients r(ω) and t(ω), respectively] [2,45,46].

Equations (3) and (4) imply that the reflection and trans-
mission coefficients depend on the thickness of the slab and
the refractive index of the slab. For the resonance condition,
the thickness of the slab is employed as d = 2m( λ0

4
√

εb
),

whereas, for the off-resonance condition, it is considered
as d = (2m + 1)( λ0

4
√

εb
). Note that the other values also are

available.

III. ATOMIC SYSTEM

The doped atomic system inside the slab is an equispaced
ladder-type three-level atomic system with lower level |1〉,
upper level |3〉, and intermediate level |2〉 as depicted in
Fig. 2(a). Two lower levels |1〉 and |2〉 are coupled by a
weak tunable probe field of frequency ωp and Rabi frequency

(b)(a)

FIG. 2. A three-level ladder-type system with nearly equispaced
levels.
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g = �μ12· �Ep

h̄
, while the upper level |3〉 and the intermediate

level |2〉 are coupled by a strong-coupling field of frequency

ωp and Rabi frequency G = �μ23· �Ec

h̄
. Here, �μij are the atomic

dipole moments, and �Ec( �Ep) is the amplitude of the coupling
(probe) field. The spontaneous emission from upper level
|3〉 to intermediate level |2〉 is denoted by 2γ2, while the
corresponding decay from level |2〉 to lower level |1〉 is denoted
by 2γ1. An incoherent pump with a pumping rate 2R is
applied between levels |1〉 and |3〉. We further assume that
the incoherent pump process from level |1〉 to level |3〉 takes
place via some unspecified auxiliary states. Thus, some terms
corresponding to the inverse pumping from level |3〉 to level
|1〉 and the terms corresponding to the interference effect due
to the pumping processes are all ignored. The density-matrix
equations of motion in the rotating frame and in the rotating
wave approximation are given by [47,48]

ρ11 = −2Rρ11 + 2γ1ρ22 + ig∗ρ21 − igρ12,

ρ22 = 2γ2ρ33 − 2γ1ρ22 − ig∗ρ21 + igρ12 − iGρ23 + iG∗ρ32,

ρ33 = 2Rρ11 − 2γ2ρ33 + iGρ23 − iG∗ρ32,
(5)

ρ23 = − (γ1 + γ2 + ic) ρ23 + iG∗ (ρ33 − ρ22) + igρ13,

ρ12 = − (
R + γ1 + ip

)
ρ12 + ig∗ (ρ22 − ρ11)

− iGρ13 + 2P
√

γ1γ2ρ23,

ρ13 = −[γ2 + R + i(p + c)]ρ13 − iG∗ρ12 + ig∗ρ23,

Here, p and c are the detuning of the probe and coupling
fields with respect to the corresponding atomic transition that
defines as p = ω21 − ωp and c = ω32 − ωc, where ωij is
the frequency difference between corresponding levels. Note
that, in the case of nearly equispaced levels, the inclusion of
two coupling fields of different frequencies would lead to the
optical Bloch equations with the additional term 2P

√
γ1γ2ρ23,

which represents the effect of the SGC. The parameter
P (= �μ12· �μ23

| �μ12|| �μ23| = cos θ ) denotes the alignment of the two dipole
moments �μ12 and �μ23, where θ is the angle between the two
induced dipole moments �μ12 and �μ23. In fact, they present
the strength of the interference in spontaneous emission.
According to its definition, the alignment factor takes the
value 1 for parallel dipole moments, −1 for antiparallel,
and 0 for orthogonal. Maximal coherence corresponds to
parallel and antiparallel dipole moments. These two extremes
of maximal and minimal coherence deserve special attention.
However, intermediate values on the [−1, 1] interval are also
possible.

Since the existence of SGC depends on nonorthogonality of
the dipole moments �μ12 and �μ23, linearly polarized fields �Ec

and �Ep are arranged as in Fig. 2(b) so that one field acts only on
one transition. The Rabi frequencies are connected to parame-
ter P by the relations G = |G0|

√
1 − P 2 and = |g0|

√
1 − P 2.

In the nonequispaced level situation, Rabi frequencies may be
treated as real parameters. However, for the case with nearly
equispaced levels, the SGC effect must be taken into account.
In this case, the system becomes quite sensitive to the relative
phase between the probe and the coupling fields. Therefore,
if we use g = |g| eiϕp ,G = |G| eiϕc and redefining the atomic
variables in Eqs. (5) as ρ̃12 = ρ12e

iϕp ,ρ̃23 = ρ23e
iϕc ,and ρ̃23 =

ρ23e
i(ϕp−ϕc), we obtain equations for the redefined density-

matrix elements to be identical by Eqs. (5) except that P is
replaced by

P → Peiϕ, (6)

where ϕ = ϕc − ϕp. Solving Eqs. (5) at the steady state, by the
matrix form, and in the weak-field approximation, we obtain
the real and imaginary parts of coherence term ρ̃12 as

Re (ρ̃21) = z1(p + c) + RGL2 (γ2 + R)

Z
, (7)

and

Im (ρ̃21) = −z1 (γ2 + R) + RGLc(p + c)

Z
, (8)

where = 2P
√

γ1γ2, and

z1 = g
[ − γ2(γ1 + γ2)2 − 2G2(γ1 + γ2)

+2
cγ2

] + RGL(γ2 + 2γ1), (9)

with

Z = (A2 + B2)C, (10)

A = R(R + γ1) − p(p + c) + γ1γ2 + G2, (11)

B = R(p + c) + p(γ1 + γ2) + γ1(γ1 + c), (12)

and

C = {
γ2

[
(γ1 + γ2)2 + 2

c + 2G2
] + 2γ1G

2
}
. (13)

The linear susceptibility of the weak probe field can be
written as

χ (ωp) = 2Nμ12

ε0Ep

ρ̃21, (14)

where N is the atomic number density in the medium [49].
The susceptibility χ (ωp) is related to the index of reflection
n = n′ + in′′ via n2(ωp) = 1 + χ (ωp). The real and imaginary
parts of χ (ωp) are corresponding to the dispersion and absorp-
tion, respectively. So, the gain or absorption coefficient for
the probe laser coupled to transition |2〉 → |1〉 is proportional
to the imaginary part of susceptibility χ , i.e.,χ ′′, while the
dispersion is characterized by the real part of χ , i.e., χ ′. If
χ ′′ > 0(χ ′′ < 0), the probe laser will be absorbed (amplified)
[50]. The slope of the dispersion with respect to the probe-field
detuning plays a major role in the determination of the group
velocity.

Note that the relative phase appears in the equations
through P , that is, appears in L. For P = 0, the phase
dependence of the medium will be canceled. The phase
dependence of the susceptibility χ is also related to the
incoherent pumping field. For R = 0, the second term in χ ′
and χ ′′ will be omitted leading to the cancellation of the phase
dependence.

IV. RESULT AND DISCUSSION

Now, we consider a dielectric layer doped with the three-
level ladder-type atoms. We investigate the propagation of the
reflected and transmitted pulses from this layer. The effect
of the Rabi frequency of the coupling field and the relative
phase of the applied fields on the group velocity of the
reflected and transmitted pulses then is discussed. A probe
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FIG. 3. (a) and (b) Transmittivity and (c) and (d) reflectivity versus probe-field detuning. Selected parameters are P = 0,R = 0.5γ,g0 =
0.1γ,γ1 = 2γ,and d = (2m) ( λ0

4
√

εb
) for (a) and (c) and d = (2m + 1) ( λ0

4
√

εb
) for (b) and (d).

pulse with a center frequency ω0 normally is incident on
the slab. The nature of ω0 depends on the level structure,
but for a realistic example of sodium D1 transition, 3 2S1/2

→ 3 2P1/2, the center frequency of the probe field is ω12 =
ω0 = 2π × 508.332 THz. We typically assume a decay rate
of sodium D1 transmission = 2π × 9.75 × 106 Hz . All the
other parameters are reduced to dimensionless units through
scaling by γ2 = γ . So, the electric dipole moment, the Rabi
frequency of the probe field, and the density of the atomic
number are chosen as μ12 = 2.1 × 10−29cm, g0 = 0.1γ,

and N = 1 × 1011atom cm−3, respectively. This may lead to
2Nμ12

ε0Ep
≈ 0.02.

The transmitted and reflected pulses from a slab are
discussed for two different thicknesses. In a resonance con-
dition, we choose d = 2m( λ0

4
√

εb
), while for the off-resonance

condition, the thickness is chosen as d = (2m + 1)( λ0
4
√

εb
).

Here, m is an integer number, and in the following numerical
calculation, we choose m = 100. Note that a peak in the curve

of the reflectivity or transmittivity corresponds to subluminal
pulse reflection or transmission. However, a dip corresponds to
superluminal pulse reflection or transmission. Figure 3 shows a
typical transmittivity T = |t |2 and reflectivity R = |r|2 curves
versus probe-field detuning. We observe that, for P = 0 and
for a weak-coupling field, i.e., G = 0.2γ , each transmitted
pulse has a dip, so superluminal light propagates through the
medium in both selected thicknesses. For a strong-coupling
field, i.e., G = 5γ (or 10γ ), the dip changes to the peak
corresponding to subluminal light propagation through the
medium [Figs. 3(a) and 3(b)]. From Figs. 3(c) and 3(d), we
observe that the behavior of the reflected pulse is quite different
for the two cases. In fact, for G = 0.2γ and for a resonance
case [Fig. 3(c)], there is a peak in the curve of reflectivity,
while for an off-resonance case [Fig. 3(d)], there is a dip in
the curve of reflectivity. Therefore, for a weak-coupling field,
in the resonance condition, the subluminal light is reflected
from the slab, while for the off-resonance condition, the
superluminal light is reflected from the slab. This is to say
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FIG. 4. Transmittivity and reflectivity versus probe-field detuning for a resonance condition d = 2m
λ0

4
√

εb
. Selected parameters are P =

0.9,R = 0.5γ,g0 = 0.1γ,andγ1 = 2γ, (a) and (c) ϕ = 0, and (b) and (d) ϕ = π.

that there is a switching from subluminal to superluminal
for the reflected pulse by changing the slab’s thickness.
By increasing the Rabi frequency of the coupling field, the
peak (dip) converts to the dip (peak), and the subluminal
(superluminal) light reflection converts to superluminal (sub-
luminal) light reflection. Therefore, we find that, for the off-
resonance condition by adjusting the intensity of the coupling
field, both the transmitted and the reflected pulse can be-
come subluminal or superluminal simultaneously [Figs. 3(b),
and 3(d)]. However, for a resonance condition, the group
velocity of the reflected and transmitted pulses is completely
different. So, the transmitted pulse becomes superluminal,
while the reflected pulse becomes subluminal and vice versa
[Figs. 3(a) and 3(c)]. This is an important case in which the
group velocity of the reflected and transmitted pulses can be
controlled only by adjusting the intensity of the coupling field.

It is well known that, in a ladder-type equispaced three-
level atomic system, the quantum interference due to the
spontaneous emission, i.e., SGC, makes the system completely

phase dependent [47,48]. Here, we discuss the effect of the
relative phase of the applied fields on the group velocity of the
reflected and transmitted light. The effect of the relative phase
on the group velocity of the reflected and transmitted pulses
for a resonance condition is displayed in Fig. 4. We observe
that, in the presence of quantum interference, i.e., P = 0.9, for
two different relative phases ϕ = 0 (or π ) and for G = 0.2γ,

the reflectivity curves have peaks corresponding to subluminal
light propagation. They change to the dip for a strong-coupling
field, i.e., G = 5γ (or 10γ ). However, the behavior of the
transmittivity curves is different; for a weak-coupling field,
the transmittivity curves have a dip for ϕ = 0 (or π ), while for
G = 5γ (or 10γ ) , the dip changes to a peak by the change
in the relative phase from ϕ = 0 to ϕ = π . We find that,
for a strong-coupling field and in the presence of SGS, the
transmitted pulse can be controlled just by the relative phase
of the applied fields.

The effect of the relative phase on the group velocity of the
reflected and transmitted pulses for an off-resonance condition
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FIG. 5. Transmittivity and reflectivity versus probe-field detuning for the off-resonance condition d = (2m + 1) λ0
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εb
. Selected parameters

are P = 0,R = 0.5γ,g0 = 0.1γ, and γ1 = 2γ, (a) and (c) ϕ = 0, and (b) and (d) ϕ = π.

is displayed in Fig. 5. We observe that, in the presence of
quantum interference, i.e., P = 0.9, and for G = 0.2γ , there
is a dip in the reflectivity curve for ϕ = 0 (or π ). So, the
group velocity of the reflected pulse is superluminal. However,
for G = 5γ (or 10γ ) , the medium completely becomes phase
dependent. For ϕ = 0, there is still a dip in the reflectivity
curve, while for ϕ = π, the dip changes to a peak. This is to
say that the superluminal light reflection changes to subluminal
light reflection. In Figs. 5(c) and 5(d), it is worth noting
that, for ϕ = 0, we observe only a dip in the transmittivity
curve, but for ϕ = π, the dip changes to a peak by increasing
the Rabi frequency of the coupling field. From Fig. 5, we
conclude that, for the off-resonance condition, the group
velocity of the transmitted light and the reflected light is
completely phase dependent. In fact, for the strong-coupling
field and in the presence of SGC, the superluminal light
reflection (transmission) changes to subluminal light reflection
(transmission) just by changing the relative phase from ϕ = 0
to ϕ = π . This is an important case in which the reflected
and transmitted pulses can be controlled from superluminal
to subluminal (or vice versa) just by the relative phase of
the applied fields. Note that, from an experimental point of

view, the relative phase between laser fields can be changed
by setting a moving prism perpendicular to the propagation
direction of one laser field.

V. CONCLUSION

We investigated the effect of the intensity of a coupling
field and the relative phase of the applied fields on the
group velocity of the reflected and transmitted pulses in a
slab system doped with three-level ladder-type atoms. We
found that the group velocity of the reflected pulse can be
controlled from subluminal to superluminal just by changing
the slab’s thickness. We also demonstrated that, in the absence
of quantum interference, both the reflected and the transmitted
pulses can be switched from subluminal to superluminal (or
vice versa) by the Rabi frequency of the coupling field. In
addition, in the presence of quantum interference, the medium
completely becomes phase dependent. So, the group velocity
of the reflected and transmitted pulses can be controlled from
subluminal to superluminal (or vice versa) just by the relative
phase of the applied fields. The behavior of the gas system and
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slab medium is defiantly deferent. Spatially, the existence of a
doped atom through the slab may change the dispersive prop-
erties of the medium. For many potential applications of slow
light, a solid-state medium is preferred. However, most solid
material has relatively broad optical linewidths, which limits

the achievable light-speed reduction. A notable exception to
this general rule is a class of materials consisting of multilayer
systems, such as PCs and the slab system. These materials
generally are used for ultrahigh density optical memories and
processors.
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