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Entanglement creation in low-energy scattering
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We study the entanglement creation in the low-energy scattering of two particles in three dimensions, for a
general class of interaction potentials that are not required to be spherically symmetric. The incoming asymptotic
state, before the collision, is a product of two normalized Gaussian states. After the scattering, the particles are
entangled. We take as a measure of the entanglement the purity of one of them. We provide a rigorous explicit
computation, with error bound, of the leading order of the purity at low energy. The entanglement depends
strongly on the difference of the masses. It takes its minimum when the masses are equal, and it increases rapidly
with the difference of the masses. It is quite remarkable that the anisotropy of the potential gives no contribution
to the leading order of the purity, in spite of the fact that entanglement is a second-order effect.
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I. INTRODUCTION

In this paper, we study how entanglement is created in
a scattering process. This topic has intrinsic interest. As is
well known, scattering is a basic dynamical process that
is essential across all areas of physics. Entanglement is a
central notion of modern quantum theory, in particular, it is
the fundamental resource for quantum information theory and
quantum computation. It is a measure for quantum correlations
between subsystems. In the case of bipartite systems in pure
states, entanglement is a measure of how far away from being
a product state a pure state of the bipartite system is. Product
states are called disentangled. It is now well understood that
entanglement in a pure bipartite quantum state is equivalent to
the degree of mixedness of each subsystem. See, for example,
Refs. [1-3]. The study of entanglement creation in scattering
is interesting for many other reasons, for example, for the
implementation of quantum information processes in physical
systems where scattering is central to the dynamics, such
as ultracold atoms and solid state devices. Moreover, the
study of entanglement in the scattering of particles requires
quantum information theory with continuous variables and
mixed continuous-discrete variables. See Ref. [3] for a review
of this topic. As scattering interactions are fundamental at all
scales, and as there is a large variety of scattering systems, it
is possible that scattering will provide a new perspective to
quantum information theory. Finally, entanglement creation is
important to the theory of scattering itself, because it poses
new problems that can shed new light and new points of view
on the study of scattering processes.

Actually, from the conceptual point of view, scattering is
perhaps the simplest way to entangle two particles. Before
the scattering, in the incoming state, the two particles are
in a pure product state where they are uncorrelated. As
they approach each other, they become entangled by sharing
quantum information between them. After the scattering, when
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they are far apart from each other, they remain entangled in the
outgoing asymptotic state, that is not a product state anymore.
We take as a measure of entanglement of a pure state the purity
of one of the particles, that is to say, the trace of the square
of the reduced density matrix of one of the particles that is
obtained by taking the trace of the other particle of the density
matrix of the pure state. The purity of a product state is one.

We consider two spinless particles in three dimensions with
the interaction given by a general potential that is not required
to be spherically symmetric. Initially the particles are in an
incoming asymptotic state that is a product of two Gaussian
states. After the scattering, the particles are in an outgoing
asymptotic state that, as mentioned above, is not a product
state, and our problem is to determine the loss of purity of one
of the particles, due to the entanglement with the other that is
produced by the scattering process.

The Hilbert space of states for the two particles in the
configuration representation is / := L*(R®). The Schrodinger
equation is

ih%(ﬂ(xl X2) = Ho(X1.X2), (1.1)
where the Hamiltonian is given by
H = Hy+ V(x| — xp), (1.2)
with Hj the free Hamiltonian
n? n?
Hy = —Z—mlAl — z—mzAz, (1.3)

where 71 is Planck’s constant, m;,j = 1,2 are, respectively,
the mass of particle one and two, and A; is the Laplacian
in the coordinates x;,j = 1,2. The potential of interaction
is multiplication by a real-valued function V(x), defined for
x € R3. As usual, we assume that the interaction depends on
the difference of the coordinates x; — Xp, but no spherical
symmetry is supposed. We assume that V satisfies mild
assumptions on its regularity and its decay at infinity. See
Assumption 2.1 in Sec. II. For example, V(x) satisfies
Assumption 2.1 if there are constants R,C > 0 such that

f [V(x)>dx < oo, (1.4)
IxI<R
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and

V)| < C(1+[x)~#, for|x| > R, (1.5)
for some B’ > B, with B as in Assumption 2.1. Note that
controls the decay rate of the potential at infinity. Remark
that Eq. (1.4) allows for Coulomb local singularities. We also
suppose that at zero energy there is neither an eigenvalue nor
a resonance (half-bound state), which generically is true. See
Sec. II.

We work in the center-of-mass frame, and we consider an
incoming asymptotic state that is a product of two normalized
Gaussian states, given in the momentum representation by

@in,po (P1,P2) = ©p,(P1) P—p,(P2), (1.6)

with

1 —(p1—pn)? /202
Goo(P1) = e PR (1.7)

where p;, i = 1,2 are, respectively, the momentum of particles
one and two. In the state (1.6), particle one has mean
momentum po and particle two has mean momentum —py.
The variance of the momentum distribution of both particles is
o . We assume that the scattering takes place at the origin at time
zero, and for this reason the average position of both particles is
zero in the incoming asymptotic state (1.6). After the scattering
process is over, the two particles are in the outgoing asymptotic
state Qout,p,» given by

Poutpy(P1,P2) 1= [SP?/2m)@in p, I(P1,P2),  (1.8)

my my
b P17 s
m :=mim/(m, + my) is the reduced mass, and S(p?/2m) is
the scattering matrix for the relative motion.

The purity of @gu,p, is given by

where p := p2 is the relative momentum,

P((Pout,po) = /R” dp, dp’I ap> dp'z (pout,po(pl ,p2)

X @out,py (P/l .p2) Pout,py (P/1 9p/2) Pout,pg (m ’p/z)
(1.9)

Since the relative momentum p depends on p; and on pz, @ou,p,
is no longer a product state and it has purity smaller than one,
which means that entanglement between the two particles has
been created by the scattering process. Observe that in the state
(1.6), the mean relative momentum of the particles is equal
to po.

Note that to be in the low-energy regime we need the mean
relative momentum py to be small, but also the variance o to be
small, because if o is large, the incoming asymptotic state @i, p,
will have a big probability of having large momentum, even
if the mean relative momentum py is small. We denote by ¢,
the incoming asymptotic state with mean relative momentum
po = 0, and we designate @oy := S(p>/2m)¢;,. We denote by

m;

=, i=12
i i+ m,

the fraction of the mass of the i particle to the total mass.
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In Theorems 3.2 and 3.4 in Sec. III, we give a rigorous proof
of the following results on the leading order of the purity at
low energy.

P(‘poul,po) = ,P(Qﬁout) + 0(|P0/71|),

where O(|po|/h) is uniform on o, for o in bounded sets.
Furthermore, with B8 as in Assumption 2.1 (recall that
controls the decay rate of the potential at infinity),

as |po/h| — 0, (1.10)

o(lo /), iff>5

out) = 1 - h 25 )

P(@our) (coo /R)"E(u1) + OGo/hl). iff>7
(1.11)

with ¢ the scattering length that is defined in Eq. (2.24) and
where the entanglement coefficient £(u1) is given by

16
[+ Qu — 1)
4 [14Qu — D2 -1
Cui =1 14+ Qu —17?

—8J (1,1 — 1) — 8J(1 — py, 1)

E(py) =

(1.12)

with

1
J(pr,pm2) = oy fdQ2{/dQ1|M2QI — 119z

|
x eXp[—E(u? + 13) (@i + @)

—(n2q1 — 1q2)* — (ﬁ/z}

sinh[(p1 — w2) [q1 + Q2| In2q1 — p1q21] }2

(1 — u2) g1 + Q2| [n2q1 — (19|
(1.13)

In the Appendix, we explicitly evaluate J(1/2,1/2) and
J(1,0),

1

J(1/2,1/2) = % + p [@ — 3arctan (ﬁ)}

= 0.663497, (1.14)

J(1,0) =2 (1 4 ﬁ) 0.32627.  (1.15)
, 7 . . .
For u; € [0,1]1\ {1/2,1}, we compute J (1,1 — @) numeri-
cally using Gaussian quadratures.

Observe that £(u1) = E(1 — ), as it should be, because
P(@out) 1s invariant under the exchange of particles one and
two. Note that there is no term of order o/h in Eq. (1.11).
Actually, the terms of order o /h cancel each other because of
the unitarity of the scattering matrix. This shows that for low
energy the entanglement is a second-order effect.

The scattering length ¢ is a measure of the strength of the
interaction. As is well known, and can be seen in Theorem
2.2 in Sec. II, at first order for low energy the scattering is
isotropic and the total crosssection, that is given by 47rc§,
is determined by the scattering length cy. However, the effects
of the anisotropy of the potential appear at second order. It is
quite remarkable that these effects give no contribution to the
evaluation of the leading order of the purity. It follows from
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TABLE 1. The entanglement coefficient £(u).

= my/(my +my) E(m)
0.5 0.4770
0.525 0.4813
0.55 0.4937
0.575 0.5144
0.6 0.5434
0.625 0.5816
0.65 0.6296
0.675 0.6880
0.7 0.7550
0.725 0.8320
0.75 0.9179
0.775 1.0120
0.8 1.1130
0.825 1.2208
0.85 1.3228
0.875 1.4488
0.9 1.5659
0.925 1.6832
0.95 1.8010
0.975 1.9168
1 2.0287

this that the leading order of the entanglement for low energy,
Eq. (1.11), is determined by the scattering length ¢y, and that
the anisotropy of the potential plays no role in spite of the fact
that entanglement is a second-order effect, which is surprising.

We see from Table I and Fig. 1 that the entanglement
coefficient depends strongly on the difference of the masses.
It takes its minimum for i = 0.5, when the masses are equal,
and it increases rapidly with the difference of the masses, as (1,
tends to one. This shows that, if the scattering length is fixed,
the entanglement takes its minimum when the masses are equal
and that it strongly increases with the differences of the masses.
This is indeed a remarkable result. Suppose that we consider
different pairs of particles that interact in the same way at
low energy, in the sense that, to leading order, they have the
same total scattering crosssection, i.e., such that the scattering
length ¢ is the same for all the pairs. Moreover, suppose that

0'07 S I Y S S S S RS S S R g
0.5 0.6 0.7 0.8 0.9 1.0

FIG. 1. (Color online) The entanglement coefficient y = (i),
as a function of x = u; :=m/(m; + my), for 0.5 < u; < 1.
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the total mass M of the pairs is kept fixed, but that the individual
masses mj,m, of the particles are different in each pair. Our
results show that, under these conditions, over four times more
entanglement is produced by increasing the difference of the
masses of the particles in the pairs. In practical terms, this
means that to produce entanglement by scattering processes
in experimental devices, it is advantageous to use particles
with a large mass difference. This fact can be understood in
a physically intuitive way as follows: In the scattering of a
light particle with a very heavy one, the trajectory of the light
particle will be strongly changed, with a large exchange of
quantum information between the particles, leading to a large
entanglement creation.

Note that in the scattering of a particle with a large mass and
a particle with a small mass we can assume that the trajectory
of the large particle is not affected by the interaction, i.e.,
that to a good approximation, it follows a free trajectory, and
that the small particle feels an (external) interaction potential
centered in the position of the large particle. However, the
trajectory of the small particle will be strongly affected by
the interaction, which will produce exchange of information
between the particles, leading to the creation of entanglement
between them. To evaluate this entanglement it is, however,
necessary to take into account the degrees of freedom of both
particles, as we do to compute the purity.

In Ref. [4], a similar problem is considered in the case of
equal masses and spherically symmetric potentials. They give
an approximate expression for the leading order of the purity
in the case of a Gaussian incoming wave packet that is very
narrow in momentum space. The generation of entanglement
in scattering processes has been previously considered in
one dimension, mainly for potentials with explicit solution.
See Refs. [5,6], and the references quoted within. Moreover,
Refs. [7-9], and the references quoted within, consider a
system of heavy and light particles. They study the asymptotic
dynamics and the decoherence produced on the heavy particles
by the scattering with light particles in the limit of small
mass ratio, which is different from our problem. The loss
of quantum coherence induced on heavy particles by the
interaction with light ones has attracted much interest. See,
for example, Refs. [10,11].

The paper is organized as follows. In Sec. II, we define the
wave and scattering operators and the scattering matrix, and
we consider its low-energy behavior. In Sec. III, we prove our
results in the creation of entanglement. In Sec. IV, we give
our conclusions. In the Appendix, we compute integrals that
we need in Sec. III. Throughout the paper, we denote by C
a generic positive constant that does not necessarily have the
same value in different appearances.

II. LOW-ENERGY SCATTERING

We consider the scattering of two spinless particles in
three dimensions. We find it convenient to use the time-
dependent formalism of scattering theory. See, for example,
Refs. [13—17]. The Hilbert space of states in the configuration
representation is H := L*(R®). The Schrodinger equation is

0
ih Eﬁo(xl X0) = Ho(x1.X2), 2.1
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where the Hamiltonian is given by

H=Hy+ V(X —x2). (2.2)
The operator Hy is the free Hamiltonian
n? n?
Hy := _Z_ml — 2—mzA2, (2.3)

with 7 Planck’s constant, m ;, j = 1,2 the mass of particle one
and two, respectively, and A ; the Laplacian in the coordinates
X;,j = 1,2. The potential of interaction is multiplication by a
real-valued function V(x), defined for x € R3. As usual, we
assume that the interaction depends on the difference of the
coordinates X; — X,, but no spherical symmetry is supposed.
V satisfies the following condition.

Assumption 2.1. For some 8 >0, (14 |[x)?V(x) is a
compact operator from the Sobolev space H'! into the Sobolev
space H ™.

Below we will assume that 8 > 5 or that 8 > 7. For the
definition of Sobolev’s spaces, see Ref. [12]. Conditions for
Assumption 2.1 to hold are well know [18,19]. For example,
if Egs. (1.4) and (1.5) are satisfied. Under this condition, H
is defined as the quadratic form sum of Hy and V, and itis a
self-adjoint operator.

The wave operators are defined as

Wi = s-limy o el gl
As is well known, under our condition the wave operators exist
and are asymptotically complete, i.e., their ranges coincide
with the absolutely continuous subspace of H. Moreover, the
scattering operator
S=W;w_ 24)
is unitary.

Before the scattering, when the particles are far apart from
each other and the interaction is weak, the dynamics of the
system is well approximated by an incoming solution to the
free Schrodinger equation with the potential set to zero,

et g
where the incoming asymptotic state ¢_ is the Cauchy data
at time zero of the incoming solution to the free Schrédinger
equation. When the particles are close to each other, and the
potential is strong, the dynamics of the system is given by the
solution to the Schrédinger equation

e W_g_, (2.5)

that is asymptotic to the incoming solution to the free
Schrodinger equation as t — —o0,

im e g —e i W_g_| = 0.

After the scattering, for large positive times, the particles again
are far away from each other, and the dynamics of the system
is well approximated by the outgoing solution to the free
Schrodinger equation

it
e T WEW_g_,
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that is asymptotic to the solution to the Schrédinger equa-
tion (2.5) as t — oo,
; —i;H _ ,—ifHy —
tl_l)r& lle W —e i WiW_ o || =0.

The outgoing asymptotic state is the Cauchy data at time zero
of the outgoing solution to the free Schrodinger equation ¢ :=
Wi W_g_. Itis given by the scattering operator ¢, = S¢_.

As usual, we consider the center-of-mass and relative
distance coordinates

L miXp +moXp 2.6)
’ mp; +my ’ '

X 1= X] — Xp.

Xcm

2.7)

The state space H factorizes under this change of coordinates
as

H= Hcm ® Hreh (28)

where Hem = L2(R3), Hye := L?>(R?) are, respectively, the
state spaces for the center-of-mass motion and the relative
motion. Since the interaction depends only on x, the Hamilto-
nian and the wave and scattering operators decompose under
the tensor product structure, and, in particular, we have that

S = Icm ® Srels (29)

where I, is the identity operator on H., and S is the
scattering operator for the relative motion, that is defined as
follows. The Hamiltonian for the relative motion is given by

2

h
Hy = ——Ax + V (%), (2.10)
2m
where m is the reduced mass
mi= 1’2 Q.11)
mi + mo

and Ay is the Laplacian in the x coordinate. The free relative
Hamiltonian is

h2
HO,rel = ——AX. (212)
2m
The relative wave operators are defined as
W el i= 5-limuyog €' e g7 Hoorel, (2.13)
The relative scattering operator
Stel = Jt,rel Wf,rel (2.14)

is a unitary operator on H.

We denote by 7 := L?(R®) the state space in the momen-
tum representation. The momentum of the particles one and
two are, respectively, p;,p». We define the Fourier transform
as a unitary operator from H onto ,

1 ;
Fomep) =G /];@ TP oy x0) (2.15)

It is also convenient to take as coordinates in the momentum
representation the momentum of the center of mass and the
relative momentum,

Pem == P1 + P2, (2.16)
— w (2.17)
mi +my
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The state space in the momentum representation also factorizes
as a tensor product
H =Hem ® Heel, (2.18)
where Hem = L2(R3), Heer := LA(R?) are, respectively, the
state spaces in the momentum representation for the center-of-
mass motion and the relative motion.
The scattering operator in the momentum representation,

S:=FSF, (2.19)

decomposes as

S =Im® Sreh (2.20)

where S’rel is the scattering operator for the relative motion in
the momentum representation

Srel = ]:rel Srel -7:71

rel °

2.21)

where F is the Fourier transform in the relative coordinate

1 Cipx
Frap(p) = E /R} e iPX p(x). (2.22)

We denote by S? the unit sphere in R3. As S, commutes with
Hj 1 (energy conservation) we have

(Sr1)(P) = [S(P*/2m)¢](p),

where the scattering matrix, S(E), is a unitary operator in
L?(S?) for each E € (0,00). Note that the scattering matrix
defined in the time-dependent framework coincides with the
scattering matrix defined in the stationary theory by means of
the solutions to the Lippmann-Schwinger equations.

The following theorem has been proven by Kato and Jensen
[19]. Note that they consider the case i = 1,m = 1/2, but the
general case is easily obtained by an elementary argument.
A zero energy resonance (half-bound state) is a solution to
H,.i¢ = 0 that decays at infinity but that is not in L>(R?). See
Ref. [19] for a precise definition. For generic potentials V,
there is neither a resonance nor an eigenvalue at zero for H.
That is to say, if we consider the potential AV with a coupling
constant A, zero can be a resonance and/or eigenvalue for
at most a finite or denumerable set of A’s without any finite
accumulation point.

The scattering length is defined as

=Ly 1+Gz”v 7111 (2.24)
c=—\— — .
O 4n \ 2 “n? )

where (.,.) is the L? scalar product in R?, 1 designates the
function identically equal to one, and Gy is the operator with
integral kernel the Green’s function at zero energy,

(2.23)

Go(x,y) := x,y € R®. (2.25)

dmix —yl’

The operator (1 + Gy ;—’;’ V) is invertible because zero is neither
an eigenvalue nor a resonance for H.j. We define the scattering
length ¢ with the opposite sign from the one used in Ref. [19],
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so that it coincides with the definition used in the physics
literature [16,17]. Furthermore,

1
Yo(v) := i e S?, (2.26)

1 (2m 2m \"' )

Yl(l)) :m(h—z‘/(l—i-Goh—ZV) 1,X'U), v eS”.
(2.27)

We denote by B(L?(S?)) the Banach space of all bounded
linear operators on L2(S?).

Theorem 2.2. (Kato and Jensen [19])

Suppose that Assumption 2.1 is satisfied and that at zero H
has neither a resonance (half-bound state) nor an eigenvalue.
Then, if 8 > 5, in the norm of B(L*(S?)) we have for |p/h| —
0 the expansion

S®*/2m) = I +ilp/hl B} — Ip/AI> £ + o(Ip/AI*), (2.28)
where [ is the identity operator on L*(S?),

) := —2¢(-,Yo) Yo, (2.29)

and

29 =20, Yo) Yo+ (-, Y)Yy — (L Yp)Y1.  (2.30)

Furthermore, if 8 > 7,0(|p/%|*) can be replaced by O(|p/#|?).

Note that Y; = 0 if V is spherically symmetric. We see
that, as is well known, the leading order at low energy of
S(p?/2m) — I is given by the scattering length, i.e., in leading
order the scattering is isotropic. The anisotropic effects appear
at second order.

III. ENTANGLEMENT CREATION

Consider a pure state of the two-particle system given in
the momentum representation by the wave function ¢(p1,p2)-
Let us denote by p(¢) the one-particle reduced density matrix
with integral kernel

p(@)(p1.,p)) = /w(pl,pz)w(p’ppz) dpa,

and by P(¢) the purity

Plo) =Tes") = [ dp i dpadp) o)

X o(p}.p2) 9(P}.P3) ©(P1.P5)- (3.1)

The purity is an entanglement measure that is closely related
to the Rényi entropy of order 2, — InTr(p?) [3,20,21]. It is
trivially related to the linear entropy S; as S, =1—P. It
satisfies 0 < P < 1 if ¢ is normalized to one. Furthermore,
it is equal to one for a product state, ¢ = @1(p1) ¢2(p2). The
purity is an entanglement measure that is convenient for the
study of entanglement creation in scattering processes, because
it can be directly computed in terms of the scattering matrix.

We work in the center-of-mass frame, and we consider an
incoming asymptotic state that is a product of two normalized
Gaussian wave functions,

@in,po(P1,P2) = ©p(P1) ¥—p, (P2), (3.2)
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where

1
%@m=agﬁzﬂﬂwm? (3.3)
In the incoming asymptotic state (3.2), particle one has mean
momentum Py and particle two has mean momentum —py.
The variance of the momentum distribution of both particles
is o. We assume that the scattering takes place at the origin
at time zero, and for this reason the average position of both
particles is zero in the incoming asymptotic state (3.2). Note
that by Eq. (2.17), the mean value of the relative momentum
in the state (3.2) is equal to py.

Since @iy p, 1s a product state, its purity is one,

P(¢inp,) = 1. (3.4)

After the scattering process is over, the two particles are in the
outgoing asymptotic state @out,p,» given by

Poutpo(P1:P2) 1= (S(P*/2m)@in p)(P1,P2).  (3.5)

Since the relative momentum p depends on p; and on pz, @ou,p,
is no longer a product state and it has purity smaller than one,
which means that entanglement between the two particles has
been created by the scattering process.

We will rigorously compute the leading order of the purity
of @out,p,» 1N a quantitative way, in the low-energy limit for
the relative motion. Note that to be in the low-energy regime,
we need the mean relative momentum pg to be small, but also
the variance o to be small, because if o is large the incoming
asymptotic state @i, p, Will have a big probability of having
large momentum, even if the mean relative momentum py is
small.

We first introduce some notations that we need. We denote
by ¢in the incoming asymptotic state with mean value of the
relative momentum zero,

ein(pP1,p2) := o(P1) (P2), (3.6)

where

1 2 2

e = P /20 3
e(p) = PR . PeER’, (3.7)
and by ¢o the outgoing asymptotic state with incoming

asymptotic state @i,

Pour(P1.P2) 1= (S(P*/2m)@in)(P1.P2). (3.8)
We define
V(@) = (n)3/4e*<‘1*q0>2/2, qeR’, (3.9)
1
V(qQ) = O 2 qeR’, (3.10)
Yinqo (A1,92) = Vqo(d1) ¥—gq,(q2), (3.11)
Vin(q1,.92) == ¥ (q1) ¥ (q2). (3.12)

We prepare the following proposition that we will need later.
Proposition 3.1.

(3.13)
(3.14)

”(pin,po - (pln” < C mln{|p0|/0a 1}5
”p(@in,po - wm)” g C |PO|
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Proof: We denote q := po/o. Then

||¢in$p0 - win” = ”win,qg - win”~ (315)

Assume first that [qg| < 1. We have that
Vingo — Vin = m g*(q%Jr(l%)/z[e*q%Hm*‘lz)"ln —1]. (3.16)

Moreover,
|efq§+(q17qz)-qo —1|
—q3+(q1—92)-q0
= / e'ds (3.17)
0

< el HallalHED[ g1 + [qol(lai] + lquD]. (3.18)

It follows from Egs. (3.15), (3.16), and (3.18) that Eq. (3.13)
holds for |qo| < 1. In the case |qo| > 1, the estimate is
immediate because

”(pin,po - (pin” < 2.
Note that by Eq. (2.17),

Ipl < Ip1f + [p2l-
Then, if |qog| < 1 as in the proof of Eq. (3.13), we prove that

IP(@in,p, — @il < C [Pol- (3.19)
If |qo| = 1, we estimate as follows:
IP(@inp, — @il < I1P11(@in,py — ¢in)l
+ P21 (@inp, — @in)ll.  (3.20)
Furthermore,
P11 (@in.p, — @in)ll

< 1Pt — Pol @inpo | + 1Pl @inpo | + [1P1] @il
< olllg1 — Qol Yingll + [P0l + o lllq1] Yinll
< Clpol.
(3.21)

In the last inequality, we used o < |po|. In the same way,
we prove that

I1P21(@in,p, — @in) |l < Clpol. (3.22)
By Egs. (3.20), (3.21), and (3.22), we have that
IP(@in,p, — i)l < Clpol. (3.23)

Equation (3.14) follows from Egs. (3.19) and (3.23). |
Let us denote

T(p*/2m) = S(p*/m) — I, (3.24)

where I designates the identity operator on L*(S?). It follows
from Eq. (2.28) and ||S(p?/2m)||52s?) = | that

[p/hl

. 3.25
T+ p/al 6:2)

17 (®*/2m)5u2s?y < C
Hence,

o
17 (p*/2m)ginl < Collavinl.- (3.26)
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We designate
L(P1,¢2,¢3,¢4) 1 = /Rlz dpi dp dp, dp, ¢1(p1.p2)

X ¢2(p}.P2) $3(P}.Py) P4(p1,P5). (3.27)
Note that

P(p) = L(¢.¢.0.9).

It follows from the Schwarz inequality that

|L($1,¢2,03,¢2)| < TT5_, [l . (3.28)

The following theorem is our first low-energy estimate of the
purity.

Theorem 3.2. Suppose that Assumption 2.1 is satisfied and
that at zero Hy; has neither a resonance (half-bound state) nor
an eigenvalue. Then

P(pout.po) = P(@our) + O(Ipo/h]), (3.29)

where O(|pol|/h) is uniform on o, for ¢ in bounded sets.
Proof: Writing oy, p, as

as |po/hi| — 0,

Poutpo = S(P*/2M)Pinpy = Pin.py + T (P*/21)Pin py»

and using Eq. (3.4), we see that we can write P(@out,p,) as
follows:

P(Poupo) = 1+ R(po), (3.30)
where R(po) is given by
A

R(Po) := Y _ Li(Po, V1, Y2, %3, Y1) (3.31)

i=1
for some integer A, and where each of the L; (po, V1, V2,3, ¥4)
is equal to

Li(Po, V1, V2, ¥3,¥4) = LOY1,02,¥3,%4),  (3.32)

where for some 1 <k <4, k of the v; are equal to
T(p?/ 2m)@in,p, and the remaining 4 — k are equal to @iy p, .
Similarly,

P(@our) = 1+ R(0), (3.33)
with
A
R(O0) := ) L0y, 92,93, Ya). (3.34)
i=1
Below, we prove that
R(po) = R(0) + O(|po/hl), as|po/hl — 0, (3.35)

which proves the theorem in view of Egs. (3.30) and (3.33).
We proceed to prove Eq. (3.35). Without losing generality,
we can assume that

L1(Po,¥1,¥2,¥3, Y1)
= L(T (P /2m)@in.po-Pin.po-Pin.po - Cinpo)-  (3.36)
‘We have that
Lo, V1,¥2,¥3,V4)
= L(T(P*/2m)Pins Gin.po» Pin.po s Pin.py)
+ L(T(D*/2m)(Ginpy — Pin)+Pin.po-Pin.po-Pinpo)-  (3.37)
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By Eqgs. (3.14), (3.25), (3.28), and (3.37),

L1(Po, Y1, 2,93, %) = LIT(P/2m)@in, Pin,po > Pin po » Pin, po)
+ O(lpo/hl), as |po/hi| — O.
(3.38)

In the same way, using Egs. (3.13), (3.26), and (3.38), we prove
that

L1(Po, V1, V2, V3, %) = LT (P?/20)@in, Gins Pin.po > Pin.po)
+ O(lpo/hl), as |po/hi| — O.
(3.39)

Repeating this argument two more times, we obtain that
ﬁl(vaWI »1//2a‘ﬁ3»1//4)
= L(T(P*/2m)@in,PinsPins@in) + O(IPo /)

= £1(O?1/f1’w271/f3a¢4) + O(lpO/hI)v as |p0/h| — 0.
(3.40)

We prove in the same way that

Lipo,¥1,¥2,¥3,%4) = L;0,91,¥2,%3,94) + O(Ipo/hl),

2<j<A, as |po/hl — 0. (341)
Equation (3.35) follows from Eqgs. (3.30), (3.31), (3.33), (3.34),
(3.40), and (3.41). [ |

We now compute the leading order of the purity of ¢y, We
denote

T1(p*/2m) := S(p*/2m) — I — i|p/h| ¢ + |p/n|* 0.

(3.42)
It follows from Theorem 2.2 that
Ip/hl%o(1), ifg>5
I 71(p*/m)lpracs? <{ . , (3.43)
SIS 1p/mro(p/nl), ifg>7

where o(1) and O(|p/h|) are bounded functions of |p/#]|,
limyp /0 0(1) = 0, and O(|p/h|) < Clp/h| for |p/n| < 1.

Theorem 3.3. Suppose that Assumption 2.1 is satisfied and
that at zero H,; has neither a resonance (half-bound state) nor
an eigenvalue. Then, as o /I goes to zero,

Plpow) = P([I +ilp/hl =) — [p/n* =3 ]¢in)

o(lo/h®), ifB>5
(oo, tp= 7 O
Proof: We write @q, as follows:
Gout = Pout1 + T (7 /2m)in,
where
gout = [I +ilp/hI 2} = /A" Z]oin.  (3.45)

Using this decomposition, we write P (@) as follows:

P(@ou) = P(@ou,1) + R(0), (3.40)
where R (o) is given by
B
R(o) := Z Li(o¥1,%2,93,%4), (3.47)

i=1
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for some integer B, and where each of the £; (o,y1,v¥2,¥3,14)
is equal to

Li(o, 1, %2, %3,%4) = L0, ¥2,¥3,¥4),

where for some 1 < k < 4, k of the v; are equal to @oy,; and
the remaining 4 — k are equal to 7;(p*/2m)@;y,.
We proceed to prove that as o /h goes to zero,

(3.48)

olo/n?),
O(lo/nP),

if B>5

g7 (3.49)

R(o) = {

which proves the theorem in view of Eq. (3.46). Without any
loss of generality, we can assume that

L0, Y1,92,93,%4) = LI@out, 1 Pout, 1 Pout, 1, 1 (P*/2m)@in].

(3.50)
By Eqgs. (3.28) and (3.43), we have that
_ 0(|a/h|2), if 8>5
Lp(o, 01,2, 93,%4) = {0(|a/h|3), =7 (3.51)

We complete the proof of Eq. (3.49) estimating the remaining

terms in Eq. (3.47) in the same way. ]
We denote by
m; .
= ——1i=172 3.52
W= (3.52)

the ratio of the mass of the i particle to the total mass. It follows
from Eqgs. (2.16) and (2.17) that

Pi = i1Pem + P (3.53)
P2 = U2Pem — Ps (354)
and that
1 s TR o SITEE RNE
Pin e 272 Pem o o2 (3.55)

= (02n)2

By a simple computation using Egs. (3.45) and (3.53)—(3.55),
we prove that

P([1 +ilp/al =} = Ip/nl 23 ]¢in)
=1— (/) [P1(¥in) + P2(¥in)]

+O0((o/h)’) aso/h — 0, (3.56)

where

P1(¥in) = Z7_, P1;(¥in) (3.57)
with
Pr1(¥in) = _Z/dqld(hd(b [2q1 — p1q2] 11293 — 11q2|

< (2 (a1.92) (B)¥(q3,92)) ¥(q1.93).
(3.58)

P1r2(Win) = —2/dQ1dQ2dQ3 [2q1 — p1qe] 291 — (193]

x (20 (q1,92) (V¥ (q1.93)) ¥(q2.93),
(3.59)
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Pr3(¥in) = 2[fdQ1d(h [2q1 — (19|

2
x (09 (q1.42)) w(ql,qz)} . (3.60)
and

Pr(Yin) = 4/61(11d(h lnaqi — iqol?

x (299(q1,92)) ¥(q1,92).

Explicitly evaluating the integrals in Eqgs. (3.58)—(3.60) using
Eq. (3.55) and pp = 1 — w1, we prove that

(3.61)

2.2
Puilin) = =8 (.l = ). (62)
2.2
Pral) = 8205 J( = ). (363)
C20'2
Prs(Win) = 8- [L(u1,1 — u)T, (3.64)

h

where
1
J(1,u2) = o dqp dqi|puaqr — 119z|
1
x eXP[ -5+ )@ + @)’

— (paqi — 1q2)* — Q%/2i|

sinh[(i1 — 1) |q1 + @2 [12G1 — 1416o]] }2
(1 — u2) g1 + q2f [2q1 — (19|

(3.65)
and
L(per,142)
1
== /d(h dqa|p2qr — piqa|
T
x exp[— (1 + 13)(q1 + @) = 2(2q1 — p1G2)°]
x exp[—(u1 — u2)(q1 + q2) - (L2qi — 11q2)]
sinh[(1 — w2) 41 + Q2| g1 — 11921 (3.66)
(w1 — p2) a1 + Q| 2y — @2 ’
Furthermore,
C202
Po(¥in) = 8 (;)-,2 N(ui1— ), (3.67)
where

1
N(uipa) s = — /dqcm dq q’exp [ — (1] + 13 —24°

sinh[(41 — p2) |qem 1q]

(1 = 12) [gemllql]
(3.68)

— (K1 — p2)Gem - q]

Note that the second and third term in the right-hand side of
Eq. (2.30) give no contribution to N (w1, 1), because as Y;(v)
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is an odd function, the integrals of these terms are zero. By
Eqgs. (3.44), (3.56), (3.57), (3.62)—(3.64), and (3.67),

Pgou) = 1 — 8(coo /R {[L(pt1.1 — u)* + N1, 1 — puy)
—J(u, L —p) = J(A = p pn)}
2 .
{0(|o/h| 2 ?fﬁ > 5. (3.69)
O(lo/h|?), ifB>17

In the Appendix, we prove by explicit computation that

2
Ly, 1 — py) = \/;[1 +Qui — D172 (3.70)
1 1

2Qur = D* 1+ Qu; — 12

N(ui,1 — ) =

x {14+ Qu — D2 -1}, 371
N(1/2,1/2) = 3/4. (3.72)
We denote by £(u1) the entanglement coefficient
E(ur) = 8{[L(w1,1 = )P + N(ur,1 = )
—J(u, 1 =) = J(A = py,pwn)}. (3.73)
By Egs. (3.70) and (3.71),
16
H) = T G — 17
+ 4 [1+Qu — D?P? -1
Q-1 Jit@m 12
—8J(u1,1 — 1) =8J(1 — pr, ). (3.74)

Thus, we have proven the following theorem.

Theorem 3.4. Suppose that Assumption 2.1 is satisfied and
that at zero H, has neither a resonance (half-bound state) nor
an eigenvalue. Then, as o /h goes to zero,

out) = 1 — (CoO . s
Pout 0 ROV oqomp), ifp > 7
(3.75)
where the entanglement coefficient £(u;) is given by
Eq. (3.74).
Proof: The theorem follows from Egs. (3.69)

and (3.73). |
In the Appendix, we explicitly evaluate J(1/2,1/2),

3 1[V27 1
J(/2.1/2) = + E[T — 3arctan (m)]

= 0.663497. (3.76)

By Egs. (3.74) and (3.76) for u; = 1/2, when the masses are
equal, the entanglement coefficient is given by

E(1/2) = 0.4770. (3.77)

We also explicitly evaluate in the Appendix J(1,0),

1

J(1,0) = 2(1 +— - ﬁ) =0.32627. (3.78)
V3

For u; € [0,1]\ {1/2,1}, we compute J(u;,1 — p;) numer-

ically using Gaussian quadratures. In Table I and Fig. 1, we

give values of E(u;) for 0.5 < py :=my/(my +my) < 1.
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Remark 3.5. Note that there is no term of order o/h in
Eq. (3.75). Actually, the terms of order o/ cancel each other
because of the complex conjugates in the definition of the
purity in Eq. (3.1) and of the factor i in the second term in
the right-hand side of Eq. (2.28) that is there because of the
unitarity of the scattering matrix. This shows that for low
energy the entanglement is a second-order effect.

Remark 3.6. Remark that £(uy) = £(1 — ), which im-
plies that the leading order in Eq. (3.75) is invariant under
the change u; <> 1 — uy, as it should be, because P(@oy) is
invariant under the exchange of particles one and two.

Remark 3.7. As we mentioned in Remark 3.5, at low energy
the entanglement is a second-order effect. As can be seen
in Theorem 2.2, for low energy the scattering is isotropic
at first order and is determined by the scattering length cy.
However, the effects of the anisotropy of the potential appear
at second order. It is quite remarkable that these effects give
no contribution to the evaluation of N(uq,u2), as mentioned
above. It follows from this that the leading order of the
entanglement for low energy [Eq. (3.75)] is determined by the
scattering length ¢y, and that the anisotropy of the potential
plays no role, in spite of the fact that entanglement is a
second-order effect.

IV. CONCLUSIONS

We considered the entanglement creation in the low-energy
scattering of two particles of mass m,m>, in three dimensions
with the interaction given by potentials that are not required
to be spherically symmetric. Initially, the particles are in a
pure state that is a product of two normalized Gaussian states
with the same variance o but opposite mean momentum. The
entanglement creation by the collision was measured by the
purity P of one of the particles in the state after the collision.
Before the collision, the purity is one. We gave a rigorous
computation, with error bound, of the leading order of the
purity P at low energy. Namely, we proved that the leading
order of the purity is given by 1 — (coo/h)*E, where ¢y is the
scattering length, and the entanglement coefficient £ depends
only on the masses of the particles.

We proved that the entanglement takes its minimum when
the masses are equal and that it strongly increases with the
differences of the masses. There is no term of order o /7 in the
leading order of the purity, which shows that for low energy
the entanglement is a second-order effect. As is well known,
for low energy the effects of the anisotropy of the potential
appear at second order. It was found that these effects give no
contribution to the evaluation of the leading order of the purity
and that the anisotropy of the potential plays no role, in spite
of the fact that entanglement is a second-order effect.
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APPENDIX

For the reader’s convenience, we compute in this Appendix
the integrals that we need in Sec. II. We first state some
elementary integrals that we need:

[e'e] 3 1 T
/ g LT o (A1)
o 2V a
o0
1
/ e—axz xz dx = — z a >0, (Az)
o daV a
/ e ge = [Tl gs0, (A3

%\/Eebz/“ [1 —erf(b/v/a)l, a >0,
a

o0 2
/ P —2bx dx =
0

(A4)

where erf(x) is the error function
erf(x) = 2 / e dy. (AS)

N
Equation (A2) follows integrating by parts using

—(1/2a)L£ e~ = ¢~*" x and Eq. (A1). Equations (A3) and
(A4) follow from Eq. (A1), changing the variable of integration
toy=x+b/a,

1
d
/(1 et
= arctan <%> —+ arctan (ﬁ) + C. (A6)

‘We have that

3 2 A e
—[erf(V2)]" = — dye ™0,
8Z T Jo
Hence,
5 © 5 5 4 le—z(y2+l)
V- lert/DP = [ Stertar == [ .
. 0z 7 Jo ¥+1
It follows that
ﬁz(» +1)
erf(z)]"=1— — / A7
[erf(z)]* = 1 (A7)
We first compute J(1/2,1/2). By Eq. (3.65),
1 ) )
10200 = s [deeglal’ @)
where
g(lq) = / dqilq; — qx| e~ dg;. (A9)

To evaluate Eq. (A9), we take a system of coordinates
where q; = (|q2/,0,0), we do the change of coordinates

(91.1,91.2,91.3) = (q1.1 — |921,41.2,¢1,3), and we compute the
integral in spherical coordinates to obtain

T e*l‘]z\2

lq2|

o0
g(q)) = / e PPl — g 2elry - (A10)
0
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After repeated integrations by parts using —(1 /Za)%e*‘”’2 =
e~ar’ p and Eq. (A4), we prove that

3/2

erf(|qa))(1 + 2 qu|?) + e e (Al1)

T
gllq)) =
2lqa

Introducing Eq. (A11) into Eq. (A8) and passing to spherical
coordinates, we obtain

J(1/2,1/2)
1 o0 2 7T3/2 2 2
=— p?e | —erf(p)(1 4+ 2p%) + e | dp.
a2 Jy 2p

(A12)

After expanding the square in the right-hand side of Eq. (A12),
several integration by parts using —(1 /2a)%e
and Egs. (A1), (A2), (A6), and (A7), we obtain that

31 [V27 1
J(1/2,1/2) = 3 + - [T — 3 arctan (m)}

—ap? _ e_“pzp

= 0.663497. (A13)
We now compute J(1,0). By Eq. (3.65),
1 o2

J1L.0) = =5 / dapg; e > (@), (Al4)

where
lai+allel _ o—lai+allq]

lq1 + q2] 1q2|
(A15)

h(qp) = /dQ1 e—(q|+Qz)2/2 e—lﬁ/Z ¢

Changing the integration coordinate in Eq. (A15)to Q = q1 +
(2, we obtain

Q] _ ,—IQl e
QI lq2|

Using spherical coordinates and doing the integration in the
angular variables, we get

h(qn) = e~ %2 / dQe @’ Qe (A16)

h(qz) = 9/ /Oodp e P [0l 4 20l _ 9
lq2? 0
2 e8]
= T(z efq%/z / dp e*ﬂz [62;0 lq2| _ 1] (A17)
92| oo
By Egs. (A1) and (A3),
2732
hgo) = T2 (o8 — 1), (AL8)

lq2|?

Introducing Eq. (A18) into Eq. (A14) and performing the
remaining integrals with the aid of Eq. (A1), we prove that

1
J1,0) =211+ — —+2) =0.32627. Al19
(1,0 (+ﬁ f) (A19)
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We proceed to compute L(i,1 — wy). Using spherical coordi-
nates and performing the integrals in the angular variables, we
prove that for p; # uo,

4 o0 a2
L(py, o) = ————— drhe
(11 — p2)*m Jo
y {/OO e~ (WP 2o —hp _ 1]d0}~
—00
(A20)

By Egs. (Al) and (A3), and integrating by parts using
—(1/261)%(“/72 = e’ 0, we prove that

o ]2 IRV I Y
Ly, 1 —py) = n[l-i-(zll«l D775 (A2D
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Finally, we compute N(u1,1 — ;). Using spherical coordi-
nates in Eq. (3.68) and evaluating the integrals in the angular
coordinates, we obtain for p # u, that

4 = 2 ,—222
N(ua.pi2) = —zf e
(pr — p2)* Jo
x fw e*(lﬁﬂt%)ﬂ [62(M1*M2))»p —1]. (A22)

By Egs. (A2) and (A3),

1 1
N(ui,1 — ) =
‘ 22 = 1? T+ Qu; — 12
x {[1+Qui — DT> =1} (A23)
Taking the limit as u; — 1/2, we get
N(1/2,1/2) = 3/4. (A24)
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