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Efficient synthesis of quantum gates on a three-spin system with triangle topology
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Experiments in coherent nuclear and electron magnetic resonance and optical spectroscopy correspond
to control of quantum-mechanical ensembles, guiding them from initial states to target states by unitary
transformations. The control inputs (pulse sequences) that accomplish these unitary transformations should
take as little time as possible so as to minimize the effects of relaxation and decoherence, and to optimize the
sensitivity of the experiments. Here, we give an efficient synthesis of a class of unitary transformations on a three
coupled spin-% system with equal Ising coupling strengths. We show a significant time saving compared with

conventional methods.
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I. INTRODUCTION

Control of quantum systems has important applications
in physics and chemistry. In particular, the ability to steer
the state of a quantum system (or an ensemble of quantum
systems) from a given initial state to a desired target state
forms the basis of spectroscopic techniques such as nuclear
magnetic resonance (NMR), electron spin resonance (ESR)
spectroscopy [1,2], laser coherent control [3], and quantum
computing [4,5]. Developing a specific set of control laws
(pulse sequences) that produce a desired unitary evolution of
the state has been a major thrust in NMR spectroscopy [1].
For example, in the NMR spectroscopy of proteins [6], the
transfer of coherence along spin chains is an essential step in a
large number of key experiments. Spin-chain topologies have
also been proposed as architectures for quantum information
processing [7,8]. In practice, the transfer time should be as
short as possible in order to reduce the loss due to relaxation
or decoherence.

The time-optimal synthesis of unitary operators is now
well understood for coupled two-spin systems [9-15]. This
problem has also been studied recently in the context of linear
three-spin topology [16-21], where significant savings in the
implementation time of trilinear Hamiltonians and synthesis of
couplings between indirectly coupled spins were demonstrated
compared with conventional methods. In [16,18-21], it was
shown that the time-optimal synthesis of indirect couplings
and of trilinear Hamiltonians from linear Ising couplings can
be reduced to the problem of computing geodesics on a sphere
under a special metric. In this paper, we extend these methods
to three-spin system with equal Ising couplings, and we study
the efficient synthesis of the unitary transformations on the
system, which constitutes an important step in understanding
control of multiple-spin dynamics. Synthesizing quantum
gates on more than two qubits is appealing because, although
single- and two-qubit operations form a universal set for
quantum computing, it scales unfavorably with the complexity
of implemented algorithms. Multiqubit gates can replace
complex sequences of two-qubit gates, thus promising faster
execution and higher fidelity.
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II. TIME-OPTIMAL CONTROL FOR THREE LINEARLY
COUPLED SPINS

In this section, we give a brief introduction of previous
results on efficient synthesis of unitary transformations on
three linearly coupled spins [16], upon which our present
results are based.

Consider a chain of three spins coupled by scalar couplings
(J13 = 0), Fig. 1(a). Furthermore, assume that it is possible to
selectively excite each spin (perform one-qubit operations in
the context of quantum computing). The goal is to produce a
desired unitary transformation, U € SU(8), from the specified
couplings and single-spin operations in the shortest possible
time. The dynamics of the unitary propagator U, describing
the evolution of the system in a suitable rotating frame, is well
approximated by

6
U:—i(Hd—I—ZujHj)U, Uuo) =1, (1

j=1

where
Hy =21 Jppli Dy + 2wyl I3, Hy =27y,
H2 = 27T11y, H3 =27T12x, H4=27T12y,
H5 = 2JTI3X, H6 = 2]‘[13)“

Here I, == (Y 0)/2, 1, := () )/2,and I, :=(, °))/2are
the Pauli spin matrices, and we denote by 1, the operator that
acts as I, on the £th spin, for example, 11, = I, ® I) ® Iy,
where Iy := ((1) (1)) is the (2 x 2)-dimensional identity matrix.
The symbols Jj; and J,3 represent the strength of scalar
couplings between spins (1,2) and (2,3), respectively. Here
we will treat the important case of this problem when the
couplings are both equal (Jj; = Jo3 = J). We will be most
interested in unitary propagators of the form

U =exp(—i2nk I, 1, 13;).

These propagators are hard to produce as they involve trilinear
terms in the effective Hamiltonian. We will refer to such
propagators as trilinear propagators.

We assume that we can selectively rotate each spin at a rate
much faster than the evolution caused by the couplings, i.e.,
the single-spin operations can be done in a negligible amount
of time.

©2011 American Physical Society


http://dx.doi.org/10.1103/PhysRevA.84.062301

HAIDONG YUAN AND NAVIN KHANEJA

fz\ 5 @ (a)

N

J J (b)

FIG. 1. Spins in linear (a) and triangle (b) topology.

Theorem 1 [16]. Given the spin system in (1), with Jj, =
Jo3 = J and Jj3 = 0, the minimum time required to produce
a propagator of the form Up = exp(—i2nk 1l Ir;13;), Kk €
[0,2], by using an effective Hamiltonian H.g(?) equal to

277-1{(11112x + 12x13z) Cos 9([) + (11z12y + 12y13z) sin@(t)},
is
VK@ — k)
2J '

The sequence of unitary transformations that produces the
propagator Up is as follows:

. . B
Ur =exp —1512y exp| — i 7r+5 I,

X eXp (T(K)|: — isz(]lzIZZ + ]21131) + l%]@i|>

T(k)=

1
X exp (lzlzy), 2

where 8 = (2 — k)7 and T (k) = Y<{-.

Some properties of the functlon T(/c) = V’(;“J_K) are in
order.

Theorem 2. The function

i
10 =Y ke

is a concave function satisfying

T(k1+x2) < T(ky) + T(k2).

To prove concavity, we just have to show that ‘lz—f < 0.
dk

The computation is simplified by substituting k = 2 — y, and

then dzf = %. A direct computation shows that for y €
[0,2),
d’T(2 — y) -4+ 2)/2)
dy? 4—y>:

Thus T is a concave function, which implies
T(adr + (1 —a)d2) = aT(81) + (1 — )T (82). 3)
Proposition 1. If

(k1,k2), where Ky <k
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and
/ / /
(k1,65), where K, < k)

are two divisions of «, i.e.,
furthermore if x; > &7, then

Kk =K1 +ky = k| + &5, and

T (k1) + T (k2) < T(ky) + T (k).

To see this, first note that k| € [k2,k1], s0 k] = ax; + (1 —
o)k, for € [0,1]. Then using «; + k2 = k| + k5, one gets
k5 = (1 — a)k; + aky. Using concavity,

T (x|

) = aT (k) + (1 — )T (k2),
T (k})

1 — )T (k1) + aT (k).

VoWV

Adding the two equations, we get

TG} + T(y) = T() + T ko).

In particular, this implies

T(k1) + T(k2) = Tk + k2) + T(0) = T(k1 + x2).

III. EFFICIENT CONTROL ON THREE COUPLED SPINS
WITH A TRIANGLE TOPOLOGY

Now consider three spins coupled to each other with
equal Ising couplings, Fig. 1(b). The dynamics of the unitary
propagator U, which describes the evolution of the system in
a suitable rotating frame, is well approximated by

6
U= —i(Hd + Zu,H,)U, Uy =1, (4)

j=1
where

H; =2nJ1,I;, + 2nJ I, 15, + 2nJ 11, 15,, H, =2nl,,
H2:27T11y, H3:27'[12X, H4:27'[12y,

H5 = 27T13x, H6 = 27T13y.

We will be most interested in synthesizing a Toffoli gate on this
three-spin system. The quantum Toffoli gate is the archetype
of a three-qubit gate that performs a controlled NOT operation
on a target qubit depending on the state of two control qubits.
It constitutes one of the basic building blocks for quantum
computation and is widely used in quantum computation, for
example in Shor’s algorithm and quantum error correction.
The quantum Toffoli gate is a unitary propagator of the

form
. 1 1
UTZCXp —I7T EI_Ilz EI_IZZ [3x
= exp|: 13}:|
1
X exp[ 171(21 ~)( I — 127>13Zi|

X exp [z =1y .
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Since the single operations take a negligible amount of time,
it is equivalent to synthesize the gate
U=exp|—in(3/ —1.)(3] — L)L)

%122131 + Ilz12113z)]7
®)

= exXp [ — l-JT(%I:;Z — %111131 —

which is again equivalent to synthesizing
exp[ —in (= 3hels, = shels + lihe1s)]. (6)

The rest of the paper will focus on how to efficiently
synthesize this unitary operator. The conventional way is to
synthesize terms in the Hamiltonian separately while using
pulses to decouple part of the coupling interactions. It takes
ﬁ to generate expli 5 1;/3;] by decoupling the second spin,
which is obtained by using the Hamiltonian

H, :277](111122+12z13z+11z13z) @)
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and

Hy, =2nJ(—1iIh; — I I3, + 1, 13;), (3

each for % units of time, and then applying a hard & pulse
on spin 1 or spin 3. The Hamiltonian H, is synthesized by

application of a hard  pulse on spin 2, i.e.,
exp(—iHyt) = exp(—im Iry) exp(—i Hit) exp(im I5y). (9)

It takes same amount of time to generate expli 5 I>;/3.].
The term exp[—im I,;1>,13;] can be obtained by the Baker-
Campbell-Hausdorff formula

.7712y13z

exp(—im I, I,)exp ( —1 > exp(im Iy, Iry)

=exp(—inl I, 15;). (10)
Therefore, the total time required to produce the unitary
propagator is

2L + L + 2i = l
4] 4J 2J 4

We will show that this can be significantly shortened.
From the preceding section, we know that

ay ‘ Al T dx Tl 4 Dds) 4+ i P 1 ay
exp —152y> exp —lﬂ+§ w |exp | T()| —i2nJ (I 1, + 2z3z)+lm2x eXP(lzzy

= exp(—i2nkl 1, 13;),

where § = (2 —«)m and T'(k) = —”;4]_'(). Now, replace the linear-coupled Hamiltonian with the triangle-coupled Hamiltonian.
As the new coupling term [}, I3, commute with all other terms, we get

exp —l.zlzy exXp —1 7'[—|-E sz eXp T(K) _iZﬂJ(IIZIZZ+IZZI31+IIZISZ)+1.L]2X eXp izlzv
2 2 T (k) 2

= exp{—i[2mc11112113z + 27TJT(K)I]ZI3Z]}.

Similarly, we can get

exp ( — i%11y> exp ( — i|:71 + g]lu) exp (T(/c)[ —2nJ( 1, + I 15, + 11 15;) + iillx]> exp (i%11y>

= exp{—i[2mcllzlzzl3z + 27TJT(K)IQZI3Z]}.

All the terms we need have appeared but some signs are
different, which can be reversed by applying 7 rotations on
a single spin. From now on, we just show how to optimally
combine the terms

exp{—i[2mc]lzlzzl3z + 27TJT(K)I]ZI3Z]},
1D
exp{—i[2mic Doz I3, £ 27 J T (k) 2 13,1},

with possible decoupling terms to get the desired gate,
particularly the Toffoli gate.

T (k)

We begin by considering how to generate

Uy = exp [ - i<2mc11112113z - %1111%)] (12)

efficiently.

A. When T (k) < ﬁ

If T(k) < ﬁ, then the minimum time to synthesize the
above propagator is simply %. The first T'(x) units can be

used to synthesize exp{—i[2rw«k i I, 15, — 2w JT (k)I1;15;]}
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and the remaining 411 T(x)to synthesize the remaining part
of I;.I5,. Note that it takes at least 77 to synthesize the term

711 I3, so the minimum time is H

B. T(Ic)> -

IfT(k) > ﬁ, then it is not a good strategy to sequentially
synthesize Hamiltonians

exp{—i[2ru,li 1o 13, — 2w I T (ko) 1113, ]} (13)

and
exp{—i[2mkpli oo 15; — 20 J T (kp) 11131}, (14)
where Ka + kp = k. Asbyconcavity T'(x,) + T (kp) = T (k, +

/cb) > 41, so additional overhead in a time of T'(«x,) + T (k) —

4 S is needed to remove the extra buildup of the term Iy, /3.
Therefore, in this way the total time would be

T(ka)+ T(kp) — % + T(ka) + T(kp) =

ie., it takes more time than directly synthesizing
exp[—i2axli I, I3, +2nJ 1,13, T(x)], which takes T (k)
units of time, then removing the extra build up of the term
I, I3, with T'(k) — 7 units of time.

But, if we flip one sign, we sequentially synthesize

exp{_i[zﬂ’(a11212z13z =2 JT (ko) 11.13]} (15)

and
exp{—i[2mupli I 13, + 21 J T (k) 1. 13,1} (16)

Combining these two terms,

exp{—i[2m i, 11 o I, — 270 J T (ko) 11 13,1}
x exp{—i[2mkp2l;Ip 13, + 2w I T (kp) 11, 13,1}
= exp{—i2n(kq + kp) 1. 1. I3, + 27 J[T (k)
=T (kp) 1. 13}, (17)
where k, + k;, =k, then the total time for this strategy
is T(ka)+ T(kp) + |35 — [T(ka) — T(kp)]|, which can be
shorter than direct synthesis. To find the minimum time with

this strategy, we need to solve the following optimization
problem:

1
S(k) = min y [T (ka) = T (kp)]| + T(ka) + T (k)

such that k, + kp, = k < 2. (18)

Here T(k) = —”(54]_”).
It is worth observing that if 7'(x) >

is achieved when

H’ the minimum S(x)

1
T(k))—T(ky) — 7= 0. (19)

As for other choices of «,,k,, where k, + kp, =k, if
kg > Kk, we will have [T (k,) — T(kp)] > l The cost then
becomes 27T («,) — 4 ~» which is an 1ncreasmg function of «,.
L then [Tko) = T(&5)] < 5.
2T (kp) + 4—1, which is an increasing function of «; and hence a
decreasing function of x, = ¥ — k. Therefore, the minimum

Ifx, <k} and the cost becomes

1
T (k) — 17 + T(k),
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value is achieved at . With this observation, we find that
when T (k) > J,the optimal (k' ,«;) to the minimum problem
described by Eq. (18) is the solution to the following joint
equations:

Kq +Kp = K,

T(ka) = T(kp) = —~

47’

where T (k) = —“‘(24]_").

Remark 1. We will denote «; as the solution to the equation
T(k)= . ie. Ty =2

IV. EFFICIENT SYNTHESIS OF THE TOFFOLI GATE

We now use the results of the previous section to efficiently
construct the Toffoli gate. The strategy is to generate

T

exXp [ - i<27TK111212213Z - Ellzl3z)i|,
. g

eEXp| —1 27TK2]1112113Z — 5121131 s

separately, where k1 + k» = « (for the Toffoli gate, k = %) and
each term is generated optimally as in the previous section.

Under this strategy, the goal is to find the optimal splitting,
K = k1 + k7, such that

(20)

G () = min{S(k1) + S(k2)}, 2L

where S(k) is defined in Eq. (18).
A few observations are in order
Proposition 2. For T(k) >

increasing function of «.

Note S(k) = 2T (k) — 41, where, k) solves Eq. (19). k is
an increasing function of « as 7 is an increasing function of
k. Therefore, for k > «,

ds dT (k*) di*

2l el .
dk de} dk ~

4 7, the function S(x) is an

Proposition 3. For k > «, the function S(k) is a concave
function of «.

To show this, we would like to evaluate
this in terms of the derivative of 7'(x)) as

d?S(k)
di?

. We express

d*S(x) . 2 dT(k}) d*c;  d*T(x}) dk
dk? (j_K)Z dir  dicr? dix? dir )’
K
d*S(k) 2 (F(O))
= - K)}.
dic? Iy’
The function F(k) is plotted in Fig. 2, which is non-negative,
thus < S(") is nonpositive, so S(x) is a concave function of «

when K > KJ.

Proposition 4. If K = K1 + ko = k3 + k4 are two divisions
such that T'(k;) > ky < ky,and k4 < k3,thenwhenk; > k3
we will have

4]’

S(k1) + S(k2) < S(kz) + S(ka).

The result follows from concavity of S(k) over the range of
K1,K2,K3,K4.
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FIG. 2. (Color online) Plot of function F(x) vs k, demonstrating
concavity of S(«k).

We are now ready to find the best division of x in Eq. (21).
It can be shown that for 7' (k) > %, the best division of « in
Eq. 21)is

k=(K—kKj)+kKy,

and the minimum time is

1
Gk)= Sk — —,
(k) =Sk —ky) + 17
where T'(k;) = %.
To see this, consider a splitting of k = k| + Kk if ky < k.

Then from Sec. III A, we know S(kp) = %, therefore

1 1
S(k1) + S(k2) = Sk — k2) + YV ie Sk — k) + VR

If S(ky) > ﬁ and S(k,) > Z-, then using concavity of the

a7
function S(x), we will have

Sk — k) + Sky) < Skr) + S(ka).

So the best splitting of (k1,k,) in Eq. (20) to generate the
Tofolli gateis (0.5 — k;,k ), 1.e., the best value of k; in Eq. (20)

should satisty T'(k,) = %, that is,

2.6 T T T T

251

2451

2.35

2.3}

225}

0.1 0.2 0.3 0.4 0.5

K

FIG. 3. The time T (in units of %), spent to construct the Toffoli
gate as a function of «; (in units 27) as in Eq. (21).
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261 1

2.4 1

1.8} 1

1-6 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5

Kk

a

FIG. 4. The time T (in units of %), spent to construct the first
term in Eq. (20), as a function of «, as in Eq. (23).

hence i, = (2 — ¥33) ~ 0.0635,and k; = 0.5 — iy = (Y22 —
1.5) ~ 0.4365, which again needs to be divided into two parts
kg, Kp as in the preceding section, i.e., to solve the following
equations:

Vicdd — k) N4 — k) 1
— = — + Kkp = K. 22

It is easy to find that the solution is «, = 0.339607, «;, =
0.096 884 7.
Thus the total time to generate the Toffoli gate is

L et Ty < 222988
gy T =T

which is 63.71% of the conventional method.

0.5

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
k!
a

FIG. 5. The time T (in units of i), spent to construct the second
term in Eq. (20), as a function of «, as in Eq. (24).
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V. NUMERICAL RESULTS

We can also numerically search for the best choice of x| and ;. For each such subdivision k| + k, = 0.5, we solve the following

two optimal problems numerically:

such that k, + k, = k1, and (23)

2J 2J 4J 2J

min \/Ka(4_Ka) + \/Kb(4_’<b) + ‘i _ \/Ka(4_Ka) + \/Kb(4_Kb)

2J

such that k, + «, = 0.5 — k. (24)

min VK — ) 4 NG + ‘i VK — k) + NCAUETH

2J 2J 4J 2J

2J

We plot the time as a function of «; as in Fig. 3. There are two minima, and we just work out one of them as the other is

totally symmetric:
k1 = 0.4365,

which agrees with the analytical results.

ky = 0.0635,

The corresponding best splitting for «; and k5 is k, = 0.3396 and «;, = 0.0969, as can be seen in Fig. 4, and «/, = 0.0635 and

1.7299

«;, = 0, as can be seen in Fig. 5, which again agrees with the analytical results. The time to generate the first term is =57~ with

the following propagators:

exp |: — i<0.8737111zlzzl3Z —

T
EIIZIBZ

= exp[—im Iry] exp[—im I3,] exp ( — i%12y> exp(—il.83n Iy ) exp{1.115[—in ({y 1o, + Do I3, + 11 13;) +i1.4897 [, ]}

x explim Iyl explim I3,] exp[—i(1.95157) 51 exp{0.615[—im (11,12, + Io I3, + I1.13;) +i3.097 I ]} exp (i%lzy)

0.5

and the time to generate the second term is 7 with the following propagators:

exp [ _ i<0.1277t11112Z13z - %1211&)} = expl—im 1] exp[—in 3] exp ( — i%11y> exp(—i1.96871,,)

x exp{0.5[—im (L1 Loy + Do I3, + 11 13;) +i3.873m I, ]} explim Iy, ] explim I3, ].

Combining the two, we get the pulse sequences and the total time to generate the Toffoli gate, which is 2'32]99, 63.71% of the
conventional method, which again agrees with the analytical result.

VI. CONCLUSION

This paper demonstrated some novel pulse sequences for efficient synthesis of unitary transformations in a three triangle-
coupled spin-% system. In particular, unitary transformations that map onto Toffoli gates in the context of quantum computing
were described, and a significantly better performance compared with state-of-the-art methods was demonstrated. Future work
will involve extending to a broader class of unitary transformations, more general multiqubit topologies, and incorporating noise

effects.

[1] R. R. Ernst, G. Bodenhausen, and A. Wokaun, Principles of
Nuclear Magnetic Resonance in One and Two Dimensions
(Clarendon, Oxford, 1987).

[2] A. Schweiger, in Modern Pulsed and Continuous Wave Electron
Spin Resonance, edited by M. K. Bowman (Wiley, London,
1990), pp. 43-118.

[3] W. S. Warren, H. Rabitz, and M. Dahleh, Science 259, 1581
(1993).

[4] N. A. Gershenfeld and I. L. Chuang, Science 275, 350 (1997).

[5] D. G. Cory, A. Fahmy, and T. Havel, Proc. Natl. Acad. Sci. USA
94, 1634 (1997).

[6] J. Cavanagh, W. J. Fairbrother, A. G. Palmer, and N. J. Skelton,
Protein NMR Spectroscopy: Principles and Practice (Academic,
San Diego, 1996).
[7] B. E. Kane, Nature (London) 393, 133 (1998).
[8] F. Yamaguchi and Y. Yamamoto, Appl. Phys. A 68, 1 (1999).
[9] N. Khaneja, R. Brockett, and S. J. Glaser, Phys. Rev. A 63,
032308 (2001).
[10] C. H. Bennett, J. I. Cirac, M. S. Leifer, D. W. Leung, N. Linden,
S. Popescu, and G. Vidal, Phys. Rev. A 66, 012305 (2002).
[11] T. O. Reiss, N. Khaneja, and S. J. Glaser, J. Magn. Reson. 154,
192 (2002).

062301-6


http://dx.doi.org/10.1126/science.259.5101.1581
http://dx.doi.org/10.1126/science.259.5101.1581
http://dx.doi.org/10.1126/science.275.5298.350
http://dx.doi.org/10.1073/pnas.94.5.1634
http://dx.doi.org/10.1073/pnas.94.5.1634
http://dx.doi.org/10.1038/30156
http://dx.doi.org/10.1007/s003390050846
http://dx.doi.org/10.1103/PhysRevA.63.032308
http://dx.doi.org/10.1103/PhysRevA.63.032308
http://dx.doi.org/10.1103/PhysRevA.66.012305
http://dx.doi.org/10.1006/jmre.2001.2480
http://dx.doi.org/10.1006/jmre.2001.2480

EFFICIENT SYNTHESIS OF QUANTUM GATES ON . ..

[12] N. Khaneja, F. Kramer, and S. J. Glaser, J. Magn. Reson. 173,
116 (2005).

[13] H. Yuan and N. Khaneja, Phys. Rev. A 72, 040301(R)
(2005).

[14] H. Yuan and N. Khaneja, System Control Lett. 55, 501
(2006).

[15] R. Zeier, H. Yuan, and N. Khaneja, Phys. Rev. A 77, 032332
(2008).

[16] N. Khaneja, S. J. Glaser, and R. W. Brockett, Phys. Rev. A 65,
032301 (2002).

PHYSICAL REVIEW A 84, 062301 (2011)

[17] N. Khaneja and S. J. Glaser, Phys. Rev. A 66, 060301(R)
(2002).

[18] T. O. Reiss, N. Khaneja, and S. J. Glaser, J. Magn. Reson. 165,
95 (2003).

[19] N. Khaneja, B. Heitmann, A. Sporl, H. Yuan, T. Schulte-
Herbruggen, and S. J. Glaser, Phys. Rev. A 75, 012322 (2007).

[20] H. Yuan, S. J. Glaser, and N. Khaneja, Phys. Rev. A 76, 012316
(2007).

[21] H. Yuan, R. Zeier, and N. Khaneja, Phys. Rev. A 77, 032340
(2008).

062301-7


http://dx.doi.org/10.1016/j.jmr.2004.11.023
http://dx.doi.org/10.1016/j.jmr.2004.11.023
http://dx.doi.org/10.1103/PhysRevA.72.040301
http://dx.doi.org/10.1103/PhysRevA.72.040301
http://dx.doi.org/10.1016/j.sysconle.2005.10.004
http://dx.doi.org/10.1016/j.sysconle.2005.10.004
http://dx.doi.org/10.1103/PhysRevA.77.032332
http://dx.doi.org/10.1103/PhysRevA.77.032332
http://dx.doi.org/10.1103/PhysRevA.65.032301
http://dx.doi.org/10.1103/PhysRevA.65.032301
http://dx.doi.org/10.1103/PhysRevA.66.060301
http://dx.doi.org/10.1103/PhysRevA.66.060301
http://dx.doi.org/10.1016/S1090-7807(03)00245-3
http://dx.doi.org/10.1016/S1090-7807(03)00245-3
http://dx.doi.org/10.1103/PhysRevA.75.012322
http://dx.doi.org/10.1103/PhysRevA.76.012316
http://dx.doi.org/10.1103/PhysRevA.76.012316
http://dx.doi.org/10.1103/PhysRevA.77.032340
http://dx.doi.org/10.1103/PhysRevA.77.032340

