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Dynamical manifestation of an evolving Berry phase as a frequency shift of the resonance
transition between two eigenstates
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We investigate the phenomenon that a Berry phase evolving linearly in time induces a frequency shift of
the resonance transition between two eigenstates, regardless of whether or not they are superposed. Using
the magnetic-field-insensitive two-photon microwave—radio-frequency transition, which is free of any other
dynamical frequency shift, we demonstrate that the frequency shift caused by a uniform rotation of the magnetic
field corresponds to the derivative of the Berry phase with respect to time and depends on the direction of rotation
of the magnetic field.
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I. INTRODUCTION

Since Berry predicted in 1984 that, in a cyclic adiabatic
process, one in which the slowly time-varying Hamiltonian
returns to its original form via a circuit C, a quantum state may
acquire a “geometrical” phase factor exp[−im�(C)], where m

is the spin component and � is the solid angle, in addition to the
normal “dynamical” phase factor exp[−(i/h̄)

∫
Em(t)dt] [1],

where Em(t) is the energy of a state m, many experimental
identifications of the Berry phase have been carried out in
various fields of physics [2]. However, these experiments
often encountered the problem of separating the geometric
phase from a much larger dynamical phase. To observe a clean
geometric phase, the dynamical phase component needs to be
minimized or eliminated in experimental methods [3], or the
nonadiabatic evolution proposed by Aharanov and Anandan
should be used [4], which has enabled the experimental
separation of geometric and dynamical phases [5]. Recently,
we have used magnetic-field-insensitive two-photon “clock”
transitions, where the sign of the g factor is reversed for the
upper and lower states [6], and clearly found a dependence
of the Berry phase on the sign of the g factor [7]. When the
direction of the quantized magnetic field and the sense of
the rotation are defined, the solid angle � is 2π (1−cosθ ) or
−2π (1+cosθ ) depending on the sign of the g factor.

In 1988, Simon et al. considered another interesting sit-
uation wherein an evolving nondynamical geometrical phase
induces a shift of laser frequency [8]. They confirmed their idea
using an optical experiment where the polarization of a laser
beam is rotated continuously on the Poincaré sphere. Such
evolving Berry phases were also suggested by Moody et al. in
nuclear magnetic resonance (NMR) [9], and demonstrated as
both an adiabatic rotational splitting of the nuclear quadrupole
resonance (NQR) in the free-induction decay signals from a
rotating sample by Tycko [10] and Fourier-transform NMR
spectra under a continuously rotating radio-frequency field
by Suter et al. [11]. In the above experiments, a superposition
state of two eigenstates is created at first and acquires a relative
phase difference during the rotation.

These previous studies predict that a Berry phase evolving
linearly in time induces a shift of the transition frequency
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between two eigenstates. However, to the best of our knowl-
edge, there has been no report that shows such a dynamical
manifestation of the Berry phase as a shift of the transition
frequency between two eigenstates. In this paper, we demon-
strate that an evolving Berry phase induces a frequency shift of
the resonance transition, using the magnetic-field-insensitive
two-photon microwave–radio-frequency (MW-rf) transition,
which is free of any other dynamical frequency shift.

II. PRINCIPLE AND METHOD

First, we derive the frequency difference between two
eigenstates under an action that includes the dynamical phase
when the magnetic field B rotates with a semiangle of θ from
a rotation axis and a constant rotation speed of φ̇. The Berry
phase of the state |F,m〉 is calculated using a path integral [12],

i〈F,m|∂t |F,m〉 = mφ̇ cos θ. (1)

Then, the time derivative of the action S is given by

Ṡ|F,m〉 = −E|F,m〉 − gF μBmB + mh̄φ̇ cos θ, (2)

where the first term is the eigenenergy of |F,m〉 and the second
term is the Zeeman energy. Therefore, the frequency difference
between the lower state |F,m〉and the upper state |F ′,m′〉 is
given by

ν = h−1(E|F ′,m′〉 − E|F,m〉) + h−1(gF ′m′ − gF m)μBB

− (2π )−1(m′ − m)φ̇ cos θ. (3)

To measure the frequency shift, we used three two-photon
MW-rf transitions between ground hyperfine levels of sodium
atoms that are insensitive to the magnetic field to the first order
and are called clock transitions [7]. Figure 1 shows the energy
diagram of the ground-state hyperfine levels of 23Na, with the
Zeeman splitting according to the strength of the magnetic
field and the three transitions. The g factors of the F = 1 and
F = 2 states are −1/2 and 1/2, respectively. According to
the Breit-Rabi equation [13], the resonance frequency ν−1,1

between the |F = 1,mF = −1〉 and |F = 2,mF = 1〉 states
is minimum at B0 = 67.7 μT, which is called the “magic”
magnetic field, and it is 762.3 Hz lower than the resonance
frequency ν0 = 1.771 626 129×109 Hz between the F = 1
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FIG. 1. (Color online) Diagram of the sodium ground hy-
perfine levels under the magic magnetic field of 67.7 μT,
together with magnetic-field-insensitive two-photon microwave-
radiofrequency transitions. Frequency splitting between the magnetic
sublevels is 474 kHz.

and F = 2 states at zero magnetic field [14]. On the other
hand, at a strength of the magnetic field B (in units of μT)
around the magic value, the resonance frequency ν0,0 between
the |1,0〉 and |2,0〉 states is given by ν0 + 0.2218B2 Hz, and
the resonance frequency ν1,−1 between the |1,1〉 and |2, − 1〉
states is given by ν0−762.3 + 0.1664(B + B0)2 Hz.

We use two-photon MW-rf excitations to drive these three
transitions, as shown in Fig. 1. At the magic magnetic field,
the Zeeman splitting frequency is 474 kHz. We apply a
pulse of microwave radiation, whose frequency is 420 kHz
less than that corresponding to the ground-state hyperfine
splitting of Na, namely, ν0, along with an rf magnetic field
of approximately 420 kHz. This connects the |1, − 1〉 state to
the |2,1〉 state via an intermediate virtual state with detuning
of 54 kHz from the |2,0〉 state by σ+-σ+ polarized fields [15].
Other two-photon excitations are also shown in Fig. 1. A
dipole antenna, which generates MWs with a frequency of
1.771 206 GHz, was set parallel to the x direction near the
magneto-optical trap (MOT); thus, the polarization direction
of the MWs is perpendicular to the quantization magnetic field
(σ polarization). An rf field was produced by a loop antenna
near the MOT and swept at a frequency of approximately
420 kHz. To resolve the three magnetic-field-insensitive
transitions separated by about a 1–2 kHz, the widths of these
MW and rf pulses were set to 2–4 ms, and their field strengths
were optimized to maximize the strength of the two-photon
spectra.

III. EXPERIMENT

The experimental setup used in this experiment was the
same as that described in a previous paper [7]. The timing
diagram of the present experiment is shown in Fig. 2. Sodium
atoms were trapped in a dual-operated MOT [16] and cooled by
polarization gradient cooling. The temperature of the sodium
atoms was approximately 200 μK and the number of trapped
atoms was 109 with a peak density of 1011 atoms/cm3.

A few milliseconds after the release of atoms from the trap,
a magnetic field Bx was applied in the x direction. All the atoms
were initialized to the F = 1 state by optical pumping. The
three magnetic sublevels of the |1,1〉, |1,0〉, and |1, − 1〉 states

FIG. 2. Timing diagram of measurement. PGC, polarization
gradient cooling; MOT, magneto-optical trap. Initializing: all atoms
are populated to the F = 1 state. Optical pumping: all atoms in the
F = 1 state are excited to the F = 2 state. Probe: the number of
atoms populated in the F = 2 states is probed. MW-rf: two-photon
microwave–radio-frequency pulse with a pulse width of τ .

were populated with equal population probabilities. Next, a
magnetic field Bz was applied in the z direction. The resultant
magnetic field B was B = √

B2
x + B2

z and the semiangle θ

from the z axis was cos θ = Bz/
√

B2
x + B2

z . In this experiment,
Bx was fixed to a magic magnetic field of 67.6 ± 0.1 μT,
which corresponds to a Larmor frequency of 470 kHz. Bx

was adiabatically rotated in the x-y plane with a frequency f

(or a period of T = 1/f ). Magnetic fields along the x and y

axes were produced by two mutually orthogonal Helmholtz
coils [17]. The coils were driven by alternating currents with a
relative phase shift of 90◦. During the rotation, the amplitude
of each alternating current was adjusted so that the Zeeman-
frequency shifts of the resonance for magnetic-field-sensitive
transitions were 67.5 ± 0.4 μT. The rotation frequency of
200 or 500 Hz used in this study was sufficient to satisfy the
adiabatic condition. To change the semiangle θ from the z

axis, the magnetic field Bz parallel to the z axis was changed.
The strength of Bz was changed from 0 to ±40 μT, which
corresponds to a change of the semiangle from π/3 to 2π/3.
The resultant magnetic field at π/3 and 2π/3 was 1.15 times
larger than that at θ = π/2, which yields a frequency shift of
at most 17 Hz for the transition between the |1, − 1〉 and |2,1〉
states. Then, the tip of the resultant magnetic field rotated
around the z axis with a semiangle θ . There are two senses
of rotation. We define the right-handed rotation around the
+z axis as the positive sense of rotation and the left-handed
rotation around the +z axis as the negative sense of rotation.

During the rotation of the magnetic field, the atoms were
irradiated with a short MW-rf pulse and the frequency of the rf
pulse was scanned. The probability of excitation from the F =
1 to the F = 2 state was measured as follows. After initializing
the atoms to the F = 1 state, the perfectly transmitted probe
intensity I1 was measured. After the interaction of the atoms
with the MW-rf pulse, the probe intensity I2 transmitted
through the atoms in the F = 2 state was measured using
the same probe light. After application of the optical pumping
pulse which excites atoms in the F = 1 state to the F = 2
state, the probe intensity I3 transmitted through the total atoms
was measured. Then we obtained the excitation probability as
{ln(I1)−ln (I2)}/{ln(I1)−ln(I3)}.
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FIG. 3. (Color online) Three spectra of the |1, − 1〉→|2,1〉,
|1,0〉→|2,0〉, and |1,1〉→|2, − 1〉 two-photon transitions from
left to right in each figure. (a) and (b) are the spectra un-
der a magnetic field of 67.7 μT at the semiangle of θ =
π/2. (a) Static magnetic field. (b) Rotating magnetic field at
500 Hz. (c)–(e) are the spectra under a magnetic field of 70.1 μT.
(c) Rotating magnetic field at 500 Hz and θ = 5π/12. (d) Rotating
magnetic field at 500 Hz and θ = 7π/12. (e) Static magnetic field at
θ = 5π/12.

IV. RESULTS AND DISCUSSION

Figure 3 shows the three spectra of the transition from the
F = 1, mF = −1 state to the F = 2, mF = 1 state (−1→1),
the transition from the F = 1, mF = 0 state to the F = 2, mF

= 0 state (0→0), and the transition from the F = 1, mF = 1
state to the F = 2, mF = −1 state (1→−1). Each line has a
spectral width of 250 Hz, which corresponds to the reciprocal
of the pulse width of two-photon MW-rf excited fields of 4 ms.
Figures 3(a) and 3(b) show the spectra under a magnetic field
with a strength of 67.7 μT and a semiangle of θ = π/2, while
Figs. 3(c)–3(e) show the spectra under one with a strength of
70.1 μT and a semiangle of θ = 5π/12 or 7π/12. As shown in
Figs. 3(a) and 3(e), under a constant magnetic field, the three
spectra are clearly resolved due to the second-order Zeeman
effect, but their resonance frequencies in Fig. 3(a) are shifted
from those in Fig. 3(e), as indicated by the three dashed lines.
The frequency difference for the 1→−1 line is the largest,
but that for the −1→1 line is negligible. Their differences
are in good agreement with the values calculated using the
Breit-Rabi formula [13].

The spectra in Fig. 3(b) were obtained under a rotating
magnetic field with a rotation frequency of 500 Hz and a
semiangle of θ = π/2. The resonance frequencies for the
three lines are the same as those in Fig. 3(a), because there
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FIG. 4. (Color online) Observed frequency shift as a function
of semiangle θ for a right-handed uniform rotation of the magnetic
field. mF → mF ′ represents the |1,mF 〉→|2,mF ′ 〉 transition. Data for
the −1→1transition for the rotation frequencies of 500 and 200 Hz
are on the solid curve of −1000cosθ and on the dashed curve of
−400cosθ , respectively. The data for the 1→−1 transition for the
rotation frequency of 500 Hz are on the curve of 1000cosθ .

is no phase difference due to the Berry phase [7]. We can see
clear side resonance peaks on both sides of the resonance peak
of the 0→0 line. The frequency separation between the center
and each side peak is 500 Hz. These side peaks occur owing
to the rotation of the magnetic field, as the usual harmonic
motion. The spectra in Figs. 3(c) and 3(d) were obtained under
a rotating magnetic field with semiangles of θ = 7π/12 and
5π/12, respectively. The center frequencies of the 0→0 line
coincide with that in Fig. 3(e), but in Fig. 3(c) the frequency
of the −1→1 line is shifted to the lower-frequency side, while
the frequency of the 1→−1 line is shifted to the higher side.
On the other hand, in Fig. 3(d) the relation is reversed. As the
frequency of the −1→1 line is not affected by the second-order
Zeeman effect, the observed frequency shift should have been
induced by the evolving Berry phase.

The frequency shifts of three two-photon MW-rf transitions
were measured for various semiangles θ with rotation of the
magnetic field at a frequency of f = 500 Hz, as shown in Fig. 4.
The frequency shift for the −1→1 line varies from negative
to positive with an increase in semiangle, while that for the
1→−1 line varies from positive to negative. Their behaviors
are described well using the functions −2f cosθ and 2f cosθ ,
respectively, which are indicated by solid lines. On the other
hand, the frequency shift for the 0→0 line is constant. These
results were observed with an interaction time of 4 ms, which
corresponds to twice the period of the rotation frequency. We
changed the interaction time to 2 ms, but the frequency shifts
were the same as before, although the spectral width broadened
to 500 Hz. Next, we changed the rotation frequency to f =
200 Hz. Then the MW-rf pulse with a pulse width of 4 ms
interacted with atoms for only 0.8 times the period of the
rotation. The results for the −1→1 line are also shown in
Fig. 4, and they are in good agreement with the function
−2f cosθ , which is indicated by a dashed line. Thus, we
checked that these formulas for the frequency shift hold for
different frequencies and observation times.

We showed in our previous paper [7] that the Berry phase for
the −1→1 line gains a phase of 4πcosθ for a complete rotation
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of the magnetic field with a semiangle θ . If the magnetic
field rotates at a constant speed with a period of T , namely,
frequency f = 1/T , the time derivative of the Berry phase is
4πcosθ/(2πT ) = 2f cosθ . Using Eq. (3) with g = −1/2 for
the F = 1 state and g = 1/2 for the F = 2 state, the resonance
frequency of the −1→1 line is given by

ν = (E|2,1〉 − E|1,−1〉)/h − 2f cos θ = ν−1,1 − 2f cos θ. (4)

Therefore, the experimental results show that the absolute
value of the frequency shift is given by the time derivative of
the Berry phase, and the frequency shifts to the negative
direction when the Berry phase gains a positive value and vice
versa. Thus, the present experimental results are well described
by the well-known theoretical framework for describing
the Berry phase. Therefore, we confirm that the evolving
Berry phase induces a frequency shift of the resonance
transition. This means that the resonance frequency of the
−1→1 line is perturbed by the rotation of the quantized
magnetic field, although it is exceedingly insensitive to the

strength of the magnetic field around the magic magnetic
field.

V. CONCLUSION

In this paper, we have demonstrated that an evolving Berry
phase induces a frequency shift of the resonance transition as a
dynamical manifestation. The value of the shift is proportional
to the derivative of the Berry phase with respect to time. When
the magnetic field rotates around the z axis with a semiangle
θ , the frequency shift depends on the rotation frequency, the
semiangle θ , and the magnetic quantum number. Thus, the
energy of the quantum system can be changed by a geometrical
as well as a dynamical potential.
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