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Generation of an isolated sub-40-as pulse using two-color laser pulses: Combined chirp effects
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In this paper, we theoretically discuss the combined chirp effects on the isolated attosecond generation when
a model Ar is exposed to an intense 5-fs, 800-nm fundamental chirped pulse combined with a weak 10-fs,
1200-nm controlling chirped pulse. It shows that for the case of the chirp parameters β1 = 6.1 (corresponding to
the 800-nm field) and β2 = 4.0 (corresponding to the 1200-nm field), both the harmonic cutoff energy and the
supercontinuum can be remarkably extended resulting in a 663-eV bandwidth. Moreover, due to the introduction
of the chirps, the short quantum path is selected to contribute to the harmonic spectrum. Finally, by superposing
a properly selected harmonic spectrum in the supercontinuum region, an isolated pulse as short as 31 as (5 as) is
generated without (with) phase compensation.
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I. INTRODUCTION

In the past two decades, the generation of the attosecond
pulse has received much attention because of its great potential
to probe the ultrafast electronic dynamics deep inside the atoms
and molecules with unprecedented resolution [1–3]. Currently,
several methods have been explored to generate the attosecond
pulse, such as the high-order harmonic generation (HHG)
from rare gases [4–7] and solid surface [8,9], relativistic
nonlinear Thomson scattering (RNTS) [10,11], etc. However,
the pulse intensity required in RNTS and solid surface
harmonic methods is too high (higher than 1018 W/cm2) to
realize in a general laboratory, thus limiting their applications.
On the contrary, the method of using HHG from rare gases has
been successful and widely used in generating an attosecond
pulse because of its requirement of moderate pulse intensity
[12–14].

So far, the HHG process can be well understood by means of
the well-known semiclassical three-step model [15,16], where
an atom or molecule is first ionized near the peak of the
intense laser field. Then, the ionized electron is accelerated
away from the ion core and is drawn back to the core when the
laser field reverses its direction. Finally, it can recombine with
its parent ion emitting a photon with the maximum cutoff
energy given by Ecutoff = Ip + 3.17Up, where Ip is the
ionization potential and Up is the ponderomotive energy of
the free electron in laser field (Up = e2E2

laser/4meω
2). Further,

by superposing the harmonic spectrum in the supercontinuum
region, an attosecond train could be produced. But for practical
application, an isolated attosecond pulse is more useful to
trace the ultrafast electronic dynamics process. Currently,
there are three kinds of methods that can be utilized to
generate an isolated attosecond pulse. The first one is the
polarization gating technology; using this technology, Sansone
et al. experimentally obtain an isolated 130-as pulse [17].
The second one is the few-cycle driving pulse scheme, and
with that an isolated 80-as pulse was experimentally realized
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by Goulielmakis et al. [18]. Very recently, the third method,
namely, the two-color laser field scheme has been proposed,
mainly to release the stringent requirement for the short
pulse durations (shorter than 5-fs) in the above two methods.
Using the two-color scheme and from the theoretical side,
Zeng et al. [19] obtain an isolated 65-as pulse through the
combination of an intense 800-nm fundamental field and
a weak 400-nm controlling field. Wu et al. [20] obtained
an isolated 38-as pulse by an intense 800-nm fundamental
chirped pulse in combination with a weak 1600-nm control-
ling field. Xu et al. [21] obtained an isolated 11-as pulse
through the combination of an intense 800-nm fundamental
chirped pulse and a weak 800-nm controlling chirp-free
pulse.

Although the chirp effects on two-color attosecond genera-
tion, such as the combination of a chirped pulse and a chirp-free
subharmonic pulse [20,21], have been investigated, little study
has been reported for the combination effects of the two-color
chirped pulses thus far. Due to this, in this paper we theoret-
ically discuss the combined chirp effects by investigating the
HHG and isolated attosecond pulse generation when a model
Ar is irradiated by an intense 5-fs, 800-nm fundamental chirped
pulse combined with a weak 10-fs, 1200-nm controlling
chirped pulse. The calculated results show that with the
introduction of the synthesized chirp parameters (β1 = 6.1 and
β2 = 4.0), not only the harmonic cutoff energy is remarkably
extended resulting in an ultrabroad supercontinuum with a
663-eV bandwidth, but also the short quantum path is selected
to contribute to the harmonic spectrum. Finally, by superposing
a properly selected harmonic spectrum in the supercontinuum
region, an isolated pulse as short as 31-as (5-as) is generated
without (with) phase compensation.

The choice of Ar as the target atom in our calculation is
due to the following considerations: First, from the practical
view point, the low ionization potential energy of argon
enables easier manipulation in experiments; second, from the
theoretical side, the model potential used in a single-active
electron picture is relatively mature for argon and can well
describe its ionization structure; third, among the rather
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comprehensive studies of HHG and chirp effect, there have
been few studies focusing on the argon medium.

The rest of this paper is organized as follows. The
computational aspects in this work are presented in Sec. II.
Results and discussion are given in Sec. III. The conclusions
are given in the last section. Atomic units are used throughout
this paper unless stated otherwise.

II. COMPUTATIONAL ASPECTS

In our numerical calculations, the HHG and the attosecond
pulse generation can be investigated by solving the time-
dependent Schrödinger equation (TDSE) based on single-
active electron approximation (SAE) via the parallel quantum
wave-packet computer code LZH-DICP [22–28]. In the dipole
approximation, the TDSE is given by

i
∂φ(x,t)

∂t
=

[
−1

2

∂2

∂x2
+ V (x) − xE(t)

]
φ(x,t), (1)

where V (x) = −1/
√

a + x2 is the soft Coulomb potential with
a = 1.41 to match the ionization potential of 15.7 eV for
the ground state of the Ar atom. The time-dependent wave
function φ(x,t) is propagated using the standard second-order
split-operator method [29–31]. The synthesized laser field is
expressed as

E(t) = E1f1(t) cos[ω1t + δ1(t)] + E2f2(t) cos[ω2t + δ2(t)],

(2)

where δi(t) = −βi tanh(t/Ti) (i = 1, 2) represents the carrier-
envelope phases (CEPs) for the 800-nm fundamental chirp
pulse and the 1200-nm controlling chirp pulse, respectively.
The chirp form is controlled by the two parameters βi and
Ti (i = 1, 2). In the present paper, we fix Ti = 200 a.u.
(i = 1, 2). Ei and ωi (i = 1, 2) are the pulse intensities and the
frequencies of such two chirp pulses. The envelope function is

fi(t) = exp
[ − 4 ln(2)t2/τ 2

i

]
, (3)

where τ i (i = 1, 2) are the corresponding pulse durations of
the two chirp pulses.

The HHG spectrum [PA(ω)] is obtained by Fourier trans-
forming the time-dependent dipole acceleration a(t),

PA(ω) =
∣∣∣∣ 1√

2π

∫ T

0
a(t)e−iωtdt

∣∣∣∣
2

, (4)

where a(t) can be given by means of Ehrenfest’s theorem [32],

a(t) = −〈φ(x,t)|∂V (x)

∂x
− E(t)|φ(x,t)〉. (5)

Finally, the attosecond pulse can be generated by superpos-
ing several harmonics,

I (t) =
∣∣∣∣∣
∑

q

aqe
iωt

∣∣∣∣∣
2

, (6)

where aq = ∫
a(t)e−iωtdt (inverse Fourier transformation).
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FIG. 1. (Color online) (a) HHG spectra by a single 5-fs, 800-nm E1 = 5.0 × 1014 W/cm2 fundamental chirp-free pulse (β1 = 0.0, solid
black line) and a single-fundamental chirped pulse (β1 = 6.1, dashed red line). (b) and (c) The corresponding time-frequency distributions for
the fundamental chirp-free pulse and chirped pulse, respectively. Here, o. c. denotes the optical cycle of the 800-nm laser field.
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III. RESULTS AND DISCUSSION

Figure 1(a) depicts the HHG spectra from Ar driven by
the single 5-fs, 800-nm fundamental chirp-free pulse (β1 =
0) and the single chirped pulse (β1 = 6.1; this is what we find
for the optimal value for Ar under the present laser field). The
pulse intensity of the fundamental field is chosen to be E1 =
5.0 × 1014 W/cm2. For the chirp-free pulse case (solid black
line), the maximum cutoff energy is the 71st-order harmonic
(corresponding to 110 eV) which is in quantitative agreement
with the classical prediction Emaximum = Ip + 3.17Up. With
the introduction of the chirp (dashed red line), the maximum
cutoff energy is remarkably extended, resulting in an ultra-
broad supercontinuum (i.e., the region between the maximum
cutoff energy and the second maximum cutoff energy) with a
333-eV bandwidth. Moreover, the interference structure [33]
between the two quantum paths, namely, the long quantum
path (earlier ionization, later recollision) and the short quantum
path (later ionization, earlier recollision), is smaller than that
of the chirp-free pulse. It is well known that each emitted
harmonic receives these two quantum path contributions and
the less modulated supercontinuum contributed by the single
quantum path is more beneficial to generate the isolated
attosecond pulse [34,35]. In order to analyze such two quantum
path contributions, in Figs. 1(b) and 1(c), we present the
time-frequency distributions of HHG for the above two cases
by using the wavelet transformation of the dipole acceleration
a(t) [36,37],

A(t,ω) =
∫

a(t ′)
√

ωW
[
ω(t ′ − t)

]
dt ′, (7)

where W [ω(t ′ − t)] is the mother wavelet. In general, the
natural choice of the mother wavelet is a Morlet wavelet [38],

W (x) =
(

1√
α

)
eixe−x2/2τ 2

, (8)

where α = 30 in our calculations. It shows that for the chirped
pulse case [Fig. 1(c)], the contribution of the short quantum
path is much more intense than that of the long quantum
path for the supercontinuum region, which is responsible for
the little modulation on the HHG spectrum, while for the
chirp-free pulse case [Fig. 1(b)], there are similar intensity
contributions from both quantum paths causing more obvious
interference structure.

Further understanding of the harmonic spectral characteris-
tics and the harmonic cutoff energy extension with the chirped
pulse can be gained through Fig. 2, where the dependence
of the kinetic energies on the ionization and recombination
times are presented for the above two cases, respectively.
Clearly, there are three main peaks on the ionization and
recombination energy map for the chirp-free case [Fig. 2(b)],
which should be caused by three occurrences of the “three-step
process” [23,39], marked as A-B-C (ionization-acceleration-
recombination), B-C-D, and C-D-E in the profile of the laser
field in Fig. 2(a) (denoted by the solid black line). The
maximum peak value is the 71st-order harmonic, in excellent
agreement with the quantum result shown in Fig. 1(a). In the
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FIG. 2. (Color online) (a) The profiles of the laser fields for the
single-fundamental chirp-free pulse (solid black line) and chirped
pulse (dashed red line). (b) and (c) The ionizing and returning energy
maps for the single-fundamental chirp-free pulse and chirped pulse,
respectively.

case of the chirped pulse [Fig. 2(c)], there are also three main
peaks, but the maximum peak determined by the B′-C′-D′
process has been obviously enhanced. Turning to the profile
of the chirped laser field shown in Fig. 2(a) (dashed red line),
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FIG. 3. The temporal profiles of the attosecond pulses by superposing several orders of the harmonics: (a) the total supercontinuum region,
(b) from the 60th to the 100th order, (c) from the 100th to the 160th order, (d) from the 160th to the 215th order, for the single-fundamental
chirped pulse case.

we can see that with the introduction of the chirp, albeit the
intensity of the amplitude (peak C or C′) remains unchanged
but the B′-C′-D′ process has been obviously broadened;
therefore, the electron must take much more time in its
processes of accelerating and returning to the parent ion,
which is responsible for the extension of the cutoff energy
[21,40,41]. Moreover, as seen in Fig. 2(c), the short quantum
path can be easily selected to contribute to the higher-order
harmonics that is beneficial to generate the isolated attosecond
pulse, just as that shown in the time-frequency analysis in
Fig. 1(c).

Figure 3 shows the temporal profiles of the generated
isolated attosecond pulses by superposing the different-order
harmonics for the single chirped pulse case. First, in Fig. 3(a),
by superposing the total supercontinuum region from the 57th
to the 272nd order, a 68-as pulse with accompanying satellite
pulses can be obtained. Due to the fact that the harmonics
do not emit at the same time, the selection of an entire
supercontinuum region no longer provides the perfect possible
situation for generating an attosecond pulse. By properly
superposing the harmonics from the 60th to the 100th order,
from the 100th to the 160th order, or from the 160th to the
215th order, the satellite pulses have been suppressed, and
an isolated pulse of 62, 54, or 57-as has been respectively

obtained, as shown in Figs. 3(b)–3(d). In addition, there is
a small pulse showing up before the main 57-as pulse in
Fig. 3(d), which should be attributed to the long quantum
path (this situation can also be found in Figs. 3(a)–3(c), but
due to the intensity being even less, the small pulse can be
negligible). This is further supported by the fact that such a
small pulse will be enhanced when we continue to superpose
the harmonics higher than the 220th order, since the long
quantum path again began to make its contribution for the
harmonic higher than the 220th order, as vividly shown in
Fig. 1(c).

Thus, the use of the single-fundamental chirped pulse can
obtain an isolated sub-100-as attosecond pulse, but it is still
longer than 50-as. To obtain even shorter attosecond pulses, we
proposed a scheme of utilizing the combined chirp effects by
adding a controlling chirped pulse to the fundamental chirped
(β1 = 6.1) pulse. The idea is enlightened by the fact that adding
a subharmonic pulse onto the fundamental chirped pulse will
keep extending the cutoff energy and thus reduce the pulse
duration of the attosecond pulse [20,21].

Figure 4(a) depicts the HHG spectra under the synthesized
laser field by adding a second controlling pulse where the
chirp parameter β2 is chosen to be β2 = 0.0 (chirp-free, solid
black line), 1.0 (dashed red line) and 4.0 (dash-dot blue
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FIG. 4. (Color online) (a) HHG spectra by the fundamental chirped pulse combined with a 10-fs, 1200-nm, E2 = 1.0 × 1014 W/cm2

controlling chirp-free pulse (β2 = 0.0, solid black line) or a chirped pulse (β2 = 1.0, dashed red line, β2 = 4.0, dash-dot blue line).
(b) and (c) The corresponding time-frequency distributions for adding the chirp-free pulse (β2 = 0.0) and the chirped pulse (β2 = 4.0),
respectively.

line; this is what we find for the optimal value for Ar atom
under the present synthesized field). The other parameters of
the controlling chirp pulse are 10-fs, 1200-nm, E2 = 1.0 ×
1014 W/cm2. Clearly, we see that with the introduction of the
controlling chirp-free pulse, the harmonic cutoff energy and
the supercontinuum are all enhanced. And with the increasing
of the chirp parameter β2, not only the harmonic cutoff energy
keeps enhancing, but also the interference structure between
the two quantum paths is being suppressed. Especially for
β2 = 4.0, there is an optimum condition covering a 663-eV
supercontinuum bandwidth. To analyze the two quantum path
contributions to the HHG spectra, in Figs. 4(b) and 4(c), we
present the time-frequency distributions of the HHG spectra
for the cases of β2 = 0.0 and 4.0 (β1 = 6.1), respectively.
Clearly, for the β2 = 0.0 case [Fig. 4(b)], the contributions of
the two quantum paths in the supercontinuum region from
the 240th to the 440th order are almost the same, which
is responsible for the obvious interference structure on the
HHG spectrum. While for the case of β2 = 4.0 [Fig. 4(c)], the
contribution of the long quantum path is largely suppressed,
leading to the short quantum path being finally selected
to contribute to the HHG spectrum from the 150th to the
518th order, which supports generation of a favorable isolated
attosecond pulse.

The corresponding dependence of the kinetic energies on
the ionization and recombination times for the combined
chirp case (β1 = 6.1 and β2 = 4.0) is shown in Fig. 5(b),
further providing insights into the physical origin of the
harmonic cutoff energy extension by adding the controlling

chirped pulse. The ionization and recombination energies map
demonstrates three main peaks caused by three occurrences
of the recollision processes as we discussed before. That the
maximum peak is extended to the 518th-order harmonic agrees
well with the quantum result shown in Fig. 4(a). From the
profile of the laser field in Fig. 5(a), we see that not only the
amplitude of peak C is enhanced but also the process B-C-D is a
little broadened with the introduction of the controlling chirped
pulse (β2 = 4.0). As a consequence, the electron gained much
more energy and spent a little more time in accelerating and
returning processes, which is responsible for the extension of
the cutoff energy.

The two previous studies [21,42] showed that increasing
the pulse intensity of the controlling laser field will keep
enhancing the bandwidth of the supercontinuum region.
However, this does not work in the present case using the
combined chirp effects. The HHG spectra we calculated for
the cases of E2 = 3.0 × 1014 W/cm2 (solid black line) and
5.0 × 1014 W/cm2 (dashed red line) in Fig. 6 have illustrated
that the supercontinuum region on the HHG spectrum is
deteriorated at higher controlling pulse intensity. Thus, our
original choice of E2 = 1.0 × 1014 W/cm2 has already been
the limitation for the controlling chirped pulse.

Figure 7 shows the temporal profiles of the generated
isolated attosecond pulses for the optimal synthesized two-
color chirped pulse. First, by superposing the harmonics
from the 90th to the 518th order (the total supercontinuum
region), a 46-as pulse with some satellite pulses has been
obtained, as shown in Fig. 7(a). In order to obtain an isolated
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FIG. 5. (Color online) (a) The profiles of the laser fields for the
single-fundamental chirped pulse (β1 = 6.1, solid black line), the
fundamental chirped pulse combined with the controlling chirp-free
pulse (β1 = 6.1, β2 = 0.0, dashed red line), and the fundamental
chirped pulse combined with the controlling chirped pulse (β1 = 6.1,
β2 = 4.0, dash-dot blue line). (b) The corresponding ionizing and
returning energy maps for the fundamental chirped pulse combined
with the controlling chirped pulse (β1 = 6.1, β2 = 4.0).

attosecond pulse with high signal-to-noise ratio, next, we
will only superpose a section of the harmonics from the
supercontinuum region. As shown in Figs. 7(b) and 7(c),
by properly superposing the harmonics from the 100th to
the 150th order or from the 150th to the 210th order, an
isolated attosecond pulse with duration of 40 or 31-as has
been obtained without any phase compensation. It should
be noted that the pulse intensity of the 31-as pulse is one
order of magnitude lower than that of the 40-as pulse. If
we superpose the harmonics higher than the 210th order,
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FIG. 6. (Color online) HHG spectra by the fundamental chirped
pulse combined with the controlling chirped pulse (β1 = 6.1, β2 =
4.0) at pulse intensity E2 = 3.0 × 1014 W/cm2 (solid black line) and
E2 = 5.0 × 1014 W/cm2 (dashed red line).

there is no further improvement in the pulse duration of the
generating attosecond pulse (no longer shorter than 31-as)
but the pulse intensity is found to be remarkably decreased.
Finally, with the proper compensation for the phase dispersion,
an impressive isolated 5-as pulse can be achieved, as shown
in Fig. 7(d).

Thus we showed here that the combined chirp effects with
the same chirp form of δ(t) = −βtanh(t/T ) is favorable
for the experimental realization of the ultrashort single pulse
generation and with argon gas. More specifically, for an argon
atom irradiated by the 5-fs, 800-nm + 10-fs,1600-nm laser
pulses, the two chirp parameters of β1 = 6.1 and β2 = 4.0,
as well as the moderate pulse intensities of ∼1014 W/cm2

are the most favorable conditions. As a consequence, the
moderate pulse intensities in our proposed scheme are easier
to obtain as compared with the former studies (∼1015 W/cm2)
[20,21], and the same chirp form of the two-color field
is also beneficial to experimental realization. The present
generated ultrashort 5-as pulse with phase compensation may
open a new way to the zeptosecond (zs) scale [43], but the
phase compensation technique still poses an experimental
challenge. On the other side, the present isolated 31-as
pulse without phase compensation is short enough to probe
the ultrafast electronic dynamics deep inside the atoms or
molecules.

IV. CONCLUSION

In conclusion, we have theoretically investigated the com-
bined chirp effects on generations of HHG and attosecond
pulse with a two-color chirped pulse. Our results show that
with the introduction of the chirps (β1 = 6.1 and β2 = 4.0)
the harmonic cutoff energy is remarkably extended resulting
in an ultrabroad supercontinuum with a 663-eV bandwidth,
as compared with the cases of the single-fundamental chirp-
free pulse, the single-fundamental chirped pulse, and the
fundamental chirped pulse combined with the controlling
chirp-free pulse. Moreover, due to the combined chirp effects,
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FIG. 7. The temporal profiles of the attosecond pulses in the synthesized two-color chirped pulse (β1 = 6.1, β2 = 4.0), where the pulse
intensity is E2 = 1.0 × 1014 W/cm2. (a) Attosecond pulse by superposing harmonics from the 90th to the 518th order (the total supercontinuum
region). (b) and (c) Attosecond pulses by superposing harmonics from the 100th to the 150th order and from the 150th to the 210th order.
(d) Attosecond pulses by superposing the total supercontinuum region with phase compensation.

the supercontinuum region of the HHG spectrum is nearly
contributed by the short quantum path which is beneficial in
generating the isolated attosecond pulse. As a consequence,
by superposing some properly selected harmonics, an isolated
31-as (5-as) pulse with high signal-to-noise ratio is obtained
without (with) phase compensation.
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