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Tripartite entanglement in qudit stabilizer states and application in quantum error correction
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Consider a stabilizer state on n qudits, each of dimension D with D being a prime or squarefree integer, divided
into three mutually disjoint sets or parts. Generalizing a result of Bravyi et al. [J. Math. Phys. 47, 062106 (2006)]
for qubits (D = 2), we show that up to local unitaries, the three parts of the state can be written as tensor product
of unentangled signle-qudit states, maximally entangled Einstein-Podolsky-Rosen (EPR) pairs, and tripartite
Greenberger-Horne-Zeilinger (GHZ) states. We employ this result to obtain a complete characterization of the
properties of a class of channels associated with stabilizer error-correcting codes, along with their complementary

channels.
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I. INTRODUCTION

The study of entangled quantum states of systems consist-
ing of two or more parts is a central problem in quantum
information theory. The Schmidt decomposition provides a
fairly complete characterization of the pure states of a bipartite
system. However, mixed states on bipartite systems and pure
states on systems of three or more parts present a much more
difficult problem—see [1] for a comprehensive review—and a
relatively complete understanding of the situation exists only
for some very special cases.

The present paper considers the special case of (pure)
stabilizer states on n qudits, each of dimension D, and
addresses the problem of characterizing the corresponding
tripartite state when the n qudits are partitioned into three
disjoint sets A, B, and C and arbitrary unitary transformations
are allowed on each of the three parts. The case of qubits,
D =2, was studied by Bravyi et al. [2], who showed that
such a stabilizer state is equivalent, up to local unitaries
on the three parts, to a tensor product of pure unentangled
single qubit states, maximally entangled two-qubit states or
Einstein-Podolsky-Rosen (EPR) pairs with one qubit in one
part and the other qubit in a different part, and Greenberger-
Horne-Zeilinger (GHZ) states on three qubits with one lying
in each part. In this paper we generalize their results to
the case D > 2, where D is either a prime or a squarefree
integer (i.e., not divisible by the square of any integer greater
than 1).

The stabilizer formalism [3-5] was first introduced to
simplify the construction and analysis of quantum error-
correction codes. Soon thereafter it was generalized from
qubits to higher-dimensional qudits [6,7]. Most of the codes
known when the formalism was introduced, and the majority of
those discovered since, are stabilizer codes. The formalism has
also been used for measurement-based quantum computation
[8] and fault-tolerant topological quantum computation [9].
There has been a lot of research on single-qubit local unitary
(LU) and single-qubit local Clifford (LC) equivalence of qubit
stabilizer states and graph states [10—12] but here we consider
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partitionings where each part can have several qudits and
arbitrary gates (not necessarily single-qudit gates) acting on
qudits belonging to the same part are permitted.

In [13] we studied a class of channels obtained from
qudit stabilizer (equivalently, additive graph) codes where a
subset of the carrier qudits is lost. We fully characterized their
information-carrying capacities in terms of subset information
groups, which is a concept related to the notion of correctable
algebras introduced in [14]. We also provided an efficient
algorithm to find the subset information group. In this paper
we adopt the name stabilizer code channels for such channels.

The paper is organized as follows: Section II introduces
various concepts that will be used later: Pauli and Clifford
operators, one- and two-qudit gates, stabilizer and graph
states. It also contains some mathematical results, one of
which, Corollary 35, is of some interest by itself: it allows the
decomposition of stabilizer states into a tensor product of such
states when D = d,d; - - - is a product of mutually coprime
factors. In the following Sec. III, we prove that any bipartite
stabilizer state in the case of squarefree D is equivalent, up
to unitaries on the two parts, to a collection of unentangled
single-qubit states and maximally entangled EPR pairs. This
could have been studied using the Schmidt decomposition,
but the techniques used here are also needed in the following
section.

The central result of this paper is the tripartition Theorem 7
stated and proven in Sec. IV. It shows that, when D is
squarefree, a stabilizer state on three parts can be decomposed
into a tensor product of single-qudit states: two-qudit EPR
pairs and three-qudit GHZ states. With the help of Choi-
Jamiotkowski isomorphism or map-state duality, this result
is applied in Sec. V to the stabilizer code channels where
we show they can always be decomposed into a product of a
perfect quantum channel, a perfectly decohering channel, and
a depolarizing channel (not all of which need be present). We
also prove that the subset information groups corresponding to
a stabilizer code channel and its complementary channel obey
a duality relation, in that one completely specifies the other.
While the results are specific to stabilizer code channels, we
show that they can also be used to provide bounds on channel
capacities for some other cases.

Section VI summarizes our findings and suggests some
directions for future research.

©2011 American Physical Society
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II. PRELIMINARY CONCEPTS AND DEFINITIONS

A. Qudit Pauli operators

Most of the following preliminary concepts have been
introduced in [13,15] and we present them here again for
completeness. We generalize the notion of Pauli operators to
higher-dimensional Hilbert spaces where D > 2. The X and
Z Pauli operators are defined in the computational basis as

D-1 D—1
Z=3 il X =Y 1IN0+, (1)
j=0 j=0
and they satisfy
XP=2zP =1 XZ=wZX, o="/P, 2)

where the addition of integers in Eq. (1) is modulo D. For
a collection of n qudits we use subscripts to identify the
corresponding Pauli operators unless otherwise stated: thus
Z; and X; operate on the space of qudit i. The Hilbert
spaces of individual qudits are denoted by H;, and that of
n qudits by H®" := H; @ Ho ® - - - ® H,,. Operators of the
form

WXNZD @K ZE @ @ XD LY 3)

will be referred to as Pauli products, where A := ¢>7/2P) (so
A2 = w) and y is an integer in Z, p, the ring of integers modulo
2D. For a fixed n, the collection of all possible Pauli products
in Eq. (3) forms a group under operator multiplication, the
Pauli group P,,.

Forevery p € P,, p? iseither I or —I. The order of a Pauli
product p € P, is defined as the smallest integer | < o < D
such that p* oc I. Our definition of order is nonstandard in
that we only require the power of the Pauli products to be
proportional to the identity. Note that the order of any Pauli
product must divide D.

While P, is not Abelian, it has the property that any two
elements commute up to a phase: p; p» = w*? p,py, with a),
being an integer in Zp that depends on p; and p,;. One
can find subgroups of P, that are Abelian; for example,
the set of Pauli products with only powers of Z on every
qudit.

Proposition 1. Let A be set of mutually commuting Pauli
products in P, (for example, Abelian subgroups of P,). Then
A can have at most D" linearly independent elements.

Proof. The elements of A can be viewed as D" x D"
matrices. Then it is impossible to simultaneously diagonalize
D" + 1 or more mutually commuting and linearly independent
D"-by-D" matrices. ]

The collection of D?* Pauli products in Eq. (3) with y = 0
(i.e., a prefactor of 1) forms an orthonormal basis of L(H®"),
the space of linear operators on H®", with respect to the
Hilbert-Schmidt inner product

1
ﬁTr{qquz} =84..9. ¥ 91,92 € P, with prefactor of 1. (4)
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B. Single-qudit and two-qudit Clifford operators

Having defined Pauli operators, we now generalize other
single-qubit and two-qubit operators to D > 2. The qudit
generalization of the Hadamard gate is the Fourier gate

Fi=—=3 o™j)kl. 5)

For an invertible integer « € Zp (i.e., an integer for which
there exists @ € Zp such that a@ = 1 mod D), we define a
multiplicative gate

D—1
S@ =) 1iajl. (©)
Jj=0

The requirement that « be invertible ensures that S is unitary.

(For D = 2, the only invertible integer is o = 1; hence S is
just the identity.)

Next we define the phase gate as

—1 (i . .

w e | im0 2RI

= D=1y —j(+1)| ) :

X iso AUV

21i/2D)

if D is even

e (N
if D is odd.

where A =e The phase gate was first studied by
Nielsen et al. in [16] for the general D case.

The three single-qudit operators defined above as well as
the Pauli operators defined in Eq. (1) are examples of Clifford
unitaries, by which we mean unitaries that map Pauli products
to Pauli products under conjugation. For instance, FZF' =
X and FXF' = Z~!. The results of conjugating the Pauli
operators by F, S, and W are summarized in Table 1.

The generalizations to D > 2 of controlled-phase (CP) and
CNOT gates are the Clifford unitaries

D—1 D—1
=Y INh®Z =Y o j)(jh ® k) k2 (8)
j=0 j k=0
and
D—1 . D—1
CNOTyp := Y IiMili ® X3 = D 1){jl ® k) (k + jla,
j=0 Jj k=0

€))

where qudit 1 is the control while qudit 2 is the target. The CP
and CNOT gates are related by a local Fourier gate defined in
Eq. (5), similar to the D = 2 case,

CNOT)y = (I} @ F)cPo(I; @ Fa)'. (10)

Proposition 2. For D prime, let p € P, be a Pauli product on
n qudits [Eq. (3)] and assume that p is not the identity on qudit

TABLE 1. The result of conjugation of Pauli operators by one-
qudit gates F,S®, and W (& is the multiplicative inverse of @ mod
D and A = £27/CD)),

Pauli operator F S w
VA X VA Z
X z! X¢ AXZ (even D)

XZ (0dd D)
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1 (i.e., x; # 0 or z; # 0 or both). Then there exists a Clifford
unitary U such that UpU o XiI,---1I,. Furthermore, if
pP = I, then it is possible to have UpUT =X\L---1,.
Proof. If x; = 0, then conjugate p by the Fourier gate F
so that x; # 0. Then transform X7' Z{' to X|' by conjugating
it with the W gate a sufficient number of times. Next, use the
S@ gate to produce X;. See Table I for the result of these
conjugations. (Note that we relied on the fact that Zp is a
field when D is prime in the last two operations. The more
general result for arbitrary D is studied in [16].) If p is now
the identity on all the other qudits i = 2,3, ...,n we are done.
Otherwise, for each nonidentity qudit, set the Pauli operator
to X employing the procedure above. If at this point p is
not identity on qudit 2 (i.e., p = XX, ---), then X, can be
changed to I, by performing CNOT},. This is repeated where
needed so that the Pauli product is the identity on every qudit
except qudit 1, which proves UpU' is proportional to X.
If now p? = I, any remaining phase is necessarily some
power of w and can be removed by conjugation with powers
of Z 1. |

C. Stabilizer codes and states; partitions

Let S C P, be an Abelian subgroup consisting of linearly
independent Pauli products. Then |S| must divide D" and
sP = I forall s € S. (For prime D, every element except the
identity is necessarily of order D so |S| is always a power
of D.) Given S, define the set of states, C := {|y) € H®" :
s|yr) = |¢) Vs € S} Itis easy to check that C forms a linear
space, which we call the stabilizer code, with S being its
stabilizer group.'

In [15] it was shown that C and S are dual in the sense
that one completely specifies the other and they satisfy the
relation |S| x dim(C) = D", where dim(C) is the dimension
of C. In the quantum error-correction literature, if dim(C) = D*
for some integer 0 < k < n, then it is customary to write
C = [[n,k]]p because one can think of encoding k qudits
in the D*-dimensional subspace contained in the space of n
carrier qudits. Let U be a Clifford unitary and S a stabilizer
group with C being its corresponding stabilizer code. Then
S :=USU' = {UsU' : s € S} is also a stabilizer group sta-
bilizing the code C' = {U|¢) : |¢) € C}. For a detailed review
on Clifford unitaries and stabilizer states for arbitrary D,
see [17].

If |S| = D", then S stabilizes a unique state and we call
it the stabilizer state, denoted by |S). The projector onto the
state can be written as a sum of elements in S, as shown
in [18]

1
IS)(S| = EZS. (11)

seS

'Note that all elements of S leave each element of the subspace
C unchanged. The larger subgroup that maps C into itself without
the requirement that each |y) in C be mapped to itself could also be
called its “stabilizer,” but we are not using “stabilizer” in this second
sense.
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Two simple examples of stabilizer states are the EPR pair
and the GHZ state, expressed below for any D > 2 with their
respective stabilizer groups,

D—1

1 - _
|[EPR)12 = EZ(; li)ili)a, S =(X1X2.2:25"), (12)

and

1 D—1
IGHZ) 123 = 75 ; li1]i)2li)s,

(13)
S =(X1X2X3.2,2,",2, 25 "),
where the angular brackets denote the group generated by
products of the elements in the list.

When D is prime, S can always be generated by n
suitably chosen group elements, S = (sy,s7, .. .,s,) such that
the order of each s; is D. For nonprime D, one might need
more than n generators in some cases. We call these group
elements stabilizer generators or generators. Note that the set
of generators is not unique—there are many distinct choices
of generators that generate the same group; for example,
S = (5152,52, ... ,8,).

Proposition 3. Let S be a stabilizer group with D" elements
where D is prime. Let 7 = (t;,t2, ... ,t,) be a subgroup of
S with D™ elements where 1 < m < n. Then there exists
a set of n —m elements, {f,1,...,t,} C S such that § =
(t1,t2s o bt ds -« o sln).

Proof. First pick an element of S not in 7 and
call it t,4+. Since D is prime, the order of f,.; must
be D. Then the set {#’ il t' e lti,t, ... ty),a € Zp}, =
(t1,t2, - - < st twa1) 1s @ subgroup of S with D"t elements.
Repeat this incremental addition of generators until the set of
generators generates S. ]

A stabilizer state |S) € H®" naturally “lives” in a tensor
product space of n qudits but one can imagine a coarser-grained
partitioning where the n qudits are divided into two parts
labeled A and B, which we will call a bipartition. One can
regard any state on the total Hilbert space as an entangled
state on H, ® Hp and we will also refer to such a state
as a bipartition. Tripartitions and generalizations to a higher
number of partitions can be analogously defined. (Obviously
partitions can be defined on any multipartite state, not just
stabilizer states.)

A useful expression for reduced density operators of
multipartite stabilizer states is the following. For a bipartite
stabilizer state |S) € Hx ® Hp let

Sy :={s €S :Trp{s} # 0} (14)

be the elements of S equal to the identity on H g. They form a
subgroup of S (see, e.g., [13]) and, in light of Eq. (11),

1
pa=Trp(IS)Sh = 5= D 5. (15)

KIS

If we square both sides we see that ,oi = (|Sal/D"*)pa, which
means that the reduced density operator of a stabilizer state
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has identical positive eigenvalues, so it is proportional to a
projector. Additionally, it satisfies

na

|Sal’

Therefore, p4 is proportional to the identity if and only if the
subgroup S4 has only the identity element.

Finally, let |S) and |7) be stabilizer states on distinct sets of
n and m qudits with stabilizer group S = (sy, ...,s,)and 7 =
(t1,...,tn). Then clearly the tensor product of these states
V) =|S) ® |7) is also a stabilizer state with the stabilizer

group

rank(p,) = (16)

V=Ast,....8) @ (tr, ....lm)

=1 QL. LI, ... ®t,). (17

Conversely, given a stabilizer state |V) € H®" @ H®™, if the
stabilizer group can be written as a tensor product of two
stabilizer groups, V = (s1,...,8:,) ® {ti, ..., ), then |V) =
|S) ® |T), since |S) and |7) are uniquely determined by their
respective stabilizer groups.

D. Decomposition of stabilizer states of composite dimensions

Let the integer D have the prime decomposition

D= pipS - pen, (18)

where the p; are distinct primes and the ¢€; positive integers.
The following theorem is useful when the qudit dimension D
is composite.

Theorem 4 (Chinese remainder decomposition of stabilizer
state). Let A be an Abelian group of linearly independent Pauli
products on n qudits, each of dimension D, and let Eq. (18) be
the prime decomposition of D.

Then A is unitarily equivalent to a tensor product of m
Abelian groups in the sense that

(U@...®L{)A(L{®-~-®U)T=®Ai7 (19)

i=1

where U/ is a unitary acting on the D-dimensional space
of a single qudit, each 4; is an Abelian group of linearly
independent Pauli products on n qudits of dimension p;’, and

|A] = [A ] x [Ap| x - x [ Ay (20)

The proof is in Appendix A. As stabilizer groups are examples
of such Abelian groups, one has:

Corollary 5. Let |S) be a stabilizer state on n qudits of
dimension D, prime decomposition given by Eq. (18).

Then there exists a single-qudit unitary ¢/ such that

M
UR---aUS) =Q)I1S), @1
i=I

where each |S;) is a stabilizer state on n qudits of dimension
€
p; -

Proof. Let S denote the stabilizer group of |S) which
has D" linearly independent Pauli products. Then, by the
theorem above S, an Abelian group of linearly independent
Pauli products is equivalent up to local unitaries to a tensor
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product of m stabilizer groups of dimensions p? , pgz, RN N

each stabilizing its own stabilizer state |S;). [ |

When applied to an arbitrary stabilizer state |Sg) on qudits
of D = 6, this corollary states that it is equivalent up to local
single-qudit unitaries to a tensor product of two stabilizer
states |S;) ® |S3), one on n qubits and the other on n qutrits.
Essentially, each D = 6 qudit has an internal tensor product
structure that can be decomposed to a qubit and a qutrit.
Therefore, in studies of entanglement of stabilizer states of
D = 6, itis sufficient to just consider qubit and qutrit stabilizer
states.

In this paper, the corollary above is used to extend various
results on stabilizer states that hold for prime D to the
case where D is squarefree, meaning that ¢; = 1 in (18) for
every i.

E. Graph states

Let I';; =TI'j; be the adjacency matrix of an undirected
graph G on n vertices with no loops (I';; = 0). Each I';;, which
is the weight of the edge connecting vertices i and j, can take
any value in Z p, with (as usual) I';; = 0 in the absence of an
edge.

The graph state |G) is a state on n qudits of dimension D
defined as

n—1 n
6) =TT [T o | @@t @
i=1 j=i+l
where
1 D—1
4+) = —= ) /) (23)
75 =

and the two-qudit gate CP;; is defined in Eq. (8). Note that the
CP gates all commute with each other so there is no need to
specify the order in which they act on the kets. For nonprime D,
there are alternative ways to define graph states (see, e.g., [19]).
All graph states are stabilizer states but the converse is not
true; however, it was shown in [20] and [19] for prime D
(and therefore also for squarefree D by Corollary 5) that all
stabilizer states are equivalent up to local Clifford unitaries
to graph states. It is often more convenient to work with the
stabilizer group (denoted by S ) rather than the ket itself. For
a given graph state |G) with adjacency matrix I', there is a
canonical set of n stabilizer generators {g;} given by

g=X |[]z"] fori=12....n, (24
j=1

which of course satisfies g;|G) = |G) for all g;, so we have
S = (g1,82, - - - ,&n)- These operators are called correlation
operators in [21].

III. BIPARTITION OF QUDIT STABILIZER STATES

Entanglement across bipartitions of stabilizer states has
been studied in Sec. 3 of [22] and [18]. Here we shall extend
their result to all squarefree D > 2 with the theorem below.
The entanglement of a bipartite state can always be studied
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in terms of its Schmidt decomposition, but we present an
alternative approach here because it is helpful in explaining
the techniques that will be used in the tripartition theorem in
Sec. IV.

Before stating the bipartition theorem let us study some sim-
ple stabilizer states to understand how unentangled subsystems
in each part can obscure the actual amount of entanglement
present. We shall consider the two stabilizer states on three
qudits below and ask how much entanglement is present across
the A-B bipartition:

S =(Z, Z5' X4 X5, X 12), 05)
2 -1 -1 —1
S( : = (ZAI ZB] ’XA] ZAZ XB[ ’ZA] XAz)’

where the subscripts Aj,A; denote qudits in part A and
analogously B in part B.

First observe that SY" can be factorized as
(ZA]ZE]],XAIXBI> ® (X4,) (see discussion at the end
of Sec. IIC) and the unentangled qudit A, is irrelevant as far
as entanglement between A and B is concerned. From here it
is straightforward to see that (Z4, Zp,,X 4, X p,) stabilizes the
EPR pair described in Eq. (12).

In the second case, it is harder to tell how entangled the
state is by just looking at the stabilizer group S, although
it differs only by a local unitary on part A from the previous
state, |SP) = CP4, 4,|SV). This tells us there must be some
hidden unentangled subsystem in part A that, upon removal,
will result in a simpler two-qudit stabilizer state, just like the
first example.

A systematic way to “detect” the presence of unentangled
subsystems in stabilizer states is by inspecting the reduced-
density operator on each part or equivalently the subgroups
Sa,Sp (see Sec. I1C). The bipartition theorem below is es-
sentially just a formal statement that, once all the unentangled
subsystems are removed, all that remains is a collection of
EPR pairs.

Theorem 6 (bipartition of stabilizer state). For squarefree
D, let |S) be a stabilizer state on n > 2 qudits. For any
bipartition of |S) € Hs ® Hp, there exists Clifford unitaries
Ua,Up on each part such that U,Ug|S) is a collection of
maximally entangled EPR pairs and unentangled single-qudit
states; that is,

UaUgp|S)ap = [EPR)SH @ [H)5" @ |-4)5™"".  (26)

Note that m 4, mp, or m 45 can be zero.

Proof. By invoking Corollary 5, we can decompose |S)
into several stabilizer states where each of them is on n qudits
of prime dimension. Therefore, it is sufficient to prove the
theorem only for prime D.

If the subgroups S, and Sg both contain only the identity
element then, by Eq. (15), both p4 and pp are proportional to
the identity. This is equivalent to S not containing any element
that is nontrivial only in one part, such as X4, /p. This also
means |S) is maximally entangled and therefore is equivalent
to a collection of EPR pairs.

Otherwise, assume that S, has at least one element, s € P,
not equal to the identity, a Pauli product which acts nontrivially
on at least one qudit in part A. Without loss of generality
we can assume that qudit is A;. Then by Proposition 2 we
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know there exists a Clifford operation U, such that U AsUj, =
Xada, - 1a,, -

Next consider the new stabilizer group for Uy|S) and
choose X4, as one of the generators so that U,SU -
(X4a,,82,...,5,), which is always possible, as shown in
Proposition 3. Since s, must commute with X 4,, there cannot
be any Z,, operator in it and hence it must be of the form
Sy = Xil ® pava,, where pa\a, is some Pauli product on
qudits Aj,...,A,,. If « =0, then do nothing. Otherwise
replace s, with s} := X;l‘"sz = I4, ® pa\a,, so that the new
generator is the identity on qudit A;. This replacement does
not change the group being generated.

Repeat this procedure for all the other generators s3, . . . ,s,.
In doing so we now have a new set of generators such that
there is only one generator that is nontrivial on qudit A; while
all other generators have identity on A;. The end result is
a stabilizer group that can be written as a tensor product,

UaSUL = (X4,) ® (s}y....5)).
Following the discussion at the end of Sec. IIC, we can
write Ua|S) = |+)4, ® |S’) where |+) is defined in Eq. (23)
and |S’) is stabilized by (s3, . ..,s,). In other words, we have
extracted an unentangled subsystem from part A and are left
with a stabilizer state with n — 1 qudits. Repeat this process
on both parts until both S4 and Sp contain only the identity
element. This concludes the proof. |
In fact this extraction of unentangled subsystems works for
stabilizer states with any number of parts since we can always
view the part of interest as A and all the other parts as B.

IV. TRIPARTITION OF QUDIT STABILIZER STATES

The problem of tripartition of qubit (D = 2) stabilizer states
has been studied by Bravyi et al. in [2]. They proved that such
states are always equivalent up to unitaries on each part to
a collection of GHZ states, maximally entangled EPR pairs
and unentangled single-qubit states; see Fig. 1 for a simple
illustration. In the same paper, they also provided partial
solutions to the general problem with more than three parties.
Here we extend their tripartition result to squarefree D > 2
using a method mentioned but not used in their paper.

Theorem 7 (tripartition of stabilizer state). For squarefree
D, let |S) be a stabilizer state with n > 3 qudits. For any
tripartition of |S) € Ha ® Hp ® Hc, there exists Clifford
unitaries Uu,Up,Uc on each part such that UyUgUc¢|S) is

B B
A Ua,Us,Uc A ./.
)
C C

FIG. 1. (Color online) Example of equivalence of a tripartite
graph state to a collection of single-qudit states, EPR pairs, and GHZ
state.
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a collection of GHZ states, maximally entangled EPR pairs,
and unentangled single-qudit states; namely,

U,UpUc|S) = |GHZ)®"45¢ @ |EPR)®" 4%
® [EPR)®"#¢ @ |EPR)®"4c
® |+)®mA ® |+>®m3 ® |+)®mc’ (27)

where m 4, mp,mc,map,Mpc,Mac,M4pc are nonnegative in-
tegers that can be zero.

Proof. 1t is sufficient to prove the theorem only for prime
D because Corollary 5 extends the proof to squarefree D. The
proof can be divided into three major steps.

In step 1 we simply repeat the unentangled subsystem
extraction procedure explained in the previous section; the
details will not be repeated here. As a consequence the three
reduced density operators p4,0p, and pc are all proportional
to the identity. In step 2, we extract EPR pairs using local
Clifford unitaries acting on two parts at a time. Thus, for
parts A and B, we try to find Us,Up such that UsUgIc|S) =
|EPR) 45 ® |S’). The identical procedure can be used to extract
EPR pairs from A and C, and from B and C, so we only need
to discuss how it works for A and B. Finally, in Step 3 we
prove that the state remaining after all these extractions must
be a collection of GHZ states.

(2) We begin step 2 with the observation that, as shown in
Eq. (15), the reduced density operator p4p for the combined
parts A and B is given by

|Sasl
pap = Trc{IS)(S]) = D™ 37 sy
i=l1
[Sasl )
=D~ NP @ sy, (28)

i=1

where Sap :={s € S : Trc{s} # 0} and SX) and sg) are Pauli
products on A and B, respectively. There is some phase

ambiguity in the final expression because a phase on SX) can

be moved to sg) or vice versa, but the following proof does not
depend on how the phase is assigned.
(2A) If the collection {sg)} defined in Eq. (28) contains two
elements si{),s;k) that do not commute, then at least one EPR
pair can be extracted from parts A and B as we now show. We
can always assume those two elements satisfy the commutation
relation

sff)sg) =w sij)s(k), 29)
because if the phase picked up is instead some higher power of
XC) with an appropriate power of sX‘) since
D is prime. Now transform s;jl), so that it is the identity on
every qudit except A; and By; that is,

w, we can replace s

Sih =2, ®Zg!, (30)

by applying Proposition 2 twice, first on part A and then on part
B, using Clifford unitaries local to each part. The commutation
relation between s;’) and sX‘) in Eq. (29) is left unchanged
because it is invariant under conjugations by unitaries.
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(2B) The fact that [s%/),s'4] = 0 together with Egs. (29) and
(30) imply that
k) __ o B

Sap = Xa,ZaPaa, ® X, Zg dp\p,» (€29)]
where p,q are some Pauli products on the remaining qudits
on part A and B, respectively, and o, 8 € Zp. To see this, first
observe that Egs. (29) and (30) tell us the exponent on X 4, is
necessarily 1 while imposing no conditions on the exponent
of Z4, nor the Pauli operators on the other qudits in part A.
Next, sij; commuting with sff})g fixes the exponent of Xp, to
be 1, resulting in Eq. (31).

In Eq. (31) the Z operators on qudits A; and B; can be
removed by conjugating s;k; with the phase gate W applied to
these qudits (see Table I). Lastly, the Pauli products p and
g can be set to I using methods outlined in the proof of
Proposition 2. The conjugations by CNOT gates described there
with A} and By, being the control qudits, do not modify sg’ ;
at all. At the end of all these transformations we have

s$ = X4, ® X, (32)

(2C) Keeping track of all the Clifford unitaries that have acted
so far on the two parts and combining them as Uy ,Ug, we can
write the new stabilizer group as (UsUglc)S(UsUglc)! =
(t1 = Xa, X0 = ZA1 Z;ll ,13, .. .) by Proposition 3. Since #3
must commute with #; and #,, it must be of the form

3= XZIZ/ZPA\A] ® X5, ZI;ﬂqB\B] ®res (33)

for some o, € Zp, where p,q,r are some Pauli products on
subsystem A less Ay, B less By and C, respectively, reusing
arguments that produced Eq. (31). Next, replace the generator
13 by t§ = 1, 7179, so that t} has identities on qudits A;, B).
The same can be done for all other generators, 4, . . . ,t,.
(2D) Given this, we can write the new stabilizer group
as (XA]XB],ZAIZEII) ® (t;,...,t;): an EPR pair stabilized
by (XAIXBI,ZAIZ§11> and a stabilizer state |S’) stabilized
by (#,...,t;). The reduced density operators p/, and pj
corresponding to |S’) are again proportional to the identity
operators on the parts of A and B that remain after the
extraction. Were it otherwise in the case of p’;, the reduced
density operator on the (full) system A corresponding to the
state stabilized by (X4, Xp,,Z,, Zgll> ® (t}, ...,t,) would not
be proportional to the identity, contradicting the fact that after
step 1 (extraction of unentangled subsystems), and thus at the
beginning of step 2, p4 was proportional to the identity. Of
course, the same applies to pj.

(2E) Next examine the expansion of p/, 5, putting |S’) in (28).
If some of the SX) do not commute with each other a further
extraction is possible, and one can repeat the process until all
of these operators commute. Now apply the same extraction
process to A and C, and then to B and C, until all EPR pairs
have been extracted. The final step is showing that the tripartite
stabilizer state after extracting all unentangled states and EPR
pairs is a collection of GHZ states.

(3A) We prove that, after the preceding extractions have been
carried out, the three parts must have the same number of
qudits,n4 = np = n¢. Since p¢ is proportional to the identity,
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|S) is maximally entangled across the C-AB cut. Using its
Schmidt form allows the the projector on |S) to be written as

Drc—1

D 1)l ® 165148, (34)

i,j=0

[S)S| = o0

with {|¢;)} a set of orthonormal kets in H, ® Hp. The
{li){jlc} are a set of D?'c linearly independent operators, as
are the {|¢;)(¢;|ap}, which means the operator Schmidt rank
of |S)(S|is D',

From Eq. (11) the projector can also be expressed as a sum
of the D" linearly independent stabilizer elements in S:

D"

-
1 1
S8 = 3=y P el (9)
k=1 k=1

(k)

where the r,; and rék )

are Pauli products on AB and C,

respectively. In general, the collection {r(ck ) } is not linearly
independent; for example, each r® that belongs to the
subgroup Sy p satisfies r(ck ) « Ic. Indeed, two elements ® and
r® belong to the same coset of Sy if and only if r(Ck ) & r(Cl).
Therefore, the number of cosets of Sup is the number of
linearly independent elements in the collection {rg‘ )},?;1. We
shall now prove that this number is D¢,

We can reexpress Eq. (35) as a sum over linearly independent
Pauli products on part C:

D¢

1SSl Y g ®xfy. (36)
k'=1

where {xﬁfg} are sums of Pauli products on parts A and B.
We know there must be D?'¢ linearly independent terms since
that is the operator Schmidt rank and thus none of the xX(g can
vanish. Hence the number of cosets of Sy is D?'¢. Thus, by

Lagrange’s theorem,
|Sag| = S|/ D¢ = D"*rnre, 37

We now take a digression to show that the collection of
Pauli products on subsystem A, {SX)}, on the right side of
Eq. (28), is linearly independent when pp o Ip; similarly, the
collection {sg)} is linearly independent if p4 o I4. Because
they are Pauli products it suffices to show that no two of them
are proportional in order to demonstrate linear independence.

Assume the contrary, that sg) x SX() for some j # k. Since the

{SX.I)B} are group elemgnts, sgj; must have an inverse, (sgj;)’l,
which when inserted in Eq. (28) yields

()8 = (0 8 ) 6 )
o 14 ® (s9) s, (38)

The final term cannot be proportional to the identity, as that
would imply si{; o SX%. But these are elements of S, so they
must be linearly independent for j # k. Therefore, Sp contains
an element that is not the identity, contradicting the fact that
pp  Ig.Hence it cannot be the case that sk’) x SX() for j # k.

Thus the collection {SX)} contains | S| linearly independent
and mutually commuting elements and, by Proposition 1
this means that |Syp| < D"*. The same argument applies
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to the collection {sg)}, s0 |Sap| < D"5. By combining these
inequalities with Eq. (37), it follows that both n 4 and n g cannot
be larger than n¢. Identical arguments applied to different pairs
of subsystems implies that

nA ZnBZHCa (39)

and, using Eq. (37), |Sas| = |Sac| = |Sac| = D"4.

(3B) If Spc contains only the identity element, then ny =
ng = nc = 0 and no GHZ state can be extracted. Otherwise
n4 > 1 and Spc has at least one nontrivial element which we
will label as #,. By Proposition 2 it can be transformed to

Hh = Z31 ® ZE]1~ (40)

Now consider the group Ssp. We showed previously that
the operators {sg)} defined in Eq. (28) are both linearly
independent and mutually commuting, and I{Sg)}| = D"s.
Hence, if there is an element p € P,, that commutes with
every element in {sg)}, it must belong to {sg)} up to a phase.
This is because, by Proposition 1, sets of mutually commuting
Pauli products on n g qudits cannot have more than D" linearly
independent elements.

Note that r; commuting with every element of S4p (as they
are all just elements of S) implies Z, commutes with every
sg) since 7, is identity on part A and every s € S,p is identity
on part C. Then by the argument in the previous paragraph,
there exists an element in Syp of the form ps ® Zp,. Let
denote this element and note that p4 # I4 because otherwise
this would contradict the assumption that pp is proportional
to the identity. Then by Proposition 2, there exists unitary
transformations such that

h=2;'®Zs, (41)

and they do not affect #; since all the operations are done on
part A.

(3C) Since each of the D?*¢ Pauli products for part C must
appear in Eq. (36)—none of xikg can vanish—there exists

an element in S which satisfies qg(/) & Xc,Ic\c, on the C
subsystem. We call that element #;3. The most general form it
can have, given that it has to commute with t; = Zp Zgll and

_ 71 :
th = ZA] ZBl,ls

13 =XpZy Paa, ® Xp, Z‘Zqu\B, ® Xc,, (42)

where p and ¢ are Pauli products on the remaining qudits in
part A and B respectively and «,8 € Zp; see step (2B) for
the explanation. Finally, we transform this element to #3 =
X 4, X, X, without modifying #;,#, by using the techniques
described in step (2B) and in the proof of Proposition 2.

(3D) Invoking Proposition 3 and letting U,,Up,Uc denote
all the unitary operations we have made so far, we can write
(UaUpUc)SWUAUBUC) = (ty = Zy Zo =25 Zy 13 =
Xa, Xp, Xc,t4, ... ,ty). As was done in step (2C) and the
proof of the bipartition theorem, the generators t4,...,?,
can all be made to be the identity on qudits A;,B;,C;
simultaneously, so we can write UsUgUcS(UsUp Uc)t =
(23,2 23 2y X4, X, Xc,) ® (1}, ....t}). Therefore, we
have a GHZ state [see Eq. (13)] on qudits Ay, By,C, tensored
with a state on a system which has one fewer qudit in each
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part. This extraction process can be repeated untilny = ng =
nc = 0. ]

V. APPLICATION IN QUANTUM ERROR CORRECTION

In this section we apply the tripartition theorem to solve
a problem in the area of quantum error correction. It allows
us to understand the structure of a class of quantum channels
derived from qudit stabilizer codes (see Sec. II C) of prime D
by decomposing them to a tensor products of perfect quantum
channels, perfectly decohering channels, and completely
depolarizing channels.

The connection between tripartite stabilizer states and stabi-
lizer codes is worked out in Sec. V A using Choi-Jamiotkowski
isomorphism or map-state duality. This leads to a class of
channels which we call stabilizer code channels defined in
Sec. VB, whose decomposition into simple channels is the
topic of Sec. VC. A duality between the subset information
groups of such a channel and its complementary channel is
demonstrated in Sec. V D.

A. Isomorphism between stabilizer codes and stabilizer states

Let H4 and Hp be two Hilbert spaces and {|i)4} be
an orthonormal basis for 4. Then there is a one-to-one
correspondence between a linear map M from H, and Hp
and a ket |M) on the tensor product H4 ® Hp conveniently
expressed in Dirac notation as changing bras to kets or vice
versa:

M= 1B)ila IM)=D"IB) ®lida.  (43)

Here, the {|8;)} are elements of H p, in general neither orthog-
onal nor normalized, uniquely determined by M or by |M)
as the case may be. This Choi-Jamiotkowski isomorphism?
depends on the choice of the basis {|i)4}; in what follows
this will always be the computational basis. For convenience
we introduce a normalization factor of </d4 in defining the
following isomorphism and its inverse:

(M) = |M)/dy, 7 (M) = daM,  (44)
with M and |M) related by Eq. (43). It is straightforward to
show that

DUpMU,) = (U Up)D(M),

(45)
O~ [(Up ® Un)IM)] = Upd ™ (IM)U},
where the transpose T refers to the {|i)4} basis and U, and
Up are any operators on H 4 and H g, respectively.

>The idea goes back to Choi [23] and Jamiotkowski [24] and
even earlier; see [25] for extensive references to the literature.
The isomorphism is usually defined between quantum channels and
bipartite density operators so, technically, our definition is just “half”
of the standard form; see [26,27].
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Next assume that d4 < dp and define an isometry V :
HA —> HB as

dy
V=) lu)plila, (46)
i=0

where {|v;)} is an orthonormal basis spanning a du-
dimensional subspace of Hp that we call the coding space.
The isomorphism carries it into

1 &
me)ﬂin, (47)
i=0

where, since V is an isometry, pg = Trg{|V)(V|} = 14/d 4.
One can think of |V), where H4 and Hp enter on an equal
footing, as an atemporal representation of the isometry [26].

The following lemma uses the Choi-Jamiotkowski isomor-
phism to relate isometries corresponding to stabilizer codes to
stabilizer states.

Lemma 8 (isomorphism between stabilizer code and bipar-
tite stabilizer state). Let D be the dimension of any one of the
qudits. The two statements below are true for any prime D:

(1) Given an [[n,k]]p stabilizer code (Sec. I C) that defines
an isometry V : H® — H®", the isomorphism ® in Eq. (44)
carries V to a stabilizer state | V') on k + n qudits.

(2) Let |S)ap be a stabilizer state on k + n qudits, where
the first k qudits constitute part A and the remaining n qudits
constitute part B, and assume that Trz{|S)(S|} = I4/D*.
Then the inverse isomorphism ®~! in Eq. (44) carries |S)
to an isometry V : H4 — Hp whose image or coding space
is an [[n,k]]p stabilizer code.

Proof. The proof can be simplified by noting that, as shown
in [19,20], any stabilizer code when D is prime is equivalent to
an additive graph code, up to products of single-qudit Clifford
unitaries. In turn it was shown in [15] and [13] that an additive
[[7,k]]p graph code when D is prime can be described using
a graph state |G) € H®" and an Abelian group F = {c,-}f):k 0 !
with D* linearly independent Pauli products in P,, composed
only of Z operators. The coding space is spanned by the set
{ci|G)} of mutually orthogonal kets. Recall from Sec. IIC
that any graph state |G) on n qudits can be fully specified
by its stabilizer group, (gi,...,g,) with D" elements, see
Eq. (24). Similarly, the coding group F can be generated by k
suitably chosen group elements, F = (fi, f2, ..., fx), so the
coding space is spanned by {fli‘ < [AG)) for iy, ... ik =
0,1,...,D—1.

To prove statement 1, define the isometry

D—1 D—1 ) )
V=S MG sl ikla (48)

i1=0 i =0

V) = d(V) =

that maps H, = H®¥, a collection of k qudits, into the coding
space, and

V)=

D—1 ) ]
Y i i) a ® £l fiHG) g

=
v D* =0 =0

(49)
as the corresponding ket on H4 ® Hp, as per Eq. (44).
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We shall show that |V) is a stabilizer state by exhibiting
the k + n stabilizer generators. The first n are derived from the
generators {g;}, for j =1,2,...,n of the stabilizer group of
|G), now regarded as operators on H4 ® Hp, so that

D-1  D-I
1
T @g)IV) = Z"'Z|i1"'ik)A
D* i1=0

it=0
®gj fi' - f'1G)p
| b=t Dol
= Z"'Z'ilmik)/‘
Dk i1=0 i =0
Qi ... Pik fr L fGY g, (50)

where the phases result from commuting the g; with the f;
operators:

gifi=aPfigi forj=1,...nandl=1,....k, (51

with the 8; integers in Z p. The phases can be removed using
an appropriate Pauli product of Z operators:

(2,7 2P @g) vy =1V) forj=1,....n, (52)

That these n generators mutually commute follows from the
fact that {g;} is a mutually commuting set.
The remaining k stabilizer generators are simply

X4, ®(f"), forl=1,.. k. (53)

They obviously commute among themselves. It is not hard to
show that they leave |V) in Eq. (49) invariant and commute
with the n previous generators on the left side of Eq. (52). Since
we have constructed k + n linearly independent commuting
Pauli operators that leave |V) invariant and thus generate a
stabilizer group, | V) is a stabilizer state.

To prove statement 2 of the lemma we use the fact that, for
prime D, any stabilizer state |S) is equivalent up to single-qudit
Clifford unitaries, thus a choice of basis for the individual
qudits, to a graph state. Hence, without loss of generality, we
can assume that |S) is a graph state on H, ® Hp written in
the form [see Eq. (22)]

n+k
Shas = | [Tev) | 105 @ 1H)%". (54)

i<j

Let cp4 be the product of those CP gates on the right side that
act only on qudits in A, and let |G) 5 = CPp|+)%" be the graph
state on H p resulting from the CP gates that act only on qudits
in B, denoted by CPg. The action of the remaining CP gates
that connect A and B qudits can be written out explicitly in
terms of Z operators [see Eq. (8)] to obtain

k n+k
F,’j
Sy =cea [ [] [T cp; | 1954165
i=1 j=k+1
1 D—1 D—1
=—F—CPg ) -+ > |1 -ix)a
® fi' - fE1G)s, (55)
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where
n+k
fir=[] z}" for 1=12....k (56)
j=k+1
and so
n+k D—1 )
[T cry =Y lintle £ for 1=1,... .k (57)
j=k+1 i1=0

Comparing the last line of Eq. (55) with Eq. (49) yields

d7[(cP)'IS)]
D—1 D—1 ) )
:Z"'Zfll]"' NG lin - ikla,  (58)
i1=0 ir=0

which is an isometry corresponding to an additive graph
code with graph state |G)p € H®" and coding group C =
(fis ..., fx). Therefore, using Eq. (45),

()
D—1 D—1 ] )
=D Y U f -+ fi1G)slir - iklalcpa)'],
i1=0 ix=0

(59)

where the transpose is taken in the computational basis. The
final factor is simply a unitary transformation on the input
and thus does not change its image, which is the graph or
stabilizer code spanned by the f'--- f*|G)p. That these
last are a collection of D¥ mutually orthogonal kets follows
from the assumption that Trz{|S)(S|} = I,/D* and the fact
that the final equality in Eq. (55) is a Schmidt decomposition
of |S). |

B. Stabilizer code channels and subset information groups

Consider an isometry V : H, = H® — H®" correspond-
ing to an [[n,k]]p stabilizer code where D is prime and the
n output qudits are partitioned into two disjoint nonempty
subsets, B and C. Such bipartitions of stabilizer and graph
codes have been studied in [13] and [28]. (Qubit stabilizer
codes with input qudits partitioned into two parts have also
been studied in [29] but, in this paper, we will only consider
bipartitions of the output qudits.) We can think of the B qudits
as the output of a direct quantum channel, and the C qudits
either as the environment or as the output of complementary
channel, with corresponding superoperators

Ep(p) :=Trc{VoVT}, Ec(p):=Trg{VpV'}.  (60)

We shall refer to channels derived in this way from stabilizer
codes as stabilizer code channels. The analysis below applies to
any stabilizer code regardless of its error-correction properties,
such as code distance.

In Sec. V of [13], we studied the information-carrying
capacity of stabilizer code channels and, to this end, introduced
the subset information group

Gp :={p € PclEp(p) # 0} (61)
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as subgroup of the Pauli group on the k input qudits. It was
shown that Gp is a group, and that its elements satisfy the
isomorphism

Ep(p) Ep(q) = c Ep(pg) Y p.q € Gp, (62)

where ¢ is an appropriately chosen positive constant indepen-
dent of p and q.

We also presented an efficient algorithm to find Gp given
the isometry V (defined by an additive graph code) and the
subset B by solving a set of linear equations modulo D. The
subset information group G¢ for the complementary channel
can be defined in the same way. The previous work discussed
additive graph codes, but the results apply to stabilizer codes
as well since they are equivalent up to local unitaries.

One can think of the group Gp or the operator algebra that
it spans [i.e., a subalgebra of the algebra L(H 4) of operators
on the channel input] as representing the information that is
perfectly transmitted from the input to the output Hp of the
channel by £g. Since it is present in the output, this information
can be perfectly recovered, which is to say mapped to a
Hilbert space H'; isomorphic to H 4, by a recovery operation
(recovery channel) R : L(Hp) — L(H,), as shown in [13].
The recovery operation has the property that [R o £5](x) = x,
where x is any Pauli product in Gg or any operator in the
subalgebra that it spans. Thus, the last is an example of a
correctable algebra, as defined in [14] in their formalism of
operator algebra quantum error correction.

In the following subsections we show that stabilizer code
channels can be decomposed into tensor products of simple
channels, which has important implications for the properties
of Gg and Gc.

C. Tensor product structure of stabilizer code channels

Before stating the main result in Theorem 9, let us indicate
by means of some simple examples its main idea, which is that
the isomorphism proven in Lemma 8 with Theorem 7 imply
stabilizer code channels have a very simple structure.

First consider the stabilizer state, |V) = |[EPR)4,p,,
Eq. (12), which by Egs. (46) and (47) corresponds to the
isometry

D—1

IV = Vier = Y li)s Gila, (63)
i=0

for a perfect quantum channel from H 4, to H p,, with quantum
(and classical) channel capacity equal to log, D. The subset
information group contains every Pauli operator on qudit A;
(i.e.,Gp = (M4, Xa,,Z4,)).

Next consider the tripartite state |V) = |EPR)s 5, ®
|EPR) p,¢,. Tracing out part C [Eq. (60)] yields the channel
Ep with the same Gp = (Al4,,X4,,Z4,) as before, while
the complementary channel £¢ is the completely noisy or
completely depolarizing channel whose subset information
group is (multiples of) the identity, Gc = (Al4,). Therefore,
attaching the state |EPR) g,¢, to that of the previous example
increases the dimension of the output Hilbert space while
leaving the H, to Hp channel unchanged. This is not
surprising, since the |EPR)p,¢, part has nothing to do with
the input Hilbert space Hy4.
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As a third example, the tripartite |GHZ) state from Eq. (13),

D—1

|V) = |GHZ) - L D i) li)sli) (64)
- A131C1 - ﬁ par A] B[ C[?

is carried by the inverse map in Eq. (44) to the isometry

D—1
OV = Vorz = Y s lide fila. (65

i=0

In this case, £ and & are perfectly decohering channels
whose Kraus representation is

D—-1
Ex(p) = Ec(p) = Y _ li)ilpli)il, (66)
i=0

generalizing the qubit phase-flip channel (see chapter 8 of
[5]) to arbitrary D. The quantum channel capacity is zero
while the classical channel capacity is log, D. The subset
information groups for both channels are identical: Gg =
Gc = (Ma,,Za,)-

The following theorem states that the isometry of any
stabilizer code with a bipartition defined on the output qudits
is equivalent to a tensor product of isometries of the form
Vepr and Vgyz. See Fig. 2 for an example of a decomposition
of an isometry of a [[7,3]]p stabilizer code with ng =3
and n¢c = 4.

Theorem 9 (tensor product structure of stabilizer code
isometries). For prime D, let V : Hy — Hp ® Hc¢ be an
isometry corresponding to an [[n,k]]p stabilizer code with
a B-C bipartition of the n output qudits. Then, up to unitaries
Ua,Up,Uc on Hy, Hp, and He, V is a tensor product:

UsUcVUs = Vit " @ Vi ® Vi
® |[EPR)®"5¢ @ |+)®"8 @ |+)®"C (67)

where msgc, mag, Mmac, Mmpc, My, and m¢ are nonnegative
integers, and Vgpr and Vgpz are defined in Egs. (63) and (65).

Proof. Use Lemma 8 to map the stabilizer code isometry
V to a stabilizer state ®(V) = |V) on k +n qudits. Use
Theorem 7 to express the result, up to local unitaries, in
the form given in Eq. (27). Apply to this the inverse map
o1 noting that unitaries can be pulled outside, as shown in
Eq. (45). |

An immediate corollary is that stabilizer code channels, up
to unitaries on the input and output spaces, are always tensor
products of just three types of simple channels: (i) perfect
quantum channel, (ii) perfectly decohering or phase-flip
channel, and (iii) completely noisy or completely depolarizing
channel. This determines the quantum and classical capacities

FIG. 2. Decomposition of the isometry of a [[7,3]]p stabilizer
code into simple isometries as proven in Theorem 9. The dotted line
in the diagram on the right represents an EPR pair between parts B
and C.
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since, for example, the quantum capacity of Ep is just the
number of EPR pairs that can be extracted from the A-B
bipartition of |V) multiplied by log, D, while the classical
capacity is the quantum capacity plus the number of GHZ
states linking A, B, and C.

Hence it follows that if £ is a stabilizer code channel
and its classical and quantum channel capacities are known,
then one can deduce the decomposition of the isometry as
in Eq. (67) and Fig. 2 , since the dimension of the input is
known. From here it is straightforward to work out the clas-
sical and quantum channel capacities of the complementary
channel.

D. Duality of subset information groups Gz and G¢

Here we shall demonstrate how the tensor product structure
of stabilizer code channels enables us to easily determine the
subset information groups, G and G¢. We also prove a duality
relation between the Gp and G¢ which implies that each of
them is determined by the other.

Recall that the subset information groups G and G¢ are
subgroups of the Pauli group P, on the k input qudits, and
that the centralizer Centg(.A) of any subset .A of elements of a
group G consists of all elements of G that commute with every
member of A.

Theorem 10. For D prime, let V : H4 — Hp ® Hc be an
isometry corresponding to an [[n,k]]p stabilizer code, with
P being the Pauli group on the input qudits. Assume a
B-C bipartition of the n output qudits is defined, with Gz and
Gc the corresponding subset information groups as defined in
Eq. (61), and its counterpart with B replaced with C, for the
stabilizer code channels £ and Ec.

Then Gp and G are dual in the sense that

Gp = Centp (Gec) and Ge = Centp,(Gp); (68)

that is, each is the centralizer of the other in the group P;.

Proof. First we show that the duality relation holds for
Vepr and for Vgpz, as defined in Egs. (63) and (65),
respectively. For VEAIJ]?B‘, we have Gp = (A4,,X4,,Z4,)
from the previous subsection. The complementary channel
is Ec(p) = TrB{VpVT} = Tr{p} and, by Eq. (61), we have
Gc = (Al4,). Thus, Gp is the full Pauli group, and G¢ consists
of multiples of the identity, so they are centralizers of each
other in the Pauli group on qudit A;. Next, for the isometry
Vé,‘{ZBIC‘ we have Gp = Gc = (Al4,,Z4,) and again the
duality is satisfied.

But Theorem 9 says that V is equivalent up to local unitaries
to tensor products of these two types of elementary isometries,
where we ignore the single-qudits states on B and C and the
EPR pairs between parts B and C as they are not involved in the
transmission of information. It is straightforward to show that,
since the Pauli group for part A and the information groups are
themselves tensor products, the latter are again centralizers of
each other. Since the duality is invariant under conjugation by
unitaries, the local unitaries play no role. |

Here is an illustrative example. Suppose that

V=V P @ Vg ® Ve, Be. (69)
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Then the subset information groups have the same tensor
products structure as the isometries above

Gp = (M) ® (Xa,,Za,) ® (In,) ® (Za,)
M.X4, Zay Zay),

B =

=

Ge = (M) @ (Ia,) ® (X4, Za,) ® (Za,)
= (AM,X4,,Z4,,Z4,)-

(70)

While the results presented in this section only hold for sta-
bilizer code isometries, we now show that they can sometimes
be used to derive bounds for more general isometries V, with
channels £p and £¢ defined as in Eq. (60) for some bipartition
of the output qudits. Given a general coding space )V, one
can ask if there are stabilizer subspaces or subcodes contained
in V. If these subcodes are not one-dimensional subspaces,
then meaningful lower bounds on channel capacities can be
calculated for £ and Ec.

For example, consider the nonadditive (or nonstabilizer)
qubit graph code denoted by ((5,6,2)),, mentioned in [15]
and [30]. (It was first described in [31], but not using the
graph code formalism.) Also assume the following bipartition
of the five output qubits, B = {1,2} and C = {3,4,5}. The
six-dimensional coding space is spanned by

V = span{|G),Z12,24|G), 2, 725Z5|G),
2123241G), 2, 2Z47Z5\|G), 2, 23 Z5|G)},

where |G) is a five-qubit graph code stabilized by the
group (X12225,Z1 XzZ3,ZQX3Z4,Z3X4Z5,Zl Z4X5) and the
corresponding graph is a pentagon [15].

Obviously, V contains the two-dimensional stabilizer sub-
code Vy C V,

Vo = span{|G),Z1Z,Z4|G)}. (72)

By applying the techniques used in proving Lemma 8§ and
Theorem 9 one can show that 1, corresponds to a one qubit
quantum channel from A to C, which means that the quantum
channel capacity of £c is greater than or equal to log,(2).
Similarly, by considering the subcode

Vi = span{|G),Z,Z57Z5|G)}, (73)

one can identify a GHZ state in the corresponding tripartition
and thus deduce that the classical channel capacity of £ and
of ¢ is at least log, (2).

Working from the other direction, one can also consider
stabilizer codes that contain ) as a subcode. Provided these
stabilizer codes are not the whole Hilbert space, useful upper
bounds on channel capacities of £ and £¢ can be calculated.

VI. CONCLUSION

The most important results of our paper are those in
Corollary 5, Theorem 7, and Theorem 9. The first of these
allows stabilizer states for composite D to be expressed as
tensor products of stabilizer states associated with the different
prime factors of D. This is a valuable technical tool used later
in the paper, but also a helpful conceptual tool as it allows more
complicated cases to be “pulled apart” into simpler situations.
For example, a graph state for D = 6 can be regarded as the
tensor product of D = 2 and D = 3 graph states.
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Our main result, Theorem 7, that a tripartite stabilizer state
can be considered the tensor product of single-qudit states,
two-qudit EPR pairs, and three-qudit GHZ states, generalizes
the D = 2 (qubit) result in [2] to any squarefree D > 2. This
allows us to provide a very simple and essentially complete
characterization (i.e., Theorem 9) up to unitaries on the input
and output, of channels constructed from stabilizer quantum
codes. Knowledge of the information carrying properties of
such a channel immediately tells one the properties of the
complementary channel, and there is a simple relationship be-
tween the corresponding subset information groups introduced
in [13]. In some cases one can use these results to put bounds
on capacities of other types of channel.

There are various directions in which one might hope to
extend these results. We have encountered technical difficulties
in attempting to generalize our tripartition theorem from
squarefree to arbitrary composite D, where it may no longer be
true. It follows from Corollary 5 that it is sufficient to resolve
the situation in which D is a prime power, so if that could be
solved one could have results that apply for general D. Can
any of our results be extended beyond the narrow confines
of stabilizer states? The fact that the proofs depend heavily
on group-theoretical properties makes this seem unlikely, but
it would certainly be of interest to understand what it is that
makes stabilizer states so special and stabilizer quantum codes
so useful.

Another possible direction is to move on from tripartitions
to those involving four or more parts. Here the results in [2] for
qubits suggest a situation that is distinctly more complicated
than that found for bipartitions and tripartitions, and D > 2 is
unlikely to be simpler. But it would still merit study.
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APPENDIX: PROOF OF THEOREM 4

Proof. 1t is crucial to first note that there are two different
notions of tensor product used in the statement of the theorem
and in this proof. The first and more obvious notion is the
tensor product of n qudits, each of dimension D. The second
notion is defined on the space of each qudit of dimension D,
which is isomorphic to a tensor product of m spaces on qudits
of dimensions dy,d,, ... ,d,,.

First of all, we show that Pauli operators on a single qudit
of dimension D are equivalent to tensor products of m Pauli
products on the constituent qudits. We will be relying primarily
on the Chinese remainder theorem which states that there
exists a ring isomorphism between Z p and the tensor product
of rings, Zy, @ Z4, ® - - - ® L4, whenever D has the prime
decomposition in Eq. (18).

For brevity it is sufficient to prove the theorem for the case
of D = dyd, where d; = p{' and d, = p5* - - - pS» because dp
can subsequently be further decomposed by induction. The
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Chinese remainder ring isomorphism map, ¢ : Zp — Z4 ®
Zg4, is defined as

¢(a) = (¢1(a),¢2(a)), (AD)
where
¢i(a) := a mod d,. (A2)
The inverse map ¢! : Z,, ® Z4, — Zp is given by
¢~ '(a1.a) := ayr1dy + arrrd; mod D, (A3)

with r; := (D/d;)~' mod d; being constants that depend only
on d; and d, and not inputs a; and a,. Note that r; is always
coprime to d; fori = 1,2.

Next we show the mapping ¢ induces a unitary transforma-
tion from a Hilbert space of dimension D to a tensor product
space of qudits of dimensions d;,d,. We define the action of
the unitary U : Hp — Ha, ® Hg, on the D-dimensional basis
kets as

Ula) = |¢1(a)) @ |$2(a)) fora=0,1,....D—1,
with ¢; defined in Eq. (A2). The fact that ¢ is bijective
guarantees that {|¢;(a)) ® |¢>2(a))},’l')=_0I spans the space Hy, ®
Ha,.

The result of conjugating Pauli operator X by this unitary
is

(A4)

D—1

UXUT =" [p1(@) i@ + DI @ [¢a(@)) (dala + 1))
a=0
D—1
=Y Ip1@){g1(@) + 11 @ [¢a(@)) ($a(a) + 1]
a=0
di—1dy—1
=D Y la)a + 1 ® @) e+ 11 = X1 © X».
a;1=0a,=0

(AS5)

In the last line we simply replaced the sum over all elements
of Z p with the sum over all elements in Z,4, ® Z,4,. Note that
the subscript on X here denotes two different qudits, each with
different dimension.

Next, the Z operator is transformed as

D—1
Uzu' = Z o|p1(@)($1(a)] ® |$2(a))($2(a)]
a=0
2 di-l
=R " wa) (1] ® la2) (@]
i=1 a;=0
2 di-l
— ®262nia;r;/d;|ai><ai| — Z;’l ® Zgz’ (A6)

i=1 a;=0

where the r; are defined in Eq. (A3).
We are now ready to prove the theorem. Let A be generated
by k elements, A = (gV,...,g®) and the generators can

052306-12



TRIPARTITE ENTANGLEMENT IN QUDIT STABILIZER ...

always be chosen such that

k
[ Torder(s”) = |4

i=1

(AT)

where the order of every g; must be a divisor of D (see Sec. [T A
for our nonstandard definition of order). The requirement
that A be a collection of linearly independent Pauli products
implies every generator satisfies gfrder(gw) =1.

Consider an arbitrary generator, g’ and define § =
order(g®). Let§ = p§' p3 - - - pi be the prime decomposition
of § with the same p; as Eq. (18) and set §; = pf', 8y =
pgz cee p,s,{", S0 6 = 8162. Then §; is coprime to §; and also to
p1- Next define the unitary U = U ® - - - ® U from Eq. (A4)
acting on all the n qudits. By Egs. (A5) and (A6), conjugating
the first generator with U produces

[Ug(i)IUJr =q1 ® q2,

where ¢ ,q, are Pauli products on n qudits of dimension d, ,d»,
respectively. Next we claim that

(A8)

(A9)

To prove this, recall that ()% = I which implies qf"sz 1o

I,. Since 8, is coprime to §; and also to d;, the unique

multiplicative inverse of 5;mod d; exists. Then it follows that

818,85 ..
q11 20,7 qf‘ o 1. Therefore, the order of g must be a divisor

of §; and by the same reasoning, the order of g, must be a
divisor of &,. The orders cannot be less than 4,4, respectively
as that would imply the order of g is less than §.

order(q;) = §; and order(q,) = &>.
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Having proven Eq. (A9), we define Pauli products of qudits

of dimension d; and d,, h(li) and h(zi) , respectively, as
L@hy = Ug" Ul

@) DTS (A10)

hl QL= (Ug(l)UT)’“ 2

where p; 1= (§/8;)~! mod §;. Next, for all | € Zj, and oy €
Zs,, we can rewrite Eq. (A10) as

(h(li))"‘l ® (h(zi))“Z — (Ug(i)UT)alﬂIBZ‘HXZMZBI.

Observe that the exponent on the right side is just the inverse
Chinese remainder map of o and «; in Eq. (A3) applied to
this situation, so

WU = () ).

Decomposing every generator into two generators on
subsystems of dimensions d; and d, gives us

(Al1)

(A12)

VAU = (UgMUT, ..., Ug®UT)
=", e ) = A @ A,
(A13)

That Ay = (h\",....n%") and A, = (1", ... .n) form col-
lections of mutually commuting Pauli products are conse-
quences of the fact that {g”} are mutually commuting and that
conjugation by U does not change the commutation relation.
Finally, Eq. (A13) also tells us there are as many linearly
independent elements in A as there are in A; ® A, which
implies that |A| = |A;| x |A]. [ ]
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