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Higher-lying resonances in Ps-H scattering below the e+-H− threshold
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In this work, we perform a study on high-lying S-wave resonances in Ps-H scattering below the e+-H−

threshold. The method of complex-coordinate rotation is applied together with highly correlated wave functions
containing all six interparticle distances. Using such Hylleraas bases up to 6412 terms, the energy positions up to
the 8S state and the widths up to the 7S state in the Rydberg series converging to the H− threshold are determined.
The energies of 4S to 7S states from the present calculations are fitted into the quantum defect formula, from
which the energies of higher members in the Rydberg series can be deduced.
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I. INTRODUCTION

The positronium hydride PsH, which has been observed
in the laboratory [1], is a four-body exotic system made up
of two electrons, one positron, and one proton. Because of
its interesting structure containing a positron, PsH provides
a unique opportunity for us to study the correlation between
electron and positron, in addition to the electron-electron cor-
relation, which has generated considerable theoretical studies.
Theoretical calculations have shown that PsH has a true bound
state of S symmetry (see [2,3] and references therein) stable
against dissociation into Ps and H. Besides the bound state,
there also exist other Rydberg states, caused by the Coulomb
interaction between the positron and the negatively charged ion
H− [4]. Such Rydberg states in the continuum would appear
as resonance states in Ps-H scattering (see the energy levels in
Fig. 1). The importance of the H− configuration was confirmed
in a complex-rotation calculation when the explicit electron-
electron correlation was included in the wave functions [5].
Later, resonances in Ps-H scattering were investigated using
the close-coupling method by including explicitly the H−
channel [6]. Complex-rotation calculations were also carried
out for S, P, D, F, and G states using fully correlated Hylleraas
basis functions in which all the six interparticle distances
were contained [1,7–9]. Triply excited S-wave resonances in
Ps-H scattering lying below the doubly excited 2s2 1Se state
were calculated [10]. An investigation on nonresonance Ps-H
scattering was also performed [11]. Recently, an effective
potential approach was used by Di Rienzi and Drachman [12]
to study higher-lying resonances in Ps-H scattering below the
Ps−-H+ threshold, and the resonance energies for the Rydberg
series of S, P, and D symmetries were located. We have
also calculated the high-lying S-wave resonances in the same
energy region of the Ps-H system using the complex-rotation
method [13]. The subject of atomic resonance involving
positron and positronium has been discussed in several review
articles [14–21]. In order to shed light on the importance of
the H− ion and better understand the Rydberg series between
the positron and the hydrogen negative ion, we now carry
out an investigation on high-lying S-wave resonances in Ps-H
scattering converging on the e+-H− threshold. We apply the
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method of complex-coordinate rotation, together with highly
correlated Hylleraas wave functions.

II. HAMILTONIAN AND WAVE FUNCTIONS

We set up the coordinate system by choosing the hydrogen
nucleus as the origin, which embodies the H− + e+ channel.
Atomic units are used throughout. The Hamiltonian for the
PsH system is

H = T + V, (1)
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where indices 1 and 2 refer to the two electrons, index 3 refers
to the positron (see Ref. [22]), and rij = |ri − rj |. The wave
function for the electron spin singlet state is expanded in terms
of Hylleraas coordinates:
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All terms in Eq. (5) are included such that

j1 + j2 + j3 + j12 + j23 + j31 � �, (7)

where � is an integer. The total number of terms in the wave
functions is N = 6412 for the case of � = 11.

III. CALCULATIONS AND RESULTS

For calculating the S-wave autodissociating resonant states,
we use the method of complex-coordinate rotation [23,24]. In
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FIG. 1. Energy levels for the Ps-H system (in a. u.).

this method, all radial coordinates r are rotated by an angle θ

according to

r → reiθ . (8)

The Hamiltonian is thus transformed into

H (θ ) = T e−2iθ +V e−iθ , (9)

where T and V are those given by Eqs. (2) and (3), respec-
tively. Complex eigenvalues are obtained by diagonalizing the
transformed Hamiltonian, which can be written as

Eres = Er − i
/2, (10)

where Er is the resonance position and 
 the resonance
width. In our wave functions, we choose the values of the
nonlinear parameters around α = 0.95 and β = 0.95, and let
γ vary ranging from 0.31 to 0.11. We can also consider γ as
a variational parameter to determine the stabilized complex
resonance eigenvalues. The physical picture is that the wave
functions are designed to simulate the positron moving away
from the field of H− when γ is systematically decreased
from γ = 0.31. We have obtained resonance energies and
widths for the 2s to 7s states, as well as the energy for the
8s state. The results are shown in Table I. In Table II, we
show a comparison of the lowest three resonances with earlier

TABLE I. S-wave resonances in the Ps-H system below the e+-H−

threshold.

State Er (a.u.) Er (a. u.)
(actual calculations) 
/2(a.u.) (Fitted values, see text)

(1S) −0.789196 7147a −0.750′896
(2S) −0.602 78 0.001 753 −0.607 95
(3S) −0.568 2 0.000 92 −0.568 64
(4S) −0.552 48 0.000 52 −0.552 48
(5S) −0.544 33 0.000 36 −0.544 30
(6S) −0.539 63 0.000 21 −0.539 60
(7S) −0.536 5 0.000 12 −0.536 65
(8S) −0.534 5 −0.534 68

E(infinite) =-0.527 751 016 54 a.u. [28,29]
aValue taken from Ref. [2].

FIG. 2. (Color online) Fitting of the binding energies relative to
the H− threshold (in red circles) for the n = 4 to 7 S states into the
Rydberg quantum defect formula of Eq. (11), yielding δ = −0.49690.
The fitted parameter is then used in Eq. (11) to calculate the first eight
members of the Rydberg series, showing a comparison with the actual
calculations (in black squares).

calculations [6,25–27]]. The resonance energies are converted
to eV and are measured from the ground-state energy of the
hydrogen atom. It is seen that the complex-rotation results
compared well with the close-coupling results [6], as well as
with our earlier calculations using the stabilization method
[25], showing reasonably good agreements. For high-lying
resonances, however, no data are available in the literature
for comparison. We notice that some resonance structures
for high-lying resonances are available in Ref. [6]. Next,
based on our resonance energies, we calculate the binding
energies �E, relative to the H− ground-state energy of
−0.527 751 016 54 a.u. [28]. We then fit the binding energies
of n = 4 to 7 into the quantum defect formula

�E= (1/2)Z2/(n − δ)2 (in a.u.), (11)

where the quantum defect δ is to be deduced from the fitting
with Z = 1 for the H− ion. We obtain δ = −0.496 90. Figure 2
shows a log-log plot for �E vs n′, with n′ = n δ, the effective
principal quantum number. The straight line connecting the
members of the Rydberg series shows the typical characteristic
of Coulomb interaction. Using the fitted δ, the resonance
energies for higher members (N > 8) of the Rydberg series
can be deduced. Also in Fig. 2, we use the fitted δ in Eq. (11)
to calculate the energy levels of the lowest eight members of
the Rydberg series, including the ground state (in this case n′
= 1−δ) of positronium hydride [2]. The fitted energies are
also shown in Table I. It shows that with slight deviation form
the actual calculations (black solid line) for the lower-lying
members in this Rydberg series, the phenomenon that the
calculated energies, including resonances and the ground state,
seem to follow the pattern set by the quantum defect Rydberg
formula is quite remarkable. In addition to the energies for
the higher-lying members of the Rydberg series, we can also
estimate the widths for such members if they share the same
lower-lying open channels to which such resonance states
can be autodissociated. For example, the 4S to 8S states
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TABLE II. Resonances in Ps-H scattering. Energies (measured from the ground-state energy of the H atom) and widths (inside the
parentheses) are in eV. The 2S to 4S states are resonances and the 1S state (not shown here) is the ground state of PsH.

Optical Five-state
Complex- rotation Stabilization method 22 Ps 1H + H− potential coupled- channel

Present calculations [25] [6] [26] [27]
2S 4.006 4.007 4.141 4.021 4.01

(0.0954) (0.0969) (0.071) (0.0259) (0.15)
3S 4.947 4.953 4.963

(0.0501) (0.0574) (0.033)
4S 5.375 5.376 5.388

(0.0283) (0.0278) (0.032)

calculated in the present work lie between the [H(1s)+Ps(2s)]
and the [H(1s)+Ps(3s)] thresholds with threshold energies of
−0.5625 and −0.52778 a.u., respectively. The widths for such
resonances follow approximately the scaling law 
n = 2 A/

(n−δ)3, where A can be determined from the calculated widths.
Using the widths for the 5S, 6S, and 7S states, we determine
A as 0.0552. The widths for higher members n (but below
the [H(1s)+Ps(3s)] threshold) can be estimated using the
scaling law with the abovementioned determined A value.
However, for the even higher-lying resonance states in PsH that
are located above the [H(1s)+Ps(3s)] threshold, the scaling
constant A would be different, since an additional channel
is now open. Estimation of the widths for such higher-lying
resonances is outside the scope of our present investigation.

IV. SUMMARY AND CONCLUSION

In summary, we have performed a complex-coordinate
rotation calculation for the high-lying S-wave resonances
in Ps-H scattering, using highly correlated Hylleraas wave
functions. The energy positions for the 2S to 8S states in the

Rydberg series converging to the H−-e+ threshold have been
determined, together with the widths for 2S to 7S states. The
energies of 4S to 7S in the Rydberg series are used to fit into
the quantum defect formula with high reliability. From the
quantum defect results, the energy levels for higher members
of the Rydberg series can be estimated. This work has also
shown the importance of the H− ion. Using the calculated
resonance energies to fit into the quantum defect formula for a
Rydberg series converging on the H− threshold, we have shown
that the resonances reported in the present work are the results
of a Rydberg series due to the Coulomb interaction between a
positively charged positron and the negatively charged H− ion,
which supports Drachman’s explanation about the physical
nature for such resonances in Ps-H scattering [4].
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