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Stable weak-light ultraslow spatiotemporal solitons via atomic coherence
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We propose a scheme to generate stable ultraslow three-dimensional spatiotemporal optical solitons, or
ultraslow optical bullets, at very low light levels via atomic coherence. The system we consider is an ensemble
of resonant, lifetime-broadened N-type four-level atoms, working in a regime of electromagnetically induced
transparency. Due to the quantum interference effect induced by a control field, the absorption of a probe field
is largely suppressed. Moreover, the Kerr nonlinearity is greatly enhanced, and the dispersion property of the
probe field is drastically changed. Using a method of multiple scales, we derive two coupled nonlinear envelope
equations controlling the evolution of the envelopes of the probe field and an assisted field. We show that under
certain conditions the envelope of the probe field satisfies a three-dimensional nonlinear Schrédinger equation and
the envelope of the assisted field obeys a linear Helmholtz equation. We obtain various optical bullet solutions for
the probe-field envelope and demonstrate that such optical bullets have many novel features, including very slow
propagating velocity and very low generation power. In addition, they can be actively controlled and manipulated
by adjusting system parameters. The stabilization of the optical bullets obtained can be easily realized by the

trapping potential contributed by the assisted field, which is also investigated in detail.
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I. INTRODUCTION

In past two decades, there has been intensive study on
optical wave packets that are localized in all three spatial
dimensions as they propagate in space and evolve in time.
These wave packets, called spatiotemporal optical solitons or
optical bullets [1], appear as a result of the interplay between
dispersion, diffraction, and nonlinearity. Optical bullets are
of great interest due to their rich nonlinear physics and
important applications [2-22]. However, up to now most
optical bullets are produced in passive optical media, in which
faroff resonance excitation schemes are employed in order to
avoid significant optical absorption. Moreover, for generating
the optical bullets in passive optical media, very high light
intensity is usually needed to obtain nonlinearity strong enough
to balance dispersion and diffraction effects. In addition, in
passive media an active control on the property of optical
bullets is hard to realize because there is no energy-level
structure and selection rules that can be used and manipulated.

For practical applications, the optical bullets having low
generation power and good controllability are desirable. Active
optical media, in which light interacts with matter resonantly,
can be used to achieve such goal. However, for on-resonance
media there is usually a very large optical absorption. In
recent years, such a paradigm has been changed by the
finding of electromagnetically induced transparency (EIT) in
resonant atomic systems. Due to the quantum interference
effect induced by an additional control field, the propagation of
a weak probe field displays many striking features, including a
significant suppression of optical absorption, a large reduction
of probe-field group velocity, and a giant enhancement of Kerr
nonlinearity [23]. Based on these important features, it has
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been suggested recently that new types of temporal [24-27]
and spatial [28-31] optical solitons are possible in highly
resonant atomic systems.

In this article, we propose a scheme to generate three-
dimensional (3D) optical bullets in an active optical medium
via quantum coherence. The system we consider is an
ensemble of resonant, lifetime-broadened four-level atoms,
working in an EIT regime and at low temperature. By the
use of the EIT effect induced by a continuous-wave (CW)
control field, the absorption of a weak probe pulse can be
largely suppressed. Simultaneously, the Kerr nonlinearity is
greatly enhanced and the dispersion property of the probe
pulse is drastically changed, which are used to form 3D optical
bullets in the system. Using a standard method of multiple
scales, we derive two coupled nonlinear envelope equations
governing the spatiotemporal evolution of the probe field and
an assisted field. We show that under some conditions the
envelope equation of the probe field can be reduced into a
(3 + 1)-dimensional [(3 + 1)D] [32] nonlinear Schrédinger
(NLS) equation and the envelope of the assisted field obeys
a linear Helmholtz equation. We obtain various optical bullet
solutions for the probe-field envelope and demonstrate that the
optical bullets suggested in the present active system are very
different from those in passive systems obtained before [1-19],
and possess many novel features, including: (i) They have
ultraslow propagating velocity (~1073¢; ¢ is the light speed in
a vacuum). (ii) Their generation power is very low (<1 uW).
(iii) They can be actively controlled and manipulated based
on the active characters of the system. Especially, the signs
of the Kerr nonlinearity and dispersion can be manipulated
at will by, for example, adjusting detunings and pulse length.
(iv) They can be stabilized easily by using the assisted CW
laser field, or a pulsed assisted field with a suitable time length,
which provides an “external” potential acting on the optical
bullets, hence stabilizing their propagation. The stable and
controllable weak-light ultraslow optical bullets via atomic
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coherence obtained here may have potential applications in
optical information processing and transmission.

The article is arranged as follows. In the next section, we
give an introduction of the model under study. In Sec. I11, using
a method of multiple scales we derive two coupled nonlinear
equations for the envelopes of the probe and the assisted fields,
and discuss under what condition these envelope equations can
be reduced to a (3 4 1)D nonlinear NLS equation and a linear
Helmbholtz equation. In Sec. IV, we investigate the formation
and propagation of the 3D optical bullets and discuss their
stability in detail. In the final section, we summarize the main
results obtained in our work.

II. MODEL

We consider a cold, lifetime-broadened atomic system with
an N-type energy-level configuration, as shown in Fig. 1.
A weak pulsed probe field (strong CW control field) with
center angular frequency w, (w.) and half Rabi frequency
@, (L2.) interacts resonantly with the energy states |1) and
|3) (12) and |3)). The energy states |1), |2), and |3) together
with the probe and control fields consist of a widely studied
A-type three-level EIT core. In addition, a weak assisted laser
field with center angular frequency w, (half Rabi frequency
2,) couples to energy states |2) and |4), which contributes a
cross-phase modulation (CPM) to the probe field. We take
the energy levels from the D, line of ¥Rb atoms, with

)
g |5Sys, F =2, m =0)
582, F =1, m, =-1)

FIG. 1. (Color online) Energy-level diagram and excitation
scheme of the lifetime-broadened four-state atomic system interacting
with a weak pulsed probe field (with half Rabi frequency €2,), a
strong CW control field (with half Rabi frequency €2.), and a weak
assistant field (with half Rabi frequency 2,). Az, A,, and A4 are
one-photon, two-photon, and three-photon detunings, respectively.
The energy levels are taken from the D, line of 3Rb atoms,
with [1) = |58, F = Lmp = —1), |2) =581, F = 2,mp = 0),
|3> = |5P3/2,F = 2,mF = —1), and |4) = |5P3/2,F = 1,mF = 1)
Jij = p;;/ D,|? x 120 is the relative transition strength, with D, =
3.58 x 107¥ cm C and p, ; being the dipole transition matrix element
between the state |i) and the state | j).
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the states selected as 1) = [581,F = 1,mp = —1), |2) =
15812, F =2,mp =0), |3) = [5P32,F =2,mp = —1), and
[4) = |5P3)2,F = 1,mp = 1). f;; in the figure is the relative
transition strength, defined by fi; = |p;;/ D5|? x 120, where
D, =3.58 x 107¥ cm C and p; ; 1s the dipole transition matrix
element between the state |i) and the state |j) [33].

The electric-field vector in the system can be written as
E = lem,a e&rexplik; - r — wt)] + c.c., where ¢ (k;) is
polarization direction (wave vector) of /th field with envelope
&;. The Hamiltonian of the system is given by H = Hy + H’,
where I:IO and A’ describe a free atom and the interaction
between the atom and the electric field, respectively. Our
theoretical model is based on the density matrix equation
for the four-level atoms together with the Maxwell equations
for the weak laser fields. In the Schrodinger picture, the
state vector of the system is |W(¢)) = Zj=1 ajlj), where

|j) is the eigenvector of H, with eigenenergy fiew j, and
aj is the probability amplitude of the state |[j). Under
electric-dipole and rotating-wave approximations, the Hamil-
tonign reads H = ijlhg)_i|j)(j| — R(Qpe!®rT=erD|3) (1] +
Qe ke r=o)|3) (2] 4 Q e T=@a|4) (2| + H.c.), with Q, =
(ep ' p13)£p/h, Q. = (e - p23)5c/h’ and Q, = (e, - p24)5a/hs
and H.c. being the Hermitian conjugate.

By making the transformation aj = Ajexp
[i(kj~r—a)jt—Ajt)], with A =0, ki =0k, =
k, — k. ks=k, and k;=k,—Kk.+k, we obtain
the Hamiltonian in the interaction picture Hy =

R Y AN GE = RQ13) (1] + l3)2] + Q14 2]+
H.c.), where Az =w, — (w3 — w1),Ar = 0, — 0. — (w2 —
i), and Ay = w, — 0. + 0, — (w4 — wy) are the one-, two-,
and three-photon detunings, respectively. The equation of
motion of the density matrix ¢ (with the matrix element
defined by 0;; = A; Ajf) in the interaction picture reads

7 _ _Lin r I
E__ﬁ[ i, 0] — I'(0), (L
where I'(0) is a 4 x 4 relaxation matrix. Explicit expressions
of the equations of motion for o;; have been given in the
Appendix A.

The electric-field evolution is controlled by Maxwell equa-
tion V2E — (1/c?)3’E/3t> = (1/€yc?)3*P/dt>, where P =
N(ppyo31expli(ks - r — wpt)] + ppyoz expli[(k; — ko) -1 —
wct]} + puonexplil(ks —Kz) - r — w,t]} +c.c.). Under a
slowly varying envelope approximation, the Maxwell equation
is reduced to

(212 g v ¢ (22 g 0
1| — - K13031 = U,
3z cdt) " 2w, \Ox2  8y2) 7 1373

(2a)
YRR VY a2+329+ 0
i\ =+ - ) Ut 77— (55t 75 )+ rKuop =0,
3z | cot 2w, \9x2 | 9y? e

(2b)

where k324 = Nwp, 4lep.q - p13’24|2/(260hc), with N being the
atomic concentration. For simplicity, the probe field and the
assistant field have been assumed to propagate in z direction,
ie,Kk,, =ekp,.
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III. ASYMPTOTIC EXPANSION AND (3 + 1)D NONLINEAR
ENVELOPE EQUATIONS

Although a lot of research on the system shown in Fig. 1
exists [23,34], most of these projects are designed for the
linear and steady-state solution. Here we are interested in
the nonlinear evolution and the possible formation of optical
bullets in the system. For this aim we employ the standard
method of multiple scales that is well developed in nonlinear
wave theory [35] to investigate the evolution of both the
probe and assisted fields. We assume that the atoms are
initially populated in state |1). We make the asymptotic expan-
sions 0j; = ol.(;)) + ea;jl) + ezoi(f) + e3ai(].3) +---,and Q,, =
Q) +62Q? + QY + -, with 0 = 8;161. Here ¢
is a small parameter characterizing the typical amplitude
of the probe and assisted fields. To obtain divergence-
free expansions, all quantities on the right hand sides of
the asymptotic expansions are considered as functions of the
multiscale variables z; = €/z (1 =0,1,2), t;, = €'t (1 =0,1),
x; = ex, and y; = €y. Substituting these expansions into
Egs. (Al) and (2), one can obtain a series of linear but
inhomogeneous equations for O’i(;) and Q%)a (l1=1,2,3,...),
which can be solved order by order.

At the first order, we obtain the solution under linear level

Q) =Fe"’, (3a)
Q) =g, (3b)
1) w + d21 i0
= — " Fé", 3
31 D e (3¢)
Q* .
(1) c i0
= 2Rt 3d
0y o Fe (3d)

with D = [Q.> — (© + d)(@ + d31) [36], and other o}’
being zero. In the above expressions, 8 = K(w)zg — wty,
and F and G are yet to be determined envelope functions
depending on the slow variables ¢, z;, and z,. We see that
in this order the evolutions of both fields are independent.
Moreover, the assisted field is free, but the probe field
experiences a dispersion and absorption (contributed by the
A-type three-level EIT core) with the linear dispersion relation

given by

o  kp(w+dy)

K@) =—+ D “)

Shown in Fig. 2 are the imaginary part ImK (w) [panel (a)]
and the real part ReK (w) [panel (b)] of K(w) as functions of
dimensionless frequency w/ I';. The system parameters used
are 'y = Ay =0Hz, T, =1 x 10°Hz, T3 = 35MHz, k3 =
1.0 x 10" cm~'s~!, and Ay3=—1.5x 10° s~!. The dashed-
dotted and the solid lines in both panels correspond to the
presence (2. =5 x 107 s7!) and the absence (. = 0) of
the control field, respectively. One sees that when €. is
absent, the probe field has a large absorption [the solid line of
panel (a)]; however, when 2. is applied, a transparency
window is opened [the dashed-dotted line of panel (a)]. The
steep slope for the large control field [the dashed-dotted line
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FIG. 2. (Color online) Imaginary part ImK () [panel (a)] and the
real part ReK (w) [panel (b)] of the linear dispersion relation of the
probe field as functions of dimensionless frequency w/ I';. In both
panels, the dashed-dotted and solid lines correspond to the presence
(. =5 x 107 s7!) and the absence (Q. = 0) of the control field,
respectively. A transparency window is opened for the large control
field [the dotted-dashed line in panel (a)]. The steep slope of the
dashed-dotted line for the large control field [the dotted-dashed line
in panel (b)] results in a slow group velocity.

of panel (b)] results in a slow group velocity at the center
frequency of the probe field (i.e., w = 0):

AK\ !
V, = (£> =8.31 x 107 %. 5)

The suppression of the absorption and the reduction of the
group velocity are due to the quantum interference effect
induced by the control field.

At the second order, the solvability condition for cri(jz) and

Q) requires

d 1 0
| —+—— ) F =0, 6
’(az, Y, az]> (6)
(2 -|-1 9 G=0 (6b)
il —+-—— = 0.

dz; ¢ ot

Equation (6) means that up to the second order the evolutions of
the probe field and that of the assisted field are still independent
of each other.

At the third order, using the solvability condition for ai(f)

and Qif)a, we obtain the coupled nonlinear equations for F" and
G:

) <a2+32>F L P°F
922 20, \0x2 ' 0y’ 2702

] —

+a11|FI*F + ap|GI*F =0, (7a)
et (L PN G LanlFPG =0, (b)
11— —_— —_— —_— o = s
022 2w, 8x12 8y12 2

where K, = 32K /dw?. The explicit expressions for the coef-
ficient of self-phase modulation (SPM) of the probe field (i.e.,
«11), and the coefficients of cross-phase modulation (CPM)
between the two fields (i.e., ajp and o) are given in the
Appendix B.

Now we make some remarks on Egs. (6) and (7). From
Eq. (6) we know that the probe-field envelope F travels
with group velocity V,, whereas the assisted-field envelope G
travels with velocity c. Thus the two wave fields will separate
from each other when traveling to a large propagating distance.
In this case, Eq. (7a) reduces to a (3 4+ 1)D NLS equation for F,
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allowing an optical bullet solution. However, such an optical
bullet solution is unstable [ 1-5]. To obtain stable optical bullets
we make the following assumptions: (i) The assisted field is
a stationary one (i.e., G is independent of #; and hence also
independent of z;), or it is a pulsed field but with a enough
large time length [37] so that the derivatives 0/d¢; and 9/0z;
in Eq. (6b) can be neglected. In the both cases the assisted
field is (or can be approximated as) a CW beam and so the
probe field can interact with the assisted field for a long time.
(>ii) If we select the atomic transition between |2) and |4) to
be relatively weak compared to those between |1) and |3) and
between |2) and |3), the coupling constants in Eqgs. (2a) and
(2b) satisfy ko4 < k13, and hence oy < or11,012. In this way
the CPM term in Eq. (7b) can be safely neglected. In fact, we
have made such a selection in our model shown in Fig. 1, in
which the transition strength between |2) and |4) is much less
the transition strength between |1) and |3) and between |2)
and |3), i.e., foa < f13, f23. Under these conditions, Eq. (7)
is reduced into a linear Helmholtz equation. As a result, by
combining Egs. (6) and (7) we obtain the following simplified
envelope equations:

A N N G AR S W P
(219 B G B i
9z | Vot 20, \3x2 ' 9y? 27202

+an|UPU + ap|VIPU =0, (8a)
oV c 92 92
"9 T 2an <ax2 + 8y2) (80)

after returning to the original variables, where U = € F' and
V = €G. One sees that the role of the assisted field envelope
G is now to provide just an external potential [controlled by
the linear Helmholtz Eq. (8b)] to the probe field envelope F
[controlled by the (3 + 1)D NLS Eq. (8a)]. This is desirable
since the external potential G can be used to stabilize the
optical bullets formed in the envelope F of the probe field, as
shown below.

IV. OPTICAL BULLETS AND THEIR STABILITY

A. Estimation on the coefficients in the coupled
envelope equations

We now explore possible optical bullet solutions based on
the Eqgs. (8a) and (8b). For convenience, we convert them into
the dimensionless form

LY (A P Ju|?

i—+ -l —=+— — u ulu

s " 2\gEz T gy T8z ) T EN

+gnlvlu =0, (9a)

LU G 0 (9b)
i—+-|—+—)v=0,
s 2\ 082  9n?

with u=U/Uy, v = V/(Upcy), s = z/Lagigr,T =

(t—z/Ve)/to., (En)=(x,y)/Ri, gi=—Larnk>/7g,
811 = Ot][/|0l]1|, 812 = 01126‘(2)/|O(|]|, and § = a),,/wa. Here
Lgisr Ea),,Rf_/c (with R, being a typical beam radius)
is a typical diffraction length, and 7y is a typical pulse
length of the probe field. We have taken Lgir = Ly
[with Ly, = 1/(|(¥11U§|) being a typical nonlinear length];

PHYSICAL REVIEW A 84, 033816 (2011)

thus we have Uy = ,/c/(wp Ri laq1]) (a typical Rabi frequency

of the probe field). Note that ¢ is proportional to a typical
Rabi frequency of the assisted field, which is a free parameter
that can be used to adjust the magnitude of the coefficient of
the cross-phase modulation, and hence control the stability of
the optical bullets.

Because the system under study is of resonant, lifetime-
broadened character, the coefficients in the Eq. (9a) are
generally complex. If the control field Rabi frequency €2, is
small, the imaginary part of the coefficients is comparable with
their real part, and hence stable optical bullet solutions do not
exist. However, under the EIT condition |Q2,]> > 31121 [38],
the absorption of the probe field can be largely suppressed, and
hence the imaginary part of these coefficients can be made to
be much smaller than their real part.

To show this we make an estimation on the value
of the coefficients in the Egs. (9a) and (9b). Consider
a typical atomic gas of ®’Rb atoms, with D, line tran-
sitions 525, 2= 52P3/2. The energy levels are chosen
as those in Fig. 1. From the data of 8TRb [33], we

have the dipole matrix elements |p;| = —\/g x 3.58 x

107 cm C and |py| = \/% %358 %1072 cm C.
The other system parameters are given by I, =1 X
10° Hz, I's4 =35 MHz, «;3 =1.0 x 1010 cm‘ls_l, Ky =
1.0 x 10° ecm™'s™!, w,, =237 x 10¥s7!, R, =4.0x
103 cm, Q, = 5.0 x 107s!,and A; = —3.0 x 108 s~ !, with
'3y &~ T3 =T03/2, Typ =T4. Even if the above system
parameters are chosen to be fixed, we still have other system
parameters As, A4, and 7 that can be chosen and adjusted in
a fairly arbitrary domain, which can be used to obtain many
different regimes, two of which are listed in the following:

Regime 1. Ap = —1.5 x 100 s7!, Ay =—1.0 x 10° s 1,
0= 1.48 x 107%s, ¢y = 1.3. We have Ly = 1.26 cm, Uy =
9.0 x 10%s7!,V,/c = 5.6 x 107, and thus

§=10, g;=10-0.098i g; =10-0.018i, 0
g1z =1.0—-0.008i, go; =0.0640.001i.

Regime 2. Ay = 2.5 % 100 s~ Ay = —1.0x 10° s7!, 7o =
7.4 %1077 s, ¢o = 1.2. We obtain Lgg = 1.26 cm, Uy =
1.6 x 107 s71,V, /c = 1.4 x 1073, and hence

8§ =10, gs=1.0-0.019,
g2 = 1.0+ 0.0461i,

g =—10— 0.0231',11
g21 = 0.08 + 0.001.

We see that the imaginary parts of the coefficients in
Egs. (9a) and (9b) are indeed much less than their real parts.
The physical reason for so small imaginary parts is due to the
quantum interference effect induced by the control field that
makes the absorption of the probe field largely suppressed.
In the following discussion, the small imaginary parts of the
coefficients are neglected for analytical analysis, but they are
included in numerical simulations. We also see that due to
the active character of our resonant atomic system, one can
obtain the case of self-focusing (g1; & 1; Regime 1) and the
case of self-defocusing (g;; =~ —1; Regime 2). In this article,
we concentrate on the case of self-focusing. The study on the
self-defocusing case will be given elsewhere.
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We now estimate the self- and cross-Kerr susceptibilities
based on the formulas of «;; and «j, given by Egs. (Bla) and
(B1b) and the system parameters given above. Under the EIT
condition [£2.]2 3> y31y21 [38], we obtain

2
3 _ 2c P13l o

Xpp = e 3.57 x 107 (m/V)?,

(12a)
@p

3) ZC |p13,24|2 ~ 9 2

Xpa = —app ~2.19 x 1077 (m/V)~, (12b)
w, h

which are at least one order of magnitude larger than that

without the EIT effect. The giant enhancement of the Kerr

coefficients is also due to the quantum interference induced by

the control field.

B. Optical bullet solutions and their stability

Equation (9a) without the CPM term (i.e., g1 = 0) is a
(3 + 1)D NLS equation. If in such a case an optical bullet
is excited, it will be unstable [4,5]. Our aim is not only to
obtain an optical bullet, but also to provide a way to stabilize
it. Thus in our model the assisted field interacting resonantly
with the energy states |2) and |4) is added (see Fig. 1), which
contributes a trapping potential to the probe field and hence
can be used to stabilize the optical bullet formed in the probe
field.

Since the assisted field (represented by v) is governed by
the Helmoholtz Eq. (9b), its solution can be obtained indepen-
dently. Using the transformation v = W(r) exp [i(—bs + [¢$)]
with r? = £2 4+ 2, Eq. (9b) with § = 1 becomes

AV W)V ?
il 22— — ¥ =0, 13
ar? +r or ( r2> (13)

where /(> 0) is a winding number (or vorticity) and b is a
real constant. Considering a natural boundary condition, the
solution of Eq. (13) is the Bessel function ¥ = J,(V2br),
with J; being the /th-order Bessel function. Substituting this
solution into Eq. (9a) with g; = 1, we can obtain the (3 + 1)D
NLS equation

A i
i—t+ - |—+—+—)u ul“u
as " 2\0g2 T o2 T oe2 &1

+ gl | i(V2br)Pu = 0, (14)

with g}, = a12/|or11]. Obviously, the role of the assisted field
is to contribute an external trapping potential to the probe field.

Using the further transformation u = exp (i us)y¥ (¢,n,7),
Eq. (14) becomes

92 92 02 3
<8—$2+—2+—2)W—2/L§0+2g111/f

+ 26581l iV 2br) Py = 0, 15)
where i is a real function and p is a propagation constant.

The optical bullet solutions of Eq. (15) will be presented in the
following.
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The linear stability of an optical bullet solution will be
analyzed by considering a perturbation to the optical bullet v,
ie.,

[¥ + (w1 + wa) exp (As) + (w] — w3)

exp (A*s)] exp (i us), (16)
where w;» = w;2(€,n,7) and A are the normal modes and
corresponding eigenvalue of the perturbation, respectively.

Substituting the perturbed solution (16) into Eq. (14), one
obtains the linear eigenvalue problem

92 92 92
i =3 (5 + g+ )

+[ =+ guv? + gLl (V20 Jw, (17a)

1 82 2 32
=3 (5 )
+[-

w+ 3g111/f + 58| iV 2br)[F]wy, (17b)

ué,n,t,5) =

which can be solved numerically by using the method in
Ref. [39]. The optical bullet is stable if the real part of all
eigenvalues is negative or zero.

We now present various localized nonlinear solutions of
Eq. (15) for different [. For [ =0 we obtain a zero-order
optical bullet, for which the external potential provided by the
assisted field is a trapping potential proportional to | Jo(v/2r)2,
where JO(@) is zero-order Bessel function, (we take b = 1
without loss of generality). Shown in Figs. 3(a) and 3(b) are
the isosurfaces of the amplitude ¢ = 0.01 of the probe field
for (co, ) = (1.5,0.7) and for (co, ) = (2.5,3.3), respectively.
The solution is obtained by numerically solving Eq. (15) in

(a) CO=1.5, n=0.7 (b) CO=2._5, u=3.3

70— T 20 .
(C)' N\, O-order potential (d) —-=¢,=1.5  0-order potential
] ’ - = =20 -
= I ] . c,=2.5 Lo
P! = 7 -
Sasq I @ 104 e 7
o | 14 7 Vi
| . P
I ) Rd -’
8 7 4
- rd
=25 P
0.0 . o . -
0 4 8 0.0 35 7.0
" u

FIG. 3. (Color online) (a) and (b) Isosurface plots of the amplitude
¥ = 0.01 of the probe field in the self-focusing case (i.e., g;; = 1,
g12 = 1) for (co, ) = (1.5,0.7) and (cop, ) = (2.5,3.3), respectively.
The external trapping potential contributed by the assisted field is
the zero-order (i.e., [ = 0) Bessel function. (c) Probe-field power P
as a function of the propagation constant © and ¢y. (d) Real part of
maximum eigenvalue, i.e., Re(}), as a function of u and ¢, obtained
by solving the eigenvalue problem (17). In both panels (c) and (d),
the dotted-dashed, dashed, and solid lines are for ¢y = 1.5,2.0, and
2.5, respectively.
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terms of the modified squared-operator method [39]. The
initial trial function in the numerical simulation is of a
Gaussian type, which evolves into the ground state of Eq. (15),
i.e., the optical bullet solution of the system.

To test the stability of the optical bullet obtained, we
calculate the power of the probe field, defined by P =
2n [ fj;o Y2dEdndr, as a function of the propagation
constant p and the potential strength constant cy. The result
is shown in Fig. 3(c). We see that for a given ¢y, P
first increases to arrive at a maximum, and then decreases.
According to the Vakhitov-Kolokolov (VK) criterion [40],
the domain in which the optical bullet is stable is the one
with d P/dp > 0. Generally, the stability domain is small for
small cp. However, when increasing ¢, the stability domain is
enlarged. This is easy to understand because a larger c) means a
stronger trapping of the optical bullet provided by the external
potential. Hence, one can adjust the assisted field, and hence
the external potential, to control the stability of the optical
bullet, which is easy to realize physically in the present active
system.

To further check the stability of the optical bullet solutions,
we have also numerically solved the eigenvalue problem (17).
We employ the Fourier collocation method introduced in
Ref. [39] that was developed for one-dimensional (1D) and
two-dimensional (2D) problems, but here we extend it to the
present 3D one. The real part of maximum eigenvalue, Re(}),
as a function of u and ¢y has been shown in Fig. 3(d). From
the figure we see that the stability domain of the optical bullets
[i.e. the domain where Re()) is nonpositive] becomes indeed
larger when increasing the potential strength cy.

Shown in Fig. 4 is the result for first-order optical bullets
(I = 1). In this case, the external potential contributed by the
assisted field is proportional to | J; (v/2r)|?, with J; (+/2r) being
the first-order Bessel function.

(a) c,=15. =04 (b) ©g=20, =07
7.0
20 T T T ] T
(c), . // V' 1-order potential (d) 1-order potential .
Y - —-c,=15 -
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FIG. 4. (Color online) (a) and (b) Isosurface plots of the amplitude
¥ = 0.01 of the probe field in the self-focusing case (i.e., g1 = 1,
g2 = 1) for (co, ) = (1.5,0.4) and (cp, ) = (2.0,0.7), respectively.
The external trapping potential contributed by the assisted field is the
first-order (i.e., / = 1) Bessel function. (c) Probe-field power P as a
function of the propagation constant © and cy. (d) Real part of the
maximum eigenvalue, i.e., Re(1), as a function of ¢ and ¢y obtained
by solving the eigenvalue problem (17). In both panels (c) and (d), the
dashed and dotted-dashed lines are for ¢y = 1.5 and 2.0, respectively.
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We see that for a given ¢ the stability domain of the first-
order optical bullet (! = 1) is narrower than that of the zero-
order optical bullet (! = 0). The reason is that the trap potential
given by |J;(+/2r)|? is weaker than that given by |Jo(~/2r)[%,
and hence the first-order optical bullet shown in Fig. 4 is less
stable than the zero-order optical bullet shown in Fig. 3. In the
same way, high-order optical bullet solutions for/ > 1 can also
be obtained, and their stability domains can also be identified.
The stability domains of the high-order optical bullets are more
narrow because the strength of the trapping potential with the
form |J;(+/2r)|* becomes more weak as [ increases.

The results presented above are the stationary solutions
based on the Eq. (15). It is necessary to investigate the time
evolution and their stability of the optical bullets starting
directly from the evolution Eq. (9a), which has complex
coefficients with small imaginary parts. For this aim, we have
made a numerical simulation on Eq. (9a) by taking the optical
bullet solution ¥ of Eq. (15) as an initial condition, and
adding a random perturbation to it. Concretely, we take u(s =
0,€,1n,7) = ¥(&,n,7)(1 + ef ), with ¢ being the solution given
by Eq. (15), € being a typical amplitude of the perturbation,
and f being a random variable uniformly distributed in the
interval [0,1]. We find that Eq. (9a2) allows indeed optical
bullet solutions which are fairly stable for propagating to a
long distance. Illustrated in Fig. 5 is the evolution of the optical
bullets based on Eq. (9a) by taking ¢ = 0.1 and the solutions
of Eq. (15) as initial conditions. Panel (a) shows the isosurface
plots of the optical bullet for s = 0.0,0.4,2.0,5.3,5.6 by
taking the result given in Fig. 3(b) as an initial condition.
Panel (b) gives the isosurface plots of the optical bullet for
s = 0.0,0.8,1.5,7.7,9.0 by taking the result in Fig. 4(b) as an
initial condition. We see that despite some transient change
of their shape, the optical bullets relax to self-cleaned forms
which are quite close to the unperturbed ones.

Since T = (t — z/V,)/70, the propagating velocity of the
optical bullets Vo is approximately equal to V,. We obtain

VoL ~ 5.6 x 107, (18)

The generation power of the (3 + 1)D optical bul-
lets can be estimated by calculating Poynting’s vector.
The peak power of the probe field is given by Ppa =
2eocn,,S0(h/|p13|)2U§|umaX|2, with n, and Sy being the
reflective index and the cross-section area of the probe beam,
respectively. Taking Sy = 7R3 ~ 0.5 x 10~* cm? and using

(a) s=0.0 s=0.4 s=2.0 s=5.3 s=5.6
(b) s=0.0 s=0.8 s=1.5 s=7.7 $=9.0

FIG. 5. (Color online) Evolution of optical bullets based on
Eq. (9a) by taking the solutions of Eq. (15) as initial conditions.
(a) Isosurface plots of the optical bullet for s = 0.0,0.4,2.0,5.3,5.6
by taking the result in Fig. 3(b) as an initial condition. (b) Isosurface
plots of the optical bullet for s = 0.0,0.8,1.5,7.7,9.0 by taking the
result in Fig. 4(b) as an initial condition.
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the other parameters given above, we obtain the generation
power of the optical bullets

Poax ~ 0.01 uW (19)

(or corresponding input energy 1.48 x 107'#J). Consequently,
the (3 + 1)D optical bullets obtained in the present system have
ultraslow propagating velocity and very low generation power,
which are very different from the other generation schemes
where the optical bullets have the propagating velocity not far
from ¢ and their generation power up to a megawatt is usually
needed [9,17].

V. DISCUSSION AND SUMMARY

In the study given above, we have assumed the control
field Rabi frequency €2, is a constant during time evolution.
In a real experiment, 2. can not be too strong and hence will
have a small depletion after an optical bullet propagates to a
long distance. In this situation it is necessary to consider the
evolution of 2., like that done in Refs. [41,42]. This is an
interesting topic deserving to be investigated further.

In summary, we have proposed a scheme for generating
stable ultraslow optical bullets at very low light level via
atomic coherence. The system we considered is an ensemble
of resonant, lifetime-broadened four-state atoms with an N-
type level configuration, working in the EIT regime. Due
to the quantum interference effect induced by the control
field, the absorption of the probe field is largely suppressed.
Furthermore, the Kerr nonlinearity is greatly enhanced and the
dispersion property of the probe field is drastically changed.
By using the method of multiple scales we have derived two
coupled nonlinear envelope equations governing the evolution
of the envelopes of the probe and the assisted fields. We have

PHYSICAL REVIEW A 84, 033816 (2011)

shown that by choosing suitable atomic levels and by using a
CW assisted field or a pulsed assisted one with a large time
length, the envelope equation of the probe field is reduced into
a (3 + 1)D NLS equation and the envelope of the assisted
field is reduced into a linear Helmholtz equation. We have
obtained various optical bullet solutions for the probe-field
envelope and demonstrated that such optical bullets have many
novel features, including very slow propagating velocity and
very low generation power. Moreover, they can be actively
controlled and manipulated by adjusting system parameters.
The stabilization of such optical bullets can be easily realized
by means of the linear trapping potential provided by the
assisted field. The stability of the optical bullets has also
been investigated in detail by using the VK criterion and
linear stability analysis. The results presented here may be
useful for understanding the physical properties of coherent
atomic systems and guiding experimental findings of (3 +
1)D nonlinear excitations with very low generation power,
which may have potential applications in optical information
processing and transmission.
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APPENDIX A: EQUATIONS OF MOTION FOR o;;

Equations of motion for o;; are given by

iEO“ —iI31033 + 92031 - Q035 =0, (Ala)
l'gdzz — iF320’33 - iF42044 + Qidg,z - QCU;Z + 920'42 - Q(IO—IZ = O, (Alb)
0
I <a— =+ F3) 033 — 920'31 =+ QPO’;I — QZ‘032 =+ QCO';Z =0, (Alc)
( + F4) 044 — Qo 2042 + Q 0'42 = O (Ald)
( o ) o2 + Qlo31 + Qou — Q,03, =0, (Ale)
)
5 +d31 ) 031 + Qp(011 — 033) + Q021 =0, (Alf)
.0
E +dy1 | o4 + Qu021 — 2,043 =0, (Alg)
a * *
E +d3 ) 032 + Qc(022 — 033) + Q05 — Q40,53 =0,
(A1h)
0 .
( i + d42) 042 + 24(022 — 044) — Q043 = 0, (Ali)
a * * :
E +dsz ) 043 + 403, — Q041 — Qioa =0, (A1)
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where I';; is the rate at which population decays from

the state i) to the state |j), and d;; = A; — A; +iy;;
. dph

with y;; = ([ +T;)/2 + v, Here T; = >k, <k, Tij and

yi‘}"l denotes the dipole dephasing rate caused by atomic

collisions.

APPENDIX B: EXPLICIT EXPRESSIONS OF « j;

The explicit expressions of «j; read

K13 e) 4 dyi @
a11=3{9c > (60+d21)|:—1m<D)+ ]},

(Bla)
K13|Qc

(w + dy1)D? B1b)

o2 = —

PHYSICAL REVIEW A 84, 033816 (2011)

Oy = —K24 |:d4:;£l + Q.a *2) _ ﬂ}
|12 — dadas 2 <3 (w+dy)D |’

(Blc)

with

2 = |:iIII1 (dﬁ) - Im(dz*;”) '3 Im(dﬂ)}

22

I D dx
(B2a)
2Im (4
a) = F;D ) , (B2b)
1 [Q
2) c 2 (2)
s, =Tn|:ﬁ+9( (33 — Gy )i| (B2c)
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