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Tunneling dynamics and phase transition of a Bose-Fermi mixture in a double well
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The coherent nonlinear tunneling dynamics of a boson-fermion mixture in a double-well potential is studied
in this paper. Four types of phase are found for the mixture. The first one is two species localizing in different
potential wells. The second one is two species coexisting in the same well. The third one is two species equally
populated in two wells. The fourth one is one species equally populated in two wells while the other species is in
one well. The phase transitions among these four states have been investigated. The interspecies and intraspecies
interactions as well as bosonic and fermionic numbers can dramatically affect these phase transitions.
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I. INTRODUCTION

Since the observation of molecules of Fermi atoms near
Feshbach resonances, fascinating pairing correlations in cold
Fermi gases have been successfully investigated both experi-
mentally and theoretically [1–11]. An interesting issue is the
inclusion of Bose atoms in the cold Fermi gases to form trapped
boson-fermion mixtures such as 6Li-23Na, 40K-87Rb, and 6Li-
87Rb, which have been experimentally observed [12–16] and
theoretically studied [9–11]. The tunability of interspecies and
intraspecies interactions via magnetic and optical Feshbach
resonances makes the boson-fermion mixture a very attractive
candidate for exploring new phenomena involving quantum
coherence and nonlinearity.

During recent years, Bose-Einstein condensates (BECs)
in double wells have offered a powerful tool to study the
quantum tunneling phenomena [17–19] since almost every
parameter, such as the interwell tunneling strength, onsite
interaction strength, and the energy bias between the two
wells, can be tuned experimentally [20]. There have been
extensive studies on multispecies BEC in double wells [21].
Several interesting phenomena such as self-trapping (ST) and
Josephson oscillation (JO) were studied both theoretically
and experimentally [22–27]. The subject of this paper is an
investigation of the tunneling dynamics of a boson-fermion
mixture in a double-well potential. Our motivation is to explore
whether new phenomena arise when there are interacting
bosons and fermions trapped in symmetric double wells.
The fermionic component is assumed to be in the superfluid
state at unitarity or, alternatively, in the either BEC regime
or Bardeen-Cooper-Schrieffer (BCS) regime. The system is
made effectively one dimensional (1D), assuming that the gas
is confined in transverse directions by a tight axisymmetric
harmonic potential, with trapping frequencies ω⊥b and ω⊥f

for the bosons and fermions respectively.
In the exploration of nonlinear tunneling dynamics of a

boson-fermion mixture in a double well, JO, macroscopic
quantum self-trapping (MQST), and phase separation (PS) are
found. We sweep the parameter space and find the dependence
of these phenomena on the system parameters. If the system
is in the JO state, both population imbalances of bosons and
fermions are in quasiperiodic oscillations with two competing
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frequencies. The two frequencies have been given analytically
and numerically in the present study.

In Sec. II, the equations of the motion of the system are
given. In Sec. III, the corresponding classical Hamiltonian and
the fixed point are studied. In Sec. IV, small amplitude oscil-
lations and their frequencies are given both analytically and
numerically. In Sec. V, the tunneling dynamics is studied. The
effects of interatomic interaction strength, bosonic number,
and fermionic number to the tunneling dynamics are studied.
The conclusions are given in Sec. VI.

II. EQUATION

We study a Bose-Fermi mixture composed of Nb condensed
bosons of mass mb and Nf fermions of mass mf in two equally
populated spinor components, at zero temperature. The set of
coupled 1D equations for this system are as follows [11]:

i
∂ψb

∂t

=
[
−mf

mb

∂2

∂x2
+ Ub(x) + gb |ψb |2 +gbf Nf |ψf |2

]
ψb,

(1)
i

2

∂ψf

∂t

=
[
−1

8

∂2

∂x2
+ Uf (x) + gf |ψf |4/3 +gbf Nb |ψb |2

]
ψf .

(2)

The ψb(x,t) and ψf (x,t) are order parameters of bosons
and fermions respectively, Ub(x) and Uf (x) are the external
potential acting on the bosons and fermions respectively, mb

and mf are the masses of bosons and fermions respectively,
gb = 2Nb(ab/a⊥) is the boson’s self-interaction strength, gf =
(3π2)2/3(3ξ/5)N2/3

f is the fermions self-interaction strength,
and ξ = 1 in the deep BCS regime and ξ = 0.4 at unitarity.
gbf = 6abf /a⊥ is the interaction strength between boson and
fermion, and ab, af , and abf are the Bose-Bose scattering
length, Fermi-Fermi scattering length, Bose-Fermi scattering
length, respectively. We consider the special case of a⊥ =
a⊥b = a⊥f , where a⊥b = √

h̄/(mbω⊥b), a⊥f = √
h̄/(mf ω⊥f ).

Equations (1) and (2) are valid for the limited case of the weak
coupling (af → 0,ab → 0). In the 1D case of the BEC regime
of the BEC-BCS crossover, both the transverse confinement
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energies h̄ω⊥f and h̄ω⊥b must be much larger than the kinetic
energy kT and the chemical potentials of μb and μf [9]. Our
model is actually a special case of the US model reported in
Ref. [9].

In the weakly linked limit, the dynamical oscillations of
BEC and superfluid Fermi gas in double wells can be described
by two wave functions representing the condensate in each
trap. We then write the order parameters ψb and ψf as follows:

ψb = b1(t)ϕb
1 (x) + b2(t)ϕb

2 (x), (3)

ψf = f1(t)ϕf

1 (x) + f2(t)ϕf

2 (x), (4)

with bj (t) =√
Nb

j (t)e
iθb

j
(t), fj (t) =√

N
f

j (t)e
iθ

f
j

(t) (j = 1,2), and con-
stant total particle numbers (N ), total bosonic numbers (Nb),
total fermionic number (Nf ), respectively, where Nb

1 + Nb
2 =

Nb, N
f

1 + N
f

2 = Nf , and Nb + Nf = N . Defining the popu-

lation imbalances and the relative phases as sb = Nb
2 −Nb

1
Nb

, sf =
N

f

2 −N
f

1
Nf

, ϕb = θb
2 − θb

1 , and ϕf = θ
f

2 − θ
f

1 , we then obtain

ṡb = −2kb

√
1 − s2

bsinϕb, (5)

ṡf = −2kf

√
1 − s2

f sinϕf , (6)

ϕ̇b = γb + NbUbsb + Ubf Nf sf + 2kb

sb√
1 − s2

b

cosϕb, (7)

ϕ̇f = γf +
(

Nf

2

)2/3

Uf [(1 + sf )2/3 − (1 − sf )2/3]

+Ubf Nbsb + 2kf

sf√
1 − s2

f

cosϕf , (8)

where γb = Eb
2 − Eb

1 and γf = E
f

2 − E
f

1 . The system param-
eters of kb, kf , γb, γf , Ub, Uf , and Ubf are all given in the
appendix and can be adjusted in the experiments by using the
external magnetic field (Feshbach resonance technique).

III. FIXED POINTS

The adiabatic evolution of quantum eigenstates correspond
to the movement of fixed points determined by the classical
Hamiltonian. The classical Hamiltonian, for the case of Nb =
Nf = N and γb = γf = 0, is

H = −2kb

√
1 − s2

bcosϕb − 2kf

√
1 − s2

f cosϕf + Ubf Nsbsf

+ NUb

2
s2
b + 3

5

(
N

2

)2/3

Uf [(1 + sf )5/3 + (1 − sf )5/3].

(9)

Equations (5), (6), (7) and (8) can then be written in
the Hamiltonian form ṡb = − ∂H

∂ϕb
, ϕ̇b = ∂H

∂sb
, ṡf = − ∂H

∂ϕf
, and

ϕ̇f = ∂H
∂sf

.
The fixed points can be given from the conditions of

ṡb = ṡf = ϕ̇b = ϕ̇f = 0. The trivial solutions of the fixed
points can be easily given as follows: (sf

b ,ϕ
f

b ,s
f

f ,ϕ
f

f ) =
(0,0,0,0), (0,π,0,π ), (0,0,0,π ), and (0,π,0,0), respectively.
The nontrivial fixed points s

f

b �= 0 and s
f

f �= 0 result in a
solution with population imbalance and lead to the tunneling

FIG. 1. Dependence of three different regions of one fixed point
(1FP), three fixed points (3FP), and five fixed points (5FP) on the
system parameters of Ub/Ubf and Uf /Ubf . The solid lines are the
analytical results from Eq. (15).

dynamics with macroscopic self-trapping. The numerical
solutions of the fixed points are shown in Fig. 1. In the region
1FP, there is only one fixed point of s

f

b = 0,s
f

f = 0; however,
in the region 3FP there are three fixed points with nontrivial
ones of s

f

b �= 0 or s
f

f �= 0. Actually there is also a five fixed
points region (5FP), which is a very narrow region between
1FP and 3FP; see Fig. 1.

IV. SMALL AMPLITUDE OSCILLATION AND THEIR
OSCILLATION FREQUENCIES

We need to analyze the stability of fixed points in order to
find out whether the requirement of adiabatic evolution of the
system is fulfilled. To do this, we work with the differential
equations (5), (6), (7), and (8). The infinitesimal variables
of xj and αj (j = b,f ) are introduced by sj = s

f

j + xj and

ϕj = ϕ
f

j + αj , where s
f

j ,ϕ
f

j are the fixed points. We only

consider the simple case of s
f

j = 0. According to Eqs. (5), (6),
(7), and (8), the linearized equations of motion are derived as
follows:

ẋj = −2kjαj , (10)

α̇b = NbUbxb + Nf Ubf xf + 2kbxb, (11)

α̇f = 4

3

(
Nf

2

)2/3

Uf xf + NbUbf xb + 2kf xf . (12)

Based on these equations, we obtain

d4xb

dt4
+ A

d2xb

dt2
+ Bxb = 0, (13)

where A = 2kb(NbUb + 2kb) + 2kf [ 4
3 (Nf

2 )2/3Uf + 2kf ] and

B = 4kbkf {(NbUb+2kb)[ 4
3 (Nf

2 )2/3Uf +2kf ]−NbNf U 2
bf }, we

obtain the following equation from Eq. (13):

λ2 = 1
2 [−A ± √

A2 − 4B], (14)
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where the solutions of Eq. (13) are of the form eλt . In order
to obtain the stable solutions the inequality λ2 � 0 must be
satisfied; otherwise, the solutions are unstable and the new
fixed points of s

f

b �= 0 or s
f

f �= 0 appear. Therefore, we obtain
the boundary line between one fixed point and five fixed points
for the special case of Nb = Nf = N as follows:

N2 = 4

22/33
N5/3 Ub

Ubf

Uf

Ubf

+ 2N
Ub

Ubf

kf

Ubf

+ 8

22/33
N2/3 Uf

Ubf

kb

Ubf

+ 4
kb

Ubf

kf

Ubf

. (15)

The analytical solutions of Eq. (15) are plotted in Fig. 1
in the solid line. Excellent agreement between the numerical
results and the analytical ones is observed. If the condition of
Eq. (14) is satisfied, two oscillation frequencies are given as
follows:

ω1 = 1√
2

√
−A −

√
A2 − 4B (16)

and

ω2 = 1√
2

√
−A +

√
A2 − 4B. (17)

The Runge-Kutta method is used to obtain the numerical
solutions of Eqs. (5), (6), (7), and (8).

Figure 2 shows the small amplitude oscillations of both
fermionic and bosonic population imbalances between two
wells with the initial conditions of sb(0) = sf (0) = 0.01,
ϕb(0) = ϕf (0) = 0 and the interatomic interaction strength
Ub/Ubf = 3.5, Uf /Ubf = 5.0. Such a mode exhibit quasiperi-
odic dynamics characterized by superposition of sinusoidal
modes with two competing frequencies. The dependence
of the two competing frequencies on the bosonic numbers
(Nb) are given in Fig. 3. As clearly seen, ω1 (the larger
frequency) increases as the number of bosons increases. On
the other hand, both frequencies of ω1 and ω2 increase as
Ub increases [Fig. 3(a)]. Moreover, as the Uf increases ω2

increase. However, ω1 does not depend on Uf if Nb is not
small enough; see Fig. 3(b). The excellent agreement between
the analytical results of Eqs. (16) and (17) and the numerical
ones are clearly shown in Fig. 3.

For the case shown in Fig. 2, both species of bosons and
fermions execute small amplitude oscillations. The average
values of population imbalances of both fermions and bosons
with time are zero (sf = sb = 0), which indicates that there is
no self-trapping; only Josephson oscillation exists. However,
for other cases such as Ub/Ubf = 8.0, Uf /Ubf = −1.5 with
the same initial condition (zero mode), the mean value of
population imbalances of both fermions and bosons are
nonzero. sb < 0, sf > 0 as shown in Fig. 4. It suggests that
MQST phenomena happen with phase separation of two
species. For the case of Ub/Ubf = −3.5, Uf /Ubf = −3.1
with the different initial conditions of sb(0) = sf (0) = 0.01,
ϕb(0) = ϕf (0) = π (π mode), which is shown in Fig. 5.
The mean value of population imbalances of both fermions
and bosons are nonzero. sb > 0, sf > 0 (both are positive),
suggesting MQST happen but there is no phase separation.

FIG. 2. (Color online) Time series of population imbalances (top)
and phase portraits (bottom) for Ub/Ubf = 3.5, Uf /Ubf = 5.0 with
initial condition sb(0) = sf (0) = 0.01 and ϕb(0) = ϕf (0) = 0. The
red line (dashed, top, and inner, bottom) and blue line (solid, top,
and outer, bottom) correspond to species of fermions and bosons
respectively. The units of s and t are dimensionless, and the unit of ϕ

is radian.

In the following section, we describe a detailed study about
in what condition MQST and phase separation will happen and
in what condition MQST and phase separation do not occur.

V. TUNNELING DYNAMICS OF FERMIONS

A. Effect of the interatomic interaction strength on the
tunneling dynamics

1. Zero mode (ϕb(t) = ϕ f (t) = 0)

We sweep the (Ub/Ubf , Uf /Ubf ) parameter space in a
large range with initial conditions of sb(0) = sf (0) = 0.01,
ϕb(0) = ϕf (0) = 0, and Nb = Nf and obtain the phase dia-
gram shown in Fig. 6. We find that there are four regions
denoted by self-trapping I (STI), self-trapping II (STII),
chaos region (CR), and JO. In region STI, MQST appears
accompanied by phase separation of two species since the
mean population imbalances with time t of both fermions
and bosons have opposite signs (sb < 0, sf > 0). Even with
the initial conditions corresponding to an abundance of both
species in the same well, the two components localize in two
different wells. The typical time variations of both sb and sf
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FIG. 3. Dependence of competing frequency ωf on the total
number of bosons in two wells. Frequencies are in units of ω−1

⊥F =
ω−1

⊥B .

FIG. 4. (Color online) Time series of population imbalances (top)
and phase differences (bottom) for Ub/Ubf = 8.0, Uf /Ubf = −1.5
with initial conditions sb(0) = sf (0) = 0.01 and ϕb(0) = ϕf (0) = 0.
The dashed red line and solid blue line correspond to species
of fermions and bosons respectively. The units of s and t are
dimensionless, the unit of ϕ is radian.

FIG. 5. (Color online) Time series of population imbalances (top)
and phase portraits (bottom) for Ub/Ubf = −3.5, Uf /Ubf = −3.1
with initial conditions sb(0) = sf (0) = 0.01 and ϕb(0) = ϕf (0) = π .
The red (dashed, top, and upper, bottom) line and blue line (solid,
top, and lower, bottom) correspond to species of fermions and bosons
respectively. The units of s and t are dimensionless, and the unit of ϕ

is radian.

are shown in Fig. 4. In the region STII, MQST also takes
place accompanied by phase separation, which is similar to
that in region STI. The difference between the two regions is
that the signs of sb and sf are different. s̄b > 0 and s̄f < 0. In
region CR, MQST and phase separation may exist; however,
the signs of either sb or sf have no regular pattern. In the region
JO, sb = sf = 0, suggesting that there are no MQST and that
only Josephson oscillations exist. The typical evolution of both
sf and sb with time t are given in Fig. 2.

2. π mode (ϕb(t) = ϕ f (t) = π )

We also sweep the parameter space (Ub/Ubf , Uf /Ubf )
in a large range with initial conditions of sb(0) = sf (0) =
0.01, ϕb(0) = ϕf (0) = π , and Nb = Nf and obtain the phase
diagram shown in Fig. 7. We find that there are four regions
denoted by same self-trapping (SST), one self-trapping (OST),
CR, and JO. In region SST, MQST of both species takes place
in the same well since the mean population imbalances with
time t of both fermions and bosons have the same sign (sb > 0,
sf > 0). The typical picture of this case is shown in Fig. 5.
In the region OST, MQST takes place for only one species
such as for fermions (sf > 0), but other species of bosons
are in Josephson oscillation (sb = 0). In region CR, there is
no regular pattern. In region JO, sb = sf = 0, suggesting that
only Josephson oscillations exist.
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FIG. 6. (Color online) Dependence of four regions of STI, STII,
CR, and JO on the system parameters of interatomic interactions of
Ub/Ubf and Uf /Ubf . In region STI self-trapping appears; the bosons
are in one well (for example, well 1) and the fermions are in the other
well (well 2). Whether the bosons are in well 1 or well 2 depends on
the initial conditions. In region STII self-trapping also appears; the
bosons are in one well (well 2) while the fermions are in the other
well (well 1). In region CR, there is no regular pattern. In region JO,
the average population differences of both bosons and fermions are
all zero; only Josephson oscillations exist, where the initial conditions
are sb(0) = sf (0) = 0.01, ϕb(0) = ϕf (0) = 0, and Nb = Nf .

FIG. 7. (Color online) Dependence of four regions of SST, OST,
CR, and JO on the system parameters of interatomic interactions of
Ub/Ubf and Uf /Ubf . In region SST, self-trapping appears, and the
bosons and fermions are in the same well. In region OST, self-trapping
also appears, but only the fermions are in well 2 while the bosons are
in Josephson oscillation. In region CR, an irregular oscillation pattern
takes place. In region JO, the average population differences of both
bosons and fermions are all zero, and only Josephson oscillations
exist, where the initial conditions are sb(0) = sf (0) = 0.01, ϕb(0) =
ϕf (0) = π , and Nb = Nf .

FIG. 8. (Color online) Dependence of the average population
imbalance of fermions sf between two wells on the bosonic
numbers Nb for the different parameters of (a) Uf /Ubf = −0.5, − 5,
ϕb(0) = ϕf (0) = 0, (b) Uf /Ubf = 0.5,3.5, ϕb(0) = ϕf (0) = 0,
(c) Uf /Ubf = −0.5, − 5, ϕb(0) = ϕf (0) = π , (d) Uf /Ubf =
0.5,3.5, ϕb(0) = ϕf (0) = π . Nf = 1000, sb(0) = 0.99, and
sf (0) = 0.01.

B. Effect of the bosonic numbers Nb on the tunneling
dynamics of fermions

1. Zero mode

The initial conditions of the system in this case are ϕb(0) =
ϕf (0) = 0, sf (0) = 0.01,sb(0) = 0.99. Figure 8 shows the
dependence of sf on the Nb. We note that sf > 0 if Nb = 0
and Uf /Ubf < 0, suggesting that the abundance of fermions is
in one well [see Fig. 8(a)]. We can explain this phenomenon.
For the case of zero mode, we note from Eq. (9) that the initial
energy of the system is in its minimum value. For the attractive
interaction, the system energy is small if the abundance of
fermions is in one well. On the other hand, the system energy
is in its minimum value if average population imbalance is
zero for the repulsive interaction [see in Fig. 8(b)].

However, if bosons are injected in one well, the results
are different. It seems that as the Nb increase the average
population imbalance of fermions (sf ) first decreases (self-
trapping appears) until it reaches a minimum value sf

min and
then increases gradually and approaches zero (sf → 0) as Nb

increases further [see Figs. 8(a) and 8(b)]. Figures 8(a) and
8(b) correspond to the attractive and repulsive interatomic
interactions between fermions respectively. However, this
minimum value of sf

min depends on the interatomic interaction
strength of both Ub/Ubf and Uf /Ubf . The dependence of sf

min

on the interaction parameters and the bosonic numbers Nb are
given in Fig. 9(a).

2. π mode

The initial conditions of the system in this case are ϕb(0) =
ϕf (0) = π , sf (0) = 0.01, and sb(0) = 0.99. We note that sf =
0 if Nb = 0 and Uf /Ubf < 0 [see Fig. 8(c)], which suggests
that there is no self-trapping. The reason for this phenomenon
is that for the π mode, the initial energy of the system is
its maximum value. For the attractive interaction, the system
energy is maximum if the fermions are equally populated
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FIG. 9. (Color online) (a) The solid balls are the numerical results
of the minimum points of the smin

f , where Nf = 1000,Ub/Ubf =
3.5, sb(0) = 0.99,sf (0) = 0.01, and ϕb(0) = ϕf (0) = 0. (b) The solid
balls are the numerical results of the maximum points of the smax

f ,
ϕb(0) = ϕf (0) = π , and other system parameters are the same as
in (a).

in two wells (sf = 0). However, the system energy is max-
imum if the abundance of fermions is in one well for the
repulsive interaction [see in Fig. 8(d)].

If bosons are injected in one well, the situation is different.
It is found from Figs. 8(c) and 8(d) that as the bosonic numbers
Nb increase, sf first increases (self-trapping appears) until a
maximum value sf

max, then decreases gradually and attends
to zero (sf → 0) as Nb increases further. Figures 8(c) and 8(d)
are the results corresponding to the attractive and repulsive
interactions between fermions respectively. The dependence
of sf

max on the interaction parameters and the bosonic numbers
Nb are given in Fig. 9(b).

C. Effect of the fermionic numbers N f to the tunneling
dynamics of bosons

1. Zero mode

The dependence of sb on Nf is shown in Fig. 10. We note
that sb > 0 if Nf = 0 [see Fig. 10(a)], indicating that the
abundance of bosons is in one well. This phenomenon can
be similarly explained. For the zero mode case, we note from
Eq. (9) that the initial energy of the system is in its minimum
value. The system energy is small if the abundance of fermions
is in one well for the attractive interaction between bosons. On
the other hand, if bosons are equally populated in two wells
(sb = 0), the system energy is in its minimum values for the
repulsive interaction between bosons [see in Fig. 10(b)].

However, if fermions are injected in one well, the results
are completely different. If Nf are small enough [for example,
Nf < 300 in Figs. 10(a) and 10(b)] sb is nonzero, indicating
that self-trapping appears. A minimum value of sb will be
reached for a certain value of Nf [see Figs. 10(a) and 10(b)].
As the Nf increases further, the average population imbalance
of bosons (sb) increases gradually and finally approaches zero
(sb → 0) as Nf increases further [see Figs. 10(a) and 10(b)],
which corresponds to the attractive and repulsive interatomic
interaction between bosons respectively. The dependence of

FIG. 10. Dependence of the average population imbalance of
fermions sb between two wells on the Nf for the different
parameters of (a) Ub/Ubf = −0.5, − 5, ϕb(0) = ϕf (0) = 0, (b)
Ub/Ubf = 0.5,3.5, ϕb(0) = ϕf (0) = 0, (c) Ub/Ubf = −0.5, − 5,
ϕb(0) = ϕf (0) = π , and (d) Ub/Ubf = 0.5,3.5, ϕb(0) = ϕf (0) = π .
Nb = 1000, sb(0) = 0.01,sf (0) = 0.99.

sb
min on the interaction parameters and the fermionic numbers

Nf are given in Fig. 11(a).

2. π mode

Figure 10(c) show that sb = 0 if Nf = 0 and Uf /Ubf < 0,
which indicates that there is no self-trapping in this case. The
reason is that for the π mode the initial energy of the system
is in its maximum value. For the attractive interaction between
bosons, the system energy is in maximum value if the bosons
are equally populated in two wells (sb = 0). However, the
system energy is in its maximum value if the abundance of
bosons is in one well for the repulsive interatomic interaction
between bosons [see Fig. 10(d)].

FIG. 11. (a) The solid balls are the numerical results of the
minimum points of the smin

b , where Nb = 1000,Uf /Ubf = 3.5,
sf (0) = 0.99,sb(0) = 0.01, and ϕb(0) = ϕf (0) = 0. (b) The solid
balls are the numerical results of the maximum points of the smax

b ,
ϕb(0) = ϕf (0) = π , and other system parameters are the same as
in (a).
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If fermions are injected in one well, the results are
completely different. It is found from Fig. 10(c) that as
the fermionic number Nf increases, sb first increases (self-
trapping appears) until it reaches a maximum value sb

max,
then decreases gradually, and approaches zero (sb → 0) as
Nf increases further if the interaction between bosons is
attractive. On the other hand, if the interaction between bosons
is repulsive, shown in Fig. 10(d), we note that as Nf increases,
sb decreases gradually and then approaches zero. It seems
that if the number of Nf is large enough, the bosons are
in Josephson oscillation. The dependence of sb

max on the
interaction parameters and the fermionic numbers Nf are given
in Fig. 11(b).

VI. CONCLUSION

The tunneling dynamics of boson-fermion mixture in a
double-well potential is investigated in the present paper. The
fermionic component is assumed to be in the superfluid state at
unitarity or in the BCS regime. We also assume that the mixture
is confined in transverse directions by a tight axisymmetric
harmonic potential. The Josephson oscillation, macroscopic
quantum self-trapping, and PS are found for the mixture. By
sweeping the parameter space, we find the dependence of
these phenomena on the system parameters. If the system
is in JO state, both population imbalances of bosons and
fermions are in quasiperiodic oscillations with two competing
frequencies. The two frequencies have been given analytically
and numerically. The four types of phases of the mixture are
found. The first one is that the two species localize in different
potential wells. The second one is that the two species coexist
in the same well. The third is that the two species are equally
populated in two wells. The fourth one is that one species
is equally populated in two wells, while the abundance of
the other species is in one well. The phase transitions among
these four states have been investigated. The interspecies and
intraspecies interactions as well as bosonic and fermionic
numbers can dramatically affect these phase transitions, which
are numerically shown in the paper.
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APPENDIX: DERIVATION OF EQS. (5)–(8)

By substituting Eqs. (3) and (4) into Eqs. (1) and (2) and
using the conditions of

∫
ϕb

j ϕ
b
k dx = δjk ,

∫
ϕ

f

j ϕ
f

k dx = δjk and

the definitions of bj (t) =
√
Nb

j (t)eiθb
j

(t), fj (t) =
√
N

f

j (t)eiθ
f
j

(t) (j =
1,2), we obtain

i
∂b1

∂t
= [Eb

1 + Ub
1 Nb

1 + Ubf N
f

1 ]b1 + kb
1b2, (A1)

i
∂b2

∂t
= [Eb

2 + Ub
2 Nb

2 + Ubf N
f

2 ]b2 + kb
2b1, (A2)

i
∂f1

∂t
= [Ef

1 + U
f

1 (Nf

1 )2/3 + Ubf Nb
1 ]f1 + k

f

1 f2, (A3)

i
∂f2

∂t
= [Ef

2 + U
f

2 (Nf

2 )2/3 + Ubf Nb
2 ]f2 + k

f

2 f1, (A4)

where

Eb
j = −mf

mb

∫
ϕb

j

∂2ϕb
j

∂x2
dx +

∫
ϕb

j Ubϕ
b
j dx, (A5)

E
f

j = −1

4

∫
ϕ

f

j

∂2ϕ
f

j

∂x2
dx +

∫
ϕ

f

j Uf ϕ
f

j dx, (A6)

kb
j = −mf

mb

∫
ϕb

j

∂2ϕb
3−j

∂x2
dx +

∫
ϕb

3−jUbϕ
b
j dx, (A7)

k
f

j = −1

4

∫
ϕ

f

j

∂2ϕ
f

3−j

∂x2
dx + 2

∫
ϕ

f

3−jUf ϕ
f

j dx, (A8)

Ub
j = gb

∫
[ϕb

j ]3dx, (A9)

U
f

j = 2gf

∫
[ϕf

j ]8/3dx, (A10)

Ubf = 2Nf gbf

∫
[ϕf

j ]2[ϕb
j ]2dx, (A11)

where damping and finite temperature effects are ignored. Eb
j

and E
f

j are the zero-point energies of bosons and fermions

in each well, Ub
j ,U

f

j are related to the atomic self-interaction
energies, and kb,kf describe the amplitude of the tunneling
superfluid fermions and bosons.

By using the definition of the population imbalances and

the relative phases of sb = Nb
2 −Nb

1
Nb

, sf = N
f

2 −N
f

1
Nf

, ϕb = θb
2 − θb

1 ,

and ϕf = θ
f

2 − θ
f

1 , we finally obtain Eqs. (5)–(8).
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