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Effect of phase noise on the generation of stationary entanglement in cavity optomechanics
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We study the effect of laser phase noise on the generation of stationary entanglement between an intracavity
optical mode and a mechanical resonator in a generic cavity optomechanical system. We show that one can
realize robust stationary optomechanical entanglement even in the presence of non-negligible laser phase noise.
We also show that the explicit form of the laser phase noise spectrum is relevant, and discuss its effect on both
optomechanical entanglement and ground-state cooling of the mechanical resonator.
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I. INTRODUCTION

The study of optomechanics of micro- and nanocavities has
recently sparkled the interest of a broad scientific community
due to its different applications, ranging from sensing of
masses, forces, and displacements at the ultimate quantum
limits [1,2], to the realization of quantum interfaces for
quantum information networks [3–6], up to tests of the validity
of quantum mechanics at a macroscopic level [7,8]. The
possibility to detect genuine quantum behavior in cavities
characterized by an appreciable radiation pressure interaction
between a light mode and a mechanical resonator was first
pointed out by Braginski and co-workers [9] in the context of
the interferometric detection of gravitational waves. In the past
years, however, many different schemes have been proposed
for the detection of quantum mechanical effects in such sys-
tems, such as continuous variable (CV) entanglement between
cavity modes and/or mechanical modes, squeezed states of the
light or the mechanical modes, and ground-state cooling of the
mechanical modes (see Ref. [10] for a review). These schemes
involve cavities and resonators at the micro- or nanolevel rather
than the macroscopic scale of gravitational wave detectors, and
profit from the tremendous progress in micro- and nanofabri-
cation techniques which have provided unique opportunities to
engineer optomechanical devices. Some examples are toroidal
optical microresonators [2], Fabry-Pérot cavities with a mov-
able micromirror [11,12], a semitransparent membrane within
a standard Fabry-Pérot cavity [13–16], suspended silicon
photonic waveguides [17–19], SiN nanowires evanescently
coupled to a microtoroidal resonator [20], adjacent photonic
crystal wires [21], nanoelectromechanical systems formed by
a microwave cavity capacitively coupled to a nanoresonator
[22–24], and atomic ensembles interacting with the mode of
an optical cavity containing it [25–27].

Here we focus on the possibility to generate robust CV
entanglement between an intracavity optical mode and a
mechanical resonator mode in the steady state of the system,
which has been predicted in Ref. [28] (see also Refs. [29–31]
where the problem has been revisited, and Ref. [32] for its
extension to the microwave cavity case). Entanglement in
the steady state of a system could be extremely useful for
quantum communication applications because it is stationary,
i.e., it has a virtually infinite lifetime, and therefore could

be used repeatedly. This fact allows for more robust uses
of entanglement, at variance with the plethora of schemes in
which entanglement is generated only after a given interaction
time and has a finite lifetime (see, e.g., Ref. [33] for a review).

However, existing analyses of stationary optomechanical
entanglement have not taken into account a possible technical
limitation, associated with the fact that both the amplitude
and especially the phase of the laser driving the cavity are
noisy quantities. Laser phase noise could be in fact very
dangerous for optomechanical entanglement, which is just
the existence of strong quantum correlations between the
fluctuations of cavity field quadratures at an appropriate phase
and the position and momentum fluctuations of the mechanical
resonator.

The effect of laser phase noise on ground-state cooling
of the mechanical resonator has been already discussed in
Refs. [34–37]. Reference [34] showed that phase noise acts on
the mechanical resonator as an additional heating noise propor-
tional to the intracavity field amplitude, which may represent
a serious obstacle for ground-state cooling. Reference [36]
showed that what is relevant both for cooling and also for
coherent state transfer between optical and mechanical modes
is just the phase noise spectrum at the mechanical resonance
frequency. If such a noise value is not too large, cooling is
still possible, as, in fact, has been confirmed experimentally in
Refs. [38] and [39] which approached, and Ref. [40] which just
reached, the ground-state limit. Therefore, the explicit form of
the laser phase noise spectrum is relevant, and simply assuming
a white phase noise tends to overestimate its effect because
such a noise is strongly colored and decays significantly at
MHz frequencies.

Here we extend the analysis to stationary optomechanical
entanglement, in order to establish to what extent laser phase
noise may affect its realization. Our analysis is based on a
quantum Langevin equation (QLE) treatment and generalizes
previous approaches in various aspects. In particular, it can
deal with various examples of phase noise spectra, even
though we shall focus on a bandpass filter form of the
laser noise spectrum. This is in fact the typical case in
current experiments because phase noise decays to zero at
large frequencies, and it is negligible at low frequencies
due to laser-cavity locking. We show that laser phase noise
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has an appreciable effect on the achievable entanglement,
but nonetheless significant stationary entanglement is still
achievable by employing currently available stabilized lasers.
We also derive an approximate analytical expression for the
stationary optomechanical entanglement, illustrating how laser
phase noise affects its experimental realization. We shall also
briefly reconsider the problem of mechanical ground-state
cooling.

The paper is organized as follows. In Sec. II we present
the model Hamiltonian and we show how one has to modify
the standard QLE treatment in order to include the effects
of laser noise in a nonperturbative way. In Sec. III we
study the linearized dynamics of quantum fluctuations around
the appropriate classical steady states. In Sec. IV we show
the results for stationary optomechanical entanglement and
cooling to the mechanical ground state. Section V is for
concluding remarks.

II. MODEL

We consider a generic cavity optomechanical system in
which a mechanical resonator with frequency ωm is subject to
a force proportional to the photon number of an optical cavity
mode with frequency ωc, which is driven by an intense, but
noisy, laser. The corresponding Hamiltonian can be written
as [2,10,41,42]

H = h̄ωca
†a + 1

2h̄ωm(p2 + q2) − h̄G0a
†aq

+ ih̄E(t)(a†e−i[ω0t+φ(t)] − aei[ω0t+φ(t)]). (1)

The first term describes the energy of the cavity mode,
with annihilation operator a ([a,a†] = 1), while the sec-
ond term gives the energy of the mechanical resonator,
described by dimensionless position and momentum operators
q and p, satisfying the commutation relation [q,p] = i. The
third term is the optomechanical interaction, with single
photon optomechanical coupling strength

G0 = −
(

dωc

dx

) √
h̄

mωm
, (2)

where (dωc/dx) is the change in cavity frequency per
displacement and m is the effective mass of the mechanical
mode [43].

The last term describes the cavity driving by a laser which
is generally assumed to possess both phase and intensity
fluctuations. The parameter ω0 denotes the laser average
frequency and φ(t) is the zero-mean fluctuating phase, while
E(t) = E0 + ε(t) is related to the laser amplitude and ε(t)
describes the real, zero-mean amplitude fluctuations of the
laser. The statistical properties of φ(t) and ε(t) will be
specified later on, while the mean amplitude is given by
E0 = √

2κP/h̄ω0, where P is the input laser power and κ

is the cavity loss rate through its input port.
The Hamiltonian of Eq. (1) describes a wide variety of

cavity optomechanical systems, with different cavity geome-
tries and mechanical elements. In systems such as Fabry-Pérot
cavities with a movable micromirror [11,12,44–46], or with
a semitransparent membrane inside [13–16], or in radially
vibrating toroidal microcavities [47], optomechanical coupling
is provided by radiation pressure. In other optomechanical

devices coupling is instead provided by the transverse gradient
force, such as in suspended silicon photonic waveguides
[17–19], SiN nanowires evanescently coupled to a micro-
toroidal resonator [20], and in “zipper” cavities formed by two
adjacent photonic crystal wires [21]. The same Hamiltonian
applies also to nanoelectromechanical systems formed by a
microwave cavity capacitively coupled to a nanoresonator,
such as in Refs. [22–24], and in such a case the noisy laser
describes the phase and intensity fluctuations of the microwave
driving source. Finally, Eq. (1) also applies to systems where
a mechanical collective degree of freedom of an atomic
ensemble interacts with an optical cavity containing it [25–27].
In all these devices one always has many cavity and mechanical
modes, but one can adopt the Hamiltonian of Eq. (1) whenever
one can restrict to single-cavity and mechanical modes. This
is justified when the cavity free spectral range is much larger
than the mechanical frequency ωm (i.e., not too large cavities):
In such a case the input laser drives only one cavity mode
and the scattering of photons from the driven mode into other
cavity modes is negligible [41]. One can restrict to a single
mechanical mode when the detection bandwidth is chosen so
that it includes only a single, isolated, mechanical resonance
and mode-mode coupling is negligible [48].

A. Quantum Langevin equations

For a full description of the system dynamics it is necessary
to include the fluctuation-dissipation processes affecting both
the optical and the mechanical mode. They can be taken into
account in a fully consistent way [42], and one gets

q̇ = ωmp, (3a)

ṗ = −ωmq − γmp + G0a
†a + ξ, (3b)

ȧ = −[κ + iωc]a + iG0aq

+ E(t)e−i[ω0t+φ(t)] +
√

2κain, (3c)

where ain is the vacuum input noise, whose nonzero correla-
tions are given by [49]

〈ain(t)a†
in(t ′)〉 = [N (ωc) + 1] δ(t − t ′), (4a)

〈a†
in(t)ain(t ′)〉 = N (ωc)δ(t − t ′), (4b)

with N (ωc) = (exp{h̄ωc/kBT } − 1)−1 the equilibrium mean
thermal photon number (kB is the Boltzmann constant and T

is the temperature of the reservoir). At optical frequencies
h̄ωc/kBT � 1 and therefore N (ωc) ≈ 0, so that only the
correlation function of Eq. (4a) is relevant. We have assumed
for simplicity the ideal case of a single-ended cavity, so that
the total cavity decay rate coincides with the loss rate through
the input port κ . The mechanical mode is affected by a viscous
force with damping rate γm and by a Brownian stochastic force
with zero-mean value ξ (t), obeying the correlation function
[49,50]

〈ξ (t)ξ (t ′)〉 = γm

ωm

∫
dω

2π
e−iω(t−t ′)ω

[
coth

(
h̄ω

2kBT

)
+ 1

]
.

(5)

The Brownian noise ξ (t) is a Gaussian quantum stochastic
process and its non-Markovian nature (neither its correlation
function nor its commutator are proportional to a Dirac delta
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FIG. 1. (Color online) Scheme of the cavity optomechanical
system under study monitored by an homodyne detection apparatus.

function) guarantees that the QLE of Eqs. (6) preserve the
correct commutation relations between operators during the
time evolution [42].

We are interested in the entanglement properties of the
stationary state of the system, which are determined by the
quantum correlations between the mechanical and optical field
quadratures. These quadratures can be detected by homodyn-
ing the cavity output and an additional weak-field probing the
mechanical element (see, for example, Ref. [28]). The local
oscillator for the homodyne detector is provided just by the
noisy driving laser (see Fig. 1), and this means that all detected
quantities are referred to the frame rotating at the fluctuating
instantaneous frequency ω0 + φ̇(t). Passing to this randomly
rotating frame, the cavity field operator transforms according
to a(t) → a(t) exp{−iω0(t − t0) − i

∫ t

t0
dt ′φ̇(t ′)}, where t0 →

−∞ is the time instant at which we fix the phase reference for
the cavity field by taking E(t) real; as a consequence Eqs. (6)
become

q̇ = ωmp, (6a)

ṗ = −ωmq − γmp + G0a
†a + ξ, (6b)

ȧ = −κa − i(
0 − φ̇ − G0q)a + E(t) +
√

2κãin(t), (6c)

where 
0 = ωc − ω0 is the detuning of the cavity
mode from the average laser frequency, and ãin(t) =
ain(t)eiω0(t−t0)+i

∫ t

t0
dt ′φ̇(t ′) is still vacuum input noise, possessing

the same correlation functions of ain(t) [see Eqs. (4)]. There-
fore, in the frame rotating at the fluctuating frequency, laser
amplitude noise acts as additive noise on the cavity modes,
while laser frequency noise is a multiplicative noise, affecting
the cavity field in the same manner of the fluctuations of the
resonator position q.

III. LINEARIZED DYNAMICS OF THE FLUCTUATIONS

Achieving stationary optomechanical entanglement means
establishing strong quantum correlations between the steady-
state fluctuations of the position and momentum of the
resonator, and the intracavity field quadrature fluctuations. As
shown in Refs. [28] and [29], this is attained when the effective

coupling between these fluctuations is strong, which is realized
when the intracavity field is very intense, i.e., for high-finesse
cavities and enough driving power. Therefore, we focus onto
the dynamics of the fluctuations around the classical steady
state.

When the system is stable, it reaches a steady state which,
in the absence of laser noise, is characterized by the cavity
mode in a coherent state, and the mechanical resonator at an
equilibrium position which is shifted by a quantity proportional
to the stationary intracavity photon number. One may expect
that, due to laser phase noise, this classical steady state is
modified: In particular, one expects that the phase of the
intracavity coherent state slowly becomes completely random.
This is the classical steady state assumed in Refs. [36] and [37],
i.e., a cavity field in a coherent state with completely random
phase but with a time-independent photon number, so that
the shift of the equilibrium position of the resonator is not
changed. Our treatment adopts, however, the frame rotating
at the fluctuating instantaneous laser frequency ω0 + φ̇(t),
differently from Refs. [36] and [37] which adopt the frame
rotating at ω0. In such a fluctuating frame the phase of
the classical stationary coherent state is not random, and
its amplitude αs is given by the standard expression that is
valid in the absence of laser noise, αs = E0/(κ + i
). This
latter equation is actually an implicit nonlinear equation for αs

because


 = 
0 − G0qs = 
0 − G2
0|αs|2
ωm

, (7)

the effective cavity detuning, depends upon |αs|2. Assuming
such a time-independent classical steady state is equivalent to
assuming that both the phase and amplitude noise of the driving
laser affect only the quantum fluctuations of the system and
not its classical stationary state. In fact, by inserting such a
steady-state solution into Eqs. (6), the exact (nonlinear) QLE
for the fluctuations become

δq̇ = ωmδp, (8a)

δṗ = −ωmδq − γmδp + G0(αsδa
† + α∗

s δa) + δa†δa + ξ,

(8b)

δȧ = −[κ + i
]δa + iG0αsδq + i[G0δq + φ̇]δa

+ iφ̇αs + ε +
√

2κãin. (8c)

As discussed above, robust optomechanical entanglement
can be generated when the effective coupling between the
fluctuations G0αs is large enough, which is best achieved
when |αs| � 1, i.e., we have a large number of intracavity
photons. In such a case the system dynamics is well described
by linearizing Eqs. (8), i.e., by neglecting the term δa†δa in
Eq. (8b) and the terms i[G0δq + φ̇]δa in Eq. (8c), so that

δq̇ = ωmδp, (9a)

δṗ = −ωmδq − γmδp + G0(αsδa
† + α∗

s δa) + ξ, (9b)

δȧ = −[κ + i
]δa + iG0αsδq + iφ̇αs + ε +
√

2κãin.

(9c)

Notice that in this way we neglect also the multiplicative
noise term iφ̇δa together with the usual nonlinear terms, but
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this is reasonable because, when |αs| � 1, such a term has
a negligible effect compared to that of the iφ̇αs term. It is
convenient to rewrite the linearized QLE in terms of the field
quadrature fluctuations δX
 ≡ (δaeiθ
 + δa†e−iθ
 )/

√
2 and

δY
 ≡ (δaeiθ
 − δa†e−iθ
 )/i
√

2,

δq̇ = ωmδp, (10a)

δṗ = −ωmδq − γmδp + GδX
 + ξ, (10b)

δẊ
 = −κδX
 + 
δY
 +
√

2 cos θ
ε +
√

2κXin

, (10c)

δẎ
 = −κδY
 − 
δY
 + Gδq +
√

2|αs|φ̇
+

√
2 sin θ
ε +

√
2κY in


 , (10d)

where θ
 = arctan[
/κ], G = G0

√
2|αs| is the effective

optomechanical coupling, and we have introduced the cor-
responding Hermitian input noise operators Xin


 ≡ (ãine
iθ
 +

ã
†
ine

−iθ
 )/
√

2 and Y in

 ≡ (ãine

iθ
 − ã
†
ine

−iθ
 )/i
√

2.
Finally we have to specify the statistical properties of laser

phase and amplitude noise. In currently available stabilized
lasers, amplitude noise ε(t) is negligible with respect to phase
noise φ(t) and therefore we shall neglect it from now on,
as assumed also in Refs. [34–37]. Phase noise instead is
typically non-negligible and it is responsible for the nonzero
laser linewidth l . In fact, the laser spectrum is given by the
Fourier transform of the stationary correlation function of the
field, that is,

SL(ω) =
∫

dτeiωτC(τ ) =
∫

dτeiωτ 〈exp{iφ(t + τ ) − iφ(t)}〉;
(11)

φ(t) is well described by a zero-mean stationary Gaussian
stochastic process, and therefore one can write

C(τ ) =
〈
exp

{
i

∫ τ

0
ds φ̇(s)

}〉

= exp

{
−1

2

∫ τ

0
ds

∫ τ

0
ds ′〈φ̇(s)φ̇(s ′)〉

}
. (12)

If one takes a delta correlated frequency noise 〈φ̇(s)φ̇(s ′)〉 =
2lδ(s − s ′), i.e., a flat frequency noise spectrum Sφ̇(ω) =
2l , Eq. (12) yields C(τ ) = e−l |τ |, which corresponds to a
Lorentzian laser spectrum with linewidth l . However, as
already pointed out in Ref. [36], taking a flat Sφ̇(ω) tends
to overestimate the effect of laser phase noise; in practice,
the frequency noise spectrum has a bandpass filter form and
therefore the laser spectrum is no more a perfect Lorentzian,
but has faster decaying tails. A more realistic description is
obtained by taking the following bandpass filter form of the
frequency noise spectrum

Sφ̇(ω) = 2l

�4

(�2 − ω2)2 + ω2γ̃ 2
, (13)

with � denoting the band center and γ̃ the bandwidth of the
frequency noise spectrum, while the noise strength l still
describes the laser linewidth. A flat frequency noise spectrum
is recovered in the limit � → ∞, γ̃ → ∞. It is straightforward
to verify that the frequency noise spectrum of Eq. (13) is

reproduced by assuming that the frequency noise variable ψ ≡
φ̇ satisfies the following pair of Langevin equations:

ψ̇ = �θ, (14a)

θ̇ = −�ψ − γ̃ θ + �
√

2lε(t), (14b)

where θ is a second auxiliary variable just defined by
Eq. (14a), and ε(t) is a white noise with a correlation function
〈ε(t)ε(t ′)〉cl = δ(t − t ′). If we now attach these two latter
equations to the linearized QLE of Eqs. (10), i.e., we treat
the variables ψ and θ as two additional dynamical variables of
the system, we get that the system dynamics in the presence
of laser phase noise is fully described by the following set of
equations in matrix form:

u̇(t) = Au(t) + n(t), (15)

where u(t) = (δq(t),δp(t),δX
(t),δY
(t),ψ(t),θ (t))T is the
vector of CV fluctuation operators, and n(t) = (0,ξ (t),√

2κXin

(t),

√
2κY in


 (t),0,�
√

2lε(t))T is the corresponding
vector of noises. Moreover, the drift matrix A is the 6 × 6
matrix

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 ωm 0 0 0 0

−ωm −γm G 0 0 0

0 0 −κ 
 0 0

G 0 −
 −κ
√

2|αs| 0

0 0 0 0 0 �

0 0 0 0 −� −γ̃

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (16)

A. Stationary quantum fluctuations

We are interested in the stationary properties of the system:
In particular, we want to check to what extent laser phase
noise hinders achieving a steady state with distinct quantum
properties, in particular, characterized by CV entanglement
between the cavity mode and the mechanical element. The
realization of such a stationary optomechanical entanglement
is of particular interest for quantum information applications,
because it would represent a very robust source of persistent
entanglement.

The steady state associated with Eq. (15) is reached when
the system is stable, which occurs if and only if all the
eigenvalues of A have a negative real part. These stability
conditions can be obtained, for example, by using the Routh-
Hurwitz criteria, and it is possible to verify that they are not
modified by the presence of laser phase noise. Therefore, they
coincide with those discussed in Refs. [28], [29], and [51]; in
this paper we shall restrict to the situation with 
 > 0, i.e.,
with a red-detuned laser, and in this parameter region the only
nontrivial stability condition is G2 < (
2 + κ2)ωm/
.

The steady state is a zero-mean Gaussian state due to the
fact that the dynamics of the fluctuations is linearized and all
noises are Gaussian; as a consequence, it is fully characterized
by the 6 × 6 stationary correlation matrix (CM) V , with matrix
elements

Vij = 〈ui(∞)uj (∞) + uj (∞)ui(∞)〉
2

. (17)
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The formal solution of Eq. (15) yields [29]

Vij =
∫ ∞

0
ds

∫ ∞

0
ds ′Mik(s)Mjl(s

′)Dkl(s − s ′), (18)

where M(t) = exp(At) and D(s − s ′) is the diffusion matrix,
the matrix of noise correlations, defined as Dkl(s − s ′) =
〈nk(s)nl(s ′) + nl(s ′)nk(s)〉/2. The Brownian noise ξ (t) is in
general a non-Markovian Gaussian noise [see Eq. (5)], but, in
the limit of a large mechanical quality factor Qm = ωm/γm �
1, becomes, with a good approximation Markovian, with a
symmetrized correlation function

〈ξ (t)ξ (t ′) + ξ (t ′)ξ (t)〉
2

� γm(2n + 1)δ(t − t ′), (19)

where n = (exp{h̄ωm/kBT } − 1)−1 is the mean thermal
phonon number at T . Therefore, the diffusion matrix be-
comes D(s − s ′) = Dδ(s − s ′), where D = diag[0,γm(2n +
1),κ,κ,0,2l�

2], so that Eq. (18) simplifies to

V =
∫ ∞

0
ds M(s)DM(s)T, (20)

which, when the stability conditions are satisfied [M(∞) = 0],
is equivalent to the following Lyapunov equation for V :

AV + V AT = −D. (21)

Equation (21) is a linear equation for V and can be straightfor-
wardly solved, but its explicit expression is cumbersome and
will not be reported here.

IV. RESULTS

From the solution of Eq. (21) for the stationary CM V ,
we can determine all the quantum properties of the stationary
state of the cavity optomechanical system. We determine in
particular the effect of laser phase noise on the possibility
to achieve optomechanical entanglement and ground-state
cooling of the mechanical resonator.

A. Entanglement

The auxiliary variables ψ and θ do not refer to the
optomechanical system of interest and therefore we are

concerned with the reduced 4 × 4 CM extracted from Eq. (20)
by neglecting the last two rows and columns. This reduced
correlation matrix can be expressed in the following form:

V ≡
(

VA VC

V T
C VB

)
, (22)

where VA, VB, and VC are 2 × 2 matrices, with VA associated
to the mechanical resonator, VB to the cavity mode, and
VC describing the optomechanical correlations. A convenient
measure for CV entanglement is the logarithmic negativity
[52,53], given by

EN = max(0, − ln 2η−), (23)

where η− is the symplectic eigenvalue of the bipartite system
and it is given by the equation

η− ≡ 1√
2

[�(V ) −
√

�(V )2 − 4 det V ]1/2, (24)

with �(V ) = det VA + det VB − 2 det VC.
We now study the behavior of EN when the phase noise

parameters, i.e., the laser linewidth l and the center of the
phase noise spectrum �, are varied. For simplicity we shall
always consider a bandpass filter form of the phase noise
spectrum, i.e., Eq. (13) with γ̃ = �/2. We consider typical
parameter values, i.e., a mechanical resonator with ωm/2π =
10 MHz, quality factor Qm = 2 × 106, and at T = 0.4 K.
We also assume a single photon optomechanical coupling
strength G0 = 1 kHz, which is achieved, for example, in
a Fabry-Pérot cavity with length L = 1 mm and with an
oscillating micromirror of effective mass m � 10 ng. However,
comparable or even larger values of G0 are currently achieved
in other cavity optomechanics setups.

Typical values of the linewidth of stabilized lasers are
l/2π � 1 kHz and therefore it is important to see if the sta-
tionary optomechanical entanglement predicted in Refs. [28]
and [29] is robust against laser phase noise. In Fig. 2 we show
EN versus the input power P and normalized cavity detuning

/ωm for l = 0 (a) (no phase noise), l/2π = 0.1 kHz (b),
and l/2π = 1 kHz (c). The cavity bandwidth has been fixed
at κ/ωm = 0.5 and we have also fixed the center of the phase
noise spectrum �/2π = 50 kHz. We see that laser phase noise

FIG. 2. (Color online) Contour plot of EN vs the input power P and normalized cavity detuning 
/ωm for l = 0 (a) (no phase noise),
l/2π = 0.1 kHz (b), and l/2π = 1 kHz (c). The cavity bandwidth has been fixed at κ/ωm = 0.5 and we have also fixed the center of the
phase noise band �/2π = 50 kHz. See the text for the other parameter values.
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FIG. 3. (Color online) Contour plot of EN vs the input power P and normalized cavity decay rate κ/ωm for l = 0 (a), l/2π = 0.1 kHz
(b), and l/2π = 1 kHz (c). The cavity detuning has been fixed at 
/ωm = 1 and we have fixed �/2π = 50 kHz. See the text for the other
parameter values.

has an appreciable effect on the log negativity: For increasing
l , its maximum value decreases, and the parameter region
where the steady state is entangled significantly narrows.
Phase noise is particularly destructive close to the instability
threshold, where EN is maximum when l = 0: As soon as
l = 0, entanglement vanishes at the threshold for bistability
and the maximum value of EN is achieved far from the
threshold, still at 
/ωm � 1 and at intermediate values of
the input power. In fact, in the presence of phase noise, it is no
more helpful to increase the input power because not only G

but also |αs| becomes larger, amplifying in this way the effect
of phase noise [see Eqs. (9a) and (10d)].

Figure 3 shows instead EN versus the input power P

and normalized cavity decay rate κ/ωm for l = 0 (a),
l/2π = 0.1 kHz (b), and l/2π = 1 kHz (c). The cavity
detuning has been fixed at 
/ωm = 1 and we have again
fixed �/2π = 50 kHz. The destructive effects of laser phase
noise manifest again by decreasing the maximum achievable
EN and narrowing the parameter region with a nonzero
entanglement. Again EN vanishes at the bistability threshold,
and for increasing phase noise entanglement is found only in
the resolved sideband region κ/ωm < 1.

In Fig. 4 instead we study the dependence of entanglement
upon the spectral properties of laser phase noise. It shows
EN versus the input power P and normalized cavity detuning

/ωm at fixed laser linewidth l/2π = 0.1 kHz, and for
different values of the center of the frequency noise band,
�/2π = 30 kHz (a), �/2π = 80 kHz (b), and �/2π =
140 kHz (c) (the bandwidth parameter γ̃ is correspondingly
adjusted so that γ̃ = �/2). The cavity decay rate has been
fixed at κ/ωm = 0.5. The figures clearly show that the spectral
properties of frequency noise have a strong effect on stationary
entanglement, which in fact progressively worsens for broader
and broader frequency noise spectrua. In fact, entanglement is
still considerable when �/2π = 30 kHz and γ̃ /2π = 15 kHz,
but becomes extremely small when �/2π = 140 kHz and
γ̃ /2π = 70 kHz, even with a moderate phase noise strength
l/2π = 0.1 kHz.

The relevance of the form of the noise spectrum is also
evident in Fig. 5, where we show EN versus the input power
P and normalized cavity decay rate κ/ωm at a fixed laser
linewidth l/2π = 0.1 kHz, again for �/2π = 30 kHz (a),
�/2π = 80 kHz (b), and �/2π = 140 kHz (c). The cavity
detuning has been fixed at 
/ωm = 1, and again the bandwidth

FIG. 4. (Color online) Contour plot of EN vs the input power P and normalized cavity detuning 
/ωm at fixed laser linewidth l/2π =
0.1 kHz, and for different values of the center of the frequency noise band, �/2π = 30 kHz (a), �/2π = 80 kHz (b), and �/2π = 140 kHz
(c) (the bandwidth parameter γ̃ is correspondingly adjusted so that γ̃ = �/2). The cavity decay rate has been fixed at κ/ωm = 0.5. See the text
for the other parameter values.
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FIG. 5. (Color online) Contour plot of EN vs the input power P and normalized cavity decay rate κ/ωm at fixed laser linewidth l/2π =
0.1 kHz, and for different values of the center of the frequency noise band, �/2π = 30 kHz (a), �/2π = 80 kHz (b), and �/2π = 140 kHz
(c) (the bandwidth parameter γ̃ is correspondingly adjusted so that γ̃ = �/2). The detuning has been fixed at 
/ωm = 1. See the text for the
other parameter values.

parameter γ̃ is always correspondingly adjusted so that γ̃ =
�/2. Both the maximum achievable entanglement and the size
of the parameter region with nonzero entanglement rapidly
decreases with increasing bandwidth of the frequency noise
spectrum. Again, entanglement is more robust against phase
noise in the resolved sideband limit κ/ωm < 1.

B. Approximate analytical expressions for EN

The exact expression of the logarithmic negativity stem-
ming from the solution of Eq. (21) is cumbersome, but it is
nonetheless possible to explain the above results by means
of an approximate treatment which satisfactorily describes the
effect of phase noise on EN . In fact, by following the approach
of Ref. [29], based on the solution of Eqs. (9) in the frequency
domain, for each matrix element of the 4 × 4 stationary CM,
one can write

Vij =
∫ ∞

−∞

dω

2π
[Vij (ω) + δVij (ω)], (25)

where Vij (ω) refers to the situation with no laser noise and
δVij (ω) is the correction due to the presence of laser phase
noise. This latter correction is explicitly given by

δVij (ω) = 2|αs|2|χeff(ω)|2Sφ̇(ω)ci(ω)cj (ω)∗

[κ2 + (ω − 
)2][κ2 + (ω + 
)2]
, (26)

where

χeff(ω) =
[
ω2

m − ω2 − iγmω − G2
ωm

(κ − iω)2 + 
2

]−1

, (27)

is the effective susceptibility of the mechanical oscillator
modified by radiation pressure [51], and c(ω) is the vector

c(ω) = [
G
ωm, − iωG
,


(
ω2

m − ω2 − iγmω
)
,

× (κ − iω)
(
ω2

m − ω2 − iγmω
)]T

.

As discussed in Ref. [51] (see also Ref. [54]), |χeff(ω)|2 has
a Lorentzian-like form, peaked at an effective frequency ωeff

m ,

and with width given by an effective damping rate γ eff
m , whose

approximate expressions are given by [51]

ωeff
m =

[
ω2

m − G2
ωm
(
κ2 − ω2

m + 
2
)

[κ2 + (ωm − 
)2][κ2 + (ωm + 
)2]

] 1
2

,

(28)

γ eff
m = γm + 2G2
ωmκ

[κ2 + (ωm − 
)2][κ2 + (ωm + 
)2]
. (29)

The modification of the mechanical frequency due to radiation
pressure shown by Eq. (28) is the so-called “optical spring
effect,” which may lead to significant frequency shifts in the
case of low-frequency oscillators [55]. In the case of higher
resonance frequencies (∼1 MHz) and a red-detuned laser, as
we are assuming here, the modification can be appreciable
only very close to the bistability threshold.

In a wide parameter region, and especially in the resolved
sideband regime κ < ωm, the integrand in Eq. (26) is domi-
nated by the peak of |χeff(ω)|2 and therefore one can evaluate
the corrections δVij by approximating the laser phase noise
spectrum with a constant given by its value at the peak
Sφ̇(ωeff

m ). This means that in the resolved sideband regime,
the effect of laser phase noise on the stationary state of the
system is completely described by a unique number, the phase
noise spectrum at the effective mechanical frequency Sφ̇(ωeff

m ).
Therefore, the effects of laser phase noise can be minimized
simply by suppressing the noise spectrum at ωeff

m , and this fact
explains why the explicit form of the phase noise spectrum is
relevant. We have verified that the approximated CM obtained
by replacing Sφ̇(ω) with Sφ̇(ωeff

m ) in the phase noise terms of
Eq. (26) satisfactorily reproduces the behavior of EN shown
in Figs. 2–5, especially in the resolved sideband regime.

Such an approximation for the laser phase noise contribu-
tion to the CM can be used also to derive an approximate
analytical expression for EN in the parameter region very
close to the bistability threshold. This regime is relevant for
optomechanical entanglement because, as first pointed out in
Refs. [10] and [51] and recently discussed in detail in Ref. [31],
EN reaches its maximum value at the bistability threshold in
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the ideal case with no laser noise. As shown in Figs. 2–5,
this is no more true in the presence of phase noise, when,
on the contrary, EN always drops to zero close to threshold.
This is well explained by the approximate expression of the
symplectic eigenvalue η−, which is obtained by approximating
Sφ̇(ω) with Sφ̇(ωeff

m ) in Eq. (26), taking for G the threshold

value G �
√

(κ2 + 
2)ωm/
, and neglecting thermal noise
terms. One gets

η− � 1√
2

√
a + bSφ̇(ωeff) + cSφ̇(ωeff)2 + dSφ̇(ωeff)3

f + gSφ̇(ωeff)
, (30)

where

a = κ3(κ2 + 
2)
[
4
4 + 4
2

(
κ2 + ω2

m

) + ω4
m

]
, (31)

b = 2|αs |2
2κ2 [
4(
2 + κ2)(2
2 + κ2)

+ 6(
2 + κ2)ω2
m + ω4

m

]
, (32)

c = 4|αs |4
4κ
[
5(
2 + κ2) + 2ω2

m

]
, (33)

d = 8|αs |6
6, (34)

f = 8κ3
2(κ2 + 
2)
(

2 + κ2 + 5ω2

m

)
, (35)

g = 16|αs |2κ2
4
(

2 + κ2 + ω2

m

)
. (36)

If laser phase noise is negligible, Sφ̇(ωeff) = 0, one gets (see
also Ref. [31])

η− �
√

a

2f
=

√
4
4 + 4
2

(
κ2 + ω2

m

) + ω4
m

16
2
(

2 + κ2 + 5ω2

m

) . (37)

This value is minimum at


/ωm = 1

4

√√√√
1 +

√(
4κ

ωm

)2

+ 81,

at which EN achieves its maximum value

EN = − ln

[
1

5

√
9 + 128κ2

8κ2 + 45ω2
m

]
,

which can become at most ln[5/3] � 0.51 in the resolved
sideband limit κ � ωm [31].

Instead, in the presence of phase noise, the terms pro-
portional to Sφ̇(ωeff) and its powers in Eq. (30) are always
predominant because |αs |2 is typically large, and therefore
η− may easily become larger than 1/2, which means no
entanglement, even for not too large values of the laser
linewidth l . This shows why entanglement vanishes close
to the bistability threshold as soon as phase noise is present,
and also why the maximum EN is attained at a smaller input
power for increasing phase noise.

C. Cooling

The effect of laser phase noise on ground-state cooling
of the mechanical resonator has been already discussed in
various papers [34–37]. Reference [36] in particular provided
an accurate estimation of the effect of laser noise and showed
that the relevant quantity is just the frequency noise spectrum
at the mechanical resonance Sφ̇(ωm): Laser phase noise does
not pose serious limitations to cooling provided that Sφ̇(ωm)
is not too large. The analysis of the effect of phase noise
on the stationary CM in the preceding section fully confirms
such a prediction, i.e., we recover the results of Ref. [36] on
ground-state cooling, even though by means of a different
treatment, based on the QLE instead of the master equation,
and working in the frame rotating at the fluctuating frequency.

In fact, the stationary mean energy of the mechanical
oscillator is given by

U = h̄ωm

2
[〈δq2〉 + 〈δp2〉] ≡ h̄ωm

(
neff + 1

2

)
, (38)

i.e., it is a linear combination of the stationary CM matrix
elements V11 and V22. Therefore, one can again exploit the fact
that |χeff(ω)|2 is strongly peaked, and one can approximate the
frequency integrals for 〈δq2〉 and 〈δp2〉 by replacing Sφ̇(ω)
with Sφ̇(ωeff

m ). Assuming also the weak-coupling regime κ �
γm,G and ωm � nγm,G, which is the relevant one for ground-
state cooling, one obtains a result analogous to that of Ref. [36],
which generalizes the expression of Refs. [51,56], and [57] by
including the effect of laser phase noise

neff = 1

γm + op

[
nγm + A+ + |αs |2
op

2κωm
Sφ̇

(
ωeff

m

)]
. (39)

FIG. 6. (Color online) Contour plot of neff vs the input power P and normalized cavity detuning 
/ωm for l = 0 (a), l/2π = 0.1 kHz
(b), and l/2π = 1 kHz (c). We have also fixed κ/ωm = 1 and �/2π = 50 kHz and the other parameter values are fixed in the text.
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FIG. 7. (Color online) Contour plot of neff vs the input power P and normalized cavity bandwidth κ/ωm for l = 0 (a), l/2π = 0.1 kHz
(b), and l/2π = 1 kHz (c). We have also fixed 
/ωm = 1 and �/2π = 50 kHz and the other parameter values are fixed in the text.

Here we denote with op = A− − A+ the net laser cooling
rate, and

A± = κG2

2[κ2 + (
 ± ωm)2]
(40)

denotes the two scattering rates of laser photons into the Stokes
sideband (A+) or the anti-Stokes sideband (A−) of the laser.
Recall that, as pointed out in Ref. [51], γm + op = γ eff

m , i.e., it
coincides with the effective mechanical damping of Eq. (29).

Equation (39) reproduces Eq. (23) of Ref. [36] if we recall
that in typical situations op � γm and by restricting to the
optimal condition for ground-state cooling, i.e., the resolved
sideband limit G,κ � ωm and 
 ≈ ωm, where the optical
spring effect is negligible and ωeff

m � ωm. We have compared
the prediction of Eq. (39) with the exact solution of the
stationary state of the system, and we have verified that it
works very well in the relevant regime where ground-state
cooling is achievable. The behavior of neff for the same set of
parameter values considered above is studied in Figs. 6–9.

In Fig. 6 we show neff versus the input power P and
normalized cavity detuning 
/ωm for l = 0 (a), l/2π = 0.1
kHz (b), and l/2π = 1 kHz (c). The cavity bandwidth has
been fixed at κ/ωm = 1. Figure 7 shows instead neff versus

the input power P and normalized cavity decay rate κ/ωm

again for l = 0 (a), l/2π = 0.1 kHz (b), and l/2π =
1 kHz (c). The cavity detuning is now fixed at 
/ωm = 1,
and in both figures we have fixed �/2π = 50 kHz. The
effective occupancy is less affected than entanglement by laser
phase noise: In fact, for increasing l , the parameter region
where neff < 1 becomes narrower, but one can still reach
ground-state cooling for a realistic set of parameters, provided
that the input power is not too large. Similarly to what happens
for entanglement, ground-state cooling is achievable only in
the resolved sideband limit for increasing laser noise strength
l [see Fig. 7(c)].

In Figs. 8 and 9 instead we study the dependence of the
phonon occupancy upon the spectral properties of laser phase
noise. Figure 8 shows neff versus the input power P and
normalized cavity detuning 
/ωm at fixed laser linewidth
l/2π = 0.1 kHz, fixed bandwidth κ/ωm = 1, and for dif-
ferent values of �, �/2π = 30 kHz (a), �/2π = 80 kHz
(b), and �/2π = 140 kHz (c) (the bandwidth parameter γ̃ is
always adjusted so that γ̃ = �/2). In Fig. 9 instead we plot
neff versus the input power P and normalized cavity decay rate
κ/ωm, at fixed 
/ωm = 1 and for the same set of values for l

and �. As predicted by Eq. (39), it is just the noise spectrum

FIG. 8. (Color online) Contour plot of neff vs the input power P and normalized cavity detuning 
/ωm at fixed laser linewidth l/2π =
0.1 kHz, fixed bandwidth κ/ωm = 1, and for different values of the center of the noise spectrum, �/2π = 30 kHz (a), �/2π = 80 kHz (b),
and �/2π = 140 kHz (c) (the bandwidth parameter γ̃ is always adjusted so that γ̃ = �/2).
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FIG. 9. (Color online) Contour plot of neff vs the input power P and normalized cavity bandwidth κ/ωm at fixed laser linewidth l/2π =
0.1 kHz, fixed detuning 
/ωm = 1, and for different values of the center of the noise spectrum, �/2π = 30 kHz (a), �/2π = 80 kHz (b), and
�/2π = 140 kHz (c) (the bandwidth parameter γ̃ is always adjusted so that γ̃ = �/2).

at the effective mechanical resonance frequency which mainly
affects cooling. When � (and consequently γ̃ ) is increased, the
laser noise spectrum broadens and its value at ωeff

m increases as
well. As a consequence, the parameter region where neff < 1
becomes narrower and narrower. In particular, for a broader
spectrum, ground-state cooling is better achieved at not too
large values of input power and again in the resolved sideband
limit κ/ωm < 1.

V. CONCLUSION

We have studied the effects of the fluctuations of both
the amplitude and the phase of the laser driving a cavity
optomechanical system. We have analyzed the dynamics by
adopting a quantum Langevin treatment, in which the phase
noise dynamics has been included by means of additional
auxiliary variables. We have linearized the dynamics around

the classical stationary state of the system and analyzed
the dependence of the log negativity of the stationary state
and of the mechanical occupancy upon the various system
parameters. We have also derived approximate, but compact,
analytical expressions showing the effect of laser phase noise
on these quantities. We have seen that, even though laser noise
may have an appreciable affect on the quantum properties of
the steady state, both cooling to the mechanical ground state
and stationary optomechanical entanglement are still possible
if state-of-the-art stable lasers are employed.
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