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The soliton formation and evolution are numerically and experimentally investigated in passively-mode-locked
lasers where pulses encounter ultralong anomalous-dispersion fibers. The pulse formation and evolution in
lasers are determined by two balances, namely, nonlinearity and anomalous-dispersion balance and intracavity
filtering and self-amplitude modulation balance. It is numerically found that a higher-energy soliton can be split
into identical lower-energy multisolitons with exactly the same physical properties. Simulation results show
that the separation of neighboring solitons is variational in the temporal domain. The temporal and spectral
characteristics of solitons have large variations throughout the laser cavity, qualitatively distinct from the steady
state of conventional solitons. The experimental observations confirm the theoretical predictions.
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I. INTRODUCTION

The formation and evolution of pulses in fibers are rich
and fascinating subjects [1–5]. Fiber-based short-pulse sources
attract extensive attention because they are compact and
are cheap besides possessing high stability and low noise.
Passively-mode-locked fiber lasers are able to easily generate
self-starting short pulses so that they can be investigated
extensively in principle and experiment [6–11]. When a fiber
laser is made of fibers with purely anomalous group-velocity
dispersion (GVD) or net-anomalous GVD, solitons with the
hyperbolic-secant profile and spectral sidebands can be formed
by the balance between the nonlinearity of the material and the
anomalous GVD [1,12].

Conventional solitons are static and show chirp-free evo-
lution within the laser cavity if the laser is composed of
fibers with the uniform anomalous dispersion (an example
is shown in Fig. 9 of Ref. [13]). Based on the master
equation, the exact solution for the static soliton is given by
u(t) = A0sech(t/τ ) [14,15], where τ is the normalized pulse
width. For the hyperbolic-secant-like solitons, an important
requirement is that the nonlinear phase shift φNL per round
trip must be very small [13,15]. Usually, it is limited by
φNL = ω

c
∫L

0 n2I (z)dz � 2π , where ω, c, I, L, and n2 are the
angular frequency, speed of a light wave in vacuum, intensity,
propagation distance, and nonlinear refractive index of the
medium, respectively. As a result, the total length of the laser
cavity for hyperbolic-secant-like solitons is as short as several
meters to tens of meters.

However, when the cavity length of a fiber laser with
anomalous GVD is as long as several hundred meters, what will
happen? The current paper answers this question. In this paper,
the pulse properties for a passively-mode-locked laser with an
ultralong anomalous-dispersion fiber are investigated numer-
ically and experimentally, including the dynamic evolution
from noise to soliton, the enhancement of spectral sidebands
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with pumping strength, the multiple-soliton evolution and
mechanism, and the intracavity evolution of solitons. For
the nonlinear polarization rotation technique, self-amplitude
modulation (SAM) can model the saturable absorber action
due to polarization additive pulse mode locking (P-APM) [15].
Besides the nonlinearity and anomalous-GVD balance, the
balance between the intracavity filtering and the SAM also
play a key role in the soliton shaping.

II. THEORETICAL MODEL

The master equation [1] and the complex Ginzburg-Landau
equation [16,17] have been used widely to predict the pulse
formation and evolution of passively-mode-locked lasers
because they usually can offer the exact solutions for solitons.
In this paper, the passive mode locking of a laser is based
on the nonlinear polarization rotation evolution in which an
ellipse is resolved into right- and left-hand circular polarization
components of different intensities. The two coupled nonlinear
Schrödinger equations (NLSEs) that involve a vector electric
field can model the light-wave propagation in the weakly
birefringent fibers more accurately.

When the total cavity length is several meters, the coupled
NLSEs have to involve terms, such as the wave-number
difference between the two modes and the four-wave mixing
[18]. Contrarily, while the total cavity length L (here, L >

100 m) is far longer than the beat length LB of the fiber (usually
LB ≈ 1 m), the coupled equations can ignore the terms related
to the four-wave mixing [19,20]. Then, the coupled equations
are expressed by [19]
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Here, u and v are the envelopes of the optical pulses along
the two orthogonal polarization axes of the fiber. α, δ, β2, γ ,
and �g are the loss coefficient of the fiber, the group-velocity
difference between the two polarization modes, the fiber
dispersion, the cubic refractive nonlinearity of the medium,
and the bandwidth of the laser gain, respectively. The variables
T and z represent the time and the propagation distance,
respectively. g is the net gain, which describes the gain function
of the doped fiber. It is expressed by g = g0 exp(−Ep/Es)
[21], where g0, Es , and Ep are the small-signal gain, the gain
saturation energy, and the pulse energy, respectively. g0 is
related to the doping concentration, and Es is dependent on
pump power [22,23]. When the soliton propagates through the
P-APM element, the intensity transmission Ti is expressed as

Ti = sin2(θ ) sin2(ϕ) + cos2(θ ) cos2(ϕ)

+ 0.5 sin(2θ ) sin(2ϕ) cos(φ1 + φ2), (2)

where φ1 is the phase delay caused by the polarization
controllers and φ2 is the phase delay resulting from the fiber,
which includes both the linear phase delay and the nonlinear
phase delay. The polarizer and analyzer have an orientation
of angles θ and ϕ with respect to the fast axis of the fiber,
respectively [19].

Equation (1) is solved with a predictor-corrector split-step
Fourier method [24]. For the modeling, we use the following
parameters for our simulations for possibly matching the
experimental conditions: α = 0.2 dB/km, g0 = 2 m−1, �g =
30 nm, γ = 4.5 W−1 km−1, and β2 = 55 ps2/km for an
erbium-doped fiber (EDF) and γ = 1.3 W−1 km−1 and β2 =
−22 ps2/km for a single-mode fiber (SMF). The length of
the EDF and SMF is 11 and 702 m, respectively. The above
parameters are from the data sheets of fiber products.

III. SIMULATION RESULTS

A. Dynamic evolution from noise to soliton

To numerically simulate the feature and behavior of
the proposed laser, the simulation starts from an arbitrary
signal and converges into a stable solution with appropriate
parameters after a finite number of traversals of the cavity.
In this paper, a noise signal is initialized as shown in Fig. 1.
Numerical simulations show that, for θ = π/3.5, ϕ = π/10,
φ1 = 0.9 + π/2, and Es = 0.025 nJ, the pulse eventually
converges toward a steady-state solution, and exactly the same
stable solutions are reached from distinct initial noise fields.
Figure 1 shows the transient temporal evolution from a noise
signal to a stable pulse. From Fig. 1, it is seen that the soliton
solution approaches the stability when the round-trip number
NR is more than 70. The stable solution of a soliton is shown
in the inset of Fig. 1. It is found that the pedestal of solitons
has the oscillating structure, and the pulse duration and peak
power are about 3.4 ps and 18 W, respectively, corresponding
to the pulse energy of about 61 pJ.

The numerical results show that, when the pumping strength
Es is lower than a certain value, the soliton quickly dies out. An
example for Es = 0.004 nJ is shown in Fig. 2. In simulation,
a stable soliton solution, as shown in Fig. 1, is initialized for

FIG. 1. (Color online) Pulse evolution from noise to soliton. The
parameters used are θ = π/3.5, ϕ = π/10, φ1 = 0.9 + π/2, and Es =
0.025 nJ. A noise signal is initialized for the first round-trip number
NR = 1. Inset, the stationary soliton solution at the stable state.

the first round-trip number NR = 1. The other parameters are
the same as in Fig. 1. From Fig. 2, we can see that the soliton
quickly weakens and then disappears.

B. Enhancement of spectral sidebands with pumping strength

Numerical results show that there is no mode locking
when the pumping strength Es is less than 0.01 nJ. From the
experimental point of view, this corresponds to the case that the
laser is operating below the mode-locking threshold. When Es

is more than 0.012 nJ, the stable soliton solutions are obtained
in simulations. Some examples for Es = 0.013, 0.018, 0.022,
0.025, and 0.029 nJ are shown in Fig. 3. From Fig. 3(f), we
can observe that the peak power of the solitons increases and
the pulse duration narrows with the enhancement of Es . The
solitons are characterized by the appearance of the sidebands
in the optical spectrum as shown in Figs. 3(a)–3(e). Once
Es is fixed, a soliton with the fixed-peak power, pulse width,
and spectral sidebands will be formed, which are independent
of the initial conditions. From Fig. 3, it is found that, with
the increase in Es , more spectral sidebands are visible, and
they become stronger and stronger, and the positions of the
sidebands become closer to the peak of the soliton spectrum.
The theoretical explanations are as follows. According to the

FIG. 2. (Color online) Annihilation evolution of a soliton. A
stable soliton solution, as shown in Fig. 1, is initialized for the first
round-trip number NR = 1. Except for Es = 0.004 nJ, the other
parameters are the same as in Fig. 1.
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FIG. 3. (Color online) Spectral power profiles of solitons at the
pumping strength (a) Es = 0.013 nJ, (b) Es = 0.018 nJ, (c) Es =
0.022 nJ, (d) Es = 0.025 nJ, and (e) Es = 0.029 nJ. (f) Pulse profiles
at Es = 0.013, 0.018, 0.022, 0.025, and 0.029 nJ from bottom to top.

phase-matching conditions, the frequency offset �ω from the
peak of the soliton spectrum is given by [15,25]

�ω = ± 1

τ

√
m

8Z0

Zp

− 1, (3)

where m is an integer, τ is the normalized pulse width, Zp

is the perturbation length, and Z0 is the soliton period that is
expressed by

Z0 = 0.5π τ 2/|β2|. (4)

From Eqs. (3) and (4) and Fig. 3(f), one can see that the
pulse width will decrease with respect to the increase in Es ,
then Z0 will decrease, and the sidebands will be located closer
to the peak of the soliton.

C. Multisoliton evolution and mechanism

When the pumping strength Es is enhanced, multiple
solitons in the laser cavity are generated. Figure 4 shows the
dynamic evolution from a soliton to two solitons when Es is
enhanced from 0.025 to 0.055 nJ. Different from the bound

FIG. 4. (Color online) Dynamic evolution, showing the splitting
process from a soliton to two solitons. Except for Es = 0.055 nJ, the
other parameters are the same as in Fig. 2.

FIG. 5. (Color online) (a) Temporal power profile and (b) instan-
taneous frequency of two solitons at Es = 0.055 nJ.

solitary pulses, where the peak separation of neighboring
solitons is fixed or almost fixed [6,13], in this paper, the
separation of two solitons is variational. From Fig. 4, it is
clearly shown that the separation of two solitons is different at
the different round trips. However, the two solitons have the
same physical properties, such as the identical energy, width,
and phase. An example for the detailed characteristics of the
two solitons is demonstrated in Fig. 5.

Figure 5 shows the power profile and instantaneous fre-
quency of two solitons at the round-trip number NR = 150.
It is clear that the two solitons have the same temporal power
profile and instantaneous frequency. Therefore, our theoretical
results confirm the experimental observations on the soliton
energy quantization effect [11,18].

Figure 6 demonstrates the formation and evolution of a dual
soliton from a noise signal at Es = 0.08 nJ. All parameters
are the same as in Fig. 1, except for Es . Different from
Fig. 1, where only a stable soliton is formed, Fig. 6 shows
that one soliton is generated first from the noise signal, and
successively, it is split into two solitons with the same physical
characteristics. From Fig. 6, it is strange that the solitons are
the periodic evolution with three processes of lower, middle,
and higher peak power, in turn. This phenomenon is similar
to the period tripling bifurcation reported in Ref. [16]. From
Figs. 4 and 6, we can see that there is a chaos process before
a soliton is split into two solitons.

If the pumping strength Es is further enhanced, three
solitons with exactly the same pulse properties are generated.
In simulations, except for Es = 0.096 nJ, the other parameters
are the same as in Fig. 6. The noise is shaped into one soliton,
and then a soliton breaks up into two and three solitons, in
turn. After three solitons are formed, they will interact in the
evolution. From Fig. 7, one can observe that the separation
of the neighboring solitons is changeable with respect to
the round-trip number. The local soliton interaction mediated
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FIG. 6. (Color online) Dual-soliton formation and evolution from
a noise. Except for Es = 0.08 nJ, the other parameters are the same
as in Fig. 1.

through the dispersive waves and the global soliton interaction
caused by the continuous-wave (cw) components play the key
roles for the repulsion and attraction of pulses [26]. From
Figs. 1, 4, 6, and 7, we can observe that the soliton number
in the laser oscillator increases with the enhancement of Es .
The numerical results are in agreement with the experimental
observations.

There are two different mechanisms of multisoliton gener-
ation in lasers. One is the soliton shaping of the linear waves,
and the other one is the pulse splitting [12,18]. Tang et al.
proved that the soliton shaping of the dispersive waves or the
cw components plays a key role in the generation of additional
solitons when the laser-ring length is as short as several meters

FIG. 7. (Color online) Evolution and interaction of three solitons
at Es = 0.096 nJ. Except for Es , the other parameters are the same as
in Fig. 6.

to tens of meters [18]. Note that, in this case, the coupled
NLSEs have to involve the terms related to the wave-number
difference and the four-wave mixing.

From Figs. 4–7, it is easily found that the mechanism
of pulse splitting determines the multisoliton generation in
the ultralong fiber lasers. The operation of pulse splitting
is managed by the soliton energy quantization effect [11].
Obviously, here, the mechanism of soliton formation is
different from the one in the paper of Tang et al. It originates
from the fact that the coupled NLSEs skim the terms related to
the wave-number difference and the four-wave mixing in the
current paper.

D. Intracavity evolution of solitons

Figures 8(a) and 8(b) show the intracavity pulse evolu-
tions in the temporal domain and spectral domain at Es =
0.024 nJ. The detailed pulse characteristics of one cavity round
trip are illustrated in Fig. 9. The soliton propagates through the
undoped fiber (from 0 to 700 m and from 711 to 713 m), the
doped gain fiber (from 700 to 711 m), the output coupler
(at 712 m), and the P-APM (at 713 m). Figures 9(a) and 9(b)
show the intracavity pulse evolutions for the pulse duration,
peak power, spectral peak, and slope of the instantaneous
frequency at time T = 0, SIF , over one cavity round trip,
respectively. Figure 9(c) illustrates three examples for the
instantaneous frequency of pulses before and after the EDF
and at the intracavity position of 600 m.

From Figs. 8(a) and 8(b), one can observe that the variations
in the temporal and spectral widths and their peaks during the
intracavity propagation are very large, qualitatively distinct
from the behavior in the typical soliton regime where there are

FIG. 8. (Color online) Intracavity pulse evolutions in (a) the
temporal domain and (b) the spectral domain at Es = 0.024 nJ.
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FIG. 9. (Color online) (a) Pulse duration and peak power and (b)
spectral peak and slope of instantaneous frequency at T = 0, SIF

along the intracavity position at Es = 0.024 nJ. (c) Instantaneous
frequency of pulses before and after the EDF and at the intracavity
position of 600 m. Intracavity position, the undoped fiber (i.e., the
SMF) from 0 to 700 m and from 711 to 713 m, the doped gain fiber
(i.e., the EDF) from 700 to 711 m, the output coupler at 712 m, and
the P-APM at 713 m.

little fluctuations and even the steady state [13]. Figure 8(b)
shows that the linear dispersive waves are rapidly amplified
when they pass through the EDF. Figures 9(a) and 9(b)
exhibit that both the peak power of the pulses and the spectral
peak quickly increase along the gain fiber. The instantaneous
frequency of the pulses is markedly enhanced after the EDF
[Fig. 9(c)] so that the chirp of the pulses is significantly
accumulated via the gain fiber.

From Fig. 9(a), one can see that the pulse duration (or
peak power) decreases (or increases) in the beginning of
the SMF and then increases (or decreases) monotonically
in the remaining SMF until a position of about 600 m. The

pulse-breathing ratio in the SMF is more than 2, from 1.58 to
3.22 ps of pulse duration. When the pulses propagate through
the SMF from about 600 to 700 m, they are almost in a
steady evolution with the fixed pulse duration and peak power.
Obviously, the pulse evolution of the proposed laser in the
intracavity is very different from that of conventional soliton
lasers, although both operate on the net-anomalous-dispersion
regime.

Figures 9(b) and 9(c) show that the slope of instantaneous
frequency at T = 0, SIF , increases from 0.016 to 0.545 THz/ps
when the pulses propagate through the gain fiber. In fact, SIF

in most of the SMFs is limited from −0.07 to 0.02 THz/ps. By
comparing to self-similar pulses whose SIF is over 7 THz/ps
(Fig. 9 in Ref. [13]), obviously, SIF here decreases by more
than 2 orders of magnitude. Especially, SIF is from −0.002 to
0.016 THz/ps at the cavity position of 600 to 700 m [Fig. 9(b)]
so that solitons have a very low chirp at this range.

From Figs. 8(a) and 9(a), the proposed laser can be regarded
as two different physical processes. The first process is similar
to the stretched-pulse lasers where the pulse is compressed
from 0 to ∼100 m of the SMF, and successively, it is stretched
from ∼100 to ∼600 m of the SMF. In this process, both the non-
linearity and the anomalous-GVD balance and the intracavity
filtering and the SAM balance play the key roles and complete
the soliton shaping. The second process is similar to the
conventional soliton propagation within the fiber from ∼600 to
∼700 m. In the second process, only the balance of nonlinear-
ity and anomalous-GVD contributes to the soliton evolution.

IV. EXPERIMENTAL SETUP AND RESULTS

The schematic of the fiber laser that we used in the
experiments is shown in Fig. 10. It contains a polarization-
sensitive isolator, two sets of polarization controllers (PCs),
a fused coupler with 30% output, a wavelength-division
multiplexing coupler, a 11-m-long EDF with absorption
6 dB/m at 980 nm, a 700-m-long standard SMF, and some
fiber pigtails. The EDF provides the gain amplification for the
laser system pumped by a 977-nm laser diode. The parameters
are the same as the numerical simulations. An autocorrelator,
with the scan range of 1 ns, is used to measure the output pulses.

With the appropriate orientation and pressure settings of the
two PCs, mode locking self-starts at a pump power of about

FIG. 10. (Color online) Schematic of the experimental setup for
the proposed laser.
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FIG. 11. (Color online) Experimental observations for the optical
spectra of solitons at the pump power (a) P = 18 mW, (b) P =
20 mW, (c) P = 23 mW, and (d) P = 26 mW. Inset, the autocorrelation
trace at P = 20 mW.

14 mW. Beyond the threshold power, the fiber laser delivers
the typical solitons with the spectral sidebands. Figures 11(a) –
11(d) show four examples at the pump power P = 18, 20,
23, and 26 mW, respectively, and the corresponding output
power is about 0.8, 1, 1.3, and 1.6 mW. From Fig. 11, it
is found that, with the increase in P, the spectral sidebands
of the solitons are significantly enhanced. The experimental
results confirm the theoretical predictions as shown in Fig. 3.
From Fig. 11(b), we can see that the spectral width of the
pulses is about 0.96 nm, and the autocorrelation trace has
a full width at half maximum of 4.7 ps, corresponding to the
pulse duration of about 3 ps. Then, the time-bandwidth product
is 0.353, showing that it is sech2-shaped pulses rather than
Gaussian-shaped pulses. Obviously, this value is larger than
0.315 of bandwidth-limited sech2-shaped pulses. It originates

from the fact that the pulses attach some chirp after they are
amplified by the EDF [Fig. 9(c)].

The experimental results show that, when the pump power
is beyond 50 mW, the rectangular pulses with a nanosecond
scale are observed. The pulse profiles are similar to the reports
in Ref. [27]. In this case, the spectral sidebands disappear.

By using a material-based saturable absorber, such as the
carbon nanotube and graphene [28], the conventional solitons
with spectral sidebands are observed experimentally. They are
similar to Fig. 11. Here, it is suggested that the theoretical
findings are available to the mode lockers based on the
saturable absorbers of the carbon nanotube and graphene.

V. CONCLUSIONS

Based on the nonlinear polarization rotation technique and
the intracavity filtering effect, we numerically and experimen-
tally have investigated the soliton formation and evolution
in passively-mode-locked lasers where pulses encounter ul-
tralong anomalous-GVD fibers. Two balances, nonlinearity
and anomalous-GVD balance and intracavity filtering and
SAM balance, determine the soliton formation and evolution
in the proposed lasers. Numerical simulations show that a
higher-energy soliton breaks up into multiple lower-energy
solitons with exactly the same physical properties. It is the
mechanism of pulse splitting that manages the multisoliton
formation in the proposed laser rather than the mechanism of
soliton shaping from the linear waves. It is numerically found
that the separation of neighboring solitons is variational in the
temporal domain. The temporal and spectral characteristics of
the solitons have large variations throughout the laser cavity
(e.g., the pulse-breathing ratio in the SMF is more than 2),
qualitatively distinct from the steady state of conventional soli-
tons. The experimental observations confirm the theoretical
predictions.
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