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Propagation and breakup of pulses in fiber amplifiers and dispersion-decreasing fibers
with third-order dispersion
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We develop a theory for pulses propagating in normal dispersion fiber amplifiers with constant and varying
gain, and for dispersion-decreasing fibers, including the effect of third-order dispersion. These solutions of the
generalized nonlinear Schrodinger equation are based on asymptotical methods, first-order perturbation theory,

and a renormalization procedure. We have also found an explicit equation for the critical length corresponding to
pulse breakup and a criterion which ensure the accuracy of the asymptotic solutions. This criterion is confirmed
numerically, showing that the analytical description of the pulses and the critical length formulas developed here
for fiber amplifiers and dispersion-decreasing fibers with third-order dispersion are very accurate.
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I. INTRODUCTION

Self-similarity is a fundamental physical property that has
been studied for many areas in physics and, in particular, in
optics [1-5]. In addition, recent studies in nonlinear optics
have revealed an important type of optical pulse (similaritons)
with parabolic profiles and linear frequency chirps that
propagate in nonlinear optical fibers with normal second-order
group-velocity dispersion [6] and in optical fiber amplifiers
with constant and distributed gain functions [7-9]. These
propagating pulses in optical fiber amplifiers with normal
dispersion are asymptotically self-similar and their asymptotic
behavior depends only on the input energy. This remarkable
property is connected with a global attractor [10] which attracts
the trajectories of the pulses with different initial conditions
to the same self-similar structurally stable asymptotic so-
lution [10,11]. Moreover, this similariton solution is exact
asymptotically when the propagation distance tends to infinity.

These results have been confirmed theoretically [7-9,12]
and experimentally [7]. Self-similar parabolic pulses are of
fundamental interest because they represent a new class of
solution to the nonlinear Schrodinger equation (NLSE) with
gain having wide-ranging practical significance, since their
linear chirp leads to highly efficient pulse compression to the
sub-100-fs domain [13]. The fiber amplifiers and lasers which
use self-similar propagating pulses in the normal dispersion
regime have been demonstrated experimentally to achieve
high-energy pulses [7,14—16]. The amplifier similariton evo-
lution also yields practical features such as parabolic output
pulses with high energies, and the shortest pulses to date from
a normal-dispersion laser [17]. In addition, the self-similar
dynamics in fibers with longitudinally varying parameters is
connected with pulse shaping and pulse compression [18-20].

In recent papers the effect of third-order fiber dispersion
(TOD) on similariton pulse propagation has been studied
in fiber amplifiers and mode-locked lasers [21-24]. In fact,
the impact of TOD on parabolic pulse propagation is to
generate optical shock-type instabilities [25,26]. A recent
study of a fiber amplifier with TOD and constant gain [27]
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has used asymptotical methods, first-order perturbation theory,
and a renormalization procedure. We note that the solution
presented in Ref. [27] describes all of the features induced
by TOD. A fiber amplifier with TOD also has been studied
previously using perturbation theory and some approximations
[28] and without perturbation theory but using different
approximations [29]. The analytical solutions in these papers
differ quantitatively from the analytical description of the
quasi-similaritons [27] for fiber amplifiers where the TOD
effects are sizable.

In this paper, we derive the analytical solution generalizing
the results presented in Ref. [27] for the nonlinear Schrodinger
equation (NLS) with constant and distributed gain and TOD
for fiber amplifiers, which is in close agreement with numerical
simulations. Our approach is based on an asymptotical method,
perturbation theory by TOD, and a renormalization procedure.
We use in the perturbation theory a constant dimensionless pa-
rameter € which is proportional to 3. In the formulation below
itis also introduced a nontrivial small dimensionless parameter
&(z) which is distance dependent and leads to distortion of the
similariton and to non-self-similar propagation of the pulse.
We may, however, describe such pulses as quasi-similaritons
which retain their integrity, although the pulse shape deviates
from parabolic and the chirp becomes nonlinear.

We also formulate a renormalization procedure for the
solution which yields the exact energy as a function of
propagating distance and takes into account higher orders of
the small parameter in the perturbation theory for the effective
width of the pulse. This procedure is more general than in our
previous work [27] and leads to a highly accurate description
of the propagating pulses.

We present in this paper a transformation which maps the
solution of the NLS for an arbitrary distributed gain function
and TOD onto the solution for fiber with decreasing second-
order and third-order dispersions. This transformation, for the
particular case of constant gain and 83 = 0, maps the parabolic
solution [7] into the solution for a fiber with decreasing second-
order dispersion [30].

We have also found in the case when the gain is constant
an analytical solution for the critical distance z. describing the
pulse breakup due to the shock-type instabilities. In the general
case for fiber amplifiers with TOD and an arbitrary varying
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gain function we have proved, in the first-order perturbation
theory, that the critical distance z. does not depend on the sign
of TOD which is also confirmed in our numerical simulations.

In the last section of the paper we formulate the criterion for
the initial value &g = ¢(0) of an introduced distance-dependent
small dimensionless parameter £(z) of the theory providing
high accuracy for analytical description of asymptotic of
the power profiles, the chirp function of the pulses and the
critical lengths. The high accuracy of our theory describing
all features of TOD effects, including pulse breakup in the
quasi-similariton regimes, has been confirmed by numerical
simulations.

II. QUASIPARABOLIC PULSES IN FIBER AMPLIFIERS
WITH TOD

In the presence of TOD the pulse propagation in fiber am-
plifiers can be described by the generalized NLS equation [31]

ilﬂz=%lﬂn+i%lﬁm Y1yl W+l@1ﬂ (1

where 1/ (z,7) is the slowly varying pulse envelope in a comov-
ing frame, B,, B3, and y, respectively, are the second-order
and third-order dispersion parameters and the nonlinearity
coefficient, and g(z) is the distributed gain along the fiber.
Using the ansatz

¥ (z,7) = exp (G(2) ¥(z.7). )

with the definitions
G(z) = / g(zhdz', T(z)=yexp[G(z)], 3)
0

we transform the generalized NLSE to NLSE without gain:

i&z = %‘ZU + i%lzfnr - F(Z)WIZ‘/} 4

The Eq. (4) with a complex function written in the form

1/7(z,t) = A(z,7)exp[P(z,7)] yields the system of equations
for real amplitude A(z,7) and the phase ®(z,7) as
B:
(A%): = frer A + fr @0 (A%): — T (A)(@r)
- ﬁ?)Achr(Drr + %AATTT’ (5)
P, =TA>+ ﬂz(cb ) + ’363 Drpr — %(@»3

:32 T ,33 Ar /33 Arr
—7( - )+7q>”(7>+7<1>r (7) ©)

Because we search for an asymptotical solution of Eq. (4),
some terms in this system of equations can be neglected
since they decrease much faster than the other ones when
& =gz > 1 in the asymptotical regime. We note that an
asymptotical regime £ >> 1 takes place when the condition
& = gz. > 1 is satisfied. Here z. is the distance where the
pulse breaks up due to shock-type instabilities resulting from
TOD. In particular, we may neglect in an asymptotical regime
the last term (~AA;;;) in the right-hand part of Eq. (5) and
three last terms (~A;;/A and ~A;/A) in the right-hand part
of Eq. (6).
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This statement can be proved using the explicit expressions
for the functions A(z,t) and ®(z,7) found in the next section.
In the proof of this statement one can also use the equations:

A
AA, = A2 D ()

A‘L’ N AT Arr - ATT
w24’ w3A’

A wA A

where w = w(z) is the effective width of the pulse and
T = t/w(z). We note that the effective width w(z) (defined
in the next section) coincides with the width of the parabolic
pulses [7].

Using the definition A(z, 7)%2 = P(z,7) and the exchange
B3 — €pBs in the system of Eqgs. (5) and (6), and neglecting the
mentioned terms (~A.; /A, ~A;;/A,and ~AA..;) we find the
system of equations:

€B3

P, =pr® P+ pod, P, — —(cb PP, — f3®. D, P,
®)
b TP+ @@ o ’23 Brre — %@f)? ©)

Here € is the formal parameter which is used to indicate the
order of “small” dimensionless parameter of the theory. We
do not introduce at this stage an explicit form of this small
constant parameter, which we assume to be proportional to
B3. It is worth pointing out that in the final stage of the
perturbation procedure the formal parameter must be taken as
€ = 1. One of the basic concepts of our perturbation method is
the decomposition of the functions P(z,7) and ®(z,7) in the
form:

P(z,7) =0y — €oyT — a2t2 — eot3t3 — 62a4r4 — -, (10)
&(z,1) =co+€ecit + czr2 + EC3‘E3 + 626‘41’4 +---. (11

The series here have a special form because we assume that
at 3 = 0 (¢ = 0) the solution of the Eq. (1) is a parabolic
pulse [7,8]. We also emphasize that the power P(z,7) of the
pulse and the phase ®(z,7) in Egs. (10) and (11) are defined
only in some interval 1, < T < 7, of variable T where P(z,7)
is positive and satisfies the condition P(z,t,) = P(z,75) =0

Substitution of the series in Eqgs. (10) and (11) into the
system of Egs. (8) and (9) and neglecting the terms which are
proportional to €2 and higher order of € leads to the following
system of nonlinear differential equations for the functions
o,(z) and ¢,(z) (n = 0,1,2,3):

dOlo
—_— = 2,32620[(), (12)
dz
day 2
= 4Brcra; — 6Barc3eg + 2Bacian + 4B3cs00, (13)
d
22 _ 6prcra, (14)
dz
dOl3 2
d_z = 8ﬂ2C20[3 -+ 12,326’3052 — 8,336'2“2» (15)
dC()
— =Tay, 16
dz (670} ( )
dC‘l
_— 2ﬂ2C1C2 — FO(], (17)
dz
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dCQ

il 2By¢5 — Tas, (18)
195 _ 6p tpd—T (19)
_— = CHrCy — — CH — 3.
dZ 20203 3 3Co 3

To find a unique solution of the system of Egs. (12)-(19) we
formulate the boundary conditions:

g, oq,0,03 —> 0 for z — oo. (20)

These conditions follows from the fact that there is no gain term
in Eq. (4) and hence P(z,7) — 0 at z — oco. The boundary
conditions in Eq. (20) are formal and they are not connected
with the pulse breakup. We also require that the solution of
Eq. (1) [which is connected with a solution of Eq. (4)] at
B3 = 0 transforms to the known similariton solution [7,8].
In the conclusion of this section we emphasize that the
system of Eqs. (12)—(19) with I'(z) = y exp[G(z)] is valid
for an arbitrary gain function g(z) when some dimensionless
parameter € of the theory (~f3) is small.

III. ANALYTICAL SOLUTION FOR FIBER AMPLIFIERS
WITH TOD

We consider in this section, pulse propagation in fiber
amplifiers with constant gain based on the nonlinear system
of differential equations [Eqgs. (12)-(19)] with the boundary
condition given by Eq. (20). In this case the function I' in the
system of Egs. (12)—(19) is I'(z) = ye??, and the solution of
this system of nonlinear differential equations with boundary
conditions Eq. (20) is given by

gBA

w(@) =A™ w(@) = Jeme @D
2
2 2'3 3
ar(z) = 1Sgyﬁze‘gz, a3(z) = —243*;23 e %, (22)
3YA o3 YB3A 5413
co(z) = o+ =—e*3 c)(z) = — T e, (23)
% 182
g 7B38>
=-2 = : 24
c2(2) 662 c3(2) 48653 (24)

where ¢y and A are some constants. We show below that a
positive constant A is defined by the input energy Eq of the
pulse. Hence, the solution given by Egs. (21)—(24) is the unique
solution of the system of Egs. (12)—(19) for the boundary
conditions given in Eq. (20).

Neglecting the higher-order terms (~¢” with n > 1) in
Eq. (10) and using Egs. (21) and (22) we find

2
2 A ,—82/3 T _T
Az,T) ¢ |:1 @ (w(z)) (w(z))

8 )(L>3}I( ) (25)
3 Z w(z) z,T7),

where the effective width w(z) and the parameter (z) are

3 1
w(z) = g\/ 2yBa A exp <5g2> , (26)
1
e(z) = &\/ZV,BZA exp <§gz) . 27

683
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Q(z,T)
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FIG. 1. (Color online) Polynomial Q)(z,T) for different propaga-
tion distances: (a) 83 > 0 and (b) B3 < 0.

Thus, we define here a small dimensionless parameter
&(z), which is distance dependent and hence leads to non-
self-similar propagation of the quasi-similaritons. However,
we emphasize that the perturbation theory developed in the
paper is based on a constant formal parameter € which is
proportional to B3. We also note that the constant parameter of
the perturbation theory can be defined as gy = £(0).

The rectangular function Z(z,t) defines here the region of
variable T where the polynomial

Qz.T)=1-¢e@T — T* + ()73, (28)

with T = 7/w(z) is positive and Eq. (25) describes the power
of a bounded pulse with finite support. To define this region
of 7 we should consider the roots of the polynomial Q(z,T")
(see Fig. 1). From Eq. (28) it follows that the three roots
of an equation Q(z,T;) = O are real only when z < z. (for
some critical distance z.), and when z < z. all of them
differ and can be ordered as 7(z) < T»(z) < T3(z). A critical
parameter &, = £(z.) can be calculated using the condition that
at z = z. the two roots of the polynomial Q(z,T') are equal:
T»(z.) = T5(zc) or T1(z.) = Ta(z.) for positive or negative B,
respectively. This condition yields the critical parameter ¢, by
an equation 32¢% — 429¢? 4+ 12 = 0, and hence ¢, = £0.167
for positive and negative 33, respectively. We note that for
Z > z. the polynomial (Q)(z,T) has only one real root, which is
unphysical because the pulse must be bounded. The fact that
the power of the pulse is not a bounded function of t and the
pulse does not have a finite support in the region z > z. is also
demonstrated in Fig. 1. The origin of this unphysical behavior
of the solution is connected with instabilities which arise for
propagating lengths z > z.. This fact allows us to identify z.
with the distance for which the pulse breaks up due to the
shock-type instabilities [27].

Thus the bounded pulse with finite support can be defined
in the region z < z. by the rectangular function:

1 if w@Ti(z) <t < w@Tie1(2)

0 otherwise ’ (29)

I(z,7) = {

where k = 1 for 83 > 0 and k = 2 for B3 < 0, respectively.
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We have found above the limitation on the parameter
e(z): 1e(2)] < lec| = 0.167. Hence the function &(z) is a small
dimensionless distance-dependent parameter in this theory and
in the case when B3 =0 we have &(z) =0, and the pulse
becomes parabolic.

We can write the solution of Eq. (1) in the form yr(z,7) =
U(z,7t)expli ®(z,7)] where U(z,7) is the positive amplitude
and ®(z,7) is the phase, then for g = const. from Eq. (2)
follows that:

U(z,7) = [¥(z,7)| = A(z,T) exp (382) . (30)
Equations (25) and (30) yield the amplitude U (z,7):

U(z,7) = ¥/ AQ(z,7/w(2)L(z,7). 31)

Using Eq. (31) one can find the energy of the pulse as

+o00
EQx) = / |w<z,r>|2dr=%Aw(z)m(z)ezgz/i (32)

oo

where the functions 1 (z) for k = 1,2 are

3 3
(@) = 1T (@) = Tu@)] = %[TA(z)—TZ(z)]
1
- Z[Tk3+1(z) - TkS(Z)]+?[Tk4+1(Z) - Tk4(Z)]’

(33)

with k = 1 for 3 > 0 and k = 2 for B3 < 0, respectively.

The first-order perturbation theory using the small param-
eter € yields the following equations for the roots of the
polynomial Q(z,7T):

Ti(2) = -1+ 26(z), Tis1(2) =1+ 26(2), (34)

where kK = 1 for 83 > 0 and k = 2 for B3 < 0O, respectively.
The substitution of these roots in Eq. (33) leads in the first
order in the small parameter € to the equation n;(z) = 1 for
k = 1,2. Thus, to first order in € the energy of the pulse is

4
Ey = g\/ 2yBaA3, (35)

where Ey = E(0). From Eq. (35) follows that the parameter

A is given by

1 2 2E2 1/3

A:-( g °> . (36)
4\ vB

This equation allows us to present the solution of Eq. (1)
with g = const. as a function of input energy E,. Using
Eq. (36) we find the amplitude of the pulse given by Eq. (31)
as

4
E(z) = zAw(@)e™ P,

12
Uls,t) = (SE(Z)) JOGOIED., ()

4w(z)

where E(z) = Ege$* and the function Q(z,7) is

0 _1 T T 2 8 T 3
(z,71)=1—e(2) (M) — (m) +§8(Z) (M) .

(38)
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Here the effective width w(z) of the pulse and the small
dimensionless parameter g(z) are

E\1/3
w(z) =3 (Vf; °> e/, (39)

B3 B (1 e
80 =12 %w(z) =5 (5)/,32850) s, (40)
We note that the effective width w(z) defined by Eq. (39)
coincides with the effective width of the parabolic pulses [7].
It is follows from Eqgs. (29) and (34) that in the first order of
small parameter € the duration of the pulse is w(z)[Ti+1(z) —
Ti(z)] = 2w(z). We also note that in the first order of small
parameter € the full width at half maximum for quasiparabolic
pulses is V2w(z).

The rectangular function Z(z,7) is defined here by Eq. (29)
for z < z., where the critical length z. is given by &, =
e(z.). Because &(z.) = gpes%/3, the critical length is z, =
(3/&)In(le.|/|€0]), where g9 = £(0) = B3gw(0)/(1863).

The phase of the pulse in first order in € follows from
Eq. (11) and Egs. (23), (24), and (36):

3 [(2y2E? 173
D(z,7) =¢o + 35 (_}/ 0) o813
8\ Bag

13
_ :33g (ZVZE(%) / €2gz/31' _ ( 8 >T2
7282\ Bag e5)

7,3382 3
* (486;33) T @D

Hence the chirp function Q(z,7) = —®,(z,7) of the pulse is
quadratic in T:

13
Q) = 228 (2B T e
’ 7283 \ Bag

g 7B38%\ »
* (3_/32> T (162;93) v

The solution given by Eqgs. (37)—(41) is based on statement
that in an asymptotical regime £ = gz > 1 we can neglect the
last term (~A A;..) in the right-hand part of Eq. (5) and also we
can neglect three last terms (~A,, /A and ~A,/A) in the right-
hand part of Eq. (6). This statement, which is also confirmed by
our numerical simulations, can be proved using the solution
found above together with Eq. (7). We do not present here
this tedious but technically simple proof. The asymptotical
regime for £ >> 1 applies only when the condition §, = gz, >
1 is satisfied. Numerical simulations (see below) show that
the condition &, >> 1 is important in this theory, providing a
highly accurate analytical description of propagating quasi-
similaritons and critical lengths z. in fiber amplifiers with
TOD.

It follows from Eqgs. (32), (36), and (39) that the energy
of the pulse is E(z) = Eoni(z) exp(gz), where the functions
nk(z) (k = 1,2) are given by Eq. (33). To demonstrate the
dependence of the functions 7;(z) on the propagation distances
z we plot in the Fig. 2 the function n,(z) for the case 3 > 0,
and the function 7,(z) for the case 83 < 0 with the same input
energies. It is seen in the graph that 1,(z) = n2(z) and the
functions ni(z) are very close to 1 for all values of & < &,
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e k=1forp,>0
—k=2for B, <0
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Renormalization factor ny
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0 4 8 12 16
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FIG. 2. (Color online) Renormalization functions 7,(z) for g5 >
0 (k =3.018 x 1072) and n,(z) for B3 <0 (k = —3.018 x 1072)
with input dimensionless energy V, = 3.922 x 1072,

leading to a small deviations from 1 in the vicinity of & =
& = 14.09. We use in Fig. 2 the dimensionless parameters for
normalized distance, the energy, and TOD as & = gz, V) =
v Eo/~/2B2, and k = B3./2/83, respectively.

Since ni(z) = 1 (k = 1,2) in the first order in €, the energy
of the propagating pulses in the first order of the perturbation
theory is E(z) = Epe$*. It is also easy to see that, in the
limit B3 — 0, the solution for propagating pulses in fiber
amplifiers with TOD [Egs. (37)—(41)] reduces to a parabolic
solution [7,8]. Because the small function £(z) of the theory is
bounded by the condition |e(z)| < |e.| = 0.167 (|e(z)| K 1),
the solution [see Egs. (37)—(41)] describes the pulses which we
may interpret as quasi-similaritons that retain their integrity,
although the pulse shape deviates from parabolic and the chirp
becomes nonlinear. From the solution above it also follows that
the critical length z. = (3/g)In(|e.|/|€0]) can be identified with
the critical length at which the TOD generates pulse breakup
because at z > z. the pulse becomes unbounded which is
unphysical. We consider this issue in more detail in Sec. VI.

Finally, we note that the phase given by Eq. (41) can also
be written as

D(z,7) = ¢g + (12/3 ) w(z)? — (%,82) s(Dw(2)T

(BN (7))
<6ﬂ2>’ +<27ﬁ2) @ “2)

Hence the phase is presented here in an explicit form as
a function of w(z) and &(z) which is important for the
renormalization procedure developed below.

IV. RENORMALIZATION PROCEDURE AND SOLUTION
FOR DISPERSION-DECREASING FIBERS

It was found above that the energy of the propagating pulses
(quasi-similaritons) coincides with the exact energy E(z) =
Epe®* of the pulses only in the first order in the small constant
parameter €. We formulate in this section a renormalization
procedure for the solution given by Egs. (37)—(41) which
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yields the exact energy with distance of the pulse and takes
into account higher orders of parameter € (¢ ~ B3) in the
perturbation theory for the effective width of the pulse.

We formulate the generalized renormalization procedure of
the solution by the exchange E(z) — E(z)/ni(z) and w(z) —
w" (z) in Egs. (37), (38) and (29), where w{"(z) is

w(z) =

lU(Z) _3(]/,32E0)1/3 egz/3 (43)

) 2g2 (@)

Here the functions 7 (z) are given by Eq. (33) with k =1
for B3 >0 and k =2 for B3 < 0, respectively, and w(z)
is defined by Eq. (39). We emphasize that the exchange
E(z) = E(2)/nx(2) in Eq. (37) yields the exact energy with
distance of the pulse and the exchange w(z) — w,({")(z) in
Egs. (37), (38), and (29) yields the renormalization of the
pulse width. Here n is a renormalization parameter (some real
quantity) which can be found analytically by a variational
procedure or numerically. We have found (see Sec. VII) that
with a high accuracy this parameter can be chosen as an
integer number n = 3. The renormalization parameter is equal
to n = 1 and the phase is nonrenormalized in the previous
solution [27].

Using the procedure described above we can present the
renormalized amplitude Ug(z,7) and polynomial Qz(z,7) as

3E(2)

12
UrzT) = | —— = VvV Or(z,T)Ir(z,T), (44)
A (2)wy " (2)

2
e =1-6@ | —— | — | =0
wy (2) w; " (z)
3
(z) (45)
( (”)(Z)>

where E(z) = Epe®® and small parameter (function) &(z) is
given by Eq. (40).

The exchange w(z) — w, )(z) also yields a new rectangular
function Zx(z,7) in Eq. (44) given by

1 ifw’@Th(z) <t <

wy! (Z)Tk+1(z)
0 otherwise (46)

Ir(z,7) = {

withk = 1for B3 > Oandk = 2for B3 < 0.New renormalized
phase follows by the exchange w(z) — w,(:')(z) in Eq. (42):

Dr(z,7) = ¢ + (12,3 ) W(z)? — (ISﬂ )S(Z)w(")(z)r

g ’ g e(z)
I - 2. 47
(6/32)” * (27/32) W) “n
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This yields a renormalized chirp given by

Bsg <2)/2E§>1/3 e283/3 N ( g >
——

7285 \ Pg m@" - \3p

(B8 02
(1 o ﬁ;) (z)" T’ (48)

Using Eq. (44) for the renormalized amplitude Ug(z,7)
we may calculate the energy of the pulse E(z) =
fj;o Ur(z,7)?dt = Epe®. Thus the energy of the pulse with
distance for the renormalized solution is described by an exact
equation. We emphasize that the renormalization procedure
yields only a small correction to the solution because for all
distances z < z. the parameter £(z) is small. Our simulations
show (see Fig. 2) that the functions n;(z) (k = 1,2) are very
close to the value 1 for z < z. and hence the difference between
the functions w(z) and w,((”) (z) is small. Such corrections are
noticeable only in the vicinity of the critical distance z = z,.

In the conclusion of this section we consider the renor-
malization functions 7;(z) and n,(z) for the cases which
differ only with the parameter ,33 (1) B3=B7 >0 and
(2) B3 =B; <0, where B; = —,33 The ordered roots of
the polynomial Q(z,T") in Eq. (28) for these two cases are
connected as 7, (z) = —T; (2), T, (2) = -1, (2), T; (z) =
—Tﬁ(z), where the indexes = indicate two different cases (1)
and (2), respectively. Using this result and Eqgs. (33) and (43)
we can prove that 1(z) = 17,(z) and hence w(")(z) = w(")(z)
where the functions 7,(z), wl")(z) and 12(z), w, )(z) are
defined here for the cases (1) and (2), respectively. This result
is also confirmed in Fig. 2 where we present the numerical
simulations for the functions 7;(z) and 1,(z) with some fixed
parameters for fiber amplifier.

QR(Z7T) =

A. Pulse propagation in fibers with decreasing dispersions

The generalized NLS, Eq. (1), can be transformed to
the equation describing the propagation of the pulses in a
fiber with decreasing second-order and third-order dispersion
parameters. Such a transformation applied to the solution given
by Eqgs. (37)-(41) leads to the solution of the NLSE describing
pulse propagation in a fiber with decreasing dispersion
parameters. In the case when in Eq. (1) g = const. the trans-
formation is ¥ (s,7) = ¥(z,7) where s = (e — 1)/g. This
transformation applied to Eq. (4) yields the equation for a fiber
with decreasing second-order and third-order dispersions as

- ﬁz(v) - ,33( )

iV, = Ve +i——Yree — WP, (49)
.o P . B3
Br(s) =5 g Bro) = 5 g (50)

We may consider the variable s in Eq. (49) as a propagation
distance in a fiber with decreasing dispersion parameters B,(s)
and fB3(s), and the parameter g here is a factor describing
decreasing dispersion parameters. In the case of g = const.,
Eq. (2) has the form (z,7) = e %/2y(z,7) and the
transformation for solution in a fiber with decreasing
second-order and third-order dispersions can be written as
Y(s,7) =

v(z,Tt), z= éln(l +gs). (51

1
V14 gs
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We note that a similar transformation [30] has been applied
to a parabolic solution in the case 83 = 0. Using the ansatz
U(s,7) = Ur(s, 1) exp[i®x(s,z)] and Eq. (51) we can
transform the solution given by Eqgs. (43)—(48) to the solution
of the Eq. (49) with decreasing second-order and third-order
dispersions given by Eq. (50). This transformation yields the
amplitude Ug(s,7) in the form:

_ 1 (22BN B
UR(s,r)=5< yﬂ2°) ()21 + gs)71/0

X \V QR(S9‘C):Z'R(S7T)3 (52)

2
QR(S’T)ZI_‘E"(S)(_(; )_(_(”r) )
Wy (s) Wy (s)

3

8_ T
() o

1 1/3
(s) = £ ( yﬁngo) (1+gs)'7. (54)

2

Sy = P0) _3<yﬂ2Eo>”3 I+ o
wy (s) = oy 2 Ty (55)

The functions 7 (s) (k = 1 for B3 > 0 and k = 2 for B3 < 0,
respectively) are connected to the renormalization procedure
and they are given by

3 - 3z - -
() = 7[Tipr(6) = Te(o)] = —?)[T,il(s) — TZ()]
1._ _ g _ _
- Z[T]‘3+l(s) - T )]+ %[Tkﬂl(s) - T},
(56)

where T (s) are the roots of the polynomial Q(s,T):
Qs.T)=1—&)T — T* + 3&(s)T?, (57)

with T = t/zI;]E")(s). We assume here that s < s, w_here

Se =g (8% — 1) is th_e critica} distanc_e, and all roots Ty (s)

are real and ordered: Ti(s) < Ta(s) < T3(s) for s < s.. The

rectangular function Zg(s,7) is defined as
- 1 if 2™ @7k <1 <07 1(Z)

7z = k k + 58
r(s.7) {0 otherwise (58)

with k = 1 for B3 > 0 and k = 2 for 83 < 0, respectively.

The phase of the propagating pulses in a fiber with
decreasing second and third-order dispersion parameters given
by Egs. (49) and (50) has the form:

_ 3 (2y2E? 13
¢R<s,r)=¢o+—< v 0) k(s) 72" (1 + gs)*?

8\ Bog
1/3
Bsg <2V2E(%> _ _ 2/3
- ()7"(1 + gs)*°t
A A 8

_ (82 7,83g2) = cyn3
<6,62> T+ (4865; (s)'T”. 59)
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Hence the chirp function Q(s,7) = —®,(s,7) of the pulse is a
quadratic in 7:

_ 2y2E?
Qr(s,7) = Psg ( Y %o

1/3
_ —n 2/3
7282 ,32g) ()" (1 + gs)

g 1B38%\ - o
() (oore o

We emphasize that the renormalization procedure used in
this solution for propagating pulses in a fiber with decreasing
second- and third-order dispersions leads to conservation of
the pulse energy: E(z) = const. = E,. However, the deviation
of the functions 7j;(s) from 1 for distances s < s, is very small
and hence this procedure leads to small corrections. Hence, one
can take in the above equations 7j;(s) = 1, which considerably
simplifies the solution, although in this case the pulse energy
differs slightly along the fiber from input energy E.

V. AMPLIFIERS WITH VARYING GAIN AND
DISPERSION-DECREASING FIBERS

In this section we consider the general case when the
quasiparabolic pulses propagate in optical fiber amplifiers
with TOD and varying gain function g(z). We describe the
pulse propagation in fiber amplifiers by the nonlinear system
of differential equations Egs. (12)—(19) with the boundary
condition given by Eq. (20). In this section we consider
a restricted class of varying gain functions for which the
asymptotic behavior of propagating pulses depends only on
the input energy. This remarkable property is connected with
an existence of a global attractor [10] of the nonlinear system of
differential equations, Eqgs. (12)—(19). In this case pulses with
different initial conditions are attracted to the same structurally
stable asymptotic solution.

The solution of the Egs. (12) and (14) and Egs. (16) and (18)
for the functions «y(z2),2(z) and cy(z),c2(z) can be presented
in the form:

_ 3E, 3K
ap(z) = 1w’ ax(z) = pIaCE (61)
3y (7 ER
co(z) = ¢o + Ty /0 wg,;dZ/,
_ 1 dw(z)
(2) = |:2/32U)(Z)j| et (62)

Here E(z) = Egexp(G(z)) is the energy of the pulse for
distributed gain and the effective width w(z) is given by the
following equation:

d*w(z) _ (3)//32) E(2)
dz2 2 Jw@?

(63)

We note that this equation is the same as the equation for the
case B3 = 0[8]. The solution of this equation does not depend
on the boundary conditions for a restricted class of varying gain
functions mentioned above. Thus, in this case, pulses with
different initial conditions have the same structurally stable
asymptotic solution.
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Neglecting the higher-order terms (~¢" with n > 1) in
Eq. (10) and using Eq. (61) we find the amplitude of the pulse
in this general case as

3E 12~ o
U(z,7) = <4w§2) V 9z, 1)1(z,7), (64)

Qz,t)=1—¢1(2) (m) - (m) + &2(2) (m) )

(65)

where £;(z) and &(z) are two small dimensionless distance-
dependent parameters:

a1 (Qw(z) 4o (2)w(z)?

f@ == T = (66)
3 A 4
£2(2) = _“3(;))251) _ a3(3z)Ef(Z) @

We emphasize that the functions £;(z) and &,(z) are both
proportional to B3;. Moreover, it can be shown that in the
general case, when g # const., the functions &(z) and &,(z)
essentially differ: £(z) is not proportional to &,(z). However,
if g = const. we have found above that £,(z) = (8/3)e(z) and
£1(z) = &(2). A

The rectangular function Z(z,7) in Eq. (64) has the same
form as in Eq. (29), where the function w(z) is given
here by Eq. (63) and the functions T;(z) are the roots of
the polynomial Q(z,T) =1 — &,(2)T — T* 4+ &2(2)T? [T =
7/w(z)]. All roots of the polynomial Q(z,T) are real when
7 < zc and they are ordered: 71(z) < T»(z) < T3(z) forz < z..
We define the critical length z. as the distance at which two
real roots of the polynomial Q(z, T) are equal: T5(z.) = T3(z.)
or Ti(z.) = T»(z.) for positive or negative B3, respectively.
This definition is sensible because for z > z. the polynomial
Q(z,T) has only one real root, which is unphysical (because
the pulse must be bounded) and hence the length z. can be
identified with pulse breakup.

The phase of the pulse for the general case (distributed gain
and TOD) in the first order in € follows from Eq. (11) and
Eq. (62):

B(z,7) = o+ L f E@) 4 4 e
4 )y w@)

1 (dw(z)

2 3

TR e ) T2+ c3(2)t’. (68)

In the Egs. (66)—(68), the functions «3(z) and c3(z) are the
solutions of Eqs. (15) and (19) and the functions «(z) and
c1(z) are the solutions of Eqs. (13) and (17). The analytical
solution of Eq. (63) as well as Egs. (15) and (19) and Egs. (13)
and (17) is possible only for some particular gain functions
g(z) because these equations depend on an arbitrary increasing
positive function E(z) [in Egs. (16)—(19) I'(z) = (y/Eo)E(2)].
The solutions of Eq. (63) with some particular distributed gain
functions have been given elsewhere [10]. The renormalization
procedure for the general case [Egs. (63)-(68)] is similar
to the procedure described in the previous section (see the
Appendix).
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In the case 83 = 0 the Egs. (64), (65) and (68) describe the
propagation of the parabolic pulses in the fiber amplifiers with
distributed gain [8]:

B 3E(z) 1/2 72 1/2
U(z,f)—<4 ()> (Pm) O(w(z) — |7), (69)

3_)/ 2 E(Z) ;o 1 dw(z) 5
bt / o) 2,32w(Z)< dz >t’
(70)

where the width w(z) is given by Eq. (63) and 6(x) is the
step function: 6(x) = 1 for x > 0 and 6(x) = 0 otherwise. If
g = const. one can find the solution of Eq. (63) in the form
w(z) = wpe** which yields A = g/3 and hence the width w(z)
is given by Eq. (39). Thus the Egs. (69) and (70) reduce in this
case to the known parabolic solution [7].

P(z,7) =

A. Fibers with decreasing second- and third-order dispersions

In the general case (g # const.) the Eq. (4) can be
transformed to the equation describing the propagation of the
pulses in a fiber with decreasing second-order and third-order
dispersion parameters. This transformation is given by

Fs.0) = Po0), 5= F() = f OO, (1)
0

and the equation describing the propagation of the pulses in a
fiber with decreasing dispersion parameters is

,32( ) /33( )

ilp wrr wrrr )/|1/_f|21ﬁ (72)

Here decreasing dispersion parameters B,(s) and B3(s) are

Pa(s) = B2exp[=G(R(s)],  Bs(s) = B3 exp[—G(R(s))],
(73)

where z = R(s) is the inverse function: z = R(F(z)). Using
the ansatz ¥ (s,7) = U(s,7)exp[i ®(s,7)] we can find the
amplitude U(s,7) and the phase ®(s,t) of the propagating
pulses in the form:

U(s, ) = U(R(s),7) exp [-1G(R(s))], (74)

O(s,7) = D(R(s),7). (75)

where U(z,7) and ®(z,7) are given by Eqgs. (64) and (68).
The general renormalization procedure is described in the
Appendix and leads to both renormalized functions U(z,7)
and U (s, 7).

VI. BREAKUP AND CRITICAL DISTANCES FOR
PROPAGATING PULSES

The breakup of the pulses propagating in fiber amplifiers
is connected with generation of the optical shock-type insta-
bilities due to TOD [25,26]. The numerical simulations of
Eq. (1) demonstrate that these instabilities can be identified
with some distances z = z,. for which the shape of the pulses
becomes “noisy.”

We have also shown in Sec. IV that the transformation given
by Eq. (51) maps the solution of the NLS onto the solution for
fiber with decreasing second-order and third-order dispersions.

PHYSICAL REVIEW A 84, 023823 (2011)

Hence the same mechanism (the optical shock-type instability
due to TOD) leads to breakup of the pulses propagat-
ing in fiber with decreasing second-order and third-order
dispersions.

It was shown in Sec. III that the critical length z. and the
critical parameter ¢, = €(z.) (|e(z)| < |&.|) can be calculated
analytically using the condition that, at z = z., the two roots
of the polynomial (Q)(z,7T) given by Eq. (28) are equal:
Tr(z.) = Ts(z.) or Ti(z.) = T»(z.) for positive and negative
B3, respectively. For distances z > z., Eqs. (37)—(42) breaks
down, because in this case the polynomial ()(z,T) has only
one real root which is unphysical (the pulse must be bounded).
Thus we can identify the critical distance z, with the distance
at which the TOD generate pulse breakup [27].

The condition T>(z.) = T3(z¢) [or T1(z.) = T»(z.)] yields
the critical parameter ¢, as

32} —429¢2 4+ 12 = 0. (76)

The solution of Eq. (76) is e, = £0.167 for positive and
negative B3, respectively. The critical distance z. is defined
by equation &(z.) = &, which yields

z‘=zln c] g0 = P ( vB28 E 0)1/3 )
g el 683 ’

with &g = £(0). Hence the critical distance at which the pulse
breaks up is

1 5
=t (Lg
g v8Eo|B3I°

where 0 = 2.01 for &, = +0.167.

In the case of pulse propagation in fiber with decreasing
dispersions from Eq. (51) follows that s, = g~'(e%% — 1).
Thus [see Egs. (49) and (50)] the critical length s, in a fiber at
which the pulse breaks up is

1( of; )
== —=2— —1). 79
’ g(VgEoIﬂsP 79

The critical distance z. for amplifiers with TOD and
distributed gain g(z) follows from the condition that two roots
of the polynomial Q(z,T) =1—6T — T?* 4 &2(z)T? are
equal: Ty(z.) = T3(z.) or Ti(z.) = T»(z.) for positive and
negative fs, respectively (all roots are real for z < z.). This
condition yields the equation for critical distance z,. as

) , o =432]e.?, (78)

4er(z0)e1(z0)* + e1(z0)* + 18¢1(z0)ea(z0)
—27ex(zc)* +4 =0. (80)

The Eq. (80) reduces to Eq. (76) when g = const. because
in this case €1(z) = &(z) and &(z) = (8/3)e(z). We note that
Egs. (12)—(19) are invariant under exchange B3 — —fB3 be-
cause the functions «; (z),3(z) and ¢1(z),c3(z) are proportional
to B3. The Eq. (80) is also invariant under the exchange 83 —
— B3 because the functions €(z) and &,(z) are proportional to
«1(z) and o3(z) [see Egs. (66) and (67)]. Thus we may assert
that the critical distance z. does not depend on sign of 3. In the
particular case g = const. this statement directly follows from
Eq. (78). In the general case of pulse propagation in fiber with

023823-8



PROPAGATION AND BREAKUP OF PULSES IN FIBER ...
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FIG. 3. (Color online) Numerical pulse profile for dimensionless
distance & = 14.43 with k = 3.018 x 1072 and V, = 3.922 x 1072

decreasing dispersions [see Eqs. (72) and (73)] the critical
length s, in fiber is defined by equation s. = fo” <e0@dz,
where z, is given by Eq. (80).

The numerical simulations show that for sufficiently long
propagation distances [about z = z. in Eq. (78)], side peaks
gradually develop on the main pulse leading to total breakup
of the pulses. Such an example is shown in Fig. 3 with
dimensionless time ¢ = +/g/B,t and power u? = (y/g)|¥|>.

To verify the accuracy of Eq. (78) in numerical simulations
we should define some visual criterion for breakup of the
pulses. We note that different parameters o in Eq. (78) yield
different critical distances for breakup of the pulses. For an
example, we may define the critical distance z, for breakup
of the pulse as the propagation length for which a side peak
arises near the pulse with the same maximum power as in
the main pulse. Such a case is demonstrated in Fig. 4 for

6004 () —— Numeric (b)
= = Analytic
B3>0 B3 <0
E=E, =14.09

400 - .
:
/<]
o

200 1

0 U

-100 0 100 -100 0 100
Dimensionless time { Dimensionless time {

FIG. 4. (Color online) Numerical and analytical (renormalization
parameter n = 3) pulse profiles for dimensionless distance & =
14.09 and V, = 3.922 x 1072; (a) k = 3.018 x 1072 and (b) k =
—3.018 x 1072
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the distance & = &. = 14.09. Our simulations show that this
definition for critical length yields o = 1.4 and hence we
find that ¢, = e(z.) = £0.148 for positive and negative fs,
respectively, because o = 432|e.|*. This means that for this
definition of the critical length, the pulse breaks up slightly
before the two real roots of the polynomial Q(z,7) are
equal.

Using the above criterion for the breakup of the pulse
it is easy to recognize the critical distances in numerical
simulations. This criterion is demonstrated in Fig. 4 with
dimensionless time ¢ = /g/B,t and power u’> = (y/g)|V|>.
We present the comparison of the numerical results and
analytical prediction for critical distances [with o = 2.01 and
o = 1.4 in Eq. (78)] in the next section.

VII. CRITERION FOR ASYMPTOTICAL EVOLUTION
AND NUMERICAL SIMULATIONS

It is useful to define in the case g = const. for numerical
simulations the dimensionless variables § = gzand { = 7/7,,
where 7, = 1/f»/g. In this case Eq. (1) has the dimensionless
form:

) 1 n ix Pu + i 81
iug = -u —Usre — |ul"u + <u,
& 2 49 6 1944 2

Y B [g
. = _— . , = —_— —_— 82
u(§,¢) ,/glﬂ(z 7), K ﬂz‘/ﬂz (82)

Equation (78) for the critical distance can also be written in
dimensionless form as

where

sczgzc=1n( 7 ) (83)

Vol |3

where Vo = [ u(0,¢)?d¢ = y Eo/+/gP- is the dimension-
less input pulse energy.

The numerical simulations show that for a given initial
pulse the asymptotical regime is described by the theory with
high accuracy for long distances & >> 1. From this condition
it follows that the inequality & > &, must be satisfied for
some fixed dimensionless parameter &, (£, > 1) because & <
&.. Thus, using Eq. (77) we find that an asymptotical quasi-
similariton pulse evolution regime is described by this theory
when

183l (1 13 _
|80|=6—ﬂz SVPsEo ) <lecle baf3, (84)
2

with the proper value for the parameter &,. The parameter &, in
this equation defines the accuracy of the asymptotical theory.

We also may introduce the dimensionless parameter § of
the theory [27]:

v&EolBsl?
B

Because § = 432|gg|?, the condition given by Eq. (84) is
equivalent to the condition § < oe~%. As an example, using

8§ =Wk = (85)
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FIG. 5. (Color online) Pulse power profile and chirp of the numerical and analytical (nonrenormalized) solutions for propagating distances
7z =0.7z, [(a) and (b)], z = 0.8z, [(c) and (d)], z = 0.9z, [(e) and ()], and z = 0.99z, [(g) and (h)] with V) =3.922 x 1072 and « =
3.018 x 1072,

&, ~ 10 we have the condition & < 0.9 x 10™* which is A. Numerical simulations
equivalent to the condition |e| < 0.6 x 1072, providing high In the numerical simulations we use Eq. (81) with a
accuracy for the analytical solution. Gaussian initial pulse: u(0,¢) = 7~ /4/Vy exp(—¢2/2). Let
100
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FIG. 6. (Color online) Pulse power profile and chirp of the numerical and analytical (nonrenormalized) solutions for propagating distances
7z =0.7z, [(a) and (b)], z = 0.8z, [(c) and (d)], z = 0.9z, [(e) and ()], and z = 0.99z, [(g) and (h)] with V) =3.922 x 1072 and « =

—3.018 x 1072,
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us use the fiber amplifier parameters as an example (8, =
0.13ps>’m™, B3 =£102psm™,y =2 x 103 W Im,
g =2 m™!) and the input energy of the pulse (Ey = 10 pJ).
In this case we find g = £1.356 x 1073 and the condition
legl < 0.6 x 1072 is satisfied. We note that in this case the
dimensionless energy of the initial pulse is Vy = 3.922 x 1072
and the absolute value of the parameter ¥ = £3.018 x 1072
is small. The dimensionless parameter of the theory given by
Eq. (85) in this case is § = 1.078 x 107°.

Using these parameters of the fiber amplifier, we present
in Fig. 5 (B3 > 0) and Fig. 6 (B3 < 0) the temporal profile
and chirp of the pulses for analytical solution given by
Egs. (37)-(41) (dotted curves) and numerical solution (solid
curves) for different propagating distances. The chirp of the
analytic solution matches well the chirp of the numerical pulse
for a wide range of distances. A small mismatch in the profile of
the pulses can be observed for both a positive and a negative
B3 for distances close to z..

The agreement between the numerical and analytical
solution can be improved for both the chirp and the temporal
profile of the pulses using the renormalized analytical solution
given by Eqgs. (43)—(48). The good matching of the curves in
Figs. 7 and 8 is obtained using the renormalization parameter
n = 3. This parameter can be found both analytically by a
variational procedure or numerically.

The power profile and the chirp of the pulses for the
above parameters of the fiber amplifier and input energy
(k =3.018 x 1072 and V, = 3.922 x 1072) are shown in
Fig. 7 for analytical (dotted curves) and numerical (solid

PHYSICAL REVIEW A 84, 023823 (2011)

curves) solutions for propagating distances z = 0.7z., z =
0.8z,, z=10.9z., and z = 0.99z,, respectively. In the case
of negative TOD (k = —3.018 x 1072) and the same input
energy the power profile and the chirp of the pulses of fiber
amplifier are shown in Fig. 8.

We also illustrate in Fig. 9 the accuracy of the critical length
calculated by Eq. (78) or Eq. (83) at which the pulse breaks up.
An error about 2.4% can be observed between the numerical
(triangles) and analytical (solid) curves with k = 0.03018 and
o = 2.01 when the condition |go| < 0.13 x 1072 is satisfied.
Such an error can be explained by the fact that we have used
in numerical simulations the criterion of breakup of the pulses
as it was defined in Sec. VI (this criterion is demonstrated in
Fig. 4 as well). It is evident that different criterions of breakup
of the pulses lead to different critical distances. Hence, to make
consistent the particular criterion of breakup of the pulses with
the critical length given by Eq. (78) or Eq. (83) one should
choose an appropriate parameter ¢ in these equations. We note
that the parameter o = 2.01 was found from the condition that
two roots of the polynomial Q(z,T') given by Eq. (28) are equal.
The numerical simulations in Fig. 9 show that this parameter
should be adjusted (for the criterion defined in Sec. VI).

Much better precision for critical length z, with error
<0.2% can be obtained using the numerical parametero = 1.4
in Eq. (78) and Eq. (83), which corresponds to the criterion
for breakup of the pulses defined in Sec. VI (equal height
of the side peak and main peak). The dependence of the
dimensionless critical length &, = gz. on the dimensionless
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FIG. 7. (Color online) Pulse power profile and chirp of the numerical and analytical renormalized (n = 3) solutions for propagating
distances z = 0.7z, [(a) and (b)], z = 0.80z, [(c) and (d)], z = 0.90z. [(e) and (f)], and z = 0.99z, [(g) and (h)] with V, = 3.922 x 102 and

K =3.018 x 1072,
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FIG. 8. (Color online) Pulse power profile and chirp of the numerical and analytical renormalized (n = 3) solutions for propagating
distances z = 0.7z, [(a) and (b)], z = 0.80z, [(c) and (d)], z = 0.90z, [(e) and (f)], and z = 0.99z, [(g) and (h)] with V, = 3.922 x 1072 and

kK =—3.018 x 1072,

input pulse energy V, with the parameter o = 1.4 is shown in
Fig. 9 (broken curve).

For the numerical parameter o = 1.4 one can find that
g, = £0.148 (o = 432|e.|?). Hence, we have the next bound
for small dimensionless parameter £(z): |e(z)| < 0.148. The
numerical simulations have been performed using a standard
split-step Fourier method [31] to Eq. (81) with a step size
AE = 1074,
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FIG. 9. (Color online) Numerical and analytical (for o = 2.01

and 0 = 1.4) dependence of the dimensionless critical length &, =
82, on the dimensionless input pulse energy V.

VIII. CONCLUSIONS

In this paper we have developed an analytical theory
for propagating pulses in normal-dispersion fiber ampli-
fiers with TOD, and for a dispersion-decreasing fiber with
TOD. The analytical solution of the generalized nonlinear
Schrodinger equation developed here is based on asymptotical
methods, first-order perturbation theory, and a renormaliza-
tion procedure. We have also formulated a renormalization
procedure for the solution which yields the exact energy
with distance of the pulse and takes into account higher
orders of small parameter in the perturbation theory for the
effective width of the pulse. We have also found the critical
length z, at which the TOD generates pulse breakup in the
case g = const..

In the general case for fiber amplifiers with TOD and
varying gain function we have proved in the first-order
perturbation theory that the critical distance z, does not depend
on the sign of TOD.

It has been shown that there is a limitation on the input value
&o of the distance dependent small dimensionless parameter
&(z). We have found a criterion which ensure the accuracy
of the asymptotic solutions. This criterion is confirmed
numerically showing that the analytical description of the
pulses and the critical length formulas developed here for fiber
amplifiers and dispersion-decreasing fibers with third-order
dispersion are very accurate. This theory should prove valuable
in the design of high-power optical fiber amplifiers and lasers
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where the performance can be seriously affected by third-order
dispersion in the gain medium.

APPENDIX: GENERAL RENORMALIZATION
PROCEDURE

The renormalization procedure in general case (g # const.)
is also based on the exchange E(z) — E(z)/n«(z) and w(z) —
w,((”)(z) in Egs. (64), (65) and (68), where w,((”)(z) is a new
effective width:

(AL)

Here w(z) is the width of the parabolic pulse satisfying to
Eq. (63) and the functions n;(z) (k = 1,2) are given by

3 3
(@) = ST = T - Q172 () - TA0)]
1 3
B Z[Tk3+1(z) - Tk3(Z)] + 812—6(Z)[Tk4+1(z) - T,f(z)],

(A2)

where k = 1 for 83 > 0 and k = 2 for B3 < 0, respectively.
The functions 7j(z) are the roots of the polynomial:

O, T)=1— /()T — T? 4 &2(2)T?, (A3)

withT =t/ w,(c")(z). The critical distance z. for amplifiers with
TOD and distributed gain g(z) follows from the condition that
two roots of the polynomial Q(z, T) are equal: T2(z.) = T3(z.)
or Ti(z.) = T»(z.) for positive and negative S, respectively.
All roots Ty (z) (k = 1,2,3) are real in the region z < z. and
we assume that the roots are ordered T1(z) < T»(z) < T3(z)
for z < z,.

Thus the exchange E(z) - E(z)/m(z) and w(z) —
w,({")(z) in Egs. (64) and (65) yields the renormalized amplitude
of the pulse in this general case as

1/2
3E ~ N
%) JOr0Err), (A

UR(th) = (
A (2w
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where the polynomial Qg(z,7) is

2
Or(z,7) =1 —81(Z)< (nT) ) - ( (nT> )
wy (2) Wy (2)

. 3
+82(Z) (T) .
Wy (2)

Here €1(z) and ¢{(z) are two small dimensionless distance-
dependent parameters given by Egs. (66) and (67).

The exchange w(z) — w\"(z) in Eq. (65) also yields a new
rectangular function Zg(z,7) in Eq. (A4). This new rectangular
function Z(z,7) is given by Eq. (46), where w,((")(z) is defined
by Eqgs. (A1) and (A2) and Tx(z) are the roots of the polynomial
in Eq. (A3).

Using new functions Or(z,7) and Zg(z,7) in Eq. (A4)
we may calculate the energy of the pulse for renormalized
solution:

(A5)

+00
E(z) =/ ¥ (z,0)Pdt = EgexplG(2)].  (A6)

oo

This equation demonstrates that the energy of the pulse with
distance for the renormalized solution is described by an exact
equation. However, this renormalization procedure yields a
small correction to the solution because for all distances z < z,
the parameters of the theory €,(z) and ¢,(z) are small and the
functions 1 (z) (k = 1,2) are close to 1. Note that the presented
renormalization procedure can be interpreted as a perturbation
procedure for the effective width with all orders of constant
parameter € (€ ~ B3) of the perturbation theory.

In conclusion, we consider the functions 7n;(z) and 17,(z)
for two different cases which differ only with the parameter
B3: (1) B3 = ﬁ; > 0and (2) B3 = B; < 0, where B; = —,33+.
The ordered roots of the polynomial in Eq. (A3) for these two
cases are connected as: T (z) = =157 (2), T, (z) = =T, (2),
T, () = —T1+(z), where the indexes = indicate two different
cases, (1) and (2), respectively. Using this result and Eq. (A2),
we can prove that 71(z) = 12(z) and hence w&")(z) = wé")(z),
where the functions 1,(z), wi")(z) and 1,(2), wg')(z) are defined
by Egs. (A1) and (A2) for cases (1) and (2), respectively.

[1] C. R. Menyuk, D. Levi, and P. Winternitz, Phys. Rev. Lett. 69,
3048 (1992).

[2] A. A. Afanas’ev, V. L. Kruglov, B. A. Samson, R. Jakyte, and
V. M. Volkov, J. Mod. Opt. 38, 1189 (1991).

[3] S. An and J. E. Sipe, Opt. Lett. 16, 1478 (1991).

[4] T. M. Monro, P. D. Millar, L. Poladian, and C. M. de Sterke,
Opt. Lett. 23, 268 (1998).

[5] S. Sears, M. Soljacic, M. Segev, D. Krylov, and K. Bergman,
Phys. Rev. Lett. 84, 1902 (2000).

[6] D. Anderson, M. Desaix, M. Karlsson, M. Lisak, and M. L.
Quiroga-Teixeiro, J. Opt. Soc. Am. B 10, 1185 (1993).

[7]1 M. E. Fermann, V. L. Kruglov, B. C. Thomsen, J. M. Dudley,
and J. D. Harvey, Phys. Rev. Lett. 84, 6010 (2000).

[8] V. I. Kruglov, A. C. Peacock, J. M. Dudley, and J. D. Harvey,
Opt. Lett. 25, 1753 (2000).

[9] V. L. Kruglov, A. C. Peacock, J. D. Harvey, and J. M. Dudley,

J. Opt. Soc. Am. B 19, 461 (2002).

[10] V. I. Kruglov, and J. D. Harvey, J. Opt. Soc. Am. B 23, 2541
(2006).

[11] J. M. Dudley, C. Finot, G. Millot, and D. J. Richardson, Nat.
Phys. 3, 597 (2007).

[12] S. Boscolo, S. K. Turitsyn, V. Y. Novokshenov, and J. H. B.
Nijhof, Theor. Math. Phys. 133, 1647 (2002).

[13] A. Ruehl, A. Marcinkevicius, M. E. Fermann, and 1. Hartl,
Opt. Lett. 35, 3015 (2010).

[14] F. O. Ilday, J. R. Buckley, H. Lim, E. W. Wise, and W. G. Clark,
Opt. Lett. 28, 1365 (2003).

[15] F. O. Ilday, J. R. Buckley, W. G. Clark, and F. W. Wise, Phys.
Rev. Lett. 92, 213902 (2004).

[16] F. W. Wise, Opt. Photonics News 15, 45 (2004).

023823-13


http://dx.doi.org/10.1103/PhysRevLett.69.3048
http://dx.doi.org/10.1103/PhysRevLett.69.3048
http://dx.doi.org/10.1080/09500349114551221
http://dx.doi.org/10.1364/OL.16.001478
http://dx.doi.org/10.1364/OL.23.000268
http://dx.doi.org/10.1103/PhysRevLett.84.1902
http://dx.doi.org/10.1364/JOSAB.10.001185
http://dx.doi.org/10.1103/PhysRevLett.84.6010
http://dx.doi.org/10.1364/OL.25.001753
http://dx.doi.org/10.1364/JOSAB.19.000461
http://dx.doi.org/10.1364/JOSAB.23.002541
http://dx.doi.org/10.1364/JOSAB.23.002541
http://dx.doi.org/10.1038/nphys705
http://dx.doi.org/10.1038/nphys705
http://dx.doi.org/10.1023/A:1021402024334
http://dx.doi.org/10.1364/OL.35.003015
http://dx.doi.org/10.1364/OL.28.001365
http://dx.doi.org/10.1103/PhysRevLett.92.213902
http://dx.doi.org/10.1103/PhysRevLett.92.213902

KRUGLOV, AGUERGARAY, AND HARVEY

[17] W. H. Renninger, A. Chong, and F. W. Wise, Phys. Rev. A 82,
021805 (2010).

[18] V.N. Serkin and A. Hasegawa, Phys. Rev. Lett. 85,4502 (2000).

[19] V. I. Kruglov, A. C. Peacock, and J. D. Harvey, Phys. Rev. Lett.
90, 113902 (2003).

[20] C. Finot, L. Provost, P. Petropoulos, and P. Richardson, Opt.
Express 15, 852 (2007).

[21] L. Shah, Z. Liu, I. Hartl, G. Imeshev, G. C. Cho, and M. E.
Fermann, Opt. Expresss 13, 4717 (2005).

[22] S.Zhou, L. Kuznetsova, A. Chong, and F. W. Wise, Opt. Expresss
13, 4869 (2005).

[23] Y. Logvin, V. P. Kalosha, and H. Anis, Opt. Express 15, 985
(2007).

PHYSICAL REVIEW A 84, 023823 (2011)

[24] A. Ruchl, O. Prochnow, M. Schultz, D. Wandt, and D. Kracht,
Opt. Lett. 32,2590 (2007).

[25] A. I Latkin, S. K. Turitsyn, and A. A. Sysoliatin, Opt. Lett. 32,
331 (2007).

[26] S. Wabnitz and C. Finot, J. Opt. Soc. Am. B 25, 614 (2008).

[27] V. I. Kruglov, C. Aguergaray, and J. D. Harvey, Opt. Lett. 35,
3084 (2010).

[28] B. G. Bale and S. Boscolo, J. Opt. 12, 015202 (2010).

[29] S. Zhang, C. Jin, Y. Meng, X. Wang, and H. Li, J. Opt. Soc. Am.
B 27,1272 (2010).

[30] T. Hirooka and M. Nakazawa, Opt. Lett. 29, 498 (2004).

[31] G. P. Agrawal, Nonlinear Fiber Optics (Academic Press,
San Diego, CA, 2001).

023823-14


http://dx.doi.org/10.1103/PhysRevA.82.021805
http://dx.doi.org/10.1103/PhysRevA.82.021805
http://dx.doi.org/10.1103/PhysRevLett.85.4502
http://dx.doi.org/10.1103/PhysRevLett.90.113902
http://dx.doi.org/10.1103/PhysRevLett.90.113902
http://dx.doi.org/10.1364/OE.15.000852
http://dx.doi.org/10.1364/OE.15.000852
http://dx.doi.org/10.1364/OPEX.13.004717
http://dx.doi.org/10.1364/OPEX.13.004869
http://dx.doi.org/10.1364/OPEX.13.004869
http://dx.doi.org/10.1364/OE.15.000985
http://dx.doi.org/10.1364/OE.15.000985
http://dx.doi.org/10.1364/OL.32.002590
http://dx.doi.org/10.1364/OL.32.000331
http://dx.doi.org/10.1364/OL.32.000331
http://dx.doi.org/10.1364/JOSAB.25.000614
http://dx.doi.org/10.1364/OL.35.003084
http://dx.doi.org/10.1364/OL.35.003084
http://dx.doi.org/10.1088/2040-8978/12/1/015202
http://dx.doi.org/10.1364/JOSAB.27.001272
http://dx.doi.org/10.1364/JOSAB.27.001272
http://dx.doi.org/10.1364/OL.29.000498

