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Active feedback cooling of massive electromechanical quartz resonators
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We present a general active feedback cooling scheme for massive electromechanical quartz resonators. We cool
down two kinds of macrosized quartz tuning forks and find several characteristic constants for this massive quartz-
resonator feedback cooling, in good agreement with theoretical calculations. When combined with conventional
cryogenic techniques and low-noise devices, one may reach the quantum sensitivity for macroscopic sensors.
This may be useful for high sensitivity measurements and for quantum information studies.
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I. INTRODUCTION

The prospect of cooling a nanomechanical resonator [1],
for which the quantum limit can be achieved when the
vibrational energy h̄w0 of the resonator becomes smaller than
the thermal energy kBT0, has led to extensive studies [2–13].
When the nanomechanical systems are cooled close to their
ground states by conventional cryogenic techniques, they are
expected to be useful tools for studying quantum effects
such as backaction reaction [2,5,12], coherent states, and
superposition [3,4] of macroscopic mechanical systems. In
particular, when coupled to other quantum systems, quantum
information and computation studies are possible [14–16].

However, since conventional cryogenic techniques only
allow cooling to the milli-Kelvin region, it is difficult to realize
the ground state of a resonator. For example, a resonator in the
frequency range of a few mega-Hertz has to be cooled down
to a few hundred micro-Kelvin as given by h̄w0/kB . There-
fore, in combination with conventional cryogenic techniques,
researchers have investigated the cooling of the fundamental
mode of a mechanical oscillator by using feedback methods.
Many oscillators such as cavity resonator and supercon-
ducting single-electron transistor have been investigated by
using either optomechanical [2–5,7–10] or electromechanical
[11–13] cooling techniques, and by implementing either active
feedback [7–11] or passive backaction effects [2–5,12,13].

According to these studies, the best desirable oscillator
would possess high angular resonance frequency w0, high me-
chanical quality factor Q0, low measurement noise

√
Sxn

, and
low spring constant k [7–11]. Given the stated requirements
of the above factors, we make a theoretical and experimental
study of the electromechanical quartz resonator which offers
a wide range of attainable frequencies (103−109 Hz), high Q0

(104−106), and extremely low measurement noise properties
[17]. In particular, a quartz resonator has self-excitation and
self-detection properties so that additional excitation and
detection components are not needed. This approach may be
advantageous for the feedback cooling mechanism: (i) ex-
clusion of the supplementary instruments which can simplify
fabrication and allow compact integration into a cryogenic
system and (ii) elimination of the optical measurement noise
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and the associated laser-absorption heating effect found in
optomechanical systems [9].

In this article, we present comprehensive theoretical
analysis and experimental realization of an active feedback
cooling mechanism for massive quartz resonators by imple-
menting the Q-control scheme [18] which is a technique to
control the damping of the resonator. Since we derive the
feedback cooling theory of a general equivalent circuit of
a quartz resonator, this cooling mechanism can be conven-
tionally applied to any nanomechanical and macromechanical
quartz resonators. Our cooling result should extend from
nanomechanical to macrosized quartz resonators modeled by
Fig. 1(c). We conduct the experiment with quartz tuning
forks which are widely used as a probe in scanning probe
microscopy [19–25]. We obtain several deterministic parame-
ters for massive quartz-resonator cooling, in good agreement
with theoretical calculations. Finally, we discuss the way
to approach the quantum limit in macroscale, and suggest
possible measurements using this system.

II. THEORY

The quartz tuning fork (QTF) is a self-oscillating and self-
sensing resonator. Its self-exciting and self-detecting proper-
ties can be represented by an electrical equivalent circuit model
composed of a series LRC circuit, which describes the me-
chanical response of the resonator, in parallel with a structure-
dependent stray capacitance C0 resulting in the nonmotional
response [26,27]. The measurement noise current is added to
the output current of the QTF and converted to a voltage by a
current-to-voltage amplifier. The output voltage is then bifur-
cated into two parts. One part goes into a spectrum analyzer
and the other part is used as a feedback signal to the QTF after
passing through a phase shifter and proper gain control. The
equation of motion for the active feedback cooling of QTF is

LÏm + Rİm + Im

C
= V̇th − GR0

(
İm + İC0 + İxn

)
,

IC0 = C0
[
V̇th − GR0

(
İm + İC0 + İxn

)]
, (1)

Vout = Vm + VC0 + Vxn
= R0

(
Im + IC0 + Ixn

)
.

Here L, R, C are the intrinsic components of the QTF’s
harmonic motion, G is a complex gain which takes into
account the effects of the phase shifter, and R0 is the resistance
of the I/V converter. In addition, Im is the current of the
mechanical motion, IC0 is the current induced by C0, Vth is the

022318-11050-2947/2011/84(2)/022318(5) ©2011 American Physical Society

http://dx.doi.org/10.1103/PhysRevA.84.022318


JAHNG, LEE, STAMBAUGH, BAK, AND JHE PHYSICAL REVIEW A 84, 022318 (2011)

( )( )

( )

FIG. 1. (Color online) Commercial quartz tuning fork (QTF).
(a) The large and (b) the small QTF. (c) General active feedback
cooling schematic of a self-exciting and self-detecting quartz res-
onator by implementing Q-control scheme.

electrically scaled random thermal noise force, Ixn
= Vxn

/R0

is the measurement current noise on the displacement signal,
and Vout is the voltage measured at the spectrum analyzer.

According to the equipartition theorem, the effective tem-
perature of the tuning fork can be defined as Teff = k〈x2(t)〉/kB

where 〈x2(t)〉 = 1
2π

∫
Sx(w)dw; w is the angular frequency

and kB is the Boltzmann constant. We can obtain the actual
mechanical displacement x(t) from Im(t) by multiplying
the voltage to displacement calibration factor γ by the
relation x(t) = γR0Im(t). Given Eq. (1) and considering
frequency components of the random excitations Ṽth(w)eiwt

and Ĩxn
(w)eiwt , the motion of the oscillator can be given as the

familiar expression for a harmonic oscillator;

Ĩm(w) =
iwCṼth(w) − iw̄

|g|
Q

Ĩxn
(w)

1 − w̄2
eff + iw̄eff/Q

, (2)

where w0 = 1/
√

LC, w̄ = w/w0, w̄eff = w/weff , g =
GR0Cw0Q = |g|eiθ , and Q = Lw0/R. The effective angular
resonance frequency weff and effective quality factor Qeff in
Eq. (2) are defined as

weff = w0√
1 + |g|

Q0
sec α sin(θ + α)

, (3)

Qeff = Q0

√
1 + |g|

Q0
sec α sin(θ + α)

1 + |g| sec α cos(θ + α)
, (4)

FIG. 2. (Color online) Diagram of the effective resonance fre-
quency and effective quality factor. The weff and Qeff are bigger
(smaller) than their normal value in the shaded (white) region.

where tan α = c̄0
Q

, C̄0 = C0/C, and α is the initial phase
shift which comes from the stray capacitance of the QTF
[18]. In order to clearly understand the behavior of effective
angular resonance frequency and effective quality factor, it is
convenient to draw diagrams of them with phase shift θ + α

and gain. Figure 2 definitely shows that to avoid the resonance
shift and to approach the minimum quality factor, θ has to be
−α. In our case, α = 0.5◦ for the large QTF and α = 0.4◦ for
the small QTF.

Since the random excitations Ṽth(w) and Ĩxn
(w) are

uncorrelated, the spectral density Sx(w) of the oscillator’s
displacement x is

Sx(w) =
Sth + |g|2

Q2 Sxn(
1 − w̄2

eff

)2 + (
w̄eff
Qeff

)2 w̄2, (5)

where Sth = 2π
T

( R0
Q0R

)2|Ṽth(w)|2γ 2 is the white spectral density
of thermal noise force Vth, which depends on the QTF
dissipation and is given by Sth = 4kBT /kw0QC2, and Sxn

=
2π
T

R2
0 |Ĩxn

(w)|2γ 2 is the spectral density of measurement noise.
Its measured spectral density Sx+xn

, which contains both Sx

and Sxn
, is given by

Sx+xn
(w) =

[1 + C̄0(1 − w̄2)2]2 + (
C̄0w̄

Q0

)2

(
1 − w̄2

eff

)2 + (
w̄eff
Qeff

)2 w̄2Sth

+
(1 − w̄2)2 + (

w̄
Q0

)2

(
1 − w̄2

eff

)2 + (
w̄eff
Qeff

)2 Sxn
, (6)

where w̄ = w/w0.
By integrating Eq. (5) and assuming that Sth and Sxn

are
independent of w, the effective temperature is

Teff(weff,Qeff) =
(

weff

w0

)3
Qeff

Q0
T0

+ k

4kB

Q2
effQ

2
0

(
w2

0 − w2
eff

)2 + w2
eff(w0Q0 − weffQeff)2

weffQeffw
2
0

(
Q2

0 + C̄2
0

) Sxn
, (7)
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FIG. 3. (Color online) (a) Measured spectra Sx+xn
with each

gain and their fits with Eq. (6) for the large QTF. (b) The actual
displacement spectral density Sx for a large QTF is obtained with
Eq. (5) by extracting parameters from Sx+xn

. (c) Resonance curves
of the electrically driven large QTF for each gain. The solid lines are
fits to the data using Eq. (9).

where T0 is the bath temperature. Since weff and Qeff are a
function of |g|, the minimum temperature is calculated by
differentiating Eq. (7) with respect to |g| and setting θ = −α:

Teff,min �
√

Q2
0

Q2
0 + C̄2

0

kw0T0

kBQ0
Sxn

. (8)

This is very similar to Eq. (6) of Ref. [9]. The only difference
is C̄0, which is an intrinsic property of QTF resulting from its
material and structural properties. Even though C̄0 gives the
unwanted artifact in Figs. 3 and 4, it can be exactly pointed out
and moreover it helps to further decrease down Teff,min [28].

III. EXPERIMENTAL DETAILS

Our experimental setup is a homemade QTF based atomic
force microscope operated in vacuum (P < 1 × 10−5 Torr).
We used two kinds of commercial QTF. One has a length
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FIG. 4. (Color online) (a) Measured spectra Sx+xn
with each

gain and their fits with Eq. (6) for the small QTF. (b) The actual
displacement spectral density Sx for a small QTF is obtained with
Eq. (5) by extracting parameters from Sx+xn

. (c) Resonance curves of
the electrically driven small QTF for each gain. The solid lines are
fits to the data using Eq. (9).

of 5.50 mm, an effective mass of 1.31 mg, and a spring
constant k of 55 679 N m−1. The other has a smaller length of
3.48 mm, an effective mass of 0.08 mg, and k of 3342 N m−1.
The natural resonance frequency w0/2π and the quality factor
Q0 are w0/2π = 32 768 Hz and Q0 = 51 107 for the large
QTF, and w0/2π = 32 766 Hz and Q0 = 54 745 for the small
QTF at a base temperature of 297.4K. The preamplifier is
configured with 15 M� resistance and a LF357 OP-AMP. The
complex gain is composed of the phase shifter and the variable
gain with which one can control the damping force.

IV. RESULTS AND DISCUSSION

Figures 3(a) and 4(a) show the measured spectra Sx+xn

for the large and small QTF while their actual displacement
spectra Sx are plotted in Figs. 3(b) and 4(b). Note that although
there is no gain |g| = 0, the right-hand side of Sx+xn

is slightly
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lower than the left-hand side of the floor unlike the symmetric
harmonic function. This distortion is due to C̄0 which is an
intrinsic property of the QTF resulting in nonmotional current.
The measured values of C̄0 are 464 and 399 [29] for the large
and small QTF, respectively.

As the gain increases, Sx slightly shifts to the right since
there is a phase lag due to the nonideal electrical components
with the increase of gain. We can fully analyze the magnitude
of this residual phase difference with Eqs. (3) and (4) [30].
For large gains (|g| > 20), the spectra dips below the white
noise floor, while the area under the actual displacement
spectra curve is increased. This indicates that, when the peak
of the spectrum approaches the measurement noise level,
the dissipative force negatively acts to heat the resonator’s
vibrational mode rather than to squeeze it. We conjecture
that this backaction results from the measurement noise
associated with the electrical shot noise [9]. From fits of
Eq. (7) to these spectra we find

√
Sxn

� 2.78 × 10−4Å/
√

Hz
for the large QTF and

√
Sxn

� 1.97 × 10−3Å/
√

Hz for the
small QTF.

The effective temperature Teff is obtained by inputting
parameters extracted from each of the spectra in Figs. 3(a) and
4(a) into Eq. (7). The minimum Teff obtained in the experiment
was 16.7 ± 0.1K for the large QTF and 28.7 ± 0.1K for the
small QTF. These results are consistent with our analytical
minimum temperature of Teff,min = 16.0 K for large QTF and
Teff,min = 28.7 K for small QTF obtained from Eq. (8). Note
that even though the large QTF has almost 16 times higher k

and effective mass, since the level of Sxn
is 100 times smaller

than the small QTF, the Teff of the large QTF is smaller
than the Teff of the small QTF. The level of Sxn

is one of
the deterministic parameters for the massive quartz-resonator
cooling.

The parameters weff and Qeff can be also independently
measured from the electrically driven resonance curves with
Q control (see Refs. [18,26] for more details). The resonance
curve Ae is given by

Ae = I0w̄eff

Q

√√√√{[
1 + C̄0

(
1 − w̄2

eff

)]2 + (
C̄0w̄eff
Qeff

)2}
(
1 − w̄2

eff

)2 + (
w̄eff
Qeff

)2 , (9)

where I0 is the driving current. Figures 3(c) and 4(c) show
the measured Ae for the large and small QTF. There is also
the distortion due to the C̄0 on the right-hand side of Ae. By
fitting the curves with Eq. (9), we can independently obtain
weff and Qeff . By inputting these parameters into Eq. (7), we
also calculate Teff,res which can be compared to Teff . Teff,res

is 18.8 ± 1.0 K for the large QTF and 31.2 ± 0.4 K for the
small QTF. Figure 5 shows that these two measurements
of the temperatures are in reasonable agreement with each
other.

Given that the resonance frequencies of the fundamental
mode of the QTFs are approximately 32 kHz, to generate the
nonclassical oscillator states, the Teff,min of QTF is required to
be under the h̄w0/kB which is on the order of micro-Kelvin
at 32 kHz. Although it is difficult to achieve this limit, it
may be possible by lowering the Sxn

. According to Eq. (8),
in order to get close to the micro-Kelvin level,

√
Sxn

of the
QTF needs to be lowered down to ∼10−8Å/

√
Hz at T0 =
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FIG. 5. (Color online) Effective temperatures of QTFs. The black
(upper) solid curve is the fit of effective temperature for the large QTF
from Eq. (7). The yellow (light gray) solid curve is a fit for the small
QTF. The red circle is Teff calculated by the extracted parameters
from the measured spectra for the large QTF and the dark red square
is for the small QTF. Green triangle is Teff,res calculated by measuring
weff and Qeff from the resonance curve for the large QTF and orange
lozenge is for the small QTF.

4.2 K. This limit is quite achievable because the
√

Sxn
of a

QTF can be drastically lowered with the use of a low-noise
device such as a single-electron transistor (SET) [31] or GaAs
MESFET [32] for the preamplifier, and that can be further
decreased in a cryostat [27]. In particular, SET has achieved
10−5e/

√
Hz, which indicates that a charge variation of 10−5e

can be detected in a measurement time of 1 s. This implies
that the level of measurement noise for the preamplifier may
be further decreased down by using the SET. It might also
be a useful readout device for this massive electromechanical
feedback cooling.

Furthermore, a high resonance frequency is one of the
important factors needed for a massive resonator to achieve
the low mean occupation number n = kBT /h̄w0. One may
obtain the quantum limited measurement with a high w0 quartz
resonator under more attainable conditions. For example, for
a quartz resonator resonating at 1GHz, the quantum limited
temperature is 50 mK. Thus, the resonator may be cooled down
to its ground state under higher Sxn

or under room temperature
with this active feedback cooling technique.

V. CONCLUSION

We have demonstrated a general method for active feedback
cooling of massive quartz resonators. We have cooled down
large and small size commercial QTFs from room temperature
(297.4 K) to 16.7 ± 0.1 K (large) and 28.7 ± 0.1 K (small),
respectively. From these results, we find that several character-
istic constants k, Q, Sxn

, and w0 are important parameters for
massive quartz-resonator cooling. As previously noted we can
obtain an extremely low Sxn

by using conventional cryogenic
techniques and a low-noise device. Combining with a high
w0 quartz resonator may allow us to approach the quantum
regime at macroscale. Moreover, since we make the feedback

022318-4



ACTIVE FEEDBACK COOLING OF MASSIVE . . . PHYSICAL REVIEW A 84, 022318 (2011)

cooling theory of a general equivalent circuit of a quartz
resonator, our cooling mechanism can be applied to any other
resonator modeled by Fig. 1(c). One may even expect the
QTF as a quantum sensor for the quantum control [33] by
coupling with other quantum systems such as Bose-Eienstein
condensation [14], dipolar molecules [15], and cold-atom
system [16].
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