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Models of the delayed nonlinear Raman response in diatomic gases
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We examine the delayed response of a diatomic gas to a polarizing laser field with the goal of obtaining
computationally efficient methods for use with laser pulse propagation simulations. We demonstrate that for
broadband pulses, heavy molecules such as O, and N,, and typical atmospheric temperatures, the initial delayed
response requires only classical physics. The linear kinetic Green’s function is derived from the Boltzmann
equation and shown to be in excellent agreement with full density-matrix calculations. A straightforward
perturbation approach for the fully nonlinear, kinetic impulse response is also presented. With the kinetic
theory a reduced fluid model of the diatomic gas’ orientation is derived. Transport coefficients are introduced to
model the kinetic phase mixing of the delayed response. In addition to computational rapidity, the fluid model
provides intuition through the use of familiar macroscopic quantities. Both the kinetic and the fluid descriptions
predict a nonlinear steady-state alignment after passage of the laser pulse, which in the fluid model is interpreted

as an anisotropic temperature of the diatomic fluid with respect to motion about the polarization axis.
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I. INTRODUCTION

In the presence of a laser electric field the electron clouds
of atoms comprising a molecule become deformed. The
deformation provides an induced electrical dipole moment,
through which the laser pulse acts to provide a net force
and/or torque on the molecule with associated potential
V= —% p - E , where p is the induced dipole moment and

E the laser electric field. The molecule undergoes both an
instantaneous and delayed response in the electric field of the
laser pulse. The instantaneous response results from the laser-
induced separation between the electron cloud and nucleus of
the atoms within the molecule. The delayed response involves
the rotation of the molecular axes and occurs over a longer
time scale due to the molecular inertia. The cross attraction
between the electron clouds and nuclei on opposite sides of the
molecule results in a torque which aligns the molecules along
the laser polarization axis. In the case of a linear molecule (such
as a diatomic molecule) the applied potential takes the form

Vi(0,1) = —i[ay + Aacos? 0] E()P, (1)

where E is now the electric field amplitude of the laser,
polarized along the vertical axis in Fig. 1, Aa = o — ay,
oy and «, are the parallel and perpendicular molecular
polarizabilities respectively defined with respect to the
symmetry axis of the molecule, which makes an angle 6 with
respect to the electric field, and V (6,¢) has been cycle averaged.

The delayed molecular alignment induced by the
laser electric field results in a polarization current [1],
p =plal + Aa{cos®>0)]E, where p is the number den-
sity of molecules and the pointy brackets represent an
ensemble average over all molecules (or in a quantum
mechanical description an average over the angle dependent
wave function). The polarization current feeds back onto the
laser pulse affecting propagation. Defining x = 4mpa, and
I'(x,t : E) = pAa(cos’ 6), the propagation of the laser obeys
the wave equation
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PACS number(s): 42.65.Re, 42.25.Bs, 42.65.Jx, 92.60.Ta

As seen from Eq. (1), ' is a function of E, which can
result in self-focusing of the laser pulse [2-5] and potentially
filamentation. Filamentation occurs when a defect on the phase
front of the laser pulse causes different transverse locations
of the laser pulse to focus at different positions due to the
differential polarization current. The higher intensity regions
of the pulse (the filaments) have an extended focal length, while
the low-intensity regions diffract. As aresult, the high-intensity
regions can propagate over distances much longer than a
Rayleigh range. However, if the high-intensity regions focus
too strongly, the intensity can reach the ionization threshold
of the air, causing enhanced diffraction. This potential for
propagating laser pulses over long distances in atmosphere has
led to several investigations into filamentation, both theoretical
and experimental [5—10].

For accurate simulations of laser propagation over long
distances, accurate models of the delayed molecular response
are critical. First-principle models of the molecular response
involve quantum-mechanical density-matrix theory in which
the diatomic molecule is treated as quantum rotor with discrete
rotational frequencies. In fact, the density-matrix theories
were successful in predicting the rotational revivals associated
with diatomic molecules, a strictly quantum-mechanical effect
[1,11-16]. However, the computational requirements of a
full density-matrix theory make iterated density-matrix, laser-
propagation simulations impractical with current computing
capabilities. This is exacerbated by the interest in propagation
over distances of meters to kilometers in atmosphere [17,18].
In particular, at every point in space, a ~¢*  calculation
must be done, where £, is the maximum rotational quantum
number excited. For broadband or high-intensity pulses, £«
can be quite large. As we will see, however, broadband pulses
are where classical treatments are the most accurate.

Several authors have considered the classical response
of a diatomic gas and comparisons to quantum-mechanical
theory [19-24]. Khodorkovsky and Gershnabel and Averbukh
present a classical and quantum comparison of molecules
in strong laser fields and weak laser fields, respectively
[23,24], but stop short of full analytic calculations of the
time-dependent classical response function, both linearly
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FIG. 1. (Color online) Coordinate system for molecular align-
ment. The vertical axis represents the polarization axis of the
polarizing laser pulse.

and nonlinearly. Khodorkovsky does present full nonlinear
Monte Carlo calculations. Monte Carlo methods, however,
are not computationally ideal, as they would require separate
calculations for each point in space and time along a laser
pulse’s propagation path. M. S. Child presents a semiclassical
rotational model utilizing Sommerfeld quantization but does
not examine thermal effects or the correspondence with
a full classical theory [20]. Finally, Ifarrea et al. present
a single molecule analysis of the classical rovibrational
trajectories in a laser field, but do not consider ensemble
effects [22].

Here we present full kinetic calculations of the time-
dependent response of a diatomic gas and derive an an-
alytic expression for the linear Green’s function from the
Boltzmann equation. A simplified method for determining the
full nonlinear impulse response is also presented from which
we find an analytic expression for the second-order polarizabil-
ity. With the kinetic equations we derive a set of fluid equations
which include phase mixing through transport coefficients,
following the procedure popularized in plasma physics by
Hammet et al. [25,26]. For calculating the molecular response,
the fluid equations offer a computational savings of ~£f’nax /N,
where N is a numerical factor on the order of ten, over the
full density-matrix calculation. The fluid model also provides
intuition by casting the problem in terms of the familiar macro-
scopic quantities of density, momentum flow, temperature, and
heat.

An estimate of the circumstances under which the quantum
and classical descriptions of the molecules’ rotation should
correspond is given as follows. First it is required that the
typical quantum state involved be high order. Specifically,
we require £y, > 1, where ¢y, is the total angular momentum
quantum number for a thermal molecule, definedby T = E;, =
hQy =hQolyw (€ + 1), where Ey = h€2y are the ground state
energy and €2 the ground state frequency. Second, the corre-
spondence will apply only for times shorter than the Heisen-
bergtime: ty = 2 /(2,41 — Rq,,) = 27 /(2€1,2). For times
longer than ¢y the discreteness of the energy spectrum cannot
be ignored and the recurrences in the response of the molecules
occur. For nitrogen at room temperature we find £y ~ 10 and
ty ~ 0.84 ps.
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This paper is organized as follows. In Sec. II we describe the
single-molecule trajectories in field-free conditions and the full
nonlinear trajectory in an impulsive laser field. After the single
molecule analysis, we derive the fully kinetic linear response
function and Green’s function for the molecular ensemble,
and a simplified nonlinear approach for obtaining the impulse
response to all orders. In Sec. III, we derive the fluid moments
and determine which closures are required to accurately model
the kinetic phase mixing of the diatomic gas and nonlinear
effects. At the end of Sec. III, we examine the time asymptotic
behavior of fluid response. In Sec. IV we present our
conclusions.

II. KINETIC RESPONSE MODEL

A. Classical diatomic molecule

We begin by considering the motion of a classical rigid
body. The body consists of two masses connected by a rigid
rod. Each mass represents an atom in the diatomic molecule.
Our classical molecule has three translational degrees of
freedom and two rotational degrees of freedom. The moment of
inertia around the molecular axis, the axis parallel to the rigid
rod, is much smaller than the moment of inertia around the
perpendicular axis and is neglected. The field free Hamiltonian
can then be written as

P

ik 7
21sin%26’

2m 21

H 3)

where [ is the moment of inertia, pg is the translational
momentum (configuration space momentum), and py = I wy
and pgy = lwy sin? @ are the rotational momenta in the plane
of the vertical axis and around the vertical axis, respectively.
Here wy =6 and wy = ¢ are the rotational frequencies
associated with the momenta. The Hamiltonian has no explicit
dependence on time or ¢ and thus both H and p, are constants
of motion. The geometry of the rotor is depicted in Fig. 1.
We assume the laser intensity is uniform in space so that
the applied potential does not couple the translational degrees
of freedom, and we only need consider the rotational Hamil-
tonian. We define K as the kinetic energy in configuration
space, K = D K- D x/2m, and R as the rotational Hamiltonian,
R=H-K:
2 P
Dy + i 2IR. (G))

The field free orbits can be solved for exactly. After
integrating Hamilton’s equations that follow from Eq. (4), we
find

cos® = 1(1 — Qg,0) cos[fy — wgt]

+ 5(1 4 Q9,0) cos[6 + wt], )

where 6y = 6(1y), 99,0 = a)g,o/a)R, and wg = (ZR/I)I/Z. We
note that |24 o| < 1. Equation (5) demonstrates that the motion
is completely characterized by the constants of motion and the
initial conditions.
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B. Classical molecular trajectory in an impulsive laser pulse

If the duration of the laser pulse is much shorter than the
response time of the molecules the torque may be treated
as an impulse. In this case, the full nonlinear molecular
trajectory can be determined. The impulsive torque imparted
by the polarizing field will result in a jump discontinuity
in the momentum, py, of the molecule while keeping the
angular precession continuous in time. We write the rotational
Hamiltonian as follows:

2
2 4 sinfe — Yolay + Aacos? 01E25(t — 1) = 2IR,
(6)

where o is the time constant associated with the impulse
and #; is the time at which the impulse occurs. From
the equations of motion we obtain the relation wy . (t;) =
wy,<(t1) — %a AaEg sin[26;], where the subscripts < and >
distinguish the trajectory before and after the impulse, re-
spectively, and 6; = 6_(t;) = 0-(¢;). Both before and after
the impulse the molecule follows its field-free trajectory. For
t < t; the trajectory evolves as described by Eq. (5). For ¢t > ¢,
we have

cosf. = (1 — Q1) cos[f; — wg(t —17)]
+ 51+ Qo) cosl0; + wrt — 1)), (7)

where Qy ; = wg - (t;)/wg. The polarizing impulse modifies
the rotational frequency of the molecules based on their
angular orientation at the moment of the impulse. In particular,
molecules get pushed toward the pole to which they are closest
providing an overall aligning of the diatomic gas.

C. Ensemble of classical diatomic molecules

We now consider the phase space evolution of a distribution
of classical molecules. The four-dimensional phase space is
defined by the variables 6, pg, ¢, and pg. The evolution
of the distribution function is governed by the collisionless
Boltzmann equation

5 N
|:5 + ? . V) — vV(Q,l) . vp:| f(9’¢7p9’p¢’t) =0, (8)

where p - V = pgdp + (sin2 0)pyds and V, = 0(3d/dpg) +
(/9 py). If there is no external potential, the only condition
on the distribution function is (p -V — VIV - V,) f =0,
where 0 - VVegr = —pj cos0/1sin® 6 is the effective torque
due to the explicit 6 dependence of the Hamiltonian. The
thermal distribution in the absence of an external potential
is then

2
P Py

1
9 = — —_— —_——
JO.po-po) =g eXp[ 20T 21Tsin29:|’ ©)

72IT

where the equilibrium density, ng, is defined to be (sin 9)’1

[ f©.po,py)dpedpy = 1/4m  and [ f(6,pg,py)dOde
dpedpy = 1.
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D. Classical, kinetic linear polarizability

We first consider the linear response of the diatomic gas to
the applied potential. The distribution function is written as
the sum of an equilibrium and response contribution

f(07¢9p37p¢’t) = fO(Q’P(%Pw + 8f(97¢7p97p¢’t)* (10)

Inserting Eq. (10) into Eq. (8) and linearizing we find
d
Eafzv’vL(e,z)V’,,fo. (11)

From Eq. (11), we see that the component of potential pro-
portional to the perpendicular polarizability will not contribute

to the evolution of the perturbed potential: Va LlE |>=0. As
a result we do not consider this component of the distribution
function when evaluating the linear response.

Noting that VIV, -V,=(p-VV)ig and (d —
IV, =p- v Vi, Eq. (11) can be integrated to provide

afo

spe 12

8f0,t Vetafo tdt/ 8V9t’
f(0.1) = L(,)aR [m [aﬂ (0, )}
where we have used §f(0,t — —o0) = 0. The first term
represents the adiabatic response of the diatomic gas to the
applied potential, which we denote §f4 = V dg fo. This is the
only contribution to the perturbed distribution function for
time-independent applied potentials. The second term, which
we denote §fy4, represents the nonlocal time response of
the distribution function to the applied potential and includes
the contributions of the individual orbits for the diatomic
molecules.

Evaluating fy4 requires integrating the equilibrium orbits
through the first-order potential. In other words, we perform
an ensemble average of all initial conditions that end at the
angle 6 at time ¢. Upon expressing | E(¢)|? in the frequency
domain, which we denote with a “hat,” and inserting Eq. (5)
for cos? 6, we write S8fna(6,t) as follows:

Aa [ Do
Sfna = —z—f / [cosécos(ng) — (—)
8 J_ oo Tog

2—=~2 ) afO
X sinf sin(a)Rg)i| |E| e_”"(H”a—Rda)zd{, (13)

where ¢ is now a dummy integration variable and the inner
integration is over all frequencies. Performing the integral over
£, we have

Aa cos? 6
8 = -
fNA AT 0
24 A@)w — BO)] =2 .
X /[‘” + A . ( )}|E| e dw, (14)
w? — 4wy

where A(0)=2i(py/I)tand, B(B):Z[wfe + (p(;/l)2 tan® 6],
and we have used the fact that dg fo= — fo/T.

To find the perturbation on the dielectric response of the
gas, we need to multiply Eq. (14) by cos’6 and integrate
over phase space. Before integrating we transform variables
from py to wg. In particular py = I(a)%e — pé/l2 sin? 6)'/2sg,
sg = sgn(wg), dps = (I*wg/ps)dwg, and we define wr =
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FIG. 2. (Color online) Comparison of the classical theory in red
(dashed) with a full quantum-mechanical density-matrix calculation
in black (solid). In (a) nitrogen is considered while in (b) oxygen is
considered.

(2T/D)". Upon integrating over py4, ¢, and 6, we find the
nonadiabatic, nonlinear polarizability as follows:

o =S | fowen 143 (557
=— SR
v SwT R w? — 4wR

x |E| e*“"’ folor)dwdwg, (15a)

where fo(wg) = (8721T)~"! exp[—w?% /w%]. Similarly, one can
show that the adiabatic response is

2 mp(Aa)?

5 Tl |E@)P,

4= (15b)
which cancels the first term within square brackets Eq. (15a).
From here on, we consider the total polarizability 'y = I'4 +
I'na-

Equation (15) is in the form of a product of Fourier
transforms, thus by considering an impulse for |E(¢)|?, we
can obtain the linear time domain Green’s function, G, for
the molecular response: I'7(t) = [ G(t — t')|E(t')|*dt’. From
Eq. (15a) we find the Green’s function in the frequency domain
to be

6@ / ( 2% ) “Ggae (16a)
=—g | k| =5— = )¢ R a
Q2 — 403

while in the time domain

G(r) = %fs,gsz%e sin(QrT)e” %R d S, (16b)
where we have defined Q = w/wr, Qr = wr/wr, T = 2071,
and gy = 8mp(Aa)?/151 w7 Equations (16) demonstrate that
the shape of classical linear response depends on only one

parameter: wr. Performing the integration over Qg we find

2
121 _ T\ -4 T
G(r) =5 |:r g (1 2>e erﬁ(z)], (17)

where erfi is the imaginary error function. In Appendix A, we
examine limits of Eq. (16a).

Figures 2(a) and 2(b) show a comparison of I'j =
wro E SG(T) with the full quantum mechanical result obtained
by solving for the evolution of the density matrix (details of
the quantum mechanical calculation can be found in Ref. [15])
for N; and O, respectively. Here we use a laser pulse intensity
of I =1x 10" W/cmz, duration 0 = 20fs, and T = 294 K.
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FIG. 3. (Color online) Comparison of the classical theory in red
(dashed) with a full quantum-mechanical density-matrix calculation
in black (solid) for nitrogen at 7 = 20 K and 7 = 100 K.

The results are almost exactly identical, implying that the
dominant quantum effect is that of rotational recurrences. For
lower temperatures we may expect the classical and quantum
response functions to diverge. In particular, when the thermal
energy approaches the fundamental rotational eigenfrequen-
cies, T ~ 4mchB, where B is the rotation constant, only a few
states are populated in equilibrium and the discrete nature of
the rotational eigenstates become important. As an example,
we consider nitrogen at 7 = 20K and 7 = 100 K. Figure 3
shows a comparison of the classical response function with
the density-matrix calculation. From Fig. 3 it is clear that
the accuracy of the classical model relies on the number of
states populated. The condition T ~ 4w chB also depends
on the rotational constant, which is inversely proportional
to the moment of inertia: For nitrogen B ~ 1.99 cm™!, for
oxygen B =~ 1.44 cm~!, while for hydrogen B ~ 59.3 cm™!

The response of diatomic gases such as hydrogen, which have
less inertia, exhibit quantum properties at higher temperatures.
Figure 4 shows a comparison of I'y = wro E3G(t) with
the density-matrix calculation for hydrogen at 7 = 294 K.
Clearly, our classical model is insufficient for modeling the
initial response of hydrogen gas at atmospheric temperatures.
Furthermore, for times approaching a quarter of the recurrence
period T ~ 1/8cB, the presence of quantum recurrences can
affect the polarizability, and the classical model is no longer
applicable.

I'y/p (107 cm?)

quanturmn

[
-—
L2

o

t (fs) 125

FIG. 4. (Color online) Comparison of the classical theory in red
(dashed) with a full quantum-mechanical density-matrix calculation
in black (solid) for hydrogen at T = 294 K.
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E. Classical, kinetic nonlinear polarizability

As demonstrated in Sec. II B above, the nonlinear molecular
trajectories can be determined when the polarizing field takes
the form of an impulse. This allows us to write an expression
for the full nonlinear response to the impulsive field for which
a simple Taylor expansion provides the response at each order
in | E|. Right after the impulse the distribution can be written
as

f(91,P91,P¢)

(pes — Asin260;)? P
2IT 21T sin26; |’

(18)

= 8n2IT

where the subscript I denotes quantities just after the impulse
and A = }11 o AaE]. Because the Hamiltonian phase space
volume is conserved f(0;,por,pe1)dPr = f(0,po,py)dP,
where dP = dOd¢dpedps, and (cos?> ) can be written as
an integral over phase space quantities immediately after the
impulse as follows:

o1

2
(coszé) = / [cos 07 cos(wgrt) — (p_) sin 0, sin(a)Rt)i|
Ia)R
x f(Or1,por1,pyr)dP;. (19)

Upon transforming from py to wg using py = sgl(wk —
p2/1%)2sin6 and dpy = (I*wg sin® 0/ py)dwg the integral
over py; and ¢ can be performed. The resulting expression can
then be Taylor expanded to any order desired in the parameter
A x Eé. Writing I' = Zi I';, we find, as expected, to lowest
order T = ¥ pAa and T'y = wro E}G(), where G(1) is
given in Eq. (17). To next order in Eg we find the following:

1 AaE2\?
I, = — 72 pAa (%) re " Herfi (%) .0

210 wr

Equation (20) has the interesting property that it does
not phase mix to zero as T — oo. Thus, at second order,
the laser pulse leaves behind a steady-state alignment in
the diatomic gas with a time asymptotic polarizability of
I, = mpAa(o AaE}/1wr)*/105.

Figure 5 shows a comparison of the fully nonlinear
quantum-mechanical treatment with the classical analytic
expressions for the first- and second-order polarizability of
nitrogen derived above: I'; 4 I',. The first-order classical re-
sponse is also plotted for reference. For these calculations, we
considered a laser pulse intensity of / = 1 x 10" W/cm?, du-
rationo = 20 fs,and T = 294 K. The inset shows a zoomed-in
region of the response detailing the steady-state alignment left
behind by the pulse before the quarter recurrence. Again the
results are almost identical. The second-order polarizability
is clearly sufficient for capturing the full response up to
intensities of 1 x 10'* W/cm?. This is particularly remarkable:
Beyond these intensities, we reach the ionization threshold
for nitrogen, ~2 x 10" W/cm? [27] and thus higher order
treatments may be unnecessary for propagation simulations in
which both molecular alignment and ionization play a role.
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FIG. 5. (Color online) Comparison of the fully nonlinear quantum
theory in black (solid) and the first- and second-order classical theory
in red (dashed) for nitrogen at 7 = 294 K. The fist-order classical
theory is plotted for reference in gray (thin line). The inset shows
a zoomed-in region detailing the constant offset in the molecular
alignment.

III. FLUID RESPONSE MODEL

While evaluation of the linear Green’s function in ki-
netic theory is tractable, full nonlinear treatments can
become cumbersome due to the four-dimensional phase
space. Here we derive a set of fluid equations for describ-
ing the evolution of the macroscopic rotation frequency
by taking moments of Eq. (8), which simplifies nonlin-
ear calculations of the response. In particular, we define
the following: n = (sin®)~' fdpf, nP = (sin®)~' [ pdpf,
Mgg = [(po — Po)’dpf, Mgy = (sin0)"* [(py — Py)*dpf,
and Iy = (sin 0)~! J(Po — Po)(py — P¢)df7f, which repre-
sent the density, momentum density, and three elements of the
pressure tensor (ITyg = Il4p) in molecular orientation space.
We note that, in general, the pressure can be anisotropic,
corresponding to a distribution function that is not separable in
momentum, which provides the off-diagonal elements, ITyg.
The potential due to the laser pulse is independent of ¢, and
any derivative with respect to ¢ can be ignored. The resulting
fluid equations are then

on v A P9
- A6nZl) =o, 21
ar < "7 ) (21a)
o= L Neorom,, —
dt' " Tnsine APY-
cotd 0
— p’—_vy, 21b
+Isin29 90 (210)
d 1
Zp=——V.n 21
7 b o 0> (21¢)

where d;, = 0; + (Py/1)dy and v. 0= (sin0)~'9y sin . The
absence of convection in ¢ and the conservation of Py up
to the anisotropic pressure are results of the potential being
independent of ¢. If Py and Iy start as zero, they will remain
so for all time.

When the applied potential is independent of time, corre-
sponding to an infinitely long laser pulse, and the tempera-
ture is uniform, Bernoulli-like steady-state equations can be
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derived using the ideal gas law, Ilgg = I1yy =nT sin0,
namely,

o =nPysinb, (22a)

e
B = > [T + w7 loge(n)i| +V,
where o and B are independent of 6 and we have taken
Py = Tlpy = 0. Any isothermal equilibrium of the system
must satisfy Eqs. (22a) and (22b). The most straightforward
equilibrium is that for which V = 0,n = (47)~", and Py, = 0.
In the presence of a potential and with Py = 0 the equilibrium
density is n = nyp exp[—2V/Iw%], where ng is the density
where the potential is zero.

(22b)

A. Fluid linear polarizability

To obtain the polarizability from the fluid theory we must
evaluate the quantity (cos>6) = [ n(8)sin@ cos’> #d0d¢. The
diatomic gas starts in the equilibrium with V = 0,n = (4m)~!,
and P, =0 and is perturbed by the presence of the laser
pulse. We denote the first-order perturbations as n; and Py ;.
Using the equation of state (EOS) closures I4y = ¢4 sinOn®
and Ilpy = ¢4 sinOn”, where the ¢y and ¢y are constants, the
linearized versions of Egs. (15a) and (15b) can be expressed
as the following second-order differential equation:

” +Acots 2 — A) : 2 ¥ +(1— A)
362 30 sin?6  yw? 92

P TAx 20 9 B (23a)
X = ——sin260 — , a
T 2y ot

where A =y + (1 —«a)/y. For the special case of A =
1, Eq. (23a) simplifies to the driven, modified Legendre
differential equation

, 2 9° IAa 0 = 5
|:L s 81‘2] Py = 207 sin 26 at|E(t)| ,  (23b)
where we have defined L2 = 892 + cotfdy — sin~26. The
situation of A =1 corresponds to the condition that y =
1[1+ (5 —4a)'"/?], and thus the only integer solution is
o = y = 1 corresponding to an isothermal EOS, T = const.
The general solution to Eq. (23b) can be expressed as
Pp1(0,1) =Y, P(t)M}(cosB), where M} is the modified
Legendre polynomial (we use M for the Legendre polynomials
as opposed to the traditional P to distinguish the momentum).
The exact solutions for the momentum and density are then

IA =2
Py (0.1) = —i—2 sin29/%|E| e de, (24a)
’ w? — 3wy
Aa 1 =7
0.6) = ——2 1 +3c0s20] | ————|E| e do.
me.n = -1+ ]/w2_3w%| | e do
(24b)

As in the previous section, we look for the impulse response
to determine the Green’s function for which we find

1
G(2) = —go [m} , (25a)
G(r) = % sin [?% . (25b)
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We note that for large 2 and small 7 the fluid and
kinetic Green’s functions are identical. However, for large
T the fluid Green’s function does not damp away due to
phase mixing like the kinetic Green’s function. This is not
surprising as momentum space phase mixing is a strictly
kinetic phenomenon.

B. Phase mixing in fluid response

Because the lack of phase mixing can diminish the utility
of a pure fluid treatment, we follow the technique outlined
by Hammett et al. for including phase mixing [25,26]. The
general procedure involves choosing a closure to the fluid
equations that damps away any initial perturbation. The
transport coefficients associated with the closure are found by
fitting the damping to the kinetic result to ensure similar time
behavior. The type of closure introduced determines which
conservation laws apply. For instance, including a diffusion
closure [T = nT — (v/I W’ P to the angular momentum equa-
tion would conserve momentum but not energy.

Previous work using the two-pole approximation for the re-
sponse function [10,28] can be expressed within the formalism
of fluid closures. In particular, the two-pole approximation is
equivalent to adding a viscosity, v, to Eq. (21b) and allowing
for variation in the “natural” frequency v/3w7. In the original
method described by Hammett et al. v is an integral operator
representing a convolution with respect to the spatial variable.
However, for the polarizing field of the laser pulse, the spatial
form of the potential is known and thus only one spatial mode
need be considered. As a result, v is simply an algebraic
coefficient. Specifically, Egs. (21b), (25a), and (25b) take the
form

4= Y _12p, ¢
dt 0 127tn 0 Insiné
tOTI 911og 9y (262)
X | co — - —V, a
AT 36
1
GQ)=—-g0| — |, 26b
€ g0[§22+2i§2f;—3:| (266)
. 1A
sin (5o7,T) _ 1,
G(r)=m#e 2%, (26¢)
wry

where v is the rate of momentum loss associated with
viscosity, D = v/wr, and &7, = (3 — ?)!/2. We note that the
kinematic viscosity is given by v/12wn. The value of v is
typically determined by fitting Eq. (26¢c) to experimental data
or a full quantum-mechanical density-matrix calculation. It
is clear that Eq. (26b) does not preserve the zero-frequency
limit of the kinetic Green’s function. However, matching the
low-frequency limits of Eq. (26b) to Eq. (A3) is not required
to ensure similarity of the fluid and kinetic response functions
in the time domain. Because the response is damped for large
times, matching the zero-frequency behavior is not critical. On
the other hand, the small time (large frequency limit) limit of
Eq. (26c) is independent of v but still has the same functional
behavior as Eq. (16a). A clear difference of the fluid response
function is that the imaginary component drops as Q= for
large frequencies, whereas the kinetic response drops much
more rapidly.
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FIG. 6. (Color online) Comparison of the fully nonlinear quantum
theory in black (solid) and the two-moment fluid response with
viscosity in green (dashed) for nitrogen at 7 = 294 K.

The value of v can be chosen in a variety of ways to
match features of the kinetic response in either the time
or frequency domain. In general, choice of the transport
coefficient v depends on the problem being solved. For short
laser pulses, matching the initial behavior of the response
is critical, while for long pulses matching the total integral
of the response function may be important. Here we focus
on capturing time domain features of the response function
by finding the minimum with respect to v of the integral
1(v) = [[Gk(t) — G ¢(v,1)]*dt, where the subscripts k and f
refer to the kinetic and fluid responses, respectively. In other
words, we look for the least-squares fit with the parameter
p. With the least-squares fit we find that ¥ = 0.95; thus, the
viscosity is similar to the thermal time scale. The results for
a laser pulse with an intensity of 7 =1 x 10'2W/cm? and
duration o = 20 fs in nitrogen at 7 = 294 K are shown in
Fig. 6. While the fit is reasonable, it is not as accurate as
desired and we next examine how to improve upon the fluid
model by introducing additional fluid moments and transport
coefficients.

C. Pressure equations

The traditional two-pole approximation presented above
provides a reasonable fit to the kinetic response, but inclusion
of more fluid moments can provide better approximations to
the kinetic response function. Hammett et al. achieved a close
representation of the kinetic response function of a plasma
with four fluid moments. Here we follow a similar procedure
and examine how our approximation of the kinetic response
improves as we include additional moments. The inclusion
of additional moment equations increases the maximum order
of the pole approximation. For instance, adding the pressure
equations allows a three-pole approximation, adding the heat
flux equation allows for a four-pole approximation, etc. In
addition, using a closure relation at higher moments can
ensure conservation of the intuitive macroscopic quantities
of momentum and energy. As we will see, inclusion of
the pressure equation is necessary to capture the nonlinear
behavior of the kinetic response as it involves conservation of
energy.

We first define the heat flux moments as follows:

Qooo = [(pg — Po)’dpf, Qppo = (sin6) 72 [(py — Py)?

PHYSICAL REVIEW A 84, 013829 (2011)

(Po — P)dpf, Qpps = (sin®)7> [(py — Py)Y’dpf, and
Qpoo = (sin®)™! [(py — Py)(po — Po)*dpf. We  then
rewrite the elements of the pressure tensor in terms
of temperature, Il,, = nT,, sinf, and the heat flux as
Qube = Ingupesinf. While the general equations for
the temperature elements can be quite complicated (as
shown in Appendix B), here we consider the situation of
Toy = Py = qe00 = q¢pp = 0. This situation is equivalent
to disallowing off-diagonal elements of the pressure tensor
to develop and is consistent with the conservation of Pg.
The equations for the temperature take the form

d 2 8P9 v

—Ty = —=Ty—> — PyL?P,
dt 0 1 0 00 6rln v 0
1? ~
-V (Onggeo) + 2 cot Oqpgen. (27a)
d 2 1 ~
STy = —ZT,Pscoth — v.@ in? 9).
ar e = Tylebocott = g Y (Bndage sin”6)

(27b)

From here on we use the shorthand g4 = g4¢s and g =
qoee since we are only interested in these two elements of the
heat flux tensor. If the heat flux is identically zero, one can show
that the linear temperature perturbations can be expressed as
Ty, = fg’l(t) cos26 and Ty | = fe,l(t) cos? 6, implying that
both temperatures have the same time dependence but different
spatial dependence.

There are several choices for the heat flux closure, each
of which will result in a different relationship between Ty
and Ty. Here we focus on one closure and note that the
response functions resulting from other closures are only
trivially different. We consider another closure in Appendix C
and show that the resulting response functions are only trivially
different. We choose closures on gg and g, of the form

1 A
~-V - (Ongy) — 2 cotfq,
n

R 32T, w 0Py ¢ %n (28)
4902 21 %96 " 121002
7V - (Ongy sin*6)
3 [ d2T, 3P, 92
= —cotf— e g—i—zT@—e—i—n .
4 30 | 4 902 21 %90 121 962
(28b)

The terms on the right-hand side of Eq. (28a) can be inter-
preted as thermal conduction, modifications to the adiabaticity,
and modifications to the compressibility of the diatomic fluid.
The utility of these closures is demonstrated below. For now
we note that i, @, and ¢ need not be independent.

We write the first-order quantities as n; = (t)(1 +
3cos20), Py = f’g,l(t)sin 20, Ty, = Tg,l(t) cos26, and
Ty, = fgyl(l‘)COSZ 6. Upon linearing Eqs. (27a) we have the
following:

N

Ty 4 A )
ETO,I =—-4- CU)TOPM —ulp1 +4mwcire. (29)
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The resulting response function is

PHYSICAL REVIEW A 84, 013829 (2011)

Q+if

G(£2) = —go |:

where i = u/wr and ¢ = ¢/w}. For 1,¢ =0 and @ =4
[which eliminates the first term in Eq. (29)] we recover
Eq. (26b). From Eq. (30) it is clear that the parameter @
provides the freedom to choose the “natural” frequency of the
mode. There are, however, constraints on how the transport
coefficients can be chosen. The response function in the time
domain must be damped as a function of time; thus, all the
roots of the denominator in the Eq. (30) must be complex with
negative imaginary components. Given this condition, one can
show that the denominator in Eq. (30) has two possibilities
for the set of three roots: Q = [w;—iv;,—w;—iv|,—iVy] Or
Q = [—iv),—ivy,—iv3]. Furthermore, the physical argument
that thermal conduction and compressibility must be diffusive:
w,¢ > 0, precludes the second set of roots above. Fortuitously,
the first choice of roots has more correspondence with the
response function found in Sec. III B. We see in the next section
that a nonzero value of the coefficient ¢ can lead to unphysical
equilibria and time asymptotic behavior; thus, we choose to
set it to zero.
We can rewrite Eq. (30) using our choice of root set as

—ihy(1 — 367)
D2 + &F — 201D,
Q+iv
X - 3
Q2 +2i01Q -0 Q+id

G(Q) = g [

(31a)

where W = &?2(1 + 103 — 30102)/9,(1 — 1&?), and @&, 9y,
and D, are related to the transport coefficients via the equa-
tions: & = 170,20 + 1 = 20 + Dy, and 20 + 8 — 3w =
AR +(I)f. The variables @;, ?;, and D, will be chosen
to match the kinetic response function in the time domain.
Rewriting Eq. (31a) in the time domain we have the following:

%2(1 - 507)

G = —g (‘1’ i > sin (Lo 7)
Ol 92+ &2 — 201, & 2™

1. 1 1
xe 2" tcos(3diT)e 2" — e z] (31b)

As with the two-moment model, we use the method of
nonlinear least squares to find the values of &, 91, and D,. The

process involves minimizing the integral / (;?) = [1Gi(t) —

G f(f( ,0)]?dt, where the elements of the vector X are w1,
v1, and D,. From the values of ®; = 2.37, ¥, = 1.27, and

vy = 3.28 that minimize I (R), wefind i = 6.16, 0 = —6.45,
and ¥ = —0.17. While a negative value of viscosity may seem
strange, it provides a linearly stable solution. The stability of
the response is determined by the roots of the denominator of
Eq. (30), not the value of the transport coefficients. Figure 7
shows the results for the same laser parameters and temperature
used in Fig. 6. The fluid response function matches the
quantum response function quite well. By including the heat

, 30
Q3+i92(29+ﬂ)—9(2m—§w+8)—i(3ﬂ+§§)] 0

flux equations we could improve upon this result, but this will
be considered in subsequent publications.

D. Nonlinear time asymptotic behavior

In the previous section we found that adding the pressure
moment with additional transport coefficients provided a
simple way to model kinetic phase mixing. In addition to
providing an accurate response function, the pressure moment
also provides energy conservation. A result of this is a
steady-state alignment, as found in the quantum and classical
kinetic calculations. Here we consider the time asymptotic
behavior of the second-order quantities after the presence of
the polarizing impulse. The second-order equations are driven
by terms involving products of the first-order quantities, which
damp away due to phase mixing. Furthermore, the effect
of phase mixing should eliminate any macroscopic flow in
the system: Directed energy imparted by the polarizing field
is converted to thermal energy. In particular, we can write
the conservation of energy after passage of the laser pulse
as [n(Tyeg + Tpyp + P(,2 /1)dV = const. At first order one can
show that [[no(Ty,1 + Ty,1)dV = 0; thus, there is no global
gain in thermal energy at first order, and a second-order
treatment is necessary for energy conservation.

For long times, the equations for the second-order quantities
reduce to the following:

82n2

3[1, azTg’z
g 2
20

47 962

=0, (32a)

0Ty »
a0

Equation (32a) guarantees the heat flux is eliminated in
equilibrium while Eq. (32b) is the steady-state equation for
momentum density. The transport coefficient ¢ allows a
gradient in Ty, in equilibrium. As shown in Appendix D,
this is an unconventional equilibrium; thus, we continue
considering the situation of ¢ = 0. Multiplying Eq. (32b)

9
+ (Tyz — Tp2)cotf + 47TT0£ —0. (32b)

I,/p (107 cm?)

quantum

-1
0 t (fs) 650

FIG. 7. (Color online) Comparison of the fully nonlinear quantum
theory in black (solid) and the three-moment fluid response in green
(dashed) for nitrogen at T = 294 K.
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by %cot@ cos’f and integrating by parts the asymptotic

second-order polarizability is
2nrpA

r, = 2mohe
3T,

where we have used that n is symmetric about 6 = 7/2
and 4mn,(60 =0) = —ﬁ J(Ty,2 — Tp2)cos 6 cot8df [found
by multiplying Eq. (30b) by cos 6]. Equation (33) demonstrates
that a modified steady-state polarizability requires Ty » # T >.
In terms of kinetic theory, this implies the distribution function
is not just a function of the Hamiltonian, but also has
dependence on the constant of motion py4 (see Appendix D).

Upon using the condition of energy conservation,
SI(To2 + Tp2)is00dV = [(Pg)i=0dV, and writing Ty, =
Tyr— Ty sin? @ we find

To aAozEg 2
Tg’z(t g OO) = % T . (34)
T

With Egs. (33) and (34) the time asymptotic second-order
polarizability can be calculated, for which we find

- : T oAaE3\’ 5)
— Q) = _ _
2 P2\ 05 )\ Ty )

nearly the same value found from the kinetic theory.

/ (Tyr — Tyr)cos*Osinfdd,  (33)

IV. SUMMARY AND CONCLUSIONS

We have considered the delayed response of a diatomic gas
to an ultrashort laser pulse using both classical kinetic and
fluid theory. A classical kinetic model was developed for the
evolution of the molecular distribution function in the presence
of a polarizing laser pulse. An analytic expression was derived
for the linear response function. For heavy molecules such as
nitrogen and oxygen at atmospheric temperatures, the analytic
expression was shown to be in excellent agreement with full
quantum-mechanical density calculations of the molecular
response before the quarter recurrence time.

For impulse laser pulses we formulated a fully nonlinear
approach for determining the response function to any desired
order in the electric field strength. Using this approach,
we derived an analytic expression for the second-order
polarizability. The classical expression for the polarizability
including the second-order correction was again in excellent
agreement with the full quantum-mechanical calculations.
An interesting effect of the second-order polarizability was
a modified steady-state alignment after passage of the laser
pulse. We concluded that the second-order polarizability was
sufficient as the differences between the nonlinear quantum
calculation and the classical kinetic theory were negligible up
to the intensity threshold for ionization.

From the Boltzmann equation used for the classical kinetic
theory, we derived fluid moment equations. In doing so, we
lost the ability to capture the phase mixing of the molecular
gas. To model phase mixing with fluid equations, we used
the approach of Hammett ez al. [25,26] previously considered
in plasma physics. The method involves defining a closure
for the fluid equations with transport coefficients that provide
linear damping. The linear damping provides the same physical
result as phase mixing. We considered this approach for both a

PHYSICAL REVIEW A 84, 013829 (2011)

two-moment model (continuity and momentum) and a three-
moment model (continuity, momentum, and energy). The
transport coefficients were found using nonlinear least squares
on the linear fluid time domain response and the quantum-
mechanical response. The results for the three-moment model
were in good agreement.

Aside from providing an accurate response function, the
three-moment model also provides energy conservation. In
the absence of net equilibrium momentum, the kinetic energy
is proportional to the square of the first-order momentum.
Thus, to consider energy conservation, we had to consider
the fluid equations at second order in the laser intensity.
While energy conservation was necessary to capture the
modified steady-state alignment at second order, it was not
sufficient. The steady-state alignment required an anisotropic
temperature. We showed that not only was the temperature
anisotropic but the ¢ component of the temperature was a
function of 6 in the modified equilibrium.

The main result of the paper was to derive a computationally
expedient model for determining the molecular response. In
the linear kinetic case this was done by determining the Green’s
function of the gas: For any pulse shape the response of
the gas can be determined through a convolution in time.
The convolution, however, is an expensive operation NN,Z,
where N, is the number of numerical time steps and cannot
capture nonlinear effects. The fluid equations provide an
efficient method for determining the response. The linear time
domain response is completely separable with respect to time,
and thus a convolution only requires ~N; operations. For the
nonlinear response, a system of four coupled first-order partial
differential equations must be solved.
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APPENDIX A: LIMITS OF THE KINETIC
RESPONSE FUNCTION

In Sec. IT C, we derived the kinetic response function of the
molecular gas to the perturbing potential. Here we examine
properties of this function. We begin by considering the small
argument limit, for zero frequency we have

G(0) = 18- (A1)

One can show that G(€2) satisfies the differential equation

d? d 1 1
Q— 4+ (L - 1)— + - |G =—=gyQ: (A2
|: d522+( )d§2+4 :| g 80 (A2)

however, déG has a logarithmic divergence as Q2 — 0;
thus, the Frobenius method is not an option for determin-
ing the low-frequency behavior. One can write an alterna-
tive low-frequency expansion of the form G(Q) = > [o, +
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B log,(£2)]2", for which we find the first few coefficients to
be

2
G(Q) = Leol1 4+ Y i Lori0 10
=180 insa\ 5 ) e 1 og, |£2|

1 3
+ —Q*log, |Q| — —94...}. (A3)

16 64

In the large argument limit we can simply Taylor expand
the denominator of Eq. (16a) to find

2 2n
oo (&) - Eren ()]
n=1
(A4)

where I' is the I' function and sg, represents the sign of €2.

APPENDIX B: GENERAL TEMPERATURE EQUATIONS

In Sec. III, we introduce simplified versions of the temper-
ature equations. The general equations before simplification
are shown below:

d Ty 0Py 4 cotf v
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vV 2 Tg 8P¢ 1
— PyL"Py — —— — —
6rln Isinf 06

X V . (énq¢99 sin @) + cot 0gpge -

nsind
(B3)

APPENDIX C: ANOTHER CLOSURE CHOICE
FOR THE HEAT FLUX

In Sec. III we considered a closure that resulted in Ty ;
and T} ; having the same temporal dependence but different
spatial dependence. Here we consider an additional closure on
gy that allows for different time dependence of Ty ; and T ;
as follows:

1 N 5
7V - (Ong, sin’ 6)
3%T, dP, 92
__RrTl @ il s.on (C1)
4 902 21 90 12n 062
We write the first-order temperatures as Ty =

Ty.1(t)cos20 and Ty, = Ty (t) cos> 6 + 8T (¢)sin® 0, where
8T represents the difference in time dependence between
Ty,1 and Ty ;. From the linearized equations for continuity,
momentum density, and temperature we have

i To 4 . )
EST = _w7P9’1 +uTy1 —4mghg,

(C2)
where the equation for Tg,l is Eq. (29). Equations (C2) and (29)
are different due to the first term in Eq. (27b) not contributing
to the evolution of 87", implying that f};,l and YA’,N do not
have identical time dependence. Although Egs. (C1) and (30)
are different, the resulting response function is surprisingly
similar:

—Ty=-2——2 4 - PyTpy — PyL*P
dr? 1 90  Isine % 6xin 777
1 .
+2cotOggpn — ;_V) - (Ongoge), (B1)
d 2Tps P,
ST, = —2TyPycot) — —22. "2
dt Isinf 060
. L,
— nsinzev - (Ongegpe sin” 0), (B2)
d T9¢ BP(; T9¢Pg 2 cotf
Sy =020 t0+ = ——T,P
ar 1 90 I Ot Tsng et
|
G(Q) = —
) go[Q3+i§22(2ﬁ+/5L)—

The similarity between Eqgs. (C1) and (30) indicates that the
linear response function is insensitive to the closure chosen.

APPENDIX D: KINETIC EQUILIBRIA

Here we discuss kinetic equilibrium and show that 7y has no
gradient for conventional equilibria. This is the primary justifi-
cation for setting the transport coefficient ¢ = 0in Sec. III. As
discussed in Sec. II the equilibrium distribution function must
satisfy the equation (p - v - ?IVeff . v,,)f =0, where
0 -VV = — pi cos@/1I sin® . The most general solution to
this equation is f = f(R,py), which is a function only
of the constants of motion. Equation (9) is one such solution.
Taking the pressure moments of Eq. (9), one can show that
Ty = T, where both are independent of angle. In Sec. III, we
also showed that in order for a laser pulse to leave behind

Q+ij ] (3)

QQAD — @ +9) +i(50 + 20)

a modified equilibrium polarizability Ty # T4. The simplest
equilibrium distribution function allowing this is

1 2 pé pé
__ _s22 | (D1
f(xexl{ 2T (p0+sin29> (DD

2IT
for which T, = T is independent of 6, and § parametrizes the
difference between Ty and Ty. Because there is no first-order
correction to the equilibrium (all first-order quantities phase
mix away) 6 must be a quartic function of the laser pulse’s
electric field: § ~ (Aa)’0?Ej. Upon taking the moment

Mgy =sin"20 [ ps fdp/ [ fdp we have
sin?f
1+ 8sin26’
thus, equilibrium differences between the temperatures are a
result of even orders in the perturbation expansion. Noting that

the modifications to the temperature are also proportional to
8, we can write Ty o ~ 8Tp; thus, Ty — Tpo = —8Tp sin? 6.

Ty — Ty = —8T, (D2)
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