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Polarizabilities of two-electron positive ions with screened Coulomb potentials
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We have carried out calculations of the polarizabilities of the two-electron positive ions Li™, Be?t, B3,
C**, N°*, and O°" interacting with screened Coulomb potentials. Highly accurate correlated exponential wave
functions are used to represent correlation effects on the charged particles. The dipole, quadrupole, and octupole
polarizabilities for the screening parameters in the range O—1a; ' are reported. Reported results for the unscreened
case are comparable with the available results and for the screened case show some interesting behavior with

increasing nuclear charge.
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I. INTRODUCTION

Exploiting established and powerful computational aspects
[1-8], in the present paper, we have investigated the effect of
screened Coulomb potentials on the multipole polarizabilities
of two-electron positive ions using highly correlated expo-
nential wave functions. In free atomic cases, to the best of
our knowledge, few theoretical studies on the polarizabilities
calculations on the two-electron positive ions have been
reported so far [4,6,7]. Recently Kar and Ho [8] reported
the effect of screened Coulomb potentials on the multipole
polarizabilities of helium and the hydrogen negative ion in
the framework of the pseudostate summation technique. In
this paper, we calculate the dipole, quadrupole, and octupole
polarizabilities for the systems Li*, Be>*, B3+, C**, N>+, and
0%t in their respective ground states for different screening
parameters.

This paper presents the behavior of the screened Coulomb
potentials on the two-electron positive ions with increasing
nuclear charge and with changing the screening parameters.
The interesting behavior of the dipole and octupole polarizabil-
ities of Li*(1'S) for increasing screening parameters is also
presented in our calculations. The importance of the screened
Coulomb (Yukawa) potentials on different atomic systems will
be found from the earlier reports [8—15]. We have examined
the convergence of the present calculations with an increasing
number of terms in the wave functions. Atomic units (a.u.) has
been used throughout.

II. HAMILTONIAN AND WAVE FUNCTIONS

The nonrelativistic Hamiltonian describing the proposed
systems having a nuclear charge Z characterized by a parameter
W is given by
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where r; and r, are the radial coordinates of the two electrons
and r is their relative distance. When the two-electron atoms
(ions) are placed in vacuum, we have u = 0. In plasma physics
the parameter i (=1/Ap, Ap is called Debye length) is known
as the Debye screening parameter and is a function of electron
density and electron temperature.

For the 'S, ' P, ' D, and ' F states of two-electron atoms,
we employ highly correlated wave functions [8,15-18]

N L
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where the functions YIL‘}{j(rl,rg) are the bipolar harmonics or

Schwartz harmonics, #; =r;/r; (j = 1,2), Y, (7;) denotes
the usual spherical harmonics, C/)/ | are the Clebsch-
Gordan coefficients, «;,f;,y; are the nonlinear variation
parameters, A;(i = 1,...,N) are the linear expansion coef-
ficients, I; + 1, = L, L = 0 for S states, L = 1 for P states,
L = 2 for D states, L = 3 for F states, N is number of basis
terms, and the operator Py, is the permutation of the two
identical particles 1 and 2. In Eq. (3), we consider /; as the
remainder of the integer division i/(L + 1),i.e.,l; =i — (L +
1) mod (i /L + 1). The nonlinear variational parameters «;, f3;,
and y; are determined using a quasirandom process [8,17,18].

III. RESULTS AND DISCUSSIONS

To calculate polarizabilities of the proposed systems, we
use the static polarizability relation, which can be expressed
finally in terms of a sum over all intermediate states including
the continuum [3-8]:

8 1
St = — JUol Y Yl W) P, (4
! 2[+1Z<En0>|< ol : ritg r) )| 4)

n

where E,, 0 = E,, — Ey, the sum i runs over all the electrons in
the atoms, Wy is the ground-state wave function, Ej is the cor-
responding ground-state energy, and W, is the nth intermediate
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TABLE I. Comparison of static dipole polarizability (S;), quadrupole polarizability (S,), and octupole polarizability (S3) of two-electron
positive ions in their ground states with the available results.

z System S (500-600) S, (500-600) S5 (500-900)
3 Lit This work 0.1924532076 0.113 887353 0.168442
Ref. [6] 0.192 453204 0.113 887296 0.168429083
Ref. [7] 0.192453207 866 0.113 8873421 0.168429 833
4 Be* This work 0.052268 7629 0.015320382 0.011410
Ref. [6] 0.052268 7668 0.015 3203544 0.011 3490276
Ref. [7] 0.052268 763 0129 0.015 320355279 0.011 348 8445
5 B3 This work 0.019644 2910 0.0034266318 0.001 521 847
Ref. [6] 0.019 644 2921 0.003426 631 04 0.001 521 607 35
Ref. [7] 0.019 644291 0827 0.003426631 126 0.001 5215919
6 CcH This work 0.008 9639315 0.001 035 8626 0.00030795
Ref. [6] 0.008 963931 65 0.001 03586105 0.000 306 243 629
Ref. [7] 0.008 963 931 596 95 0.0010358610711 0.000 306242 584
7 N+ This work 0.004 65552239 0.0003824095 0.0000812194
Ref. [7] 0.004 655522389719 0.000382408 783 81 0.000080652 193 56
8 os+ This work 0.002 6525073 0.000 162 7839 0.000 026 045
Ref. [7] 0.002 652507 253 18 0.000162783 43223 0.000 025 720 4666

eigenfunction with the associated eigenvalue E,. To obtain
ground-state wave functions for Li*, Be’>*, B3+, C**, N>+, and
0%, we calculate the optimum values of ground-state energies
of the respective systems by solving the Schrodinger equation
HV¥ = EV¥, where E < 0 in the framework of the Rayleigh-
Ritz variational method. Guided by the upper bound principle,

the nonlinear parameters in Eq. (2) are varied to minimize the
ground-state energies. The ground-state energies of the two-
electron positive ions for different screening parameters have
been reported in the earlier works of Kar and Ho [17]. As for
the final-state P, D, and F state eigenfunctions for Li*, Be>*,
B3+, C*,N>*, and O%*, we obtain the nonlinear parameters in

TABLE 1II. Static dipole polarizability (S)), quadrupole polarizability (S,), and octupole polarizability (S3) for Li* (1'S) and Be** (1'5)
for selected screening parameters.

zZ=3 Z=4
Si S> S3 M (xlO’]) S> (xlO’]) S3 (xlO*')
AD (500-600) (500-600) (500-900) (500-600) (500-600) (500-900)
00 0.192453 2076 0.113 887353 0.168442 0.522 687 629 0.15320382 0.11410
0.192453 2070% 0.113887350* 0.168441° 0.522 687 626* 0.153203 81* 0.11405°
100 0.192466 9008 0.113902 246 0.168478 0.522707 193 0.15321442 0.11411
50 0.192507 6410 0.113946 511 0.168 582 0.522765529 0.15324598 0.114 15
20 0.192787 4828 0.114249972 0.169295 0.523168 192 0.15346349 0.11442
10 0.1937559813 0.115298 355 0.171754 0.524571915 0.154 22026 0.11533
0.1937559807* 0.115298 352 0.171752° 0.524571912* 0.154 220 25* 0.11528°
5 0.1974551116 0.119313953 0.181211 0.529974 788 0.15713223 0.11880
4 0.200 1479324 0.122 260306 0.188219 0.533914 921 0.159261 86 0.12133
3 0.205869 1511 0.128599 872 0.203 531 0.542 259205 0.163797 87 0.12675
2.9 0.2067804586 0.129 620262 0.206 027 0.543 582964 0.16452111 0.12762
2.8 0.207790 2100 0.130754 374 0.208 810 0.545047 690 0.16532259 0.128 59
2.7 0.2089134728 0.132020302 0.211930 0.546 674 425 0.166214 24 0.129 66
2.6 0.210168 3288 0.133439986 0.215445 0.548 488 346 0.16721043 0.13087
2.5 0.2115767508 0.135040 266 0.219427 0.55051979%4 0.168 32852 0.13222
2 0.2221267448 0.147261 333 0.250536 0.565575651 0.176 698 33 0.14248
1.5 0.245678 8773 0.176 042 506 0.328 504 0.598 092 066 0.195296 02 0.16601
1.2 0.278419 6587 0.219435593 0.457 460 0.640 839553 0.220 854 20 0.200 04
1.1 0.297 1317828 0.245951451 0.542352 0.664 094 033 0.235286 81 0.22008
1.0 0.3235003110 0.285365474 0.676262 0.695557 587 0.255402 26 0.24896
4500-500.
®500-800.
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TABLE III. Static dipole polarizability (S;), quadrupole polarizability (S,), and octupole polarizability (S3) of B3* (1'S) and C* (1'S)
for selected screening parameters.

Z=5 Z=6
S (x1071) S, (x1072) S5 (x1072) Si (x1072) S, (x1072) S5 (x1073)

b (500-600) (500-600) (500-900) (500-600) (500-600) (500-900)
00 0.196 442910 0.342663 18 0.152 1847 0.896393 15 0.103 58626 0.30795

0.196 442 909 0.342663 15 0.1521838° 0.896393 12¢ 0.103 58625 0.30792°
100 0.196 447 437 0.34267781 0.152 1950 0.896407 13 0.103 58926 0.30797
50 0.196 460952 0.34272147 0.1522257 0.896 448 92 0.103 59822 0.308 01
20 0.196 554 506 0.34302327 0.1524375 0.896 73875 0.103 66031 0.308 32
10 0.196 882 141 0.344 07826 0.1531763 0.89775691 0.103 878 06 0.309 38

0.196 882 140° 0.34407823¢ 0.153 1754° 0.89775691° 0.103 878 05° 0.30935°
5 0.198 150 689 0.348 15758 0.156 0299 0.90171670 0.104723 45 0.31341
4 0.199 078 529 0.35114367 0.158 1219 0.904 620 85 0.105343 37 0.31635
3 0.201 044 352 0.35748794 0.162 5834 0.91078175 0.106 66021 0.32258
2 0.206513579 0.37531294 0.1752758 0.927913 12 0.11034301 0.34006
1.5 0.214 037479 0.400324 96 0.1935199 0.951356 04 0.11544678 0.364 62
1.2 0.223 712500 0.433 38260 0.218 4296 0.981198 17 0.122063 37 0.397 12
1.1 0.228 870078 0.45142505 0.2324032 0.996951 83 0.12561255 0.414 87
1.0 0.235732075 0.47588519 0.2517637 0.101773927 0.130356 34 0.43895
4500-500.
°500-800.

TABLE IV. Static dipole polarizability (S,), quadrupole polarizability (S,), and octupole polarizability (S3) of N°* (1'S) and O%* (1'S) as
function of the screening parameters.

Z=1 Z=38
S (x1072) S, (x1073) S5 (x1074) S (x1072) S, (x1073) S5 (x1074)
b (500-600) (500-600) (500-900) (500-600) (500-600) (500-900)
00 0.465 552239 0.382409 51 0.81219 0.26525073 0.1627839 0.26045
0.465 552236 0.382 409 46° 0.81211° 0.26525072 0.162 7838" 0.260 40°
100 0.46555748 0.3824175 0.81222 0.26525298 0.1627864 0.26046
50 0.465573 15 0.3824414 0.81232 0.26525973 0.1627941 0.26047
20 0.46568199 0.3826075 0.81293 0.265306 65 0.1628477 0.260 65
15 0.46578199 0.3827599 0.81348 0.265 349 80 0.162 8969 0.26079
10 0.466 065 21 0.3831911 0.81501 0.26547213 0.1630362 0.261 19
0.466 065 20°* 0.383 1910° 0.81492° 0.265472 13 0.163 0362° 0.26113°
8 0.466 34929 0.3836233 0.81651 0.265 594 96 0.163 1761 0.26158
6 0.466 956 59 0.384 5465 0.81970 0.265857 86 0.1634751 0.26239
5 0.467 56073 0.3854645 0.822 85 0.266 11967 0.1637727 0.263 18
0.467 56073 0.385 4645° 0.82275° 0.266 11967 0.163 7727 0.263 12°
4 0.468 660 09 0.387 1347 0.828 54 0.266 596 60 0.164 3147 0.26461
3 0.470995 54 0.390 6845 0.84059 0.26761109 0.1654675 0.26762
2.5 0.473306 41 0.3942022 0.85252 0.26861585 0.1666101 0.27058
2 0.47749472 0.400 5967 0.87422 0.27043775 0.168 6859 0.27594
1.8 0.480191 34 0.404 7290 0.88829 0.27161068 0.1700257 0.27939
1.6 0.48393111 0.4104815 0.90795 0.27323667 0.1718877 0.28420
1.5 0.486 37155 0.414 2496 0.920 88 0.274297 09 0.173 1054 0.28735
1.4 0.489341 46 0.418 8510 0.93672 0.275 586 74 0.174 5900 0.29120
1.3 0.493 008 93 0.424 5575 0.956 45 0.27717782 0.176 4272 0.29597
12 0.49761581 0.4317651 0.981 54 0.279 17387 0.178 7413 0.30200
1.1 0.50352125 0.441 0694 1.01417 0.28172790 0.1817177 0.03098
1.0 0.511278 84 0.453 4053 1.057 88 0.285074 34 0.185 6445 0.32016
0.511278 84 0.453 4052° 1.057 70 0.285 074 34 0.185 6445 0.320 06
4500—500.
©500-800.
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FIG. 1. (Color online) Static dipole polarizability (S)),
quadrupole polarizability (S5), octupole polarizability (Ss) for (a) Li*
(1'S) and (b) Be>* (1 'S) as a function of the screening parameters.

Eq. (2) by maximizing the values of polarizabilities, as guided
by their lower bound property [19].

Using Eq. (4), we calculate the dipole, quadrupole, and
octupole polarizabilities for Li*, Be’*, B3+, C**, N°*, and
0% in their ground states for different screening parameters.
In the unscreened case of helium, our results are comparable
with the accurate results reported in literature [4,6,7]. We have
made the comparison in Table I. We present our calculated
results for different screening parameters in Tables II- IV in
terms of the screening parameters Ap and in Figs. 1-3 as
functions of the screening parameters . From the tables and
figures, it is clear that the values of the polarizabilities are in
the order S; >S, >3, except for the Li™ ion. For the Li* ion,
the values of the polarizability appear in the order S; >S5,
S1<83, and S <S5 for the values of screening parameters Ap
less than ~2.9qy. But for the values of screening parameter
Ap greater than ~2.9ag,this order is S| >S, >, S| >S3, and
S$><S83. In Fig. 3(a), we multiply the dipole polarizability S;
by a factor 1/2m, and in Fig. 3(b), we multiply S; by a factor
1/4m to set Si, S», and S3 in one figure. The convergences
of our calculations are presented in Tables II-IV with an
increasing number of terms in the final-state wave functions
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FIG. 2. (Color online) Static dipole polarizability (S)),
quadrupole polarizability (S), octupole polarizability (S3) for (a) N>+
(1'S) and (b) O%F (1 'S) as a function of the screening parameters.

for the same sets of the optimized nonlinear parameters. From
Table I1I, it is clear that the convergence of the calculations is
quite satisfactory with increasing nuclear charge Z, and with
increasing screening parameters. To represent the number of
terms in the wave functions in Table III, we set the number of
terms for ground-state wave function (say, Ns) and the number
terms for the final-state wave function (say, Ny) as Ng— Ny.
In Fig. 1 and Table III, the increasing trend of multipole
polarizabilities with increasing screening strength indicates
that the system would become more polarizable when the
strength of the screening effect is increased. However, the
polarizabilities increase in a slower rate with increasing Z. In
this paper, we present the effect of screening on the dipole,
quadrupole, and octupole polarizabilities for the screening
parameters in the range 0.0-1.0a, h

Finally, we would like to discuss the possible application
of our predicted results with and without the presence of
a screening background. In free-atomic cases, there have
been excellent advancements in the measurement of polar-
izabilities [1-4]. Besides the historical electric deflection
experiments, new methods have been developed using cold
atoms, magneto-optical traps, atomic-scale gratings, universal
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FIG. 3. (Color online) Static dipole polarizability (S),
quadrupole polarizability (S,), and octupole polarizability (S3) for
(@) N°F (1 'S) and (b) O (1 'S) as a function of the screening
parameters.

beam detectors, cluster beam techniques, and microwave
spectroscopy of Rydberg atoms for the measurement of
polarizability. Detailed experimental developments on the
static electric dipole polarizabilities have been discussed in
excellent review articles [20-24]. With recent developments
on the measurements of polarizabilities and the availability
of high-intensity lasers, higher-order polarizabilities will also
be accessible for observation. In the present paper, we have

PHYSICAL REVIEW A 84, 012504 (2011)

confined ourselves to the static polarizability calculations and
so the atomic ions would be subject to dc fields. In the screening
environments, in the context of plasma physics, our study
presents the atomic polarization shift for the two-electron
positive ions in the presence of Debye plasma environments.
At present, the theoretical results might be used for plasma
diagnostic purposes. Perhaps in the future, when laboratory
plasmas can be advanced such that the temperature and charge
density of plasmas are in controllable conditions, then the
Debye lengths can be adjusted in experiments. Recently, a
study [25] has been performed to investigate the influence of
plasma electron density on frequency-dependent linear field
response behavior of Ne®* embedded in a dense plasma
medium. Our results can be applied to the determination of
the spontaneous radiative emission rates corresponding to
the various multipole contributions by considering dynamical
electromagnetic-multipole phenomena. The influence of dense
plasma on frequency-dependent linear field-response behavior
of atomic ions will be the subject of our future investigations.

IV. SUMMARY AND CONCLUSIONS

In the present paper, we investigated the static dipole,
quadrupole, and octupole polarizabilities of two-electron
positive ions interacting with screened Coulomb (Yukawa)
potentials employing highly accurate correlated wave func-
tions in the framework of the pseudostate summation method.
The pseudostate summation technique has been established
as being very successful in evaluating a variety of interesting
processes in atomic structures and collisions calculations. For
the pure Coulomb case, our results compare reasonably well
with the available accurate results in the literature [4,6,7]. For
the screened Coulomb cases, to the best of our knowledge,
there are no reported results for dipole, quadrupole, and
octupole polarizabilities to compare our results. With the im-
proved experimental technique [23,24,26-28], and with a wide
application of screened Coulomb potentials in different areas
of physics and chemistry, we believe our results will provide
useful information to the research communities of atomic
physics, chemical physics, few-body physics, astrophysics,
and plasma physics.
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