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Asymptotic entanglement of two atoms in a squeezed light field
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The dynamics of entanglement between two-level atoms interacting with a common squeezed reservoir is
investigated. It is shown that for spatially separated atoms there is a unique asymptotic state depending on
the distance between the atoms and the atom-photons detuning. In the regime of strong correlations there is a
one-parameter family of asymptotic steady states depending on the initial conditions. In contrast to the thermal
reservoir, both types of asymptotic states can be entangled. We calculate the amount of entanglement in the

system in terms of concurrence.
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I. INTRODUCTION

Dynamical creation of entanglement by the indirect inter-
action between otherwise decoupled systems has been studied
recently by many researchers, mainly in the case of two-level
atoms interacting with the common vacuum. The idea that
dissipation can create rather then destroy entanglement has
been put forward in several publications [1-4]. In particular,
the effect of spontaneous emission on the destruction and
production of entanglement has been discussed [5—8]. When
the two atoms are separated by a small distance compared
to the radiation wavelength, there is a substantial probability
that a photon emitted by one atom will be absorbed by the
other, and the resulting process of photon exchange produces
correlations between the atoms. Such correlations may cause
initially separable states to become entangled.

The case of two atoms immersed in a common thermal
reservoir was also investigated [9-12]. As shown in [12],
similarly to the vacuum case, the collective properties of the
atomic system can alter the decay process compared to the
single atom. There are states with enhanced emission rates such
that the emission rate is reduced. The important example of the
latter is the antisymmetric superposition |a) constructed from
energy levels of considered atoms. When the atoms are close
to each other, this state is decoupled from the environment and
therefore is stable. In that case the asymptotic states of the
system are parametrized by the fidelity F' of the initial state
with respect to state |a) and the temperature T of the photon
reservoir. Moreover, the asymptotic states can be identified
with thermal generalization of Werner states, that is, mixtures
of state |a) and the Gibbs equilibrium state at temperature 7.

In the present paper, we consider the atoms interacting
with a photon reservoir in a squeezed state [13]. In practice,
squeezed light sources produce photon fields in multimode
squeezed states, but here we assume a broadband approxima-
tion in which the parameters characterizing the photon field
are constant over a sufficiently broad frequency range. The
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dynamics of atoms interacting with squeezed light has been
studied by many authors (see, e.g., the review paper [14] and
references therein). In the context of our studies, we mention
the result of Palma and Knight [15] showing the existence of
a highly correlated asymptotic state and the analysis of the
cooperative behavior of atoms in broadband squeezed light in
Ref. [16].

In this paper, we study the asymptotic entanglement of a
system of atoms evolving according to the master equation
considered by Tana$ and Ficek [18] but we allow nonzero
detuning between the atomic transition frequency and the
carrier frequency of the photon field. In the case of spatially
separated atoms studied in detail in Ref. [18], there exists
a unique asymptotic state, but in contrast to the vacuum or
thermal reservoirs, this state can be entangled. However, the
produced entanglement is maximal only when the atoms are in
resonance with the squeezed photon field. Nonzero detuning
significantly diminishes this production. The case where the
atoms are separated by a small distance has not been studied
previously by other researchers. In this experimental setup
the dynamics of the system changes radically. Let us point
out that in this case, in contrast to spatially separated atoms
where the stationary asymptotic state is unique, there is a
one-parameter family of steady states, which further implies
that there are dynamically stable nontrivial observables in
the system. The asymptotic states p,; depend on the initial
fidelity F' and parameters describing the reservoir, but nonzero
detuning also modifies the matrix elements of p,s. We show
that the asymptotic states can be expressed as a mixture of
a separable Gibbs state and two pure entangled states: an
antisymmetric state |a) and some symmetric superposition
of ground and excited levels of the atoms. This realization
of the asymptotic state simplifies for zero detuning and a
minimum-uncertainty squeezed reservoir to a mixture of |a)
and a two-atom squeezed state [15]. Thus, in that case, there
are two linearly independent stable pure states so that the
decoherence-free subspace is two-dimensional [17].

Depending on the initial fidelity, some of the asymptotic
states are entangled. We calculate the amount of asymptotic
entanglement using the concurrence as its measure. We also
show that for initial fidelity greater than some threshold value
(depending on the properties of the reservoir and detuning), the

©2011American Physical Society


http://dx.doi.org/10.1103/PhysRevA.83.062322

JAKOBCZYK, OLKIEWICZ, AND ZABA

asymptotic concurrence is nonzero. This property is analogous
to the thermal reservoir case. But when the reservoir is in a
squeezed state, somehow an unexpected result occurs: initial
states with low or even zero fidelity become asymptotically
entangled. The possibility of production of entanglement
starting from separable states with zero fidelity is very
interesting. In this case the correlations present in a squeezed
reservoir are transferred to the atomic system, entangling, for
example two atoms, both in the ground state. But as before,
large detuning between atoms and the photon field destroys
this possibility.

II. MODEL DYNAMICS

Consider two-level atoms A and B with ground states
|0); and excited states |1); (j = A,B), interacting with the
radiation field in a broadband squeezed vacuum state with the
carrier frequency w;. The parameters N and M characterizing
the squeezing satisfy

S VNN +1),

where the equality holds for a minimum-uncertainty squeezed
state. In the Markov approximation the influence of the
reservoir on the system of atoms can be described by the
dynamical semigroup with the Lindblad generator [18]

M= |M|e” and |M]|

L =—i[H,]]+ Lp,
where

w . .
H= 7" > ol + Y Quolot, (IL1)
j=A.B Jh=pB
i

and

1 . . .
Lpp= 3 Z yix(1+N) 20’ pok —oko! p—poko?)
j.k=A, B

1
+5 D YiNQolpot—ctalp—potal)
Jj. k=A,B
1 —zZlWwyg
5 Z vk M Qolp U+_(7+(7+:0 :0(74-(74-)6 Ziost
Jj. k=A,B
l o
5 Z ijM(zo' ,OO’ —o’ o’ ,0 ,OO' o’ )eZwat'
k=A, B
' (I1.2)

Here

A B
Gi20i®]1, ai:]l®0:by

03A=a3®]1, U3B=]1®o3.

In the Hamiltonian (IL.1), wy is the frequency of the transi-
tion [0); — [1); (j = A, B) and Qup = Qp4 = 2 describes
interatomic coupling by the dipole-dipole interaction. In
contrast, dissipative dynamics is given by the generator (I1.2)
with parameters y4p satisfying

(IL.3)

YAA = VBB = Y0, VAB =VBA =Y.

In the above equalities, y; is the single-atom spontaneous
emission rate, and y = G(¥4p) o is the collective damping
constant. In the model considered, G(¥43) is the function of
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the interatomic distance 7,p, and G(F4p) is small for large
separation of atoms. In contrast, G(F4p) — 1 when F,p is
small (for more details see, e.g., [19]).

The time evolution of the system of atoms is given by the
master equation

dp

L _Lo. 1.4
o Iy (I1.4)

In a frame rotating at frequency wy, the master equation (I1.4)
becomes an equation with time-independent coefficients, and
it may be written as

dpr

;o ~
=L p;, IL5
dr pi >
where
L=—ilH,1+Lp,
with
~ 8
H=2 + Y Quolot, s =aw—w, (IL6)
j=A.B j k=A.B
J#k
and
~ 1 j j j
Lopi=3 > v+ N)2olpiot—atol p—poto?)
j.k=A.B

it NQolpio* —o* ol p;—profol

l\)l'—*

s

l\)lH

Js

k=A,B
Z Vik M(20+p10+_6+0+p1 _,01(7+(7+)
k=A,B
Y v Mol prot —ok ol pr—protal).
k=A, B

l\)lH

: (IL7)
Notice that in the Hamiltonian (II.6), detuning §, can be
arbitrary. Only when the atoms are in resonance with the carrier
frequency of the squeezed vacuum does &y = 0.

From now on we omit the subscript /. The master equation
(IL.5) can be used to obtain the equations for matrix elements
of a state p of the system of two-level atoms with respect to
some basis. To simplify the calculations one can work in the
basis of collective states in the Hilbert space C?® C?[19],
given by product vectors

le) =11)a®1)p, 18) =10)a ®[0)5, (I1.8)
symmetric superposition
1
ls) = E(|0>A Qg+ 1)a ®10)p), (IL.9)
and antisymmetric superposition
1
ja) = —=(1)4® 100 — [0} ® [1)p).  (L10)

V2

In the basis of collective states, the two-atom system can
be treated as a single four-level system with ground state
|g), excited state |e), and two intermediate states, |s) and
|a). From (IL.5) it follows that the matrix elements of
state p with respect to the basis |e), |s), |a), |g) satisfy the
equations, which can be grouped into decoupled systems of
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differential equations. So the diagonal matrix elements and p,,
satisfy

dp
d—:e = 0 — ¥)N paa + Yo + VIN pgs — 200N pee
-V (Mpge + Mpeg)’
dpgs
Pl —(yo + YA +2N) pgs — (1 + 1) pee — N pgg
- M:Oge - M;Oeg],
dPaa
dt = —()/0 - )/)[(1 +2N)paa _(1 +N)1Oee _Npgg
+ Mpge + M peg],
dpgg
7:(VO_V)(1+N)paa+(VO+y)(l+N) Pss =270 N pgg
-V (M Pge +Mpeg)9
dpeg
ek —(Yo — ¥)Paa + (o + V)M pss — y Mpyg,

— ()/0 (l + 2N) + 2180) Peg-

In contrast, the elements Py, Pag, 05> and psg are connected
by the following equations:

Bae | (4] INEL) i+ 9
dt =V ) Yo ) 1 (0o Pae

IL11)

— (=) Peat+Vo—VIM pea—y M pag.

as _ |, (w4 L N+ 5 )—i (o)
dt =V 2 Yo 2 1 (09 Pag

+(V() - V)M;Oga - (VO - V)(l + N)/Oea - )’M/an,

pse _ N4 )00 (28 + 1) =i 6ol )
dt - 14 > Yo 2 IANY] Pse

+ Vo + V) Mpes + (Yo + ¥)Npgs — ¥ Mpgg,

dpsg N+ D) (28 + D) i o+
— = A A 14 se
dr 14 3 Yo ) 0 1Y

+ o+ V)A+N)pes + o+ yY)M pgs — v M pye,

(I1.12)
and, finally,

dpas
dt

The equations for the remaining matrix elements can be
obtained by using the Hermiticity of p.

From Egs. (II.11) it follows that, similarly to the case of
a reservoir in the vacuum state (see, e.g., [19]) and thermal
state [12], a system of atoms in symmetric state |s) decays at
the enhanced rate yy + y, whereas the antisymmetric initial
state |a) leads to the reduced rate yy — y. When the atoms
are so close to each other that we can ignore the effects of
their different spatial positions, we can put y = 3. In this
limiting case of strongly correlated atoms (Dicke model), state
|a) is completely decoupled from the reservoir. It can also be
checked that the master equation (I1.5) describes two types of
time evolution of the system of atoms, depending on the
relation between y and yp. When y < yp, there is a unique
asymptotic state. This state was found in Ref. [18] for
the special case of zero detuning. In the general case, we

=—[Y(1+2N)—=2iQ] pys. 1.13)
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compute it in the next section. In contrast, in the Dicke model
case when y = yp, we show that there is a one-parameter
family of nontrivial asymptotic states depending on the initial
states.

III. ASYMPTOTIC STATES

A. Spatially separated atoms

The case of spatially separated atoms when y < y, was
studied in detail in Ref. [18], but for completeness of the
exposition we also discuss this point briefly. In addition, we
allow nonzero detuning, which makes the model more realistic.
Direct calculations show that, in that case, there exists a unique
stationary asymptotic state p,, which in the canonical basis

Ha®[l)p, [1)a®|0)p, [0)a®[1)p, [0)4a®|0)s
has nonvanishing matrix elements
€o
P11 ="—"—> P2=pP33= o
0 0 (IIL.1)
b 20 dy
P33 = —, P14= ", P44=—),
Uuop uop
where for
3
5=2, =L,
Yo Yo
we have
uop = (1+2N)*[(1 +2N)> +45%]
+4IMP 77— A +2N)), (IIL.2)
and

ao = N*[(1 +2N)? — 4|MJ* + 464 + |M*72,
co= NN + D [(1 +2N—4|M* + 48| +|M*7*,
do = (1+ NY [(1 +2N)> —4|M* + 48] + |[M*7°.
(I11.3)

Moreover,

bo=—27|M|*, zo=—(142N —=2i8)7 M. (II1.4)

State (II.1), in contrast to the analogous asymptotic state in
the thermal reservoir, can be entangled and as we show later, its
entanglement depends crucially on the value of the normalized
detuning § and the normalized damping constant 7.

B. Strongly correlated atoms

The main new results of the paper concern the atoms
which are close to each other. Then we can put y =
and equations (I.11)—(I1.13) simplify. One can check that
the solutions of (II.12) and (II.13) asymptotically vanish and
the only contribution to the asymptotic states p,s comes from
Pee»PaasPsssPgg» and p.,. Note that in this case

dPaa

faa _,

dt SO ;Oaa(t) = paa(o) =F,

where

F = (al|pla)
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is the fidelity of the initial state p with respect to the
antisymmetric state |a). Hence the fidelity of the asymptotic
state p,s also equals F' and one finds that in the canonical basis
the matrix of p,s has the same “X” form as in the case of state
(ITL.1), but with nonvanishing matrix elements given by

a c F
om=0—=-F)—, pp=01-F)—+ —,
u 2u 2
c Z
p3=(1—-F)———=, pu=(0-F)=, (II5)
2u 2 u
d
paa=1-F)—,
u
and p33 = p. In Egs. (IIL.5) we have
u=(4+2N)*(143N 43N> -3|M*)
+4(1 43N +3N?)82, (I11.6)

and

a =4N’[N(N + 1) — [M)*] + [M|> + N> (1 + 48%),

c=(14+2N?[N(N +1)— [M*] + 2N(N + 1)§?,

d=0+2N)[1+N+3NNN +1)— |MP>)]
+2N[N(N + 1) — |[M* 1+ 4(1 + N)*8?

z=—(14+2N -2i5)M. I11.7)

The asymptotic states p,s defined by (II1.5) exist for any initial
state and, for fixed parameters characterizing the squeezing,
depend on the initial fidelity and the normalized detuning § =
80/yo of the electromagnetic field. When M = 0, we recover
the case of a standard thermal bath with N playing the role of
the mean photon number [12].

To study the structure of the asymptotic states, we consider
first the special case of minimum-uncertainty squeezing and
zero detuning of the radiation field. One can check that, in that
case, the matrix elements of p,s are given by

N F
pru=0=F)——=, pn=(as)33=—=,

142N’ 2
1+N
- —(—F , 18
P23 70 P ( )1+2N (IIL.8)
JNNFD
pu=0—-F)—————e",
1+2N

where 6 = ¢ + . The asymptotic state given by (IIL.8) has a
remarkable structure: it is a mixture

pas = (1 = F)[N,0)(N,0| + F |a)(al (1L.9)
of the pure state
N o [1+N
IN.O)=/——= 1004 ®[0)5 + € [ —— )4 ® 1)
142N 14+2N (IIL.10)

and the antisymmetric state |a). State |N,0) is known as a
two-atom squeezed state and can be obtained from the ground
state |g) = |0)4 ® |0)p by applying the atomic squeezing
transformation S(£), given by

SE)=expEolo? —golal), (IIL11)

for the appropriate choice of the complex parameter £ [15].
This state is entangled, and in the limit of maximal squeezing
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(N — 00), itbecomes a maximally entangled generalized Bell
state. Notice also that |a) and |N,0) span a decoherence-free
subspace for this specific system, as recently established in
Ref. [17].
In the general case the structure of p,s is much more
involved. Define
c

F. = . (I11.12)
c+u
By a direct calculation we see that if F' > Fy, then
Pas = (1 — p —q)pg + pla)al +q |¥y)(y|,  IL13)
where
c c 1zl (a +d)
p= 1+—)F——, = ———=(1-F). (1Il.14)
< u u u+ad
State pg is a Gibbs state,
e_ﬂHa
= — I1.15
PE = AT ( )
for the Hamiltonian H, = Hy + H;, with
Ho=2 " of le%(ﬂ®ﬂ+a;‘®o33),
j=A.B
the inverse temperature
1 d
B=—In—, (II1.16)
2(,()() a
and the frequency
26()() C
w1 (II1.17)

= 11’1 .
Ind/a vad — |z|

Moreover, the pure state |1) is given by

_|_a_ ip |_d
|w>—,/a+d 0)4 ®10) + ¢ ,/Hd A ® |15,

(IIL.18)

where ¢ = arg z.

Formula (II1.13) is a generalization of Eq. (II.9) as well
as the corresponding representation of p,s by the thermal
generalization of Werner states in the case of a thermal
reservoir [12]. Observe also that for F' < F;, the asymptotic
state cannot be expressed as the mixture (III.13), but in contrast
to the purely thermal case, the states p,5 can be entangled even
if F < F. We study this problem in the next section.

IV. ASYMPTOTIC ENTANGLEMENT

For characterization of the entanglement of the asymptotic
state p,s, we use Wootters’ concurrence [20], defined for any
two-qubit state p as

C(p) = max(0,v/A1 — A2 — VA3 — /),

where A > A, > A3z > A4 are the eigenvalues of the matrix
0P, with p given by

(IV.1)

P=00Q0:p0r® 0y,

where p denotes complex conjugation of the matrix p. For
states in the “X” form, concurrence is given by the function

C(p) = max(0,Cy, Cy), (Iv.2)

062322-4



ASYMPTOTIC ENTANGLEMENT OF TWO ATOMS IN A ...

with
Ci =2(|p1al — V/p22033),

(IV.3)
Cy = 2(|p23| — /P11044)-

A. Entanglement of the asymptotic state p,

Let us start with spatially separated atoms which have the
unique asymptotic state p,. Its concurrence is given by
lzol —co |bol — ~/aodo

C(py) = 2 max <0, )
Uugp Uugp

) . (V4

Analysis of this function in the general case of a broadband
squeezed reservoir is involved, so we focus on the case of
minimum-uncertainty squeezed states and consider (IV.4) as
a function of the squeezed field intensity N, for fixed values
of parameters 7 and 8. We plot this function in Fig. 1 for
different values of detuning. It is evident that there is a range
of values of mean photon number N for which the asymptotic
concurrence is positive. Observe that the maximum of C(p,)
appears for rather small values of N and the nonzero detuning
diminishes the production of entanglement.

B. Entanglement of states p,

The properties of the concurrence of p,s as a function of
the initial fidelity can be studied in more detail. Notice that for
these states we have

-2 -2
C1=<C |Z|—1>F—C 2l (IV.5)
u u
Define
c —2|z|
Fj =max (0, ———= ). (IV.6)
c—2lzl —u
If F; > 0, then
Ci>0 for 0K F < Fy.
In contrast,
F Jad
C2=2<‘(1—F)i——'—(l—F) a ) (IV.7)
2u 2 u
0.20
s 0.15j ]
=
5]
c X
= 0.10y . 1
(5] \
= \
8 \
0.5\ \ ]
\\
\ el
0.00 : ' — = =
0.0 0.5 1.0 1.5 2.0

FIG. 1. Entanglement of state p, as a function of N for ¥y =
0.85 and different values of detuning: § = 0 (dotted curve), § = 0.5
(dashed curve), and § = 1 (solid curve).

PHYSICAL REVIEW A 83, 062322 (2011)

Notice that if F < F,, then

c F
(1-—F)— — = >0,
2u 2
and
2V ad — 2V ad —
Cy = (# - 1) F_N9TC qvs)
u u
Since
2V ad —
cvad —c¢ 1 <0,
u
)
Cy <0 when F < F,.
Let now F > F,, then
2V ad 2V ad
C, = (1+C+_ W>F_C+_ vad 1y
u u
Define
2V ad
F = _ctovad (IV.10)
c+2vad +u

Form Eq. (IV.9) we see that
C, >0 when F > F,.

In contrast, direct calculations show that

F2 2 Fcr and Fl < Fz.

Taking into account the above results, we arrive at the
conclusion that, depending on the initial fidelity F, the
asymptotic state p, is entangled for all F € [0, F;) U (F>,1]
(provided F; > 0) and separable for F' € [F}, F;] (see Fig. 2).
The asymptotic concurrence reads

Cl, 0 < F < Fl
Cz, F2 < F < 1 ’
with C; and C; given by Egs. (IV.5) and (IV.9), respectively.

This general result also covers the special cases of a vacuum
reservoir where F, = 0, a thermal reservoir with F; = 0 and

C(pas) = { (IV.11)

1.0

0.8+ ]

0.6+ ]

0.4 ]

Concurrence

0.2 1

0.0 : ‘ ‘
0.0 0.2 0.4 0.6 0.8 1.0

F

FIG. 2. Asymptotic entanglement versus fidelity for a minimum-
uncertainty squeezed reservoir with N = 1 and detuning 6 = 0.8
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1.0 e e
0.8 f
0.6! —

0.4 1

Concurrence

0.2/ ]

0.0 ‘ : :
0 1 2 3 4

N

FIG. 3. Asymptotic entanglement of initial states with F = Q as a
function of N, for different values of detuning: § = 0 (dotted curve),
& = 0.8 (dashed curve), and § = 2 (solid curve)

F> > 0, and a minimum-uncertainty squeezed reservoir where
F) = F,. It is worth stressing that the creation of asymptotic
states with nonzero entanglement from initial states with low
or even zero fidelity is only possible when the reservoir is
in a squeezed state. Let us discuss this point in more detail
in the special case of atoms which are in resonance with a
minimum-uncertainty radiation field. In this case

oo 2/N(N +1)
LT T O /NN E D+ +2N)

(IV.12)

and
—(1 4+ Co)F + Co,
1+ Co)F — Cy,

F < F1
,  (IV.13)
F > F]

C(pas) = {

with
VNN +1)
142N

For all initial states with zero fidelity, we obtain a pure
entangled state (III.10) with concurrence equal to Cy. Notice

Co=2 (IV.14)
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that in the limit of maximal squeezing, this state becomes
maximally entangled. For pure product states

W) =) ® |¥), (IV.15)
the fidelity is given by the formula
F =31 —[ely)), (IV.16)

so the zero fidelity corresponds, for example, to the case of
two atoms prepared in the same initial states. This leads to
a remarkable result: the interaction with a squeezed reservoir
will entangle two atoms which are initially in the ground state
|g) = 10)4 ® |0)g. The analogous phenomenon cannot occur
when the photon field is in the vacuum or thermal state. Notice
also that for nonzero detuning, the asymptotic state is no longer
pure and the production of stationary entanglement is less
effective (Fig. 3).

V. CONCLUSIONS

We have investigated the dynamics of two-level atoms
interacting with a photon reservoir in a broadband squeezed
vacuum state. The time evolution of the system depends
crucially on the relative distance between the atoms. When
the atoms are spatially separated, there is a unique asymptotic
state, which can be entangled, in contrast to the analogous
asymptotic state for a thermal reservoir. In the case of a small
interatomic distance, there are nontrivial asymptotic states py
which are parametrized by the fidelity F and the parameters N
and M characterizing the squeezing. The states p,s also depend
on the detuning between the atomic transition frequency and
the carrier frequency of the photon field. For values of F
above the threshold fidelity F,, the states p,s are entangled.
Nonzero entanglement can also occur for small values of F
or even if F =0, and this possibility is a unique feature of
the squeezed reservoir. When the atoms are in resonance with
the photon field and |[M| = o/N(N + 1), the asymptotic state
corresponding to F = 0 is a pure entangled state known as the
two-atom squeezed state.
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