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Explicit expressions for optical tomograms of photon-added coherent states, even and odd photon-added
coherent states, and photon-added thermal states are given in terms of Hermite polynomials. Suggestions for
experimental homodyne detection of the considered photon states are presented.
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I. INTRODUCTION

Various kinds of nonclassical photon states have been
studied during the past two decades (see, e.g., the review [1]).
Among the nonclassical states are the so-called photon-added
and photon-subtracted states [2].

These states were considered in [3–5]. In [6] it was
shown that in photon-subtracted states the mean number of
photons may be either less than or greater than that of the
initial state, depending on the photon statistics, while in
photon-added states the mean number of photons is always
greater than that of the initial state. These states were studied
experimentally in [7–11], where the commutation relation
between bosonic annihilation and creation operators was
considered. Experiments were done using homodyne detection
of photon states in [12,13] to reconstruct the Wigner function
of the photon states. On the other hand the optical tomogram
of a quantum state can be considered as a primary object
which contains complete information on the quantum state
and can serve as an alternative to the density matrix [14,15].
In view of this, homodyne detection used in experiments with
photon-added states is of interest per se. Homodyne detection
provides, as experimental output, an optical tomogram, which
is a fair probability distribution of homodyne quadrature X,
depending on an extra parameter θ . This angle parameter is the
so-called local oscillator phase, a controlled parameter varying
in the domain 0 � θ � 2π . Note that this probability satisfies
the symmetry relation w(X,θ + π ) = w(−X,θ ), and thus in
the range 0 � θ � π it completely describes the quantum state
[see Eq. (7)].

In [7] the authors used conditional stimulated parametric
down-conversion in a nonlinear optical crystal for the pro-
duction of photon-added states. Here one high-energy pump
photon can annihilate into two photons that obey global energy
and momentum conservation laws and are normally emitted
in symmetrically oriented directions (signal and idler modes).
To generate a photon-added state one has to inject a seed
(initial) state into a signal mode of the parametric amplifier.
The conditional preparation of the target photon-added state
will take place every time a single photon is detected in the
correlated idler mode.

The primary light source for the experiment is a mode-
locked laser whose pulses are frequency-doubled to become
the pump for degenerate parametric down-conversion in a type-
I beta-barium borate crystal.

The Wigner functions of single photon-added coherent
states were reconstructed for experimentally measured data

for |α| = 0.03, 0.9, and 2.6, where |α|2 is the average photon
number of the initial coherent state |α〉 to which a photon is
added.

In [8] the authors probed quantum commutation rules by
the addition to and subtraction from a light field of single
photons. They used the same procedure to generate photon-
added, photon-subtracted, photon-added-then-subtracted, and
photon-subtracted-then-added states, which are different from
one another and from the original seed thermal state. They
experimentally measured the quadrature distribution function
of photon-added and photon-subtracted states for an initial
thermal state with a mean number of photons n̄ = 0.57. Note
that this measured distribution function coincides with the
optical tomogram because the density matrix of this state
exhibits no phase dependence. In a development of this
work [10] the authors measured tomograms of superpositions
of photon-added-then-subtracted and photon-subtracted-then-
added states, depending on the phase between these two states.

In [9] parametric down-conversion in a nonlinear crystal
was used to generate photon-added coherent states, and the
non-Gaussianity of these states was investigated. Experimental
Wigner functions were reconstructed for single-photon coher-
ent states with |α| = 0, 0.48, and 1.02.

In [11] experimental preparation of single photon-added
thermal states and reconstruction of the Glauber-Sudarshan
quasiprobability (P function) for these states were carried out.

It has been shown [16] that higher-order photon-added
coherent states |α,m〉 corresponding to m > 1 can also be
achieved in the parametric down-conversion scheme.

Generation of photon-added coherent states is also possible
in the atom-cavity interaction [2].

Moreover, interaction in optomechanical systems (micro-
resonators interacting with laser light) can by proper detuning
be used to generate photon-added coherent states in the
optomechanical domain [17].

A common feature of the aforementioned experimental
techniques is that they all use interacting bipartite systems.
During their evolution, the two subsystems are entangled. This
enables one to make suitable conditional measurements on one
of the subsystems so that the other subsystem is prepared in a
photon-added state.

In [18] a comparative study was presented of two processes,
namely parametric down-conversion and the atom-cavity in-
teraction, that can generate photon-added states. By expressing
the time-evolved states in a suitable nonorthogonal basis,
it was established that the former method generates ideal
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photon-added states, a feature that is not present in the atom-
cavity scheme. Further, parametric down-conversion itself was
shown to be capable of generating an ideal m-photon-added
state, without requiring higher-order processes.

The aim of this work is to study the optical tomograms of
various photon-added nonclassical states. We consider photon-
added coherent states, even and odd coherent states [19], and
thermal states. The optical tomograms calculated in this paper
can be compared with the results of homodyne detection of the
photon states, i.e., the output experimental optical tomograms
(e.g., in [7–10]). It is worth noting that some recent studies of
photon-added states are presented in [18].

We also want to point out that aspects of tomographic
probability representation of photon states and of analysis of
the precision of the experimentally obtained optical tomo-
grams [7–11] have to be discussed in connection with other
experiments where various photon states were studied; see,
e.g., [20].

In the published results, not all the tests associated with
the uncertainty relations and the dependence of the optical
tomogram on local oscillator phase have been given in detail
and in explicit form. Another goal of our work is to suggest that
more attention be paid to the variety of possible tests, which
permits better accuracy in the measurement of such primary
objects as optical tomograms identified with quantum states.

The paper is organized as follows. In Sec. II a short review
of the optical tomographic representation of photon states
is given. In Sec. III we review a model of a parametric
oscillator, and photon-added states appearing in this model
are considered. A summary of results is presented in Sec. IV.

II. OPTICAL TOMOGRAPHIC REPRESENTATION

In this section we review the tomographic probability
representation of quantum states [15]. Given a density op-
erator ρ̂ (one-mode photon state), the symplectic tomogram
M(X,µ,ν), which is the normalized probability distribution of
homodyne quadrature X depending on two real parameters µ

and ν, is defined as

M(X,µ,ν) = Tr[ρ̂δ(X − µq̂ − νp̂)] = 〈X,µ,ν|ρ̂|X,µ,ν〉,
(1)

where q̂ and p̂ are operators of the first and second photon
quadratures, and |X,µ,ν〉 is an eigenvector of the Hermitian
operator µq̂ + νp̂ for the eigenvalue X. For an arbitrary state
with wave function �(y), the tomogram is expressed in terms
of the fractional Fourier transform of the wave function:

M(X,µ,ν) = 〈X,µ,ν|�〉〈�|X,µ,ν〉

= 1

2π |ν|
∣∣∣∣
∫

�(y) exp

(
iµ

2ν
y2 − iXy

ν

)
dy

∣∣∣∣
2

. (2)

In experiments with homodyne detection of photon states,
an optical tomogram is measured. This tomogram reads

w(X,θ ) = Tr[ρ̂δ(X − q̂ cos θ − p̂ sin θ )]

= 〈X,θ |ρ̂|X,θ〉, (3)

where |X,θ〉 is an eigenvector of the Hermitian operator
q̂ cos θ + p̂ sin θ for the eigenvalue X.

The tomograms (1) and (3) are related:

w(X,θ ) = M(X, cos θ, sin θ ), (4)

M(X,µ,ν) = 1√
µ2 + ν2

w

(
X sgn(ν)√
µ2 + ν2

, cot−1 µ

ν

)
. (5)

The density operator can be reconstructed as [21]

ρ̂ = 1

2π

∫
M(X,µ,ν)ei(X−q̂µ−p̂ν)dXdµdν. (6)

In view of (5), the density operator can be expressed in terms
of the optical tomogram w(X,θ ):

ρ̂ = 1

2π

∫ π

0
dθ

∫∫ +∞

−∞
dX dη w(X,θ )|η| eiη(X−q̂ cos θ−p̂ sin θ).

(7)

The invertible relationship between the measurable tomograms
and density operators provides the possibility of using the
optical tomogram as a primary object containing complete
information on the quantum state. In fact, in [22] the
quantum-evolution equation and the energy-level equation
have been written in explicit form for the optical tomogram.
The quadrature statistics can be obtained from the optical
tomogram:

〈Xn〉(θ ) =
∫

Xnw(X,θ )dX. (8)

Photon-number statistics can also be obtained from the optical
tomogram. In fact,

〈q̂n〉 =
∫

Xnw(X,θ = 0)dX, (9)

〈p̂n〉 =
∫

Xnw(X,θ = π/2)dX. (10)

The mean photon number reads

〈n̂〉= 1

2

∫
X2[w(X,θ = 0) + w(X,θ = π/2)]dX − 1

2
. (11)

The experimental tomograms must satisfy the uncertainty
relations. In tomographic form this reads

{ ∫
X2w(X,θ = 0)dX −

[ ∫
Xw(X,θ = 0)dX

]2}

×
{ ∫

X2w(X,θ = π/2)dX

−
[ ∫

Xw(X,θ =π/2)dX

]2}
� 1

4
. (12)

For example, for a coherent state the product in this relation
equals 1/4.

We point out that optical tomography provides the possibil-
ity of direct measurement of the purity of a photon quantum
state [23].
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FIG. 1. Optical tomograms wα(X,θ ) of photon-added coherent states for 	(t) = 1, m = 1, and α = 0.1 (a) and α = 1 (b).

III. OPTICAL TOMOGRAPHY OF PHOTON-ADDED
STATES

A. Photon-added coherent states

Let us find the tomograms of the time-dependent photon-
added coherent states |α,m,t〉, studied in [3], of a one-mode
parametric oscillator with the Hamiltonian

Ĥ = p̂2

2
+ 	2(t)

q̂2

2
, 	(0) = 1.

The state |α,m,t〉 is defined as follows:

|α,m,t〉 = Û (t)|α,m,0〉 = Û (t)|α,m〉
= [m!Lm(−|α|2)]−1/2Û (t)â+m|α〉, (13)

where Lm(z) ≡ L(0)
m (z) is the Laguerre polynomial [24,25], |α〉

is the initial coherent state, and Û (t) is the unitary evolution
operator:

Û (t)Û+(t) = 1̂, Û (0) = 1̂. (14)

As shown in [3], the expression for the state |α,m,t〉 in the
coordinate representation has the form

〈q|α,m,t〉 = [m!Lm(−|α|2)]−1/2

(
ε∗

2ε

)m/2

×Hm

(
q

|ε| −
√

ε∗

2ε
α

)
〈q|α,t〉, (15)

where Hm(z) is the Hermite polynomial [24,25], 〈q|α,t〉 is the
time-dependent coherent state,

〈q|α,t〉=π−1/4ε−1/2 exp

(
iε̇q2

2ε
+

√
2αq

ε
− α2ε∗

2ε
− |α|2

2

)
,

(16)

which has been considered, e.g., in [26], and the c-number
function ε(t) satisfies the equation

ε̈(t) + 	2(t)ε(t) = 0 (17)

with the initial conditions ε(0) = 1,ε̇(0) = i, which means that
the Wronskian is

εε̇∗ − ε∗ε̇ = −2i. (18)

The state |α,m,t〉 is pure, so we can find the tomogram of it
from Eq. (2). After some calculation we get

Mαm(X,µ,ν,t) = [m!Lm(−|α|2)]−1

√
π2m|ε̇ν + εµ|

∣∣∣∣Hm

[(
Xε + i

√
2αν

|ε|(µε + νε̇)
−

√
ε∗

2ε
α

)( |ε|2(µε + νε̇)

ε2(µε∗ + νε̇∗)

)1/2]∣∣∣∣
2

×
∣∣∣∣ exp

[
− |α|2

2
− X2

2|µε + νε̇|2 +
√

2αX

µε + νε̇
− α2ε∗

2ε
+ iνα2

ε(µε + νε̇)

]∣∣∣∣
2

. (19)

Substitution of µ = cos θ and ν = sin θ into (19) gives us, according to (4), the optical tomogram wαm(X,θ,t). In the case of a
stationary Hamiltonian (	(t) = 1, ε = eit ) we have

wαm(X,θ,t,	 = 1) = [m!Lm(−|α|2)]−1

√
π2m

∣∣∣∣Hm

(
X − α√

2
e−i(t+θ)

)∣∣∣∣
2

× exp
[ − X2 − |α|2 + 2

√
2XRe(αe−i(t+θ)) − Re(α2e−2i(t+θ))

]
. (20)
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FIG. 2. Optical tomograms wα+ (X,θ ) of even photon-added coherent states for 	(t) = 1, m = 1, and α = 0.1 (a) and α = 1 (b).

B. Photon-added even and odd coherent states

Photon-added even and odd coherent states |α±,m〉 were
introduced in [4] as follows:

|α±,m〉 = â†m|α±〉
(〈α±|âmâ†m|α±〉)1/2

, (21)

where |α+〉 (|α−〉) is an even (odd) coherent state [19,27] and
m is an integer. The normalized states |α±〉 can be written as

|α+〉 = e|α|2/2

2
√

cosh |α|2
(|α〉 + |−α〉),

|α−〉 = e|α|2/2

2
√

sinh |α|2
(|α〉 − |−α〉).

Photon-added even and odd coherent states |α±,m〉 can be
represented in terms of photon-added coherent states |α,m〉 as
follows [4]:

|α±,m〉 =
{

e|α|2Lm(−|α|2)

2[e|α|2Lm(−|α|2) ± e−|α|2Lm(|α|2)]

}1/2

× (|α,m〉 ± | − α,m〉). (22)

This equation, in view of (1) and (13), enables us to get the
result

Mα±m(X,µ,ν,t) = e|α|2Lm(−|α|2)

2[e|α|2Lm(−|α|2) ± e−|α|2Lm(|α|2)]
× [Mαm(X,µ,ν,t) + M−αm(X,µ,ν,t)

± 2Re (〈X,µ,ν|α,m,t〉〈−α,m,t |X,µ,ν〉)] .

(23)

From (4) we have wα±m(X,θ,t) = Mα±m(X,µ = cos θ,ν =
sin θ,t), and in the case of a stationary Hamiltonian with
	(t) = 1 we have wα±m(X,θ,t) = wα±m(X,t + θ ).

C. Photon-added thermal states

A thermal state is the most classical state of light, formed
by a statistical mixture of coherent states. The density
operator of a thermal state has the form ρ̂T = Z−1e−Ĥ /T , Z =
Tr(e−Ĥ /T ). The associated optical tomogram reads wT (X,θ ) =

1√
2πσ 2

e−X2/2σ 2
, where σ 2 = 1

2 coth 1
2T

. The density matrix of

the photon-added thermal state in the representation of Fock
states |n,t〉 is given by

〈k,t |ρ̂T m|n,t〉 = 〈k,t |â†mρ̂T âm|n,t〉
= δkn

(1 − e−1/T )m+1

m!

n!

(n − m)!

× e−(n−m)/T , k,n � m.

(24)

The symplectic tomogram of this state can be written as
follows:

MT m(X,µ,ν,t) =
∞∑

n=0

〈n + m,t |ρ̂T m|n

+m,t〉|〈X,µ,ν|n + m,t〉|2. (25)

Noting that |〈X,µ,ν|n,t〉|2 = Mα=0,n(X,µ,ν,t), with the help
of (19) we find that

MT m(X,µ,ν,t) = (1 − e−1/T )m+1

√
πm!2m|µε + νε̇|e

−X2/|µε+νε̇|2

×
∞∑

n=0

e−n/T

n!2n

∣∣∣∣Hn+m

{
Xε

|ε|(µε + νε̇)

[ |ε|2(µε + νε̇)

ε2(µε∗ + νε̇∗)

]1/2}∣∣∣∣
2

.

(26)

For the stationary Hamiltonian the optical tomogram reads

wT m(X,θ ) = (1 − e−1/T )m+1

√
πm!2m

e−X2
∞∑

n=0

e−n/T H 2
n+m(X)

n!2n
. (27)

Thus the optical tomogram of the photon-added thermal state
for the stationary Hamiltonian does not depend on time nor
on the parameter θ . This equation, with the help of the known
summing expression for Hermite polynomials [24],

(1 − η2)−1/2 exp

[
2xyη − (x2 + y2)η2

1 − η2

]

=
∞∑

n=0

Hn(x)Hn(y)

2nn!
ηn, (28)
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FIG. 3. Optical tomograms wα− (X,θ ) of odd photon-added coherent states for 	(t) = 1, m = 1, and α = 0.1 (a) and α = 1 (b).

is transformed to the differential expression for wT m(X,θ ) =
wT m(X):

wT m(X) = (1 − e−1/T )m+1

√
πm!

e−X2 ∂m

∂ηm
[
exp

( 2X2η

1+η

)
√

1 − η2
]η=e−1/T .

(29)

This gives us, for m = 1 and m = 2, the following relations:

wT m=1(X) = (1 − e−1/T )2

√
π

√
1 − e−2/T

e−X2 tanh (1/2T )

×
[

2X2

(1 + e−1/T )2
+ e−1/T

1 − e−2/T

]
, (30)

wT m=2(X) = (1 − e−1/T )3

2
√

π
√

1 − e−2/T
e−X2 tanh (1/2T )

×
[

4X4

(1 + e−1/T )4
+ 4X2(2e−1/T − 1)

(1 + e−1/T )2(1 − e−2/T )

+ 2e−2/T + 1

(1 − e−2/T )2

]
. (31)

In Figs. 1–4 we present tomograms of various sample
photon-added states.

IV. CONCLUSION

In summary, we point out the main results of our paper.
We have calculated the optical tomograms of photon-added
states. The initial states to which the photons were added
were chosen to be coherent states, even and odd coherent
states, and thermal states. We considered these states be-
cause they have been achieved experimentally [7,8,10]. We
pointed out that, in the probability representation of quantum
mechanics, optical tomograms can be considered as primary
objects containing complete information on quantum states
(see, e.g., [15]).

In view of this, the reconstruction of the Wigner function or
the Husimi function does not add extra information on the state.
Thus the problem is to measure the optical tomogram with
the highest possible accuracy. The precision of experiments
for measuring optical tomograms can be checked using
criteria such as the quadrature uncertainty relation with a
purity (temperature)-dependent bound [28]. This criteria was
suggested in [23] for controlling the precision of homodyne
experiments. In the mentioned experimental works [7–11],
including the homodyne two-mode studies [20], such checks
have not been done. This is especially important, considering
that the local-oscillator phase contribution can influence the

FIG. 4. Optical tomograms wT m(X,θ ) of thermal states for T = 1 and m = 1 (a) and m = 2 (b).
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final results if the states under study differ from the states
(thermal or photon-added thermal) with optical tomograms
that do not depend on the local-oscillator phase.

It is of special interest to test the experimental optical tomo-
gram in the sense of satisfying the symmetry condition with
respect to a shift of local-oscillator phase by π , as discussed
in the introduction. In view of this we suggest accurately
measuring the optical tomograms not only in the domain
0 � θ � π of the local-oscillator phase, where the tomogram
completely describes the quantum state, but in the domain 0 �
θ � 2π , to check the symmetry properties of the tomogram.

Using theoretically calculated optical homodyne probabilities
as a standard for comparison with experimental results, one can
estimate the need for improvement in the precision of future
experiments.
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