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Valence photodetachment of Li− and Na− using relativistic many-body techniques
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The multiconfiguration Tamm-Dancoff technique (MCTD) is applied to study photodetachment of negative
ions of lithium and sodium. A cusplike structure is found in the photodetachment cross section just below the first
detachment-plus-excitation threshold of Li− (Li 2p), and of Na− (Na 3p), in qualitative agreement with existing
theoretical and experimental results. The current work emphasizes the importance of correlation in the form of
configuration interaction in the photodetachment process and demonstrates the utility of MCTD in dealing with
highly correlated systems.
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I. INTRODUCTION

Photodetachment studies of anions have attracted wide
interest as these processes are excellent theoretical and
experimental test beds to investigate the role of important
many-electron correlations. The valence electron is only
weakly attached to the atom, and correlation effects are not
overshadowed by the nuclear Coloumb field, i.e., correlation
effects are crucial determinants of virtually all properties of
negative ions. Correlation effects have, therefore, a decisive
influence on photodetachment parameters [1,2]. From an
applications standpoint, accurate photodetachment data are
required in plasma physics, atmospheric physics, and many
other fields of physics, thus enhancing the motivation to
understand photodetachment dynamics of negative ions [3–5].

A number of theoretical methods that have been applied
to the photabsorption process generally can also be applied
to investigations of photodetachment. These methods include
close coupling [6], R-matrix [7], K-matrix L2 [8], nonrelativis-
tic random-phase approximation (RPA) [often called RPA with
exchange (RPAE)] [9], relativistic random-phase approxima-
tion (RRPA) [10], the RRPA with relaxation (RRPA-R) [11],
many-body perturbation methods [12], the multiconfiguration
Hartree-Fock (MCHF) technique [13], and its relativistic coun-
terpart, the multiconfiguration Dirac-Fock (MCDF) technique
[14], among others. The RRPA has been applied earlier to
study dipole photodetachment of halogen negative ions [15],
and this work was recently extended to investigate interchannel
coupling effects on nondipole photodetachment parameters of
Cl− [16]. In addition, RRPA-R was employed to investigate
relaxation and polarization effects on the photodetachment
of the valence shell of Cl− [17], and this method was
subsequently used to study near-threshold relaxation effects
on photodetachment of intermediate subshells of Cl− and
Br− [18].

On the experimental side, early studies were performed
on negative ions using electron scattering to form the anions
[19,20], and using laser photodetachment of the anions
themselves [21]. Resonances in negative ions have emerged
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as subjects of great interest since they are also governed by
many-electron correlation effects [21–23]. Unlike the case of
neutral atoms or positive ions, negative ions support only a
finite number of bound states, since the effective potential
of negative ions does not exhibit a long-range Coulomb tail.
There have been several theoretical and experimental studies
on negative-ion resonances (excited bound states) [21–23].

Over the past few decades there has been much progress in
the study of the photodetachment of atomic anions [1,2,24]. In
particular, several theoretical and experimental investigations
have been performed on the simplest alkali-metal negative
ions, Li− and Na−. Employing the close-coupling technique,
a pronounced cusp was predicted [6] in the photodetachment
cross section of valence shells of Li− and Na−, in the vicinity
of the second detachment threshold, i.e., the photodetachment-
plus-excitation channels leaving the residual alkali-metal atom
in the excited np state. This prediction was confirmed in Li−

by a subsequent K-matrix L2 basis calculation [8] as well
as an R-matrix [25] calculation, which also predicted the
essential features of the Li− photodetachment cross section,
in excellent agreement with previous theoretical results [6];
also for Na−, the earlier prediction was confirmed using
R-matrix methods [26,27]. An early measurement of the
photodetachment cross section for Li− and K− in the cusp
region [28] revealed no sign of the cusp, most likely owing
to inadequacy of the energy resolution. Subsequently, several
experiments [29–31] observed the pronounced cusp near the
first detachment-plus-excitation threshold for Li−.

The inclusion of two-electron excitation channels, detach-
ment plus excitation in these cases, is crucial to a correct
description of the photodetachment process. The multicon-
figuration Tamm-Dancoff (MCTD) method [32] includes
such channels, but has been applied hitherto only to a few
cases, originally to the photoionization of atomic Be and
Mg. Since detachment plus excitation, along with other
correlation effects, are so important in negative ions, the
MCTD technique offers itself as a viable methodology to
these processes. Its successful application would provide a
stringent test of the ability of MCTD to accurately describe
many-electron correlations. Accordingly, in the present work,
the photodetachment of Li− and Na− using the MCTD method
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is studied in an environment where correlation effects are of
crucial importance. Some preliminary results of the present
studies have been reported earlier for the Li− case [33].

II. THEORETICAL FRAMEWORK

The (relativistic) MCTD method applied in the present work
is closely related to the RRPA [10]; the ground-state many-
electron correlations are accounted for differently, while the
excited (continuum) state correlations are taken into account
in the same way as in the RRPA, i.e., as in the usual Tamm-
Dancoff approximation [34], which does not account for the
initial state correlation.

In the MCTD methodology, used earlier for calculation of
photoionization of Be and Mg [32], the initial-state electron
correlations are included via a multiconfiguration initial-state
wave function. In the present case it was obtained using
the MCDF [35] and GRASP92 [36] codes. The MCTD initial
state with total angular momentum quantum numbers J,M is
represented as

ψ (JM) =
ng∑

r=1

crφ (γrJM) , (1)

where the φ(γ rJM) are configuration state functions, linear
combinations of antisymmetrized products of single-particle
wave functions which are eigenfunctions of J 2 and Jz, γ r

represents all other quantum numbers required to define the
corresponding configuration uniquely, ng is the number of
states included, and cr is the configuration mixing (weight)
coefficient for each configuration state.

The MCTD final (excited continuum) state wave function
with total angular momentum quantum numbers J ′,M ′ is taken
to have the form

�(J ′,M ′) =
nc∑

i=1

ciχ (γiJ
′M ′) +

nb∑
j=1

dj�(γjJ
′M ′), (2)

where χ (γiJ
′M ′) and �(γjJ

′M ′) are configuration state
functions obtained from one of the ground-state configurations
(parent configuration) by photoexciting a valence orbital a
to an orbital ā which is asymptotically continuum for open
channels and vanishes asymptotically for closed channels
(configurations χ ), or to a discrete orbital (configurations �),
respectively. The configurations � are constructed in the
present work from the set of orbitals included in the represen-
tation of the ground state and they are referred to as excited-
bound (XB) states. The last term in Eq. (2), composed of the
configurations �, makes the expansion of the final-state wave
function more complete and contains much of the short-range
correlation. The parameters ci are the weight coefficients of
the parent configuration, while dj are the weight coefficients
of the XB states. The numbers nc and nb designate the number
of the continuum (or virtually excited) configurations, i.e.,
number of photoionization or photodetachment channels.

The weight coefficients dj of the XB configurations are
solutions of the system of linear algebraic equations of the
type used in the configuration interaction (CI) calculations,

nb∑
j=1

[Hkj − (E0 + ω) δkj ]dj = Fk, k = 1, . . . ,nb, (3)

where Hkj = 〈�(γkJM)|H |�(γjJM)〉 is the atomic
Hamiltonian matrix element between XB configurations k and
j, E0 is the ground-state energy, ω is the photon energy, and
the terms Fk are given by

Fk = −
nc∑

i=1

Hkici, (4)

with Hki being the atomic Hamiltonian matrix element
between XB configuration k and a configuration corresponding
to a continuum channel i.

The continuum orbital function yā for an open channel (or a
virtual orbital for a closed channel) created by a transition a →
ā is the solution of the following radial equation, of the same
type as the one used in the Tamm-Dancoff approximation,

(hā + Vā + Iā − ω)yā = Rā, (5)

where hā is the radial free-particle Dirac Hamiltonian, Vā is
the Hartree-Fock V (N − 1) potential, ω is the photon energy,
and Iā is the threshold energy of the relevant channel. Note
that this differs from (single-configuration) Tamm-Dancoff
and RRPA methodologies, where the threshold energies are
equal to eigenvalues of single-particle orbital equations. The
inhomogeneous term Rā describes the interchannel coupling
and the coupling to XB configurations and can be written as

Rā = Cā + Bā + Lā, (6)

where Cā describes the coupling between channels, Bā de-
scribes the coupling with transitions b → b′ between valence
orbitals leading to the XB states, and Lā is the term with
Lagrange multipliers ensuring the orthogonality to the ground-
state orbitals. The expression for the channel coupling term is

Ca(r) = −1

r

[
1

cā

∑
bb̄k

b̄ �=ā

cb̄A
k(āb̄,ab)Y k

ab(r)yb̄(r)

+
∑
bb̄k

b̄ �=ā
cfg(b)�=cfg(a)

Ak(āa,b̄b)Y k
bb̄

(r)ua(r)

+ 1

cā

∑
bb̄k

cfg(b)�=cfg(a)

cb̄A
k(āb,b̄a)Y k

b̄a
(r)ub(r)

]
, (7)

where Ak(ab,cd) are angular coefficients of the two-electron
radial integrals in the expression for the total energy of the
atomic system in the relevant configuration state, and Y k

ab is
the Hartree’s Y function defined as

Y k
ab(r) = r

∫ ∞

0

rk
<

rk+1
>

u†
a(r ′)ub(r ′)dr ′. (8)

The expression for the coupling to XB states is

Bā(r) = −1

r

1

cā

{ ∑
bb′k

db′
[
Ak(āb′,ab)Y k

ab(r)ub′(r)

+Ak(āb,b′a)Y k
b′a(r)ub(r)

]
+

∑
b′

κb̄=κā

db′T (āb′)hb′ub′ (r)

}
, (9)
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where κb′ = κā = ∓(j + 1/2) for j = l ± 1/2, l and j being re-
spective orbital and total electron angular momentum quantum
numbers of an electron, and T

(
āb′) are angular coefficients

of the single-electron radial integrals in the expression for the
total energy of atomic system in the relevant configuration
state. The term with Lagrange multipliers λāb is given by

Lā(r) =
∑

b

λābub(r). (10)

The major advantage of the MCTD over the RRPA is that
it can be applied to photoabsorption of open-shell atomic
systems as well as to treat two-electron excitations, both
ionization and detachment plus excitation and doubly excited
autoionizing states.

In order to account for initial-state correlation, a CI
expansion consisting of the following eight relativistic con-
figurations to describe the initial state of the Li− ion was
employed:

1s2
(
2s2 + 2p2

1/2 + 2p2
3/2 + 3s2 + 3p2

1/2 + 3p2
3/2

+3d2
3/2 + 3d2

5/2

)
, J = 0.

Similarly, for the photodetachment study of the Na− ion, the
initial state was constructed from the following configurations:

1s22s22p6
(
3s2 + 3p2

1/2 + 3p2
3/2 + 3d2

3/2

+ 3d2
5/2 + 4s2), J = 0.

The GRASP92 [36] package, which is an improved version
of Oxford MCDF code by Grant et al. [35], was used to obtain
the MCDF wave functions and configuration weights.

Photodetachment thresholds Ii for the various possible
processes were obtained as Ii = (EN − EN−1), where EN is
the total energy of the N-electron negative ion (with N = 4 for
Li−, N = 12 for Na−) in the dominant configuration among the
relativistic configuration state functions (eight for Li− and six
for Na−) included in the MCDF calculation. The one-electron
orbitals obtained for the N-electron ion were used to construct
(N−1)-electron configuration wave functions corresponding
to the (N−1)-electron neutral atom resulting from the pho-
todetachment of the negative ion, leaving the neutral atom
in one of the eight configurations (1s2)2s, 2p1/2, 2p3/2, 3s,
3p1/2, 3p3/2, 3d3/2, 3d5/2 for the Li case; in the case of the
Na− ion, the neutral atom is left after photodetachment in one
of the six configurations (1s22s22p6)3s, 3p1/2, 3p3/2, 3d3/2,
3d5/2, 4s. The wave functions of the (N−1)-electron neutral
atom states were taken to be single-determinant wave functions
with orbitals obtained from the initial-state calculation, in each
case, much as what is done in RRPA. It must be noted, however,
that not all of the single-particle orbitals are associated with
physical states. Thus, for Li, the 1s22s and 1s22pj wave
functions do indeed represent physical states since the 2s and
2pj are essentially spectroscopic orbitals. On the other hand,
the n = 3 orbitals are correlation orbitals (pseudo-orbitals) so
that the functions 1s23lj are pseudostates, included to make the
expansion set for the final-state wave function more complete.
Similarly, for Na, only 3s and 3pj are essentially spectroscopic
orbitals; the others are correlation orbitals.

The correlation in the final states of the systems is
introduced via the (Tamm-Dancoff) coupling of channels,

TABLE I. Threshold energies (in eV) for transitions from the
negative ions Li− and Na− to various states of neutral Li and Na,
respectively, along with experiment [29,30,37,38].

Transition MCDF (present) Experiment

Li−→Li 1s22s 0.621 0.617 [29], 0.618 [30]
1s22p1/2 2.4903 2.4568 [38]
1s22p3/2 2.4904 2.4569 [38]

Na−→Na 1s22s22p63s 0.544 0.547 [37]
1s22s22p63p1/2 2.530 2.641 [38]
1s22s22p63p3/2 2.532 2.643 [38]

similar to what is done in RRPA. In any case, however, this
procedure leads to energies that are sometimes inaccurate,
owing to the use of the initial-state orbitals, i.e., no relaxation
is included. Despite this limitation, the electron affinities
(excitation energies from the negative ion to the ground state
of the atom) are reasonably accurate, as indicated in Table I,
as are the excitation energies of the first excited states of the
atoms.

III. RESULTS AND DISCUSSION

A. Photodetachment of Li−

In the MCTD calculation used for Li−, the relativistic dipole
channels representing photodetachment, leaving the Li atom in
the 2s, 2p, 3s, 3p, and 3d states, were coupled; specifically, the
channels from the initial (ground) state of Li− to the following
final states (the presence of inner shell 1s2 is assumed in all of
them),

2sεp1/2, 2sεp3/2,

2p1/2εd3/2, 2p3/2εd3/2, 2p3/2εd5/2,

2p1/2εs, 2p3/2εs,

3sεp1/2, 3sεp3/2,

3p1/2εd3/2, 3p3/2εd3/2, 3p3/2εd5/2,

3p1/2εs, 3p3/2εs,

3d3/2εf5/2, 3d5/2εf5/2, 3d5/2εf7/2,

3d3/2εp1/2, 3d3/2εp3/2, 3d5/2εp3/2,

a total of 20 channels, all coupled to J = 1, were included. In
the subsequent discussion, the 1s2 shall generally be omitted
from the designation of states for simplicity. The resulting
total photodetachment cross section is shown in Fig. 1, for
the first 3 eV or so above threshold, and it is compared with
several earlier theoretical [6,8,25] and experimental [28–31]
results. Cross sections determined in both the length and
velocity forms are presented; good agreement between length
and velocity is seen. We note that some test calculations (not
shown) were done with fewer configurations and continuum
channels. The agreement between length and velocity forms
improved as the number of configurations (and corresponding
detachment channels) was increased.

There is an overall qualitative agreement between MCTD
results and the earlier theoretical and experimental results,
although there is unsatisfactory agreement across certain
energy regions. Below the 2p threshold, only photodetachment
leaving the Li atom in the 2s state is energetically possible.
It is seen that just above the 2s threshold, the cross section
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FIG. 1. Total MCTD length (L) and velocity (V) photodetach-
ment cross sections of Li− along with earlier close-coupling (CC) [6],
K-matrix (Kmat) [8], and R-matrix (Rmat) [25] calculations and
experiment (solid circles [28], open triangles [29], solid squares
[30,31]). Also shown are the results of the present RRPA calculation.
The vertical lines indicate the thresholds.

rises rapidly from the threshold, in accordance with the Wigner
threshold law [39], and in excellent agreement with experiment
[28] and earlier theoretical results [6,8,25]. The cross section
exhibits two maxima, a somewhat broad peak at ∼1 eV, and a
sharp cusplike peak at ∼2.5 eV, and falls off rapidly above the
higher-energy maximum. In the vicinity of the first maximum,
MCTD lies a bit below the experimental cross section, but does
lie within the experimental error bars. This first maximum is
not a resonance but arises simply because photodetachment
cross sections vanish at threshold and subsequently rise from
zero. Above the first maximum, the cross section drops off
to a minimum, but the cross section at around this minimum
significantly exceeds all other results. This is likely due to
the limited set of basis orbitals used to construct the wave
functions in the calculations.

It is important to study the details of the MCTD result
in the low-energy region, near the 2s threshold. In Fig. 2,
the 2s photodetachment cross section near the 2s threshold
is compared with experiment [40]. According to Wigner
threshold law, in the low-energy region, the 2s cross section
will be (E−E2s)3/2. From Fig. 2, excellent agreement between
MCTD and the experimental result is seen, which suggests that
the MCTD method is quantitatively accurate near threshold
and upholds the Wigner threshold law.

At the higher energies, in the vicinity of the cusp, quite
reasonable agreement is found with more recent experiments
[29–31], but there appears to be a problem with the earlier
measurement [28] which does not even show the cusp.
However, it must be noted that the present MCTD calculation
does not converge right at the cusp, nor within ∼0.1 eV on
either side of the cusp. Thus, no comparison with experiment
could be made over this small energy region.

The cusp arises from interchannel coupling between the
closed part of the 2pεs channels and the open 2sεp channels.
This Wigner cusp [39] was predicted, on very general grounds,

FIG. 2. MCTD length (L) and velocity (V) photodetachment
cross section of Li− near the 2s threshold, along with experiment
(solid circles) [40].

at the opening of a photodetachment-plus-excitation channel
which results in a continuum s wave. To emphasize the inter-
channel coupling nature of this cusp, we have also performed
a RRPA calculation which is based on the single determinant
wave function 1s22s2 and, since it does not include the 2pεs
channels, this cusp is, of course, absent. The possibility of
inclusion of such two-electron excitation channels in the
MCTD method is thus a significant improvement over RRPA.

The cross section for photodetachment, leaving the Li atom
in the excited 2p state, is shown in Fig. 3, along with the
experimental result [31] and earlier calculations [8,25]. The
MCTD calculation reproduces the rise from the zero value of
the cross section at the Li 2p threshold rather well and is in
reasonably good agreement with the K-matrix and R-matrix

FIG. 3. Photodetachment cross section of Li− leading to the 2p
excited state of neutral Li. In addition to the MCTD length (L) and
velocity (V) results, the earlier K-matrix (Kmat) [8] and R-matrix
(Rmat) [25] cross section and experiment (solid circles) [30,31] are
shown.
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cross sections. In accordance with the Wigner threshold
law, the 2pεs channels exhibit a near-threshold photoelectron
energy dependence of ε1/2, while the 2pεd channels behave
as ε5/2; thus for small ε the cross section to the Li 2p state
is dominated by the 2pεs channels. Above 2.485 eV the
measurement shows (unphysical) rapid fluctuations [as seen
in the inset of Fig. 3(a)] and, as a result, we do not compare
with the experimental measurements above 2.485 eV.

Owing to the fact that Li− does not support any excited
bound states, all of the photoabsorption strength goes into
the continuum. Then, owing to the Thomas-Reiche-Kuhn
sum rule [41], the total oscillator strength in the continuum
equals the number of electrons, four in this case. Since
the 1s and 2s thresholds are very well separated for Li−,
to an excellent approximation, the sum rule is satisfied for
each subshell individually. We have estimated the oscillator
strength for the photodetachment process by integrating the
area under the oscillator strength distribution curve from the
photodetachment threshold up to ∼50 eV above the threshold,
at which the cross section becomes vanishingly small. In the
figure shown, we have plotted the cross section only up to
photon energy of 4.5 eV, beyond which the cross section is
small and decreases monotonically. The oscillator strength for
detachment leaving the Li atom in the ground, 2s, state was
found to be 1.76 in the length form and 1.68 in the velocity
form. This result suggests that most of the oscillator strength
lies in the photodetachment to the Li 2s channel; that in the
photodetachment plus excitation that would leave the Li atom
in the 2p excited state will not be more than ∼15%.

B. Photodetachment of Na−

In the MCTD calculation for Na−, the relativistic dipole
channels representing photodetachment, leaving the Na atom
in the 3s, 3p, 3d, and 4s states, were coupled; specifically, the
channels from the initial (ground) state of Na− to the following
final states (the presence of inner shells 1s22s22p6 is assumed
in all of them),

3sεp1/2, 3sεp3/2,

3p1/2εd3/2, 3p3/2εd3/2, 3p3/2εd5/2,

3p1/2εs, 3p3/2εs,

3d3/2εf5/2, 3d5/2εf5/2, 3d5/2εf7/2,

3d3/2εp1/2, 3d3/2εp3/2, 3d5/2εp3/2,

4sεp1/2, 4sεp3/2,

a total of 15 channels coupled to J = 1, were included. The
results for the total photodetachment cross section of Na− in
the threshold region are shown in Fig. 4, are compared with
earlier close-coupling results [6], R-matrix results [26,27], and
RPAE [42] results. Even though the quantitative agreement
is not satisfactory in some energy regions, there is good
overall qualitative agreement between MCTD cross sections
and the earlier theoretical results. As in the Li− case, the
length and velocity forms of the MCTD cross section are
close to one another throughout the energy region considered.
Qualitatively, the Na− cross section is quite similar to the
case of Li−; the rise of the cross section at threshold in
accordance with Wigner threshold law [39], the broad peak just
above threshold, and the sharp peak (cusp) at higher energy,
just below the opening of the next detachment threshold,

FIG. 4. Total MCTD photodetachment cross section of Na− along
with previous theoretical calculations: Close-coupling (CC) [6],
eigenchannel R-matrix (ERmat) [26], R-matrix (Rmat) [27], and
nonrelativistic random-phase approximation (RPAE) [42]. L and V
designate length formulation and velocity formulation results. The
solid vertical lines indicate the MCTD thresholds, the dashed 3s line is
the DF threshold, and the dashed 3p line is the experimental threshold.

are all similar to the Li− case. Again the cusp is due to
interchannel coupling between the closed part of the 3pεs
channels and the open 3sεp channels. A calculation performed
omitting this interchannel coupling (not shown) finds no
cusp, thereby substantiating the interpretation given, which is
further substantiated by the results of a RPAE calculation [42],
where the photodetachment-plus-excitation channels are not
included. Note that, although an experimental study of Na−
photodetachment in this energy region has been reported [28],
it is considered to be rather inaccurate in that its magnitudes
are much below any of the theoretical calculations, and it fails
to reproduce the cusp, just as was the case for Li−.

Figure 5 shows the photodetachment cross section of Na−
leading to the 3p excited state of Na. Length and velocity

FIG. 5. Photodetachment cross section of Na− leading to the 3p
excited state of neutral Na in length (L) and velocity (V) formulations.
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cross sections are similar to each other in shape, rising rapidly
in the near-threshold region. It is seen that there is a significant
discrepancy between the length and velocity results, indicating
that a set of states larger than was used is required to reach
agreement between them, since MCTD, unlike RRPA, is a
gauge-dependent theory. Unfortunately, to the best of our
knowledge, no other theoretical and/or experimental results are
available for comparison in the case of the photodetachment
cross section of the 3p photoelectron of Na−.

Na−, like Li−, has no excited bound states. Thus, all of the
photoabsorption oscillator strength is in the continuum. The
result of a sum-rule analysis of the Na− photodetachment cross
section leading to Na 3s over the energy range up to ∼50 eV
above the threshold, by when the cross section becomes van-
ishingly small, was found to be 2.10 in the length form and 1.81
in the velocity form. The length-form value is greater than 2,
which implies that the MCTD approximation does not preserve
the oscillator strength sum rule. However, it seems that the
calculation predicts that the total oscillator strength in the
photon energy region from threshold to ∼50 eV is somewhat
larger for Na− than for Li−, but the difference is smaller than
the spread between length and velocity predictions in each
case. Given that, it is not clear that there really is an oscillator
strength difference between the two cases.

IV. FINAL REMARKS

The MCTD methodology has been applied to the calcu-
lation of the photodetachment of Li− and Na− in the near-
threshold region, and it was shown that MCTD reproduced all

of the important features of these cross sections, including the
Wigner cusp qualitatively; reasonable agreement with avail-
able experiment and earlier calculations was demonstrated.
Furthermore, a sum-rule analysis showed that almost all of
the strength of the valence photodetachment cross sections
appears in the energy region close to threshold; very little
oscillator strength is left for valence photodetachment at higher
energies. It was also shown that the first photodetachment-
plus-excitation channel, in each case, is significantly weaker
than the one-electron photodetachment.

In a general sense, the present (relativistic) MCTD
calculation represents a generalization of RRPA, except
that initial-state correlations are introduced explicitly via a
multiconfiguration wave function, and the coupling among
final (continuum) states includes channels representing two-
electron excitations, emission plus excitation. Further studies
using MCTD are in progress in order to test its capabilities
in a variety of circumstances. Based upon the results of the
present and future investigations, the MCTD method will be
augmented to provide more accurate results in a variety of
ways.
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