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In the change point problem, we determine when the observed distribution has changed to another one. We
expand this problem to a quantum case where copies of an unknown pure state are being distributed. That is, we
estimate when the distributed quantum pure state is changed. As the most fundamental case, we treat the problem
of deciding the true change point #. between the two given candidates #; and #,. Our problem is mathematically
equal to identifying a given state with one of the two unknown states when multiple copies of the states are
provided. The minimum of the averaged error probability is given and the optimal positive operator-valued
measure (POVM) is given to obtain it when the initial and final quantum pure states are subject to the invariant
prior. We also compute the error probability for deciding the change point under the above POVM when the initial
and final quantum pure states are fixed. These analytical results allow us to calculate the value in the asymptotic

case.
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I. INTRODUCTION

The change point problem, which is studied in many fields
(e.g., statistics [1]), originally arose out of considerations
of quality control. When a process is “in control,” products
are produced according to some rule. At an unknown point,
the process jumps “out of control” and ensuing products are
produced according to another rule. Itis necessary to determine
the change point.

In the classical case, we observe sequentially a discrete
series of independent observations Xy, X, ... whose distri-
bution possibly changes at an unknown point in time. It is
assumed that independent random variables X¢, X1, ..., X,
are each distributed according to some distribution and the
remaining independent random variables X,,X,;,... are
each distributed according to another distribution. Our purpose
is to detect the change point v [1].

We extend this problem to a quantum setting where copies
of an unknown pure state are being distributed in discrete
time. We now consider the device distributing copies of an
unknown pure state. This device has an unknown change point
and distributes copies of another unknown pure state after the
change point. In this setting, the device distributes unknown
pure states p, on the d-dimensional space for the discrete time
t =0,1,2,...,15. The state p, is changed at the change point
t.. That is, the states Qo, ...,0;—1 are identical, and the other
states p,, ... ,0 are also identical.

In this paper, we deal with the most fundamental case; that
is, we have only two candidates, #; and ¢,, for the change point
t.. Our goal is to determine whether the true change point ¢, is
t1 or t,. In order to analyze this problem, we introduce systems
1, 0, and 2 to denote the composite systems corresponding
to the time periods 0 <t <1, 1 <t <t, and 1, <t < 13,
respectively, as explained in Fig. 1. Our task is then to choose
the correct change point 7, between the two candidates #; and
t, by using all three systems. This problem is equal to deciding
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whether the state in system 0 coincides with the state in system
1 or the state in system 2.

When we denote the unknown initial pure state gy and the
unknown final pure state g, by p; and p,, we have ¢, copies of
p1 insystem 1 and 3 — 1, + 1 copies of p; in system 2. Then,
our problem is to decide whether the state in system 0 is p; or
02. Thus, when we choose the parameters M, Ny, and N, by

M:=t—-1t, Ni:=t, Nr=x-hH+1, (D

this problem is mathematically equivalent to quantum dis-
crimination for programmable devices for pure qudit states
with Ny x M x N;. In this problem, it is important to derive
the optimal positive operator-valued measure (POVM) and
the minimum of the averaged error probability with the group
invariant prior. Hayashi et al. derived them when N; = N, and
M =1,ie.,t1 =t3 —th + 1l and t, — t; = 1. However, Sentis
et al. [2] derived the correct optimal POVM and the correct
minimum of the averaged error probability in the symmetric
case (i.e., the case of Ny = N,), ie., tj =13 —t,b + 1. As
described in the Erratum by Sentis et al. [2],! they have an
error for the derivation in the asymmetric case (i.e., the case
of Ni # Ny), i.e., t] # t3 — t, + 1. It is natural to restrict our
analysis to the symmetric case from the viewpoint of quan-
tum discrimination for programmable devices; however, this
restriction is not natural from the viewpoint of discrimination
of the change point. So, it is important to treat the asymmetric
case from the latter viewpoint. The first and our main result is
to derive the optimal POVM and the minimum of the averaged
error probability in the general setting with the qudit system
including the asymmetric case.

In order to consider the performance of our optimal POVM
under an arbitrary prior, we need to compute the nonaveraged
error probability under the application of our optimal POVM,
which depends on the inner product of two states in system
1 and system 2. The second result is to calculate this value,
which has not been calculated in the existing results [2,3].

I'The Erratum [2] reflects the indication of the preprint version of
this paper.
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As the numbers of copies in three systems approach infinity,
this error probability clearly exponentially approaches O unless
the inner product between the density matrices p; and p;
is 1. Hence, the convergence speed can be measured by
the exponentially decreasing rate. When we have perfect
knowledge of the density matrices p; and p;, our problem
is to determine whether the state in system 0 is p; or ps.
Then, the exponentially decreasing rate coincides with the
quantum Chernoff bound [4]. Since we have only N; copies of
p1 and N, copies of p, as quantum states in our problem, our
optimal POVM has a smaller exponentially decreasing rate of
the nonaveraged error probability than the quantum Chernoff
bound. In this paper, for simplicity we assume the symmetric
case (i.e., the case of Ny = N;). As the third result, using
the analytical result for the nonaveraged error probability, we
derive the above exponentially decreasing rate when Ny = N,
increasing in proportion with M. We clarify the relationship
between the quantum Chernoff bound and our exponentially
decreasing rate, which depends on this proportional constant.

The paper is organized as follows. In the next section we
give the optimal strategy for the minimum averaged error
probability. The optimal POVM is described by using the
representation theory for easy calculation in the following
sections. In Sec. III we obtain the minimum error probability
represented as a function of the number of copies in each of the
three systems and the dimension of the state space. Using the
optimal POVM, in Sec. IV we compute the error probability
which depends on the inner product of two states in system 1
and system 2. In Sec. V we consider the asymptotic behaviors
of the minimum averaged error probability in several scenarios.
In Sec. VI, we finally compute the convergence speed of the
error probability. Some brief conclusions follow and we end
with a technical Appendix.

II. THE OPTIMAL POVM

In order to derive the optimal POVM, we treat our problem
by using the parameters N, M, and N, givenin Eqs. (1) instead
of t1, 1, and t3. In the following, we denote the unknown initial
pure state by p; and the unknown final pure state by p, on the
d-dimensional vector space C¢. That is, we have N; (N>)
copies of p; (py) in system 1 (2) in Fig. 1. System 0 has M
copies of the unknown state p that is guaranteed to be one
of either p; or p,. Note that we assume that N| < N,, which
creates no loss of generality in this problem. Our purpose is
to identify the state p with one of the two states by using
all systems. This is equal to distinguishing two states pfb Mg
p?M ® png and ,ofw‘ ® ,02®M ® ,ong, which are assumed to
occur with equal probability.

In this decision problem, we apply a two-valued POVM
{E|,E,}, in which E; (E;) corresponds to the decision

N
PO BpB®pB---BpBp,®---® p,

System 0 System2

t=1, t=1t, i =0

H_Vs'rcm]

t =10 generator

J

FIG. 1. Discrete time series of quantum systems produced by
quantum state generator. When z, = 1,, the state p is p,. Whent. = 1,,
the state p is p;.
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t.=1t (t.=1). Since E; =1 — E,, our POVM can be
described by a Hermitian matrix 0 < E, < I, where [ is the
unit matrix. Then, the error probability is given as

(P12 E) = S Te[(of™ @ oY)y
AT © 0§ 1]
= 3 Tr[(o7™ @ p7") o]
FLTe (0P @ 21— B
2
Now, we assume that p; and p, are independently dis-
tributed according to the unitary invariant distribution pe, on
the set ©, of pure states on the d-dimensional vector space C¥.

By using the POVM {I — E,, E,}, we can define the averaged
error probability as

ﬁM,NI,Nz(Ez)E/ / Pm.Ny N, (01,02, ED) e,
04 Jo,

x(dp)pe,(dp2). 3)
Here it is very helpful to use the following formula for the
integral of the tensor product of L identically prepared pure
states [3]:
I
Te[1,]
where o is a pure state and [, is the projector onto the totally

symmetric subspace of (C%)®L.
By using this formula, the averaged error probability reads

/ o® pe,(do) = )
04

1 1 1
ﬁM,Nl.Nz(E2) = -1 +Tr Ny ® M+N,
2 Aq

Iyin, ® Iy,
- " \E , 5
A ) 2“ (5)

where A; and A, are defined as follows:

A] =Tr [INI] Tr [IM+N2]

_(Ni4+d—1\(M+Ny+d—1 ©
- d—1 d—1 ’

A, =Tr [IM+NI] Tr [INz]

_ <M+Z]1_+ld_l><N2;_dl_ 1)' )

Note that A| < A, and the equation holds if and only if N| =
N,.

Equation (5) guarantees that the optimal strategy to mini-
mize the averaged error probability is given by the Hermitian
matrix

Iy ® Inin,  Iugn, ® Iy,
Ay Ay
where {A < O} represents a projector onto the eigenspaces
with negative eigenvalues of A. That is, plugging Eq. (8) into
Eq. (5), one obtains the minimum averaged error probability.

In order to compute the minimum averaged error probabil-
ity, we deform the expression of the optimal POVM by using
the tensor product representation of the unitary group U(d).
Any irreducible representation of the unitary group U(d) is

Ey NN, = { < 0} . (8
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characterized by a Young diagram A = [A,A;,...,A4] and
is denoted by U. We use the shorthand notations A; and
[A1,A2] to denote [1,0,0, ...,0] and [X;,12,0,0, ...,0]. Note
that U;, means the totally symmetric subspace of (C¢)®%. The
dimension of U, ,) is given as

M4+d-=D'Qa4+d =)0 — 22+ 1)
d—DId—2)!(A1 + DIxy! '

dim u[M,M] =
©)

In our problem, the total system sizeis N = M + N; + N,
and the total tensor product space (C4)®" can be decomposed
to

(CHEN = @, lh @ W1, (10)

where V) corresponds to the multiplicity of the irreducible
space Uy.

Since the tensor product space (C?)®V contains the two
subspaces Uy, @ Un+n, and Upy4n, ® Uy, without multiplic-
ity, these two subspaces have the form

Un, @ UpsnN, = @][(V_IOZ/{[N—k 11 ® Cluyg), (11)

min(M+Ny,

Up iy, ® Uy, = Sy MUy e @ Clo),  (12)

by using two normalized vectors,

lug) € V[ka,k](o <k < Ny, (13)

lve) € Vin—x (0 < k < min[M + N1, N2]),  (14)
satisfying (ui|vy) = 0. Since the dimension of Vy is 1, the
relation |ug) = |vg) holds.

Letting I be the projector onto the space Uy, from Eqgs. (11)
and (12) one obtains

Ny
= Iiv—ki ® i) (e, (15)

k=0

Iy, ® Iyyn,

min(M+N;,N;)

Iy ® Iy, = Z
k=0

Iin—iig @ o) (vl (16)

Here, we note that the ranges of summations are different from
each other. Using these equations, one has

In ® Iy, Iuin, ® In,
A] Ay

lax) ur| — ve) (wi
= Z Iiv_k i ® (
A
min(M+Ny,N>)

-2

k=N;+1

[vg) (vk|

Iin—k.i (17)

Since |u;) and |vg) are linearly independent in the range
1 <k < N; [shown in Eq (29)] there exists only one
negative eigenvalue of ‘”‘ ”"‘ Lo (v | v ven il Using the normalized
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eigenvector |w) € Vin—k k) With this eigenvalue, we therefore
can write the optimal POVM as

N,
Z IiN—k i ® |wi) (wi]
k=1

min(M+N;,N>)

o

k=N;+1

Emn.n, =

Itk ® |vg) (el (18)

III. THE MINIMUM AVERAGED ERROR PROBABILITY

In this section, we compute the minimum averaged error
probability. Plugging Eqs. (17) and (18) into Eq. (5) as E; =
E N, .N,, One obtains

Pu,vy N (EMoNyNy)

1
[ZTr[I[N kk]]<wk|<| ><1uk| |vkj‘(2v1<|)|wk>

min(M+N;,N;)

> Tyl 1}. (19)

k=N;+1

1
Ay

When two arbitrary real nonzero constants C; and C, and
two linearly independent normalized vectors |a) and |b) are

given, the unique negative eigenvalue of “%—ﬁ“' 'bé(b‘ is given
by
Cy = C1 = (C2 = C1)* +4C1Co(1 — [{alb)?)

20
2C,C, 0)

Therefore, the eigenvector |wy) associated with the negative
eigenvalue satisfies
i) (i
|wi)

(wk|<|uk><“k| 3

A Az
Ay — A= V(A — A 444 A (1 — [(e]u) D)
N 2A1A,; '
21
We also obtain the following equations:
Trlfin—k k1] = dimUjn—k 1, (22)
1
> Trlliv—ki] = A (23)
k=0
min(M+Ny,N,)
> Trllyxul = A (24)
k=0

Using these equations, we can write the minimum averaged
error probability as

ﬁM,NI,Nz(EM.NI,Nz)

1|:A1+A2 ZdlmU[N kK]
B AlAy

XV (Ay — A2 +4A,A,(1 — |<uk|vk>|2>}.

(25)
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Our remaining task is to calculate the inner product (uy|vg).
When we denote the highest weight vector of the space Uy ¢
by |[N — k,k]?), (ui|vg) is equal to the inner product of
[[N — k,k1)|ug) and |[[N — k,k]%)|ux). We can assume d = 2
without loss of generality since the inner product does not
depend on the dimension. Let us fix some notations as follows:
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and in order to denote this value we use the notation ¢
satisfying

() (%)
(")

cosy = = (ur|ve). (30)

Therefore, the minimum averaged error probability can be

_M _ M _M written as
MO_Z’ /J'l—zv /"LZ—Z’
_ M+N, _M+N, N _ 1A + Ay S dimUpy i
e T e R |
Using Wigner’s 6-j function [5], we then can write x\/(Ag AR 1 4A Ay sin? ¢kj|-
(uelvg) = (=Dt J Qo + 1)Q2uoz + 1) (31)
< H Ko Mot (27)  Inthe case of d = 2, since
M2 K Ho2
, _ ) Ay =N+ DM + N+ 1),
Moreover, Wigner’s 6-j function can be computed as
Ay =M+ N1+ DN, + 1),
{Ml o Mo1} (= Dyporrtiatu ) Ay — A1 = M(N> — Ny),
L N \/(ZMOI + DCuo2 + 1) MZNZ) dimZ/{[N_k,k] =M+ N+ N, —2k+1,
(28)
. . Eq. (31) is calculated to the following way. Our result is
(see Appendix). Thus, one obtains different from the original version of Sentis er al. [2];
( NI) ( N, ) however, their Erratum coincides with our
(ug|vg) = m, (29)  result (31):
\ ( L )( k ) |
_ 1 NI+ DM+ N, +1) & M+ Ni + N, — 2k + 1
Py Evnn,) = 711+ -3
4 M+ N+ DN+ 1) = N1+ 1D)(M 4+ N, + 1D)(M + N+ D(N+ 1)
Ni{{(M+ Ny —k)! No{(M + N, —k)!
X [ M2*(Ny — N1)24+4(N;i + 1)(M + N>+ 1)(M + N; + 1)(N, + 1 [1—( .
\/ (N2 = N1)>+4(N1 + 1)( 2+ 1)( 1+ D(N2+1) M NN, =01 ) \ B+ Moyl — 6
(32)

When Ny = N, (i.e., t) =t3 — 1, + 1), the equation A} = A, holds and this probability is concretely computed as

(d = 1)N1!(M + Np)!
(N1 +d—D(M+Ny+d—1)!

_ 1
PM.Ny N, (Em,n,n) = 5 [1

N{!(M 4+ N, — k)!

2
‘ 1_< ) }
\/ (M + N)UN; —k)!

Moreover, plugging d = 2 into this equation, we have

M +2N; -2k +1
(Ni+ DM+ N+ 1)

Ny
- 1
pMaNl,M(EMqu,NI) = §|:1 — ;

w [1—( N{\(M+ Ny —k)!
(M + Ny)Y(Ny—k)!

)2:|. (34)

This result coincides with the result of Sentis et al. [2].

Ny

Z(M + 2N, —2k+1)
k=0

(M 42N, —k+d — DI(k+d —2)!
(M + 2Ny — k + DIk!

(33)

IV. THE ERROR PROBABILITY WITH
THE OPTIMAL POVM

In the previous section, we obtained the averaged error
probability when the initial and final states p; and p, are
distributed independently. However, the unknown states p;
and p, do not necessarily obey the uniform distribution. In
order to treat the performance of our optimal POVM in a
more general setting, we consider the error probability with
our optimal POVM when two pure states p; and p, are fixed.
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This error probability depends on the inner product of the two
states, i.e., ¢ = Tr[p;p2]. In the following, we calculate the
error probability given by Eq. (2) in the case of the optimal
POVM {I — Ey N, Ny Emny v, )-

Theorem. The error probability with the optimal POVM
{I — Eym N, N, Em N, N, ) can be written as

Pm,Ny N> (01,02, Epovy vs)
1 &
=7 Z |:Pk + Ok
=0

(A —ANP - 00 + 2sin® ¢ (A P + Asz)}
V(Ay — A1)+ 4A, Ay sin ¢y ’

(35
where P, and Q are given as follows:
P = (N =2k + )N /(M + N)!
k= (N — k + Dlk!
Ni—k
Ni—k\ (M+N,—k+1\ , N
1_ 1
(I
1=0
(36)
0 = (N =2k + 1)(M + Np)!N,!
k= (N —k + Dlk!
szk
M+Ny—k+1\ (N,—k
XZ( } )( y )q’(l—qwﬂ.
1=0
(37

Here we have defined 0° = 1.
When Ny = Nj,ie.,t; =13 — 1 + 1, we can write

Pm,N NP1, 02, Ev vy Ny
Ny

1 [1 s (M + 2Ny — 2k + DN (M + Ny)!

2 (M + 2N, — k + 1)lk!

k=0
\/1_ < N\(M + Ny — k)! )2
(M + N)I(N; — !

Ni—k
Ni—k\(M+ N —k+1 B
* < g )( ; )ql(l_")m l]'
=0

(38)

Proof. Let us start by defining the notation for P, and Qy
as

Pe = Tr [In—in ® lue) (il (0™ @ o2 H)]

0 <k < Ny, (39)
Or = Tr[In-kn ® |Uk)(vk|(,0?M+Nl ® :02®N2)]
(0 < k < min[M + Ny, Na)). (40)

We note that the following equation holds:
min(M+N;,N3)

Ni
DPe= )
k=0

k=0

Oy =1. 41

PHYSICAL REVIEW A 83, 052328 (2011)

Since an arbitrary pure state o satisfies
Ifo‘m[f =o®, (42)
one obtains

Tr [(,Ofw1 ® p§M+N2)EM,N1,N2]
=Tr[(Iv, ® Insn,) (02 @ p5Y ™) (Iy, ® Tnisw,)
Al (43)

Plugging Eqs. (15) and (18) into Eq. (43), one has

Ny

Tr (o7 © p" ™) Evwne] = Y ol wid PP (44)
k=1

In the same way, using Eqs. (16) and (43), we obtain

Tr[ (o™ @ p5) Ent.v.v]
N min(M+Ny,Nz)

=D lwlw)lPQ+ D), Q. (49

k=1 k=N;+1

When two arbitrary normalized and linearly independent
vectors |a),|b) and two positive real numbers C;,C, > 0 are
given, the normalized eigenvector |—) with the unique negative

eigenvalue of %ﬁ”' — ”’é—im satisfies the following equations:

, 1] Cy — C1 +2C(1 — |{alb)?)
lal=)P == |1- :
21 J(C=C)*+4CC(1 = [(alb)P?) |
(46)
, 1 C,— € —2C,(1 = [{alp)) ]
[(bl-)P =5 |1- :
21 (G = C)P+4CG(1 = [{alb)P) |
(47)

Applying Eqgs. (46) and (47) to the case of |a) = |uy),|b) =
|vi), we have

| =

[(urlwi) |* =

1 A2—A1 +2A1$in2¢k
V(A — A))? 4+ 4A, Ay sin ¢y ’
(48)

2 1 A2 - A1 — 2A2 SiIl2 ¢k
[oelwi)|" = <[ 1 — , .
2 V(Ay — A))? 4 4A, Ay sin? ¢

(49)

forl <k < N,
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Using these equations, we can write the error probability as

N] Nl
L+ ) Hdw)PPe= Y [odwad PO — Y
k=1 k=1

(Ay —

PHYSICAL REVIEW A 83, 052328 (2011)

|:1 + Tr N' ® )0®M+N2)EM,N1,N2] —Tr [( EMAN! & P®N2)EM,N1,N2]]

min(M+N;,N;)
Qki|

k=N;+1

1
pM,N],Nz(plvpz,EM’Nl’Nz) = E
1
2

| M

-1y [nro-
k=0
Now we turn our attention to computing P;. We can

assume d = 2 since P does not depend on the dimension.
By using Clebsch-Gordan coefficients and the notations given
by Eq. (26), the projector in Eq. (39) can be written as

Iy i) ® lug) (ug]
N—-2k Ny M+N,

= ZZ Z s — Uy oy — 5 o < oo — )1

=0 i=0 j=0
Xy g — )
®lpo2 = o2 — j) oz :

Dy — g
o2 — Jjl. (5D

In the following, we fix the notation |1) (|{)) to denote the

vector in the space C? whose weight is % —%). Without loss
of generality, we can assume that p, is | 1)(% |. Then, we can

write

PNV = e poa) (pon ool = D) (H1PMHN 0 (52)

Plugging Eqs. (51) and (52) into Eq. (39), we have

Ny —k
Po= ) (s =k =1 s —k = 1)
=0
)l s e — Ly sy — k= Lpga - mo2) > (53)

Moreover, converting the variable [ into N; — k — [, this can

be written as

Ni—k
N N | ew NN N

Po= S (2 DL g gfpem 2t R W g
k ;<2 > TP T Y\

N N] N] M+N2 M+N2

——N+l|—= =+ :

T I S N 2 >

(54)

We can calculate the Clebsch-Gordan coefficients [5] as

‘<E—k-E—N1+l‘& N M M+N2>2
2 2 2 2
(N =2k + DN, — DI(Ny — D)
(N —k+ DN, —k—1)!
(M + N) (M + Ny —k+1D)!
(M + N, — k)!k!!

(55)

AD(Pe — Q) + 2sin® gr(A; P +A2Qk)i| (50)

V(Az — A1) +4A, Ay sin? ¢y

= |$1){¢1], we obtain [(¢1] 1)|* = g. Thus,

N] N] Nl Nl
— i —— 41 — i —— 41
<2 I 2+>

Denoting p,

®N;
1

N
= ( ;)|<¢1|¢>|2’|<¢>1|¢>|2<N'—’> (56)

= (]j‘)q’a -

Therefore, we can write Py as
(N =2k + 1)N; (M + N»)!
(N —k+ Dk!

N —k
Ny —k\ (M + N, —
2 (0

1=0

k=

k+1 -
)q’(l -

(57)

where we have defined 0° as 1.
In the same way, one obtains

(N =2k 4 1)(M + N))!Ny!
- (N —k + Dlk!

Nr—k
M+ N —k+1 Nz—k] No—I
1— ()
2( l )( l )q< 0

(58)
]

V. LIMIT OF THE MINIMUM AVERAGED ERROR
PROBABILITY

When the numbers of copies in system 1 and system 2
approach infinitely large values, we have perfect knowledge to
determine the states in the two systems. In this limit, by using
Eq. (33), the probability p,, v, v, (Em,n; ) can be written as

lim Py, (Em.Ny.Ny)
N|— o0

1
= % [1 —2(d — 1)/ xV1—xM(1 —xz)d_zdx]
0
1
= % [1 —d- 1)/ V1—=xM(1 —x)d_zdx], (59)
0
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where we have defined x = f and used the Euler-McLaurin
summation formula. The case of d = 2 coincides with Eq. (18)
in Ref. [2], and the case of M = 1 coincides with Eq. (41) in
Ref. [3].

This result could be easily anticipated from the minimum
error probability of the discrimination problem [6]. Recall
that the minimum error probability, given M identical copies,
is %[1 — /1 = (Tr[p; p2])™]. Assuming that p; and p, are
distributed according to we, independently, the average is
given by

1
/ / ST = /T = (Tlp1p2) e, oy o, ()
04 J Oy
%[1 —2(d— 1)/(?\/1 — (cos 0)*M(sin 0)* ~3 cos ede}
1
% [1 —(d- 1)/ V1—xM(1 - x)d2dxi| ) (60)
0

Therefore, our optimal measurement can achieve the average
performance of two-state discrimination under the limit N| =
Nz —> OQ.

Next, we turn our attention to the complementary case; that
is, the number of copies in system O is infinitely large. By
using Eq. (31), the minimum averaged error probability in this
limit can be computed as

o 1
A}LIHOO Py By n,) = o (Nrrd=1y 6D
( d—1 )

Note that this result is independent of N;.

In this limit, we have perfect knowledge of the pure state
p in system O and this problem is equal to distinguishing
two states p®M ® OV and p®V ® p®M: in the composite
system 12. This problem can be regarded as a generalization of
state comparison [7]. As shown in the following, the minimum
error probability for these two states can be obtained with
a POVM whose elements are {E; = I}, @ (I, — p®"),E, =
I ® p®"2}), where I (I,) is the unit matrix on (C?)®M
[(C?)®N2]. Here, E| (E;) corresponds to the guess p®V' ®
P2N (p®N1 ® p®N2). We then can write the error probability
as

3 Tilp®N1 @ PN Ex+5 Tr{ 0% @ p®N Ei] =5 (Trpp ™.

(62)
Thus, the average is computed as follows:
1 N A
E(Tr[pp]) we,(dp)e,(dp)
O4 J Oy
=d-1) f z(cose)ZNZ(sine)Zd*3 cos 0do
0
d—1 '
=—— | x™1-x)"%dx=———. (63)
0 2(%4)

Since this value is the same as the expression in Eq. (61), the
POVMI{E, = I} ® (I, — p®™),E;, = I, @ p®"} realizes the
optimalperformance.
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VI. EXPONENTIALLY DECREASING RATE OF THE
ERROR PROBABILITY

When the numbers of copies N|, N,, and M are infinitely
large, that is, the states in three systems are perfectly known,
the error probability approaches zero unless g = 1. In order to
treat the convergence speed, we focus on the exponentially
decreasing rate of the error probability when the optimal
POVM E s n,.n, is applied. For simplicity, we assume that the
numbers N; and N, of copies in systems 1 and 2, respectively,
increase in proportion to the number M of copies in system 0.
When the proportional constant is given to be & > 0, we have
Ny = N, = aM. Thus, using the real numbers

o = (M +2aM = 2k + DM)(M +aM)!
k= 2M +2aM — k + 1)lk!

2
X[l_\/1_<(o¢M)!(M+aM—k)!) } o
(M + aM) (@M — k!

oM —k\ (M +oM —k+1 B
Dy = ( )( )qf(l — )™M (65)

l l

we can write from Eq. (38)

aM aM—k

Prtart.am (P P2 Evtartam) = D, > CiDys. (66)
k=0 =0

The  convergence  speed is  represented  as

.o —1 .
lim — In puyomam (01,02, EMamanm), Which can  be
M—oo M

deformed as

. -1
Mlgnoo i In param,am(P1,02, Epart,am)

1 aM aM—k
- nee) @

=1
= lim —ln( max max

Cka,l).
M—oo M 0<k<aM 0<I<aM—k

In this paper, we adopt the natural logarithm. Moreover, using
the approximation formula /1 —x ~ 1 — %x (when x < 1)

and the Stirling approximation n! & n"e™"+/2mn, one obtains
.o =1
lim ﬁln PM.aM.am(P1,02, Enar.am)

M— o0
= min min Ah(B,y),
0<B<a 0<y <a—B B.v)

(68)

where we have defined 8 = %, y = ﬁ and

hBy)=@—-p—y)hnla-p—-y)—(1+a—B+y)
xIn(l+o—pB+y)+(a—p)nla—p)
—(l4+a—-—3In(l+a—p)—3alha
+(14+a)In(l+a)+BInp
+ (1420 — B)In(1 4+ 20 — B)
+2yIny —ylng — (¢ — y)In(1 — g). (69)
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Convergence Speed

FIG. 2. For = 5, h(B1,y1) (thin line), — Ing — ﬁ (dashed
line), and — In g (thick line).

There is the unique root of % = % = 0 in the range 0 <
B <a,0 <y <a— Band we use (B1,y)) to denote it. These
can be calculated as

_ gl — 1)+ /q*(a — 12 + 4qa

121 3 (70)
— 2 _ 2 _
8 — Qo+ 1) — /Qa z 1)? — 4« ayl)_ an

One can agree that 2(8;,y;) is the minimum of the function A
intherange 0 < 8 < @, 0 < y < o — B due to the following
equations:

Zh(ﬁ )>0 O B,y)>0
_ > —_— >
8[32 sV 9 ayz 4 )
oh doh
lim — = lim — = — 2
Fak Bﬁ(ﬂ’y) s 8;/('3’]/) o (72)
im gy = tim LBy = oo
m —(p, = m —(p, = ’
p—a—y 0P Y y—a—p oy 4

When « is sufficiently large, we can write

_ 1—g¢g 1
h(B1,y1) = —Ing — Ja—D12 +0 (a_2> (73)

Convergence Speed
0.7 =

0.6

0.5

0.4

FIG. 3. For ¢ =0.5, h(Bi,y1) (thin line), —Ing —
(dashed line), and — In ¢ (thick line).

1—q
qla—1)+2
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In fact, as is numerically demonstrated in Figs. 2 and 3,
—Ing — q(al:ﬁ well approximates h(8;,y;) when « is large.
Therefore, we obtain the convergence speed of the error
probability,

A}LIHOO ﬁl In par.am,anm (01502, Evam,am)
1 — Tr[p1,02] n (i)
Trlp1pal(a — 1) +2 a)’
(74)

= —InTr[p; 02] —

In the discrimination problem of two pure states [6], when
the number of copies of the state to be identified is infinitely
large, the convergence speed is given by

-1 1
lim - In E[l—v1—(Tr[p1p2])M]=—1nTr[p1/02]- (75)

M—o0

This is called the quantum Chernoff bound [4] and it is
equal to the limit of Eq. (74) as @ — oo. This fact means
that the performance of our optimal POVM is close to
that of the optimal POVM in the sense of quantum state
discrimination.

VII. CONCLUSIONS

We have studied the discrimination of the change point
problem in a quantum setting when two candidates #; and
t, of the true change point ¢, are given. This problem is
equal to discriminating two unknown general states when
multiple copies of the state are provided. We have obtained
the minimum averaged error probability, Eq. (31). Our result
of special cases coincides with the results of Refs. [2,3].
However, our result is more general, allowing for arbitrary
numbers of copies of general pure states. Moreover, we have
calculated the nonaveraged error probability, Eq. (35). This
value depends on the inner product between the initial state
and the final state. As could be anticipated, when the time
lengths #; and #3 — #, + 1 are infinitely large, we recover the
average of the usual discrimination problem. We have also
paid attention to the exponential decreasing rate and shown
that the convergence rate of the nonaveraged error probability
approaches the quantum Chernoff bound.

In discrimination problems one can also consider the
unambiguous approach, as was studied in Refs. [2,3]. From the
change point perspective, however, the unambiguous approach
does not arise in a natural way and it is beyond the scope of this
paper. Since it is meaningful from the viewpoint of quantum
discrimination for programmable devices, it is an interesting
future problem to extend our result to the case of unambiguous
discrimination.
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APPENDIX: CALCULATION OF WIGNER’S 6-j FUNCTION

Let us consider the calculation of Wigner’s 6-j function

{at %} Let us define some notations as

aj=a+b+td+e, awy=atct+d+f, az=b+cte+f,
Bi=a+b+c, fpp=a+e+ ], (A1)
Bi=b+d+ f, Bs=c+d+e,

and let us define A, A,, and A3 to be the smallest, middle, and
largest values of o, oy, and o3 and define B;, B;, B3, and By
to be the smallest, second smallest, second largest, and largest
values of 81, B2, B3, and B4. When By = Ay, from the formula
in Ref. [8] we can calculate

abc
de f

:PM4?waJ+M&—m+U
L (A= Bi+)(As— B+ 1)

x [—1
(B + DB, + )

- 1
Ai—f‘ (A1 — By +i)(Bs— By +)(By — By + i)}z
(A1 + By — Ay +i)(A1 + By — Ay + )i

(A2)

We compute Wigner’s 6-j function {71 /0 4 } in Eq. (27).

1.Case 0 < k<M

In this case, we can write

Ai=N—-k, Ab=N, A3=M+ N —k,
Bi=M+N,, Bo=M+N,, B3=N-—k, (A3)
By =N —k.
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Plugging these into Eq. (A2), one obtains
M1 o Mol
M2 [ o2
= (- 1)’”[

k

1

M+N +DM+N,+ 1)

[k D k) :
I M+N —k+DM+N,—k+i)|

i=1

(A4)

This is deformed as

{Ml [0 Kot } - _com (D)
= M M+N
wa i por | T o+ Doz + Dy (T (M)
(AS)
2.Case M +1<k<M
In this case, we can write
Ail=N-—-k, Ao=M+N-—k, A;=
(A6)
Bi=M+N,, B,=M+N,, B;=N—k,
By =N —k.
Plugging these into Eq. (A2), one obtains
{/Ll Molt(n} Y k|: 1
K2 M Moo (M + N+ DM+ N, + 1)
M . g4
N —k N, —k 2
Xl—[( 1 +l.)( 2 .+l)} . (AD
o N+ DNy + 1)
Since M + 1 < k, one has
Na . .
Ni—k+D(N, —k+
MJSN)(A/;Z 1—[( 1 l.)( 2 A i) (AS)
(M i=1 (N1 +D)(N2 +1)

Thus,

(_ 1)M0+M1+M2+M

{Ml o Ko } _
M2 K o2 VQCuor + DQ2uoz + 1)

e
) ()

(A9)

also holds.
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