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Lifshitz theory of van der Waals pressure in dissipative media
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We derive a first-principles method of determining the van der Waals or Casimir pressure in a dissipative and
dispersive planar multilayered system by calculating the Maxwell stress tensor in a fictitious layer of vacuum,
that is eventually made to vanish, introduced in the structure. This is illustrated by calculating the van der Waals
pressure in a thin film with dissipative properties embedded between two semi-infinite media.
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I. INTRODUCTION

van der Waals (vdW) forces, resulting from alteration of
the quantum and thermal fluctuations of the electrodynamic
field due to the presence of interfaces, play a significant role in
the interactions between macroscopic objects at micrometer-
and nanometer-length scales. Hamaker was the first to extend
the concept of London-vdW forces between two atoms to
forces between macroscopic spheres by pairwise summation
of the interaction energy between the atoms that constitute the
spheres [1]. Lifshitz, in his seminal work [2], outlined a method
based on Rytov’s theory of fluctuational electrodynamics [3]
for computing the vdW forces between two semi-infinite
regions separated by a vacuum gap. It required calculation of
the average value of the Maxwell stress tensor in the vacuum
gap. The generalization of Lifshitz’s method to calculating
vdW forces between semi-infinite regions separated by dissi-
pative media is not straightforward because of the difficulty
in defining an electromagnetic stress tensor in dissipative
media [4]. In this paper we show that it is possible to generalize
Lifshitz’s theory to determine the vdW pressure in arbitrary
planar media with dissipative and dispersive electromagnetic
properties without having to define the electromagnetic stress
tensor or free energy in any material but vacuum.

An approach proposed by Dzyaloshinskii, Lifshitz, and
Pitaevskii (DLP from now on) [5], cast in the language of
quantum field theory, is the most frequently used generaliza-
tion of Lifshitz’s method to calculate forces between objects
separated by absorbing media. Even though it has been noted
that an expression for the Maxwell stress tensor for time-
varying fields in absorbing media cannot be expressed in terms
of the frequency-dependent permittivity and permeability
alone [4], the DLP method effectively reduces to using a
“Minkowski-like” [6] definition of the electromagnetic stress
tensor in dissipative media. Ninham et al. [7] circumvented
the complications of the DLP method but, in doing so, had to
postulate that the free energy of an electromagnetic mode at
frequency w; is given by kpT In[sinh(iw; /2kpT)], where kg
is Boltzmann’s constant, 27t/ is Planck’s constant, and T is
the absolute temperature, even though the mode frequencies in
dissipative media are, in general, complex. It has been argued
by Barash and Ginzburg [8,9] that ascribing to each mode a
free energy of the above-mentioned form is indeed correct. The
methods of DLP and Barash and Ginzburg are justified on the
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grounds that it is possible to ascribe thermodynamic functions
to electromagnetic fields in equilibrium with matter [6,9].
While many authors have attempted to generalize Lifshitz
theory to determining vdW pressure in dissipative media,
they do so by assuming an expression for the electrodynamic
stress tensor [10] or by defining a Lagrangian density for the
electrodynamic field [11], both of which are debatable for
media with dissipation [4].

The relative transparency of the Lifshitz method is obscured
by the complexity of Dzyaloshinskii’s formalism or by having
to define the free energy of each mode, even though the final
result is a simple generalization of the Lifshitz formula. It
has been generally regarded that Lifshitz’s method, in which
the stress tensor definition is above reproach, is incapable of
handling dissipative media without relying on either of the two
generalizations [6]. Using the fluctuation-dissipation theorem
and properties of the dyadic Green’s function, we express
the components of the Maxwell stress tensor in vacuum in
terms of components of the dyadic Green’s function [12]. After
a description of a general method to deal with multilayered
media, we show, using examples of (1) a thin film bound by
vacuum on both sides, (2) a thin film with vacuum on one side
and a semi-infinite medium with arbitrary permittivity and
permeability on the other, and (3) a thin film bound by semi-
infinite media with arbitrary permittivity and permeability, that
the expression for vdW pressure coincides with that of DLP.

II. GENERAL FORMULATION OF VAN DER WAALS
ENERGY AND PRESSURE IN MULTILAYERED MEDIA

Let us analyze a general multilayer system, as shown in
Fig. 1(a), and express the vdW free energy of the system in
terms of combinations of vdW free energy of smaller units.
The vdW free energy per unit area of a planar configuration
of N layers [Fig. 1(a)] sandwiched between two semi-infinite
media, medium L to the left and medium R to the right, is
represented by Upg(zy, ...,zy). Each layer is characterized
by not only the thickness z; but also the permittivity &; and
permeability ;. (both relative to that of vacuum). We use the
aforementioned notation for free energy for its efficiency. If
one of the semi-infinite media is vacuum, the subscript V is
used instead of L or R. Upg(zy,...,2y) can be written as a
combination of three terms: (1) the free energy of the first k
layers sandwiched by semi-infinite medium L to the left and
vacuum to the right of the kth layer, Uy (z1, ... ,zx), and (2)
the free energy of the remaining N — k layers sandwiched by
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FIG. 1. (Color online) (a) A multilayer system with N layers
between two semi-infinite regions L and R. (b) Method of splitting
the N layer multilayer system into components. The z axis is
perpendicular to the interfaces.

semi-infinite medium R to the right and vacuum to the left
of the (k + )th layer, Uy g(zx+1, - --,2n), and (3) the work
done in bringing the two systems from infinite separation to a
separation § — 0. This statement can be written as

Urr(zi,....zy) = Urv(z1, ... 26) + Uvr(Zis1s - - - ,2N)
8
+ lim f T () dz, (1)
§—0 00
where T.7%(z,) = T2(z1. - . . 2420 2k415 - - - -2 ) is the vAW

pressure in the vacuum region in Fig. 1(b) against
which work needs to be done to create the N layer
system from the two subsystems. The partial derivative
U gr(z1, ... ,ZN)/aZr:pgl)g(Zl, ...,Zn) gives the vdW pres-
sure in the rth layer of the N layer system bounded by L
and R. For a thin film bounded by two semi-infinite regions,
we drop the superscript () and denote the pressure simply as
pLr- By differentiating Eq. (1) with respect to z,, we obtain

the following equation for pg’;z

10) 104
(r) LV VR
pLR(Zlﬂ"~7ZN)= azr (Zly"'azk)+ azr (Zk+17"'aZN)
0 opave
oT.
+ / (@) da @)
o0 r

One of the first two terms on the right-hand side of Eq. (2)
is zero, depending on whether 1 <r < kork+1<r < N.
Though T;;*(z,) diverges as z,° for z, — 0, the quantity
dT>%/dz, is finite as z, = 0V 1 < r < N, allowing us to
define the partial derivative of the last term in Eq. (1) as the
integral f O(L a7 ¢ /dz,dz, (see Appendix A for justification).
T>%(z,) is obtained simply by determining the zz component
of the Maxwell stress tensor in the vacuum region. Using the
procedure described above, we can write the vdW free energy
of any N layer medium in terms of Uyy(z1), Uyv(22), - - .,
and Uyy(zy), and contributions from terms of the form
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/. cfo T%(z0)dzy, all of which involve calculation of the
Maxwell stress tensor in vacuum alone. Uyy(z) is nothing
but the vdW free energy to create a thin film of thickness z in
free space.

We rely on Rytov’s theory of fluctuational electrodynamics
to determine the value of T.>¢. The cross-spectral corre-
lations of the electric field components can be written as
(Ep(r,w)E;(r,a))) = (Zw;LO@/n)ImG‘;q(r,r), where p, g =
x,y,2, ©=(hw/2)coth(hiw/2kpT), and GI,, is the pg
component of the electric dyadic Green’s function [12,13]. The
spectral correlation is defined such that (E,(r,t)E,(r,t)) =
fooo dw(E p(r,a))E;;(r,a))). Similarly, the cross-spectral cor-
relations of the magnetic field components are given by
(Hp(r,a))Hq*(r,a))) = (2weo®/n)ImGg‘q(r,r). The dyadic
Green’s functions G° and G™ are electromagnetic duals
of each other and are solutions of V x V x G(r,r') —
k*G(r,r') = I8(r —r'), where I is the identity dyad, r
and r’ are the position vectors for observation and source,
respectively. G° and G™ are obtained by enforcing the
continuity of (1) u(r)[ia x G¢(r,r")], 2) it x V x G¢(r,r’"),
3) e[ x G™(r,r")], and (4) it x V x G™(r,r’) on either
side of an interface defined by the unit normal vector 7 at the
point r.

The zz component of the Maxwell stress tensor in vacuum
can be expressed in terms of G° and G™ as T, (r,w) =
QwO /7 cHImG(r,w) [12,13], where G(r,w) = G (r,r)—
%TrGe(r,r) +G..(r,r)— %Ter(r,r). The average value of
the zz component of the Maxwell stress tensor, Tys ¢, at any
instant of time at position r in a vacuum layer is given by:

) *® hw? ho
To® = fo P coth (m) ImG(r,w)dw 3)
G° and G™ are analytic in the upper half plane (UHP) by
virtue of being response functions. Since G(r,w) is a linear
combination of different components of G° and G™, it is
also analytic in the UHP. We can therefore use Lifshitz’s
technique to replace the integral over w along the real positive
frequency axis by a summation over Matsubara frequencies
on the imaginary frequency axis in the UHP as

2kpT N, , >\,
2N EGrit) =ksT Y 'Ky (4)
n=0

avg __
Tzz - ¢
n=0

where, &, =2mnkpT/h, K, = —2E2G(r,i§,)/c*>, Ko=
—limg 0 26%G(r,i€)/c?, and n = 0,1,2, . ... The prime ()
next to Y indicates that the n = 0 term is given weight 0.5.
G(r,i&,) can be written in terms of the reflection coefficients
of plane waves that comprise G° and G™ [14]. We now apply
this method to calculating the vdW pressure in a thin film
(indicated by m) bounded by two semi-infinite objects, L and
R. To do so, we introduce a vacuum layer, shown in Fig. 2, in
which the Maxwell stress tensor will be determined.

III. APPLICATION TO THIN FILMS

We start with the assertion that the vdW pressure in any
infinite or semi-infinite planar medium is zero. We show, using
the following three examples, that the proposed method is in
agreement with the predictions of DLP theory for the case of
a thin film between two semi-infinite objects. K,,, from which
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T2® can be calculated using Eq. (4), for the configuration
shown in Fig. 2 is given by

:_/ Z

R(P)R(P) —2k.y 2y

R(p)R(p) k2o kaukodkp, — (3)

where p = e,h refer to the transverse electric and transverse
magnetic polarizations, respectively, and

(p) (P) | —2kemzm
7 _ Rom + R, g™ ¢
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keppor, — kop ity hy _ kwer — ke y
koopr + koppty ' vk kver +k;pey

kzu =/ k% + 81}”«1}%}%/627 kzm =/ kl2) + SmMmEf/Cz, (6¢)

and similarly for reflection coefficients at other interfaces
and wave vectors in other layers. All permittivities and
permeabilities are evaluated ati&,,n = 0,1,2,. .. For reflection
coefficients, the subscript v is used to denote an interface with
vacuum. Since it is é f (i T2%(2m,20)dz, that will eventually
be used in calculating vdW pressure, below we give the

RY) = . (6b)

(6a) expression for f BK"dzv,
vR ® p» ok,
1 4+ Ry R, ge=2kann I
_ R RYM(1 = REP)e s ekt (7
= Z —_ R R» R(p)R(”) RP R =2z (1 + RD RP) g—2komzn) P 0F )
p= eh vL U’") ( mR+ mv mR)e o m]( + Rom mR€ mm)

Example 1: Vacuum—Thin Film—Vacuum. To find the vdW
pressure in a thin film of material of thickness z,,, we consider
a four-layer configuration, as shown in Fig. 2, with L being
replaced with material m, and R being vacuum. If the vdW
energy for creating a film of thickness z,, is Uyy(z;), the
following equation can be written for conservation of energy
for moving the thin film from z, = coto z, = 8§ — O:

)
Uy (2) + lim / ™z, = U, ®)
§—0 00

where U, is an arbitrary constant that is the energy per unit
area of a semi-infinite medium M adjacent to a semi-infinite
region of vacuum. Differentiation of Eq. (8) with respect to z,,
gives the following equation for vdW pressure:

0 opave
Prv(en) + / Sz, =0 ©)
o0 m

Using Egs. (4), (7), and (9), the vdW pressure in a thin film of
medium m bounded by vacuum is given by [see Eq. (B1) in
Appendix B for further details]

kBT P)2 72k zmZm
pvyv(@m) = — / k mkodk,,
Z p=e,h 1 - R(pv)ze ) g
(10)
—>
o
sa%e; - )
L& —)
— >
L — ST
e
& —
vacuum ——>» ™
Mg =p = 11— u
P V Vv _t m
h Zy

FIG. 2. (Color online) A four-layer system.

where each integral is evaluated at the Matsubara frequency
&, = 2mnkgT /h.

Example 2: Material-Thin Film—Vacuum. To find prv(z,,),
we consider a four-layer configuration, as shown in Fig. 2,
with R being vacuum. Equation (1) can be modified for the
four-layer system to give the following equation for Uy (z,,):

F)
Upy(zn) = Uyy(zn) + lim / To¢dz,. (1)
§—0 00

Differentiating Eq. (11) with respect to z,,, we obtain the

following equation for p,y(z,) in terms of pyy(z,), which
has been calculated earlier, and 7.5 °:

0 qpave
prvn = pvn+ [ da.a2)
oo m

Using the expressions for pyy [Eq. (10)] and Eq. (7), we
obtain the following equation for p;y(z,) [see Eq. (B2) in
Appendix B for further details]:

kgT
prv(Em) = —
T

/ R(p)R(p) —2kamzm
Z § : konk,dk,.
(r) pp) — mKpQdKyp
n=0 p=eh 1 — R, Ruve 2k Zm

(13)

We can obtain the vdW pressure py r(z,,) by replacing L with
R in Eq. (13).

Example 3: Material-Thin Film—Material. The vdW free
energy of the system L — m — R is obtained by adding to the
free energy Uyg(z,,) the work done in moving this system
from infinite separation to the surface of a semi-infinite region
of material L. Written as an equation, we get

s
ULr(zm) = Uvr(zn) + lim f Itz (D
Y Joo
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and prr(z,) is given by [see Eq. (B4) in Appendix B for
further details]

0 9TE kgT
dz, = —
T

PLR(Zm) = PpvrR(Zm) +/

0o 0Zm

00 o0 R(pL)R(pl)ee_Zk”"z"l

E / E m m
% kzmkpdkp
=0 /0 1 — R RP) p=2kenzn

p=e,h mL" " *mR

(15)

In writing Egs. (11) and (14), we have omitted a term similar to
U, in Eq. (8) because it is contained in Uy (z,,) and Upg(z,),
respectively. It can be seen that Eq. (15) for ppr(z,) is a
generalization of Eqs. (10) and (13). Further simplification of
Eq. (15), as shown in Appendix C, results in the following
expression for py g:

kpT o

B

PLrGn) = —5 3 (enpn)E) / dqq’®
n=0 1

X Y (RE) Ry b el gy,
p=e,h

(16)
where g = k,/(Enn/Em (10 um (i€,)/c). Equation (16) agrees

with the expression for vdW pressure in a thin film according
to DLP [5,15]. We stress that the method outlined here for
calculating vdW pressure is valid irrespective of computation
of the electromagnetic stress tensor by a summation along the
imaginary frequency axis or along the real frequency axis.
The extension to a multilayered medium is simply an exercise
in determining the appropriate reflection and transmission
coefficients [14,16].

We have provided here a transparent formalism for calcu-
lating vdW or Casimir pressure in dissipative and dispersive
media that are constituents of planar multilayer structures
without having to define or calculate the stress tensor in such
layers. We provide evidence backing the generalization of
Lifshitz theory of vdW forces without relying on quantum field
theoretic techniques employed by Dzyaloshinskii, Lifshitz,
and Pitaevskii. These results offer further proof of the validity
of the Minkowski-like stress tensor for calculating vdW forces,
at least in planar multilayered media.
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APPENDIX A: JUSTIFICATION FOR EXISTENCE OF
f AT /az,dz,

Using Eq. (4) in the manuscript, we can see that the zz
component of the Maxwell stress tensor in the vacuum layer
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in Fig. 1(b) (in manuscript) is given by

kgT =, [

v B

T2y =—3 /O dkpkzok,
n=0

x D

p=e,h

5P 3(P) ,—2k.yz,
RvL RvRe i

PP, k.2,
1 — R, R e

(AL)

where ﬁv 1 and ﬁv g are generalized reflection coefficients that
can be determined from the boundary conditions at each in-
terface, Ryp = Ry (21, ... ,z¢) and Ryp = Ryp(Zpt1, - - - 2N)-
The work done in displacing the multilayer stack adjoining R
from z, = oo to z, = & is given by

) kBT o [}
T8(z,)dzy = — ! dk,k
/;o 2 (z)dz P ;/0 pKp

x Y In(1—RPRRe%)  (A2)
p=e,h

)

lim T28(zy)dz,
07, =0 Jo

kpT =, ™
= —— lim dk,k,
2w = =0y

=

o (R R

xZaZ’

() 5(P) ,—2k,,5
p=e,h 1- RvL RvRe N

(A3)

0~ 5 ORY =) 0RR .
— (R, Rg)=Rzg——=or R _82 , depending
on whethrer 1<r<k or k—ir—l <r<«< N.'rThe product
Al + Aze_Zkerr

Az + A4€72k~"z’ ’
where A;,A,,As;, and A4 are not functions of z,. So the

where

RPR™ can be written in the form

partial differentiation

yields a function of the form

Z
(A3A2 - A1A4) —2k,, 2y

—2k,, (A & Age—Ton)? . In general, we can write
0~ N _
o (RIRY) = =2k e, (A4)

where N = A3A> — AjAg and D = (Az + Age2%)2. Sub-
stituting the above relation in Eq. (A3), we get

9 §
3z, ;]_r)r(l)/(;o Tzazvg(zv)dZv

E e_Zk:rZr —2kz,8

00 e
D
dkpkpky Y S .
< (p) pp) —
0 1 — RYRP =2kt

(AS5)

[e¢]

kgT
= —_— /1.
- 2l

p=e,h
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Because of the presence of the e %% we are justified in  For the examples in our manuscripts, R(P) — R RW _
putting § = 0 to give

vL > vR T
R®) + R®) o2k

_ p@p® 1 _ pp2 _
’ 14+ R(P)R(P) Dkemzm N =R, R, x(1 =Ry, ), and D =
lim | T7"%(zy)dzy ) )
9z, 80 Jo (14 RORP) e kamin )2,
Ee 2k 2y
kB r Z dk k k Y APPENDIX B: DERIVATION FOR EQS. (10), (13), and (15)
o 1— R(I?)R(P)
p=e.h
8Tdvg
= / = _dz,. (A6)
o 07 |
0 opavg
oT,
pVV(Zm) = _'/ = dZv = _kB
o 0Zm
RURE(1 — RS )e2nn
Z Z (p) p(p) (p) pp) (p) p(p) 2k (p) (p) k. kz'"kpdk"
p= eh — Rym Rvm) — (RUm Ry + Ry Rmv)e_ fmzm](l + Rym Ry € 2Kem@m )
k ksT mpf e~ 2kanm
N ®1)
p=e,h mv
9T" 0
PLv(@n) = pyv(zm) +/ dz, = pyv(zm) + kT Z /
o 0Zm o Joo
kBT (Rr(;li) + Rffv))(l i Rg;;1)2€72kzmzm)Rr('fv)ef%:mzm i
Z Z R(p)R(p)) _ (R(p)R(p) + R(p)R(p))e—z"mZm](l _ R(”)2e—2kzmzm) mEpTe
p= eh vL ffom mv mv fmy mv
(R£r1pu) + R(p))R,(,f’v)e*Zk amZm
Z Z ()() (P) p(p) (p) p(p) kz’"kpdkp
oo ( RER) — (RJY Ruty 4 Rty Ryt ) e=2kemen
(p) (p)
M (P) y=2ann
(P (p) mv
kBT + RuoR,
p=eh | _ Zmv T L p(p) —2kenzn
1+ R([’)R(I’) mv
(p) p(p) o2k
kpT - / R Rty omZm
= kzmkpdky, (B2)
BN
where we have used the following property of reflection coefficients:
(kzm kzv) (kzv + kzL)+(kzm + kzv) (kzv kzL) kzv (kzm kzL) kzm kzL
(e) T 1T T e o\, T T
Rito + R = \Hm M) ARe  He) \Mm o) \Rw  RE) fw Nw  Ri) M Bl gl (B3
R LI T L T 2 (2
Hm Mo )\ Mo ML Hm Mo J\ Ko KL Mo \ Mm KL Hm KL
) 4 (h)
Similarly, —v——vL_ — p")
1+ RMRY "
09T%" S 9K,
PLR(Zm) = pyvR(Zm) + dzy = pvr(Zm) + kT Z 11m
0 azm o] m
_ ksT (R + R,Sf;?)(l + R R pe2enan) R o= 2kenn
Z Z (p) p(p) (p) p(p) (p) p(p) 2%k (P) p(P) ,_2k. kz’”kﬂdk/’
S [(0 = R R — (R Ry + RiR, ) e 2enan | (1 4 Ryf) R, Tpe=2kenn)
kBT (R(;L) +R(p))R(p) —2kzmZm
Z Z 1 (P) p(p) (P) p(p) ) p(P)Y ,—2k.,z kemkpdkp
p=e, h - RUL RU’") (RUL RmR + Rn RmR) e
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(p) (p)
R + Ry (P) | —2knzm

k T 1 R([’)R([’) mR
Y

(p) p(p) (p) (p)
=0 pen L+ Ry Rno Ry + Riw p) o,z
R

kBT Z / R(P) R(P) —2kzmzm
konk,dk,. (B4)
P pp) 2k, e =P
p=e,h 1 - RmLRmRe Zeanm
APPENDIX C: DERIVATION FOR EQ. (16)
(p) (p) e~ 2k
kBT R R zmZm
PLR(Gm) = Z / Z R(p) R(p>e_2k,mzm Kankopdky
n=0 p=e, h X
kBT R(P) R(P) —2kzmzm )
Z a (p) (p) e—2kanz kel
1 A EmMm p=e, h R R m
o0 (p) (p) e~ 2kzmzm 2
= kT _( EmM m)g/Z'/ Z R R : k dkzm
(p) (p) —hegmzm &R T
T n=0 p= eh RmLRmRe e Sm,bbm ¢ NV EmMm
3 (P) p(P) ,—2q&, /Emitmzm
kBT & ( )3/2/ Z Rypy Ryge™ 25 /Entnin/ € ¢%dq
Embm (1) pP) ,~24&, \/Embtmm
pehl_RmLRmRe 95n/EmbnZn €
k 1
“pl Z (& m)3/2§3/ Z R,(ﬂpz 1R(P) 1 o208 emttmzn/c 1) quq (C1)
p=e,h
where g = kzm/(%-n N Em (&) m (i8,)/C).
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