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Origin of strong photon antibunching in weakly nonlinear photonic molecules
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In a recent work [Liew and Savona, Phys. Rev. Lett. 104, 183601 (2010)] it was numerically shown that a
resonantly driven photonic “molecule” consisting of two coupled cavities can exhibit strong photon antibunching
with a surprisingly weak Kerr nonlinearity. Here, we analytically identify the subtle quantum interference
effect that is responsible for the predicted efficient photon blockade effect. We then extend the theory to the
experimentally relevant Jaynes-Cummings system consisting of a single quantum emitter in a coupled-cavity
structure and predict the strong antibunching even for single-atom cooperativity on the order of or smaller than
unity. The potential of this quantum interference effect in the realization of strongly correlated photonic systems
with only weak material nonlinearities is assessed by comparing on-site and inter-site correlations in a ring of

three coupled photonic molecules.
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The photon blockade is a quantum optical effect pre-
venting the resonant injection of more than one photon
into a nonlinear cavity mode [1], leading to antibunching
in photon correlation measurements. Photon blockade have
been observed by resonant laser excitation on a single
atom [2], while small signatures have been observed so
far in the case of a resonantly driven single quantum dot
embedded in a strongly coupled cavity [3]. Arguably, the most
convincing realization was based on a single atom coupled to
a microtoroidal cavity [4]. Concurrently, on the theory side
there have been a number of proposals investigating strongly
correlated photons in coupled cavity arrays [5—7] or one-
dimensional optical waveguides [8]. The specific proposals
based on the photon blockade effect include the fermion-
ization of photons in one-dimensional cavity arrays [9],
the crystallization of polaritons in coupled array of
cavities [10], and the quantum-optical Josephson interferom-
eter in a coupled photonic mode system [11].

It is commonly believed that photon blockade necessarily
requires a strong on-site Kerr nonlinearity U for a pho-
tonic mode, whose magnitude should well exceed the mode
broadening y. However, in a recent work [12] Liew and
Savona used a numerical and semianalytical linear-fluctuation
analysis to show that strong antibunching can be obtained
with a surprisingly weak Kerr nonlinearity (U < y) in a
system consisting of two coupled zero-dimensional (0D)
photonic cavities (boxes), as shown in Fig. 1(a) [12]. Such
a configuration can be obtained, e.g., by considering two
modes in two photonic boxes coupled with a finite mode
overlap due to leaky mirrors; the corresponding tunnel strength
will be designated with J. In Ref. [12] numerical evidence
indicated that nearly perfect antibunching can be achieved for
an optimal value of the on-site repulsion energy U and the
detuning between the pump and mode frequency. However,
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a physical understanding of the mechanism leading to strong
photon antibunching is needed to identify the limitations of
the scheme in the context of proposed experiments on strongly
correlated photons, as well as to determine the dependence
of the optimal coupling and detuning on the relevant physical
parameters J and y.

In this Rapid Communication, we show analytically that
the surprising antibunching effect is the result of a subtle
destructive quantum interference effect which ensures that the
probability amplitude of having two photons in the driven
cavity is zero. A similar mechanism was invoked to explain
the strong nonclassical effects in cavity systems with many
atoms [13-15]. We show that a weak Kerr nonlinearity is
required only for the auxiliary cavity that is not laser driven
and whose output is not monitored, indicating that photon anti-
bunching is obtained for a linear cavity that tunnel couples to a
weakly nonlinear one. Armed with this observation, we extend
the prediction of Liew and Savona [12] to the experimentally
relevant system consisting of a single anharmonic quantum
emitter (i.e., an atom or a quantum dot) embedded in a photonic
molecule: In contrast to what is usually expected [2—4], we
find that an analogous quantum interference effect allows for
the observation of strong quantum correlations between single
photons even when the single-atom cooperativity parameter is
on the order of or even smaller than unity [13—15]. Finally, we
demonstrate the potential of this quantum interference effect
to realize strongly correlated photonic systems; in spite of
the weak material nonlinearities, strong on-site antibunching
can be observed in a ring of coupled photonic molecules
simultaneously with a strong inter-site bunching.

We consider two coupled photonic modes with energy E;
and on-site photon-photon interaction strength U; (i = 1,2).
The Hamiltonian is written as

2
A =Y (Ed}a; + Udla]aa) + J@lar + ajan)
i=1

+ Fem™'a] + F*e''ay, (1)
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FIG. 1. (Color online) (a) Sketch of the two coupled photonic
modes. The coupling strength is J, and the antibunching is obtained
with a small nonlinear energy U compared to mode broadening y.
(b) Equal-time second-order correlation functions gf?(r =0)
plotted as functions of nonlinearity U = U, = U, normalized to y.
The nearly perfect antibunching is obtained at the pumped mode
[ggzl)(r =0) ~ 0] for U = 0.0428y. The parameters are y; = y, =
y,J =3y, E| = E; =hw, +0.275y, and F; = 0.01y.

where 4d; is the annihilation operator of a photon in
the ith mode, and F and w, are the pumping strength
and frequency, respectively. Following Ref. [12], we first
calculate the second-order correlation function gf?)(r) =
(@fal(r)a;(v)a;)/(ala;)(ata;) in the steady state using the
master equation in a basis of Fock states [16]. The results are
shown as functions of nonlinearity U = U; = U, in Fig. 1(b).
As already demonstrated in Ref. [12], we can get strong
antibunching of the pumped mode [gﬁ)(O) ~ (] for an un-
expectedly small Kerr nonlinearity U = 0.0428y.

In order to understand the origin of the strong antibunching,
we use the ansatz

[¥) = Cool00) + e7*" (C1|10) + Co1|01))
+ 729" (Ca0]20) + Cry]11) + C202)) + -+ - (2)

to calculate the steady state of the coupled-cavity system.
Here, |mn) represents the Fock state with m particles in
mode 1 and n particles in mode 2. Under weak pumping
conditions (Cop > C19,Co1 > C,C11,Cop2), we can calculate
the coefficients C,,, iteratively [13]. For one-particle states, the
steady-state coefficients are determined by

(AE, —iy1/2)Cio+ JCo1 + FCyp = 0, (3a)

(AEy —iy»/2)Cy1 + JC1g =0, (3b)

where AE; = E; — hw, and we consider a broadening y; for
each mode. Since we assume weak pumping, the contribution
from the higher states (Cy, C;;, and Cyy) to the steady-state
values of Cyg,Cyp; is negligible. From Eq. (3b), the amplitude
of mode 2 can be written as

J

Cop = —————
U AR —ip)2

Cho, 4)
indicating that for strong photon tunneling (J > |AE»|,»),
the probability of finding a photon in the auxiliary cavity is
much larger than in the driven cavity.

In the same manner, the coefficients of two-particle states
are determined by

2AE, + Uy —iy1/2)Cop + N2JCyi +V2FCip =0, (5a)
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FIG. 2. (Color online) (a) Optimal nonlinearity U, and de-
tuning AE,, plotted as functions of inter-mode coupling strength
J normalized to broadening y (yy =y, =y and E, = E, = E).
Nearly perfect antibunching is obtained for J > y /+/2. (b) Transition
paths leading to the quantum interference responsible for the strong
antibunching. One path is the direct excitation from |10) to |20), but
it is forbidden by the interference with the other path drawn by dotted
arrows.

(AE| + AE;y —iy1 /2 — iy2/2)C1i + V20 Cop + V2 Cop
+ FCy =0, (5b)
2AE; + Us — iy2/2)Cop + V2J Cyy = 0. (5¢)

When we simply consider Ey = E; = E and y; = y» =y,
the conditions to satisfy C»o = 0 are derived from Eqgs. (4) and
(5) as

Y2(BAE + Uy) —4AE*(AE + Uy) =2J%U,, (6a)
12AE? + 8AEU, — y* = 0. (6b)

For fixed J and y, from these equations, the optimal conditions
(those that lead to Cyy = 0) are given by

1
AEqy = iz\/\/914 +8y2J2 —y2—3J2,  (7a)

AEou(57% + 4AEqp?%)

Ugpt = , 7b
opt 207 = 17 (7b)
and, if J > y, they are approximately written as
ABgy ~ £-2, (8a)
2V3
Uy~ t 27 (8b)
opt — 3\/5 J2 .

In Fig. 2(a), the optimal AE, and Uy [Eq. (7)] are plotted
as functions of J/y. The strong photon antibunching can be
obtained even if U, < y, provided J > y/+/2. Remarkably,
the required nonlinearity decreases with increasing tunnel
coupling J obeying Eq. (8b).

In Fig. 2(b), we show a sketch of the quantum in-
terference effect responsible for this counterintuitive pho-
ton antibunching. The interference is between the follow-

ing two paths: (a) the direct excitation from |10)£>|20)
(solid arrow) and (b) tunnel-coupling-mediated transition

|10)<i>|01)—F>(|11)<i>|02))—1>|20) (dotted arrows). In order to
show in detail the origin of the quantum interference, we

021802-2



ORIGIN OF STRONG PHOTON ANTIBUNCHING IN . ..

0.5

T/ (2rn/J) AE /vy

FIG. 3. (Color online) (a) The time evolution of the second-
order correlation function, which oscillates with period 27/J as the
result of amplitude oscillation between |01) and |10). (b) Equal-time
second-order correlation functions plotted as functions of AE, =
AE, = AE normalized to y;, = y», = y. The spectral width of the
antibunching resonance is 0.3y . The parameters are J = 3y, U, =
U, =0.0428y,and F = 0.01y. AE = 0.275y in panel (a).

rederive Eqgs. (6) for Cyp = 0 as follows. First, we calculate
C1; from Egs. (4) and (5) neglecting C»g as

Ci = —2JFC1o(AE + U, — iy J2)(AE —iy/2)"!
X [2J> —4AE(AE +Uy)) + y* +12y QAE + Uy) 7\,
)

This amplitude is the result of excitation from |01) to |11) and
of the coupling between |10) and |01) and also between |11)
and |02). From this amplitude, Cy is determined by Eq. (5a)
as Cyp x JCy1 + FCjp, and we can derive Egs. (6) for the
condition C,y = 0. It is worth noting that the nonlinearity U,
of the pumped cavity mode is irrelevant for the antibunching.
This implies that a (weak) nonlinearity is required only in
the auxiliary (undriven) photonic mode to achieve the perfect
destructive quantum interference that leads to Cyy = 0. Of
course, a finite value of U, is required to see any antibunching;
even if a destructive interference effect takes place in a linear
system, gﬁ)(t = 0) remains strictly unity in the absence of a
nonlinearity.

As seen in Fig. 1(b), while no more than one photon is
present in the first cavity mode for the optimal condition,
there can be more than one photon in the whole system.
While there is nearly perfect antibunching in the driven
mode [g(lzl)(r = 0) « 1], the cross-correlation between the two

modes exhibits bunching [gizz)(r = 0) > 1]. The amplitude
oscillation between | 10) and |01) produces the time oscillation
of gﬁ)( 7) with period 27t/ J, as reported in Ref. [12] and shown
in Fig. 3(a). A similar oscillation is also observed in the atomic
case as a result of amplitude oscillation between the cavity and
atoms [13-15].

The equal-time correlation function is plotted in Fig. 3(b)
as a function of the pump detuning A E/y: While the optimal
value of the detuning is at AE = 0.275y, strong antibunching
is obtained in a range of about 0.3y around the optimal value
and the width of this window does not significantly depend
on J/y. This may suggest that pump pulses of duration
At, longer than 1/(0.3y) could be enough to ensure strong
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FIG. 4. (Color online) Equal-time correlation functions plotted as
functions of coupling strength g between a cavity and a quantum dot.
The solid line represents the results in the system sketched in the inset
[Eq. (10)]. The parameters are y; = Yo = Yex =¥, J =3y, E; =
hw, +0.275y, E; — Ey =y, Eex — E; =2y, and F = 0.01y. The
dashed line represents the result in the system with one quantum
dot and one cavity [Jaynes-Cummings model]. ¥; = Yex = ¥, Eex —
E, =2y, F =0.0ly, and hw, is tuned to the lower one-particle
eigenenergy of the Jaynes-Cummings ladder.

antibunching. However, the time scale over which strong
quantum correlations between the photons exist is on the
order of 1/J < +/2/y, as seen in Fig. 3(a). While weak
nonlinearities do lead to strong quantum correlations, these
correlations last for a time scale that scales with 1/J o \/Uqp
[see Eq. (8b)]. From a practical perspective, a principal
difficulty with the observation of the photon antibunching
with weak nonlinearities is that it requires fast single-photon
detectors. Conversely, for a given detection setup, the required
minimal value of the nonlinearity is ultimately determined by
the time resolution of the available single-photon detector.

A large majority of experimental efforts aimed at demon-
strating the photon blockade effect are based on the resonantly
driven Jaynes-Cummings model. Having noticed that a weak
nonlinearity is needed in only one of the cavities, we
investigate if an analogous quantum interference effect can
be exploited to lower the minimum value of the cavity-emitter
coupling strength g that is required to achieve photon anti-
bunching in an extended Jaynes-Cummings model consisting
of a single quantum emitter embedded in a photonic molecule
(see the inset in Fig. 4). The Hamiltonian is written as

2
Aevic = Y Eala; + J(ajay + alay)
i=1

+ Eex|ex) (ex| + g(a,|g) (ex| + H.c.)
+ Fe 'al + F*ela. (10)

Here, |g) and |ex) represent the ground and excited states of the
quantum dot, respectively, and E¢ is the excited state energy.
We take the quantum dot exciton broadening y.x. to be equal
to the cavity decay rate y for simplicity.

In most prior implementations with y >~ ye., the require-
ment for observation of strong quantum correlations in the
Jaynes-Cummings model [2] was assumed to be a large
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FIG. 5. (Coloronline) (a) Sketch of a triangular lattice of coupled
photonic “molecules.” The driven cavities (i =1, 2, and 3) are
coupled with strength J,. (b) The equal-time second-order correlation
functions in each mode (solid line) and between neighbors (dashed
line) plotted vs J,/y. The parameters are J = 3y, AE = 0.450y,
U =0.0769y, and F = 0.01y.

single-atom cooperativity parameter C = g%/(}Vexc) > 1
[17]. To see if this condition can be relaxed using quantum
interference, we have solved numerically the master equation
associated with the Hamiltonian in Eq. (10). Figure 4 shows
gﬁ)(t = 0) of the pumped mode as a function of g/y. The
coupling energy between the two cavities is chosen to be
J =3y, which gives Uy = 0.0428y from Fig. 2. In the
present system, this Uy is practically achieved at g = 1.4y,
which is an intermediate strength between the weak- and
strong-coupling regimes of cavity mode and quantum emitter
excitation. The dashed line in Fig. 4 represents the results in the
system consisting of one quantum dot and one cavity: In this
ordinary Jaynes-Cummings system, only a vanishingly small
antibunching is obtained at g >~ y, and C >> 1 is required for
the observation of large photon antibunching [1,2]. In contrast,
in the new scheme using quantum interference, nearly perfect
antibunching can be obtained even for g ~ y and significant
quantum correlations between photons survive even for g < y,
ie.,C < 1.

The realization of strongly correlated driven and dissipative
photonic systems in arrays of cavities in the presence of strong
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nonlinearities has emerged as a principal research direction
in quantum optics [5-11]. Given the completely different
physical mechanism underlying antibunching in weakly non-
linear photonic molecules, it is not a priori clear whether
the predictions of this work may scale up to strong quantum
correlations in an array of coupled photonic molecules. To
address this most important question, we consider a ring of
three molecules whose driven dots are coupled with each
other by a tunnel coupling of amplitude J, [see Fig. 5(a)].
Also in this case nearly perfect antibunching can be observed
in each driven mode, as shown in the plots of g[(iz)(t =0)asa
function of J,/y that are shown as a solid line in Fig. 5(b). In
order to optimize the antibunching at a finite value of J, >~ y,
values of U = 0.0769y and AE = 0.450y slightly different
from the single-molecule optimal ones (Uyp = 0.0428y and
AEqy = 0.275y) had to be chosen. At the same time, a strong
bunching effect is observed in the equal-time cross-correlation
function between neighboring cavities, which shows a value
of &(3&) ]-(O) significantly larger than the coherent field value of

gfi)j(O) = 1. This remarkable combination of strong on-site

antibunching and strong inter-site bunching suggests that this
system may be a viable alternative to the realization of a Tonks-
Girardeau gas of fermionized photons discussed in Ref. [9].

In summary, we have analytically determined that a de-
structive quantum interference mechanism is responsible for
strong antibunching in a system consisting of two coupled
photonic modes with a weak nonlinearity of either Kerr or
Jaynes-Cummings type. This quantum interference effect is
robust against small changes in system parameters and has the
peculiar feature that the resulting quantum correlation between
the generated photons survives for time scales much shorter
than the photon lifetime. Nonetheless, we have shown that
this quantum interference scheme has the potential to generate
strongly correlated photon states in arrays of weakly nonlinear
cavities.
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