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Mass scaling laws due to isotopic effects in the energy loss of He2+ colliding with H, D, and T
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Total, electronic, and nuclear energy loss as well as stopping cross sections are calculated for He2+ ions incident
on atomic hydrogen, deuterium, and tritium at low to intermediate energies by means of an ab initio, nonadiabatic
approach for solving the Schrödinger equation incorporating coupled electron and nuclear dynamics. Comparison
of this ab initio treatment with classical nuclear stopping cross-section formulations obtained from Coulomb
and screened potential models, and an ab initio theory, allows us to deduce scaling laws that incorporate the
different target masses (target isotopic effect). We provide a discussion on the range of validity of the use of
classical trajectories. We verify that the nuclear energy loss is a universal function of the center-of-mass (c.m.)
scattering angle. The scattering angle in the c.m. system shows a dependence on the projectile charge due to a
strong isotopic effect on the charge-transfer cross section. In the case of a Coulombic interaction, that dependence
disappears, and leads to a formulation based only on the c.m. collision energy for the nuclear stopping cross
section. Due to the small electron capture cross section for He2+ on H, D, and T in the low-energy region, it is
shown that the effective charge model that assumes neutralization of the projectile does not apply to the energy
loss of He2+ ions in the calculation of stopping cross sections. Thus, for this system, there is no influence of
the charge exchange isotope effect of the target in the nuclear stopping cross section of the projectile. In the
electronic energy loss, such an isotopic effect is present through Stueckelberg oscillations, but its contribution is
small. Furthermore, the electronic stopping cross section shows a threshold effect that results from the minimum
momentum transfer necessary to produce an electronic excitation in the target. Finally, the nuclear stopping cross
section has a universal behavior as a function of the c.m. collision energy, and care must be taken when comparing
ionic systems stopping cross-section results to those of neutral systems as obtained by effective charge models.
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I. INTRODUCTION

When a projectile impinges on a target, it may transfer part
of its energy to the target. For atomic targets, the energy trans-
fer is separated into electronic energy loss and nuclear energy
loss. The electronic energy loss is projectile kinetic energy
absorbed by the target, resulting in electronic excitations
and ionization of projectile and target electrons. The nuclear
energy loss is projectile kinetic energy transferred to the target
nuclei and produces target displacements. By this process it is
possible to damage the material, break molecular bonds, kill
cellular tissue, and many other processes in materials science,
plasma physics, astrophysics, radiotherapy, and dosimetry.

The stopping cross section of the target, which measures
the ability of the target to absorb projectile kinetic energy, is
defined as [1]

S(E0) =
∫

�T (θ,E0)
dσ

d�
d� = 2π

∫ ∞

0
b�T (b,E0) db,

(1)
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where E0 is the projectile incident energy and dσ/d� is the
differential cross section for a projectile scattering with an
angle θ in the laboratory frame of reference. In a classical
treatment of the projectile and target nuclei, the scattering
angle can be related to the impact parameter, b, by means of
the deflection function. Here �T is the kinetic energy loss
of the projectile, which may have contributions resulting from
electronic excitations of both the projectile and target as well as
from charge exchange. The dependence of the nuclear energy
loss, �Tn, on the projectile and target charge has been studied
since the earliest work of Bohr [2]. However, little work exists
on the dependence of the nuclear energy loss on target mass.
In the work of Ziegler, Biersack, and Littmark [3], there is
a detailed study of the classical energy loss of a projectile
colliding on an atomic target. They include both the projectile
and target mass. However, the interaction between
projectile and target is treated through a universal potential
between two screened neutral atoms, and no explicit mention
of the target isotopic effect is made, that is, a target with the
same electronic structure but different nuclei mass (isotope). In
this work, we address the problem of energy loss dependence
on target mass by studying the energy loss of He2+ ions
colliding with atomic hydrogen, deuterium, and tritium using
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an ab initio approach that takes into account the dynamical
electronic and nuclear interaction of the system.

He2+ ions colliding with atomic hydrogen form the simplest
asymmetrical, one-electron system for collision studies. In
addition, atomic hydrogen and helium are the most abundant
elements in the universe and are fundamental in terrestrial
plasma fusion. The main constituent of the solar wind, after
protons, are He2+ ions, which comprise up to a few percent.
When these ions interact with planetary atmospheres, there
may be charge exchange resulting in target electronic excited
states. Subsequent decay of these states can generate vacuum
ultraviolet (VUV) emission, which can be used as a diagnostic
tool [4,5]. Projectile ions will also lose kinetic energy in the
collision and slow down. The main reaction of auroral ions
with the outer parts of the terrestrial atmosphere is with atomic
hydrogen [6], with typical interaction energies in the range
of 50–2000 eV/amu. In Tokamak fusion plasmas, helium ash
is the main product of the deuterium-tritium fusion reaction
and constitutes an important ingredient in the dynamics of
maintaining the plasma. In the boundary layer of the plasma
(sheath), a significant fraction of neutral D and T atoms, which
are being desorbed and sputtered from the walls, is available
for charge exchange reactions and energy loss processes when
colliding with α particles. In dosimetry and radiotherapy, the
use of H+ and He2+ ion beams in the treatment of tumors has
seen an increase in recent years [7]. Because of its importance
in a wide variety of applications, a proper understanding of
the dynamics of the interaction between He2+ ions and H
atoms over a large range of collision energies is necessary.

In spite of the apparent simplicity of this one-electron
system, it has provided a deep understanding of the detailed
dynamics of ion-atom collisions. Previous studies of the
He2+ + H system [8–11] have shown that the probability for
charge transfer in collisions exhibits sinusoidal oscillations
(Stueckelberg oscillations) when plotted as a function of
the impact parameter. In particular, we have shown a target
isotopic effect on the charge-transfer cross section when He2+
collides with deuterium and tritium targets [11–13]. It was
found that at collision energies of less than 100 eV/amu, the
electron capture cross sections for the target atoms D and T
exceed those for H by several orders of magnitude. This finding
is attributed to differences in the rotational coupling among the
colliding particles at small impact parameters for the different
target isotopes. Trajectory effects on excitation and capture
processes have been studied before [14], however their impor-
tance for isotope effects has only recently been observed [12].

In the present work, we study the energy loss (stopping
cross section) of He2+ ions colliding with H, D, and T by
explicitly coupling electron and nuclear dynamics while
solving the time-dependent Schrödinger equation. The
important aspect of the present work is the investigation of
isotopic effects and scaling laws for the nuclear energy loss of
the projectile when time-dependent charge exchange processes
are present as a function of impact parameter, the target mass,
and projectile velocity. The corresponding isotope effects were
found to be significant for the intermediate impact parameters
at low collision energies. Thus, we report scaling rules for the
energy loss of a projectile colliding on targets with different
mass but the same initial electronic structure. Atomic units,
h̄ = e = me = 1, are used in this work unless stated otherwise.

II. ELECTRON-NUCLEAR DYNAMICS

To calculate the energy transfer and excitations during
a collision, we simultaneously solve for the electronic and
nuclear degrees of freedom in the Schrödinger equation
during the collision. We have previously employed such an
approach in the study of atomic and molecular collisions, using
electron-nuclear dynamics (END) [15].

The time dynamics in END are made at the level of
the Lagrangian L = 〈ψ |i ∂

∂t
− H |ψ〉/〈ψ |ψ〉, with ψ the total

system wave function. The principle of least action, δA =
δ
∫ t2
t1

Ldt = 0, is applied to yield the dynamical equations that
approximate the time-dependent Schrödinger equation for the
simultaneous coupled dynamics of electrons and nuclei.

The simplest level of the END method uses the system wave
function

|ψ〉 = |R,P 〉|z,R,P 〉, (2)

where the nuclear wave function is given by

〈X|R,P 〉 =
∏
k

e− 1
2 ( Xk−Rk

ω
)2+ iPk ·(Xk−Rk ). (3)

The electronic wave function is written as a single determinant,
that is,

〈x|z,R,P 〉 = det{χi(xj )} (4)

with the spin orbitals

χi(x) = ui(x) +
K∑

j=N+1

uj (x)zji, (5)

where x is the electron coordinate. In the expression for the
Lagrangian, the traveling Gaussians of Eq. (3) for the nuclei
are taken in the limit of zero width (ω → 0), so that the
nuclei move classically. The electronic basis ui is chosen
as a set of Gaussian or contracted Gaussian-type orbitals
centered on, and moving with, the average nuclear positions R.
The dynamical variables, at this level of END, are the complex,
time-dependent, molecular orbital coefficients z, and the
nuclear positions R and the momenta P, both of which are
time-dependent.

Application of the variational principle thus provides the
equations of motion for the system, which, when expressed in
matrix form, are given by [15]⎛

⎜⎜⎜⎝
iC 0 iCR iCP

0 −iC∗ −iC∗
R −iC∗

P

iC†
R −iCT

R CRR −I + CRP

iC†
P −iCT

P I + CPR CPP

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

ż

ż∗

Ṙ

Ṗ

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

∂E/∂z∗

∂E/∂z

∂E/∂R

∂E/∂P

⎞
⎟⎟⎟⎠ .

(6)
The elements of the dynamical metric matrix are

(CXY )ik;j l = −2 Im
∂2 ln S

∂Xik∂Yjl

∣∣∣∣
R′=R,P ′=P

, (7)

(
CXik

)
ph = (CX)ph;ik = ∂2 ln S

∂z∗
ik∂Xik

∣∣∣∣
R′=R,P ′=P

, (8)
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which are the nonadiabatic coupling terms, and

Cph;qg = ∂2 ln S

∂z∗
ph∂zqg

∣∣∣∣
R′=R,P ′=P

. (9)

Here S = 〈z,R′,P ′|z,R,P 〉 is the overlap between two differ-
ent configurations of the system having a total energy given
by

E =
∑
j l

P 2
j l

2Ml

+ 〈z,R′,P ′|Hel|z,R,P 〉
〈z,R′,P ′|z,R,P 〉 . (10)

The electronic Hamiltonian, Hel, includes the nuclear-nuclear
repulsion terms. Pjl denotes a Cartesian component of the
momentum and Ml is the mass of nucleus l. Integration of this
system of coupled differential equations yields the average
position and momentum and the electronic excitation of the
system as a function of time.

The details of the implementation and calculation for
He2+ ions colliding with H, D, and T have been previously
reported in Ref. [11], and thus they are not repeated here.

III. ENERGY LOSS

By solving Eq. (6), we obtain the average nuclear
positions R and momenta P for projectile and target,
respectively, as a function of time. In addition, the electronic
wave function can be obtained from the z coefficients. Since
the electron may be excited or captured by the projectile
during the collision, it may acquire electronic momentum,
which we calculate as pe = 〈z|i∇|z〉 for both the projectile
and target. After the collision has occurred, we can calculate,
with these variables, the scattering angle in the center of mass
(c.m.) reference frame, the energy loss, and the occupation
probability for the electrons associated with the projectile or
target, which gives the probability of electron transfer, as is
standard in any classical scattering treatment [16,17].

An important characteristic of the He2+ → H, D, and T
collision system obtained in previous studies [11–13] is that for
collision energies below 1 keV, the electron transfer is small,
so, on average, the projectile is almost a bare charged particle.
This is due to the fact that the charge-transfer cross section is
small, as can be seen from the results in Fig. 1. In that figure,
we compare our results with the experimental data of Havener
et al. [18] and to the recommended cross sections by Krstić [8].
We observe a strong target isotopic effect (expanded in the
inset). So the question arises whether this isotopic effect on the
charge exchange influences the energy loss of the projectile.

According to classical scattering theory [16,17], in an
elastic collision between a projectile of mass Mp and initial
velocity v and a target at rest of mass Mb, the kinetic energy
loss of the projectile will be the energy gained by the target,
and is given by

�Tn = 4
µ2

MbMp

E0 sin2

(
θc.m.

2

)
. (11)

Here θc.m. is the scattering angle in the c.m. system, and µ

is the reduced mass of the system. This result is independent of
the type of interaction, provided that the collision is elastic. To
determine if the energy loss results for collisions of He2+ with
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FIG. 1. Charge-transfer cross section for He2+ colliding with H,
D, and T target atoms as a function of the projectile energy. This
work: solid line, He2+ on H; dashed line, He2+ on D; dotted line,
He2+ on T. The experimental results (�) are from Havener et al.
[18]. The double-dotted line represents the recommended calculations
from Krstić [8]. In the inset, we show the isotopic effect on the
charge-transfer cross section.

H, D, and T obtained by the END approach follow Eq. (11), we
show in Fig. 2 the nuclear energy loss for He2+ ions colliding
with H, D, and T as a function of the c.m. scattering angle,
as obtained by the END theoretical approach. That is, we
plot �T MbMp/(4µ2E0) versus θc.m.. We show the results for
collision energies of 50 eV/amu, and 1 and 25 keV/amu, and
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FIG. 2. Nuclear energy loss of He2+ colliding with H, D, and T
as a function of the c.m. scattering angle, θc.m., for collision energies
of 50 eV/amu and 1 and 25 keV/amu. The symbols are our results
from the END approach. The solid line follows from Eq. (11). In the
inset, we show the small scattering angles in the c.m. where we show
the negative scattering angles.
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all the points agree with the classical expression (solid line).
Furthermore, in the inset, we show the results for negative
(attractive) scattering angles, that is, the energy loss due to the
attractive part of the interaction potential, which is the result
of the correct description of the collision dynamics involving
the mutual interaction between the electrons and nuclei. As
expected, this attractive region corresponds to small scattering
angles or intermediate to large impact parameters, as we shall
see later.

The scattering angle can be expressed as a function of the
impact parameter in the c.m. frame as

θc.m.(b,E0r ) = π − 2b

∫ ∞

rmin

dr

r2f (r)
, (12)

where

f (r,b,E0r ) =
√

1 − b2

r2
− V (r)

E0r

. (13)

Here, E0r = µv2/2 is the energy of the projectile in the c.m.
system, and rmin is the distance of closest approach.

For the case of a Coulomb interaction potential between
two bare point charges Zp and Zb for projectile and target,
respectively, one obtains

sin

(
θc.m.

2

)
= γ√

γ 2 + 4b2
, (14)

where γ is the collision diameter defined by

γ = ZpZb

E0r

. (15)

From Eqs. (12) and (14), one notes that for the Coulombic
case, the scattering angle in the c.m. is a unique function of
bE0r . For a screened potential, such as that of Bohr or Moliére,
of the form

V (r) = ZpZb

r
(r), (16)

with (r) being the screening function, one sees from Eq. (12)
that the Coulombic scaling rule no longer applies since Eq. (12)
will not longer depend uniquely on the product bE0r . This
is shown in Fig. 3, where the scattering angle in the c.m.
is plotted for He2+ ions colliding with H, D, and T as a
function of bE0r as obtained by END. The solid lines are
the results for He2+ colliding with H, the dashed line is
for He2+ colliding with D, and the dotted line is for He2+
colliding with T. Also, we show results from Eq. (14) for the
Coulomb case (dot-dashed line). For high collision energies,
our theoretical results follow a Coulombic behavior, but for
low collision energies a separation from the Coulombic results
appears for bE0r values between 0.1 and 100. Furthermore, our
theoretical data show the attractive part of the interaction while
the Coulomb potential does not for low collision energies.

In Fig. 4, we show an enhancement of the attractive c.m.
scattering angles as a function of bE0r . We note that α particle
scattering by H, D, and T does not obey a scaling law at
low collision energies, as would be the case for a Coulomb
interaction involving a bare projectile colliding with a bare
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FIG. 3. Scattering angle in the c.m. as a function of bE0r for He2+

colliding with H, D, and T for 50 eV/amu and 1 and 25 keV/amu
as obtained with END. Solid line: He2+ on H; dashed line: He2+ on
D; dotted line; He2+ on T. Coulombic results [Eq. (14)]: dot-dashed
line. Note that the results for 1 and 25 keV/amu are shifted upward
by 30◦ on the y axis for clarity.

nuclear target [Eq. (14)]. The impact parameter region where
discrepancies occur involves intermediate to large impact
parameters for which screening of the target is important. In
the same figure, we show the results of using an interaction
potential obtained by means of a screened frozen charge
distribution for a target atom in its 1s state interacting with a
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FIG. 4. Detail of Fig. 3 showing the small scattering angles for
the attractive and repulsive parts of the interaction. Also we show the
results of the screened frozen charge distribution potential for He2+

with H (short-dot line), He2+ with D (dot-short dash line), and He2+

with T (double-dot line) for the collision energy of 50 eV/amu. Note
the Coulomb scattering angle departure for the results at 50 eV/amu
(signaled by arrows). For clarity, the data for 1 and 25 keV/amu are
shifted upward by 1◦ on the the y axis.
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FIG. 5. Total energy loss for He2+ colliding with H, D, and T as
a function of bE0r for projectile energies of 50 eV/amu and 1 and
25 keV/amu.

bare projectile with nuclear charge Zp = 2 (see the Appendix).
This potential produces results that are in closer agreement
with our theoretical data than those obtained from the Coulomb
potential. However, this screened potential lacks a proper
description of the attractive region of the interaction. The
difference in the scattering angles (and, thus, in the trajectory)
can be several degrees at low collision energies when obtained
by a Coulombic, a screened, and an ab initio treatment.

We now turn to the dependence of the energy loss on the
impact parameter b. For the case of a Coulombic potential, the
energy gain by the target is obtained by substituting Eq. (14)
into Eq. (11):

�Tn = 2Z2
pZ2

b

Mbv2

1

b2 + (
γ

2

)2 . (17)

Thus, we note that for the Coulombic case, the nuclear
energy loss times the impact parameter is a unique function of
bE0r .

In Fig. 5, we show the total (electronic plus nuclear) scaled
energy loss b�T Mb/µ for the projectile when it collides with
H, D, and T as a function of bE0r for 50 eV/amu and 1 and
25 keV/amu obtained by our END approach. We note two
characteristic peaks, one around bE0r ∼ 1 that corresponds to
the nuclear energy loss, and a second peak that appears only
in the high energy and high impact parameter region, which
represents the electronic energy loss, as we shall see later. For
the moment, we concentrate on the first peak representing the
nuclear stopping power.

From Eq. (17), we recall that b�T Mb/µ is a function of
bE0r . In Fig. 6, we show our theoretical results for the nuclear
energy loss of He2+ ions colliding with H, D, and T as a
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FIG. 6. Nuclear energy loss for He2+ ions colliding with H, D,
and T as a function of bE0r . The short dotted line follows from our
calculations using a screened model potential. The dot-dashed line
represents the results of Eq. (17) using a Coulomb potential.

function of bE0r for 50 eV/amu and 1 and 25 keV/amu,
as obtained using END. In that figure, we compare with
the Coulombic results [Eq. (17)] (dot-dashed line) and those
obtained by the screened potential (see the Appendix). The
results at high energies perfectly follow the calculation
using a Coulomb potential, however the low-energy collision
does not. Furthermore, there are differences in the H, D,
and T contribution in the low collision energy region as
a function of bE0r . This is seemingly due to the charge-
transfer isotope effect. Even the frozen charge potential results
differ significantly, when for the scattering angle they gave
a better description than the Coulombic potential, as shown
in Fig. 4.

Now, we return to the second peak. In Fig. 7, we show
the electronic energy loss, obtained by subtracting the nuclear
energy loss from the total energy loss, as a function of b

for He2+ ions colliding with H, D, and T targets at collision
energies of 50 eV/amu and 1 and 25 keV/amu. We note that
there is no scaling law for the electronic energy loss as a
function of bE0r (see Fig. 5), but it exhibits deviations between
the results of the target atoms H, D, and T. These deviations
disappear when plotted as a function of E0 in the high-energy
region, as shown in Fig. 7. At intermediate energies (b) of
1 keV/amu, one notes the effect of the Stueckelberg oscil-
lations in the electron capture cross section reflected in the
electronic energy loss in the intermediate impact parameter
region, thus showing an isotopic effect, although not as
pronounced as in the electron capture cross section. Note that
the results have been scaled by a factor of 40. For low collision
energies (c), the Stueckelberg oscillations disappear but their
effect in the projectile charge is observed in the electronic
energy loss. Note the scaling factor of 104 in the plotted
data, so the electronic energy loss at these energies is too
small.
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FIG. 7. Electronic energy loss for He2+ ions incident with H, D,
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factor of 104; line (b) corresponds to 1 keV/amu and is scaled by a
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A. Validity of classical trajectories

Since all these previous results follow from the properties
of the nuclei trajectories obtained from the solution of the
time-dependent Schödinger equation by the END method, the
question arises as to what is the region of applicability of a
classical trajectory in terms of the collision energy and impact
parameter. This question was already addressed by Bohr in his
classic work of 1948 [16] (Sec. 1.3; see also Ref. [1]) and by
Williams [19].

For a classic treatment to hold, two conditions must be
satisfied:

(1) The orbit of the particles must be well defined in relation
to their distance [19].

(2) The deflection due to the collision must also be well
defined.

If a is the range or extension of the potential (scattering
length), then the first condition requires Mpva 
 h̄, that is, the
wavelength should be small compared with the dimensions of
the scatterer. The second condition leads us to “Bohr’s kappa
larger than 1” criteria, that is

κ = 2|Z1Z2|
v

> 1, (18)

which can also be stated as λ/γ < 1, where λ is the de Broglie
wavelength of the projectile and γ is the collision diameter
given by Eq. (15). This result follows from the fact that to
avoid quantum effects and the minimization of the spreading
of the incoming wave packet, the projectile nuclei wavelength
must be smaller than the collision diameter. Thus, the validity
of a classical treatment is in the region

1

Mpa
� v < 2|Z1Z2|. (19)
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FIG. 8. Total stopping power for He2+ colliding with H, D, and T
as a function of the incident projectile energy obtained is this work.
The experimental data (�) are from Ref. [20].

In our case, for instance, if the scattering length is of the
order of the atom size ∼a0 ∼ 1 a.u., we have that our results
are valid for projectile velocities 0.001 � v � 4.0 a.u. (or
10 meV/amu � E0 � 400 keV/amu). Hence, we believe that
it is justified to use classical trajectories within the energy range
studied in this work.

IV. STOPPING CROSS SECTION

From Eq. (1), the stopping cross section is given by the
integral of the energy loss over the impact parameter region,
which can be written as

Si(E0) = 2π

∫ ∞

0
b�Ti(b,E0) db, (20)

where i stands for the total, electronic, or nuclear contribution.
In Fig. 8, we show the stopping cross section as obtained

from END for He2+ ions incident on H, D, and T as a function
of the initial projectile energy E0 for a collision energy range
from 30 eV/amu up to 25 keV/amu. In this figure, we show
the nuclear as well as the electronic contributions to the
stopping cross section and compare to the experimental data
of Ref. [20]. In our case, the single channel He2+ has a large
stopping cross section in the high collision energy region for
the electronic contribution to the stopping cross section. Also,
we note a threshold in the electronic stopping cross section.
This threshold is the result of the minimum energy transferred
by the projectile to the target to produce an electronic excitation
from n = 1 to 2 in the hydrogen target. In Ref. [21], we
report that the minimum projectile energy to produce such an
excitation is when E0 > Mp(E2 − E1)/4me, where Ei are the
energy levels in the hydrogen atom. In our case, we obtain that
E0 > 0.7 keV/amu, in complete agreement with our results
shown in Fig. 8.

If we assume a Coulombic interaction, we obtain an
analytical expression for the nuclear stopping power by
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FIG. 9. Scaled total stopping power for He2+ colliding with H,
D, and T as a function of the projectile energy. The symbols are our
END results. The long dashed line is Eq. (21). The short dashed line
corresponds to the ZBL results of Eq. (22).

substituting Eq. (17) into Eq. (20):

Sn = µ

Mb

πZ2
pZ2

b

E0r

ln

[
1 +

(
2E0rbmax

ZpZb

)2 ]
, (21)

where we have used an upper limit, bmax, in the impact
parameter due to the long range of the Coulomb potential.
Bohr analyzed this problem [1,16] and found that a proper
cutoff would be bmax ∼ v/w0, where w0 is the characteristic
frequency of the electron harmonically bound to the target.
However this assumption is valid for v 
 v0 with v0 the Bohr
velocity. For low velocities, we will assume bmax constant and
determine its values from the ab initio data by means of a fitting
procedure. With this assumption, a characteristic of Eq. (21)
is that SnMb/µ is a unique function of E0r , recalling that it
assumes a bare projectile with charge Zp.

In Fig. 9, we show the scaled END nuclear cross sections
for He2+ ions colliding with H, D, and T as a function of E0r .
In this figure, we show the analytical results of Eq. (21) and
see an excellent agreement for this particular system. In this
case, we find that bmax = 1.17 a.u. as the maximum impact
parameter required in a Coulomb scattering. This result is
in agreement with the largest impact parameter for electron
capture for this system, as can be seen in Refs. [11–13], where
the largest electron capture probability occurs for b < 1.5 a.u.
Thus, we confirmed the scaling law for the nuclear stopping
cross section for a projectile colliding with targets differing
only in mass. Also, in Fig. 9 we present the results of Ziegler,
Biersack and Littmark (ZBL) [3] (see Eq. (2)–72), which can
be rewritten as a unique function of E0r and that we present
here for completeness,

Sn(E0r ) = µ

Mb

8.462ZpZb(
Z0.23

p + Z0.23
b

) S̄n(ε) (22)

with

ε = 32.53E0r

ZpZp

(
Z0.23

p + Z0.23
b

)
and

S̄n(ε) = ln(1 + 1.1383ε)

2(ε + 0.01321ε0.21226 + 0.19593ε0.5)

for ε < 30, and Sn(E0) is given in units of 10−15 eV cm2/at.
The first thing to note is that the ZBL expression and Eq. (21)
behave as ln(E0r )/E0r at large collision energies. However,
at low collision energies, our expression is quadratic on the
energy in the logarithmic term when ZBL depends linearly
in E0r in the logarithmic term. Another characteristic of ZBL
is that the scaling length a = a0/(Zγ

p + Z
γ

b ) with γ = 0.23
appears in the expression, which arises from the interaction of
neutral atoms (both projectile and target), so it is unsuitable
for ionic interactions. This is observed in Fig. 9, which shows
the ZBL contribution is small compared to our END results.
So care must be taken when comparing the nuclear stopping
cross section for ionic systems where the electron capture cross
section is small, to those where neutral atom interactions are
assumed, as in the ZBL formula.

V. CONCLUSIONS

The energy loss of a projectile, when it collides with an
atomic target, requires a proper description of the interaction
potential. Due to dynamic processes such as charge transfer,
that interaction is not universal but depends on the region
of interaction and on the target mass. However, many of
the energy loss processes such as scattering in the c.m.
frame can exhibit a universal behavior described by a scaling
law. In this work, we have shown that such a scaling law
for the scattering and energy loss of He2+ ions colliding
with H, D, and T exists in the low to intermediate energy
region. We find that the scattering in the c.m. frame shows
such universal behavior, which is a result of momentum and
mass conservation, independent of the type of interaction.
Due to charge exchange, the energy loss departs from a
scaling law, except for high-energy collisions, which follow
a Coulomb-type interaction more closely. Finally, we show
that the nuclear energy loss is independent of the details of
the interaction and shows a scaling law for the target atomic
mass as a function of bE0r . Thus, for this system, there is
no influence of the charge exchange isotope effect of the
target in the nuclear stopping cross section of the projectile.
In the electronic energy loss, such an isotopic effect is present
through Stueckelberg oscillations, but its contribution is small.
Also, the electronic stopping cross section shows a threshold in
the projectile energy due to the minimum momentum transfer
necessary by the projectile to produce an electronic excitation
in the target. Finally, the nuclear stopping cross section has a
universal behavior as a function of E0r . Thus, in conclusion,
care must be taken when comparing ionic systems stopping
cross sections results to those of neutral systems, as assumed,
for example, by the ZBL model. All these results are based
on classical trajectories that are valid for meV/amu � Ep �
400 keV.
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APPENDIX: MODEL POTENTIAL FOR THE
PROJECTILE-TARGET INTERACTION

Since the electron capture cross section is small, we assume
that the target charge distribution is not modified by the
collision. For a hydrogen target with a wave function given by
ψ(r) = √

1/4πe−r , the potential produced by the electronic
plus nuclear charge at a point r when interacting with a bare

charge Zp is

V (r) = Zp

r
− Zp

∫
ρ(r′)

|r − r′|dr′, (A1)

where ρ(r) = ψ(r)∗ψ(r). Thus one obtains

V (r) = Zp

r
e−2r (1 + r) . (A2)

This potential does not include polarization effects as the
projectile gets closer to the target, and thus is completely re-
pulsive for all distances. For small distances, where Zbr � 1,
the projectile sees a Coulombic potential. For intermediate to
large distances, the projectile feels a screened Yukawa-type
potential that falls off faster than a Coulombic potential.
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Y. Ohrn, E. Deumens, and J. R. Sabin, Phys. Rev. A 81, 052704
(2010).

[14] B. H. Bransden and M. R. C. McDowell, Charge Exchange and
the Theory of Ion-Atom Collisions (Clarendon, New York, 1992).

[15] E. Deumens, A. Diz, R. Longo, and Y. Öhrn, Rev. Mod. Phys.
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