PHYSICAL REVIEW A 82, 063837 (2010)
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We propose a scheme that is able to generate on demand a steady-state entanglement between two
nondegenerate cavity modes. The scheme relies on the interaction of the cavity modes with driven two- or
three-level atoms, which act as a coupler to build entanglement between the modes. We show that, in the limit
of a strong driving, it is crucial for the generation of entanglement between the modes to imbalance populations
of the dressed states of the driven atomic transition. In the case of a three-level V-type atom, we find that a
stationary entanglement can be created on demand by tuning the Rabi frequency of the driving field to the
difference between the atomic transition frequencies. The resulting degeneracy of the energy levels, together
with the spontaneously generated coherence, generate a steady-state entanglement between the cavity modes. It
is shown that the condition for the maximal entanglement coincides with the collapse of the atomic system into a
pure trapping state. We also show that the creation of entanglement depends strongly on the mutual polarization

of the transition atomic dipole moments.
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I. INTRODUCTION

The generation of continuous-variable (CV) entangled light
has attracted significant interest because of a potential applica-
tion in quantum information science, specifically in quantum
teleportation [1], quantum telecloning [2], and quantum dense
coding [3]. Continuous variables offer the possibility to
create entanglement deterministically, and different nonlinear
processes have been proposed to generate CV two-mode
entangled beams [4-8], including nondegenerate parametric
down conversion [9,10] and nondegenerate four-wave mixing
processes [11-15]. Recently, the four-wave mixing process has
been proposed as a potential source of narrow-band entangled
beams and as an important resource for quantum memory
storage [16] and long-distance communications [17].

Of particular interest for CV entanglement are cavity
quantum electrodynamic (QED) systems, where entanglement
between cavity modes can be created by coupling the modes
to an atomic system or nonlinear crystal located inside the
cavity [18-20]. It was shown that, for the generation of
entanglement between cavity modes, it is essential to create
a coherence in the coupling (or entangling) system. Typical
systems for entangling the modes are multilevel atoms or
nonlinear crystals, where the coherence can be established
initially by a preparation of the atoms in a linear superposition
of their energy states or can be created dynamically by
a suitable driving of the atoms through four-wave mixing
[11-15] or Raman-type processes [21-24].

The coherence is subjected to dissipation as a result of the
decoherence process, and over a long time it might be difficult
to maintain a coherence large enough for entangling the
cavity modes. The main source of decoherence is spontaneous
emission resulting from the interaction of the atoms with
the environment. On a microscopic scale, the spontaneous
emission can be reduced or even completely eliminated, but it
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could be difficult to eliminate on a macroscopic scale where
one would like to create entanglement using macroscopic
atomic ensembles. This raises an important question of how to
eliminate the decoherence or how to maintain a large coherence
in the presence of the decoherence.

In this paper, we propose a system formed by a three-level
atom located inside a two-mode cavity that can generate the
maximal stationary entanglement between the cavity modes
in the presence of decoherence. The atom is modeled as a
V-type system where the dipole-allowed transitions can be
independent of each other or can be correlated through the
spontaneously generated coherence (SGC) [25]. The atom is
driven by an external laser field coupled exclusively to only one
of the atomic transitions. We use the dressed-atom approach
and show that the effective three-level system of dressed states
comprises a suitable medium for a nonlinear coupling between
the cavity modes. We work in the strong driving limit, which
assumes that the Rabi frequency of the laser field is much larger
than the transition damping rates and the coupling strengths of
the cavity modes to the atomic transitions. This prompts us to
apply the secular approximation, which ignores the coupling
of the populations of the dressed states to the coherences. It
is known that nonsecular terms, although small, can have a
destructive effect on coherence effects [21,22] or may even
have constructive effects and lead to interesting novel features
[26-28]. However, we are interested in features created by the
SGC rather than features created by the coherence induced by
the driving field, and therefore neglect the nonsecular terms.

We consider four scenarios, wherein the cavity modes
couple to the same or different atomic transitions that could be
correlated or independent of each other. The first scenario
represents a situation in which the atomic transitions are
independent of each other, and both cavity modes couple to the
same atomic transition that, in addition, is driven by a strong
and in general off-resonant laser field. Physically, this system
behaves as a driven two-level system, and the driving field
occurs as a dressing field for the atoms. We demonstrate that
the necessary and sufficient conditions for generation of the
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maximal entanglement between the modes involve creating a
complete population inversion between the dressed states of
the coupling atomic system. A population difference between
the dressed states occurs for an off-resonant driving field.
Since, for a strong driving field, there is no coherence between
the dressed states, one could conclude that the entanglement
occurs without coherence in this case. However, for a detuned
driving field, a coherence actually occurs between the two bare
states of the system. In other words, in the bare atom picture,
the entanglement is created with coherence. We find that the
maximal entanglement can not be created in this scenario
because it is not possible to create a large population difference
between the dressed states and, at the same time, maintain a
strong coupling between the cavity modes mediated by the
atom.

In the second scenario, we include the coupling between
the atomic transitions through the SGC, a close analog on the
schemes of quantum-state engineering by dissipation [29-35].
We find that, in this case, the dissipation is used to create
the required coherence in the atomic system. The maximal
stationary entanglement can be created on demand for the
resonant driving field by tuning the Rabi frequency of the field
to the difference between the atomic transition frequencies.
As a result, the atomic system evolves into a pure trapping
state, which is an asymmetric superposition of the degenerate
energy states. The particular pure state into which the atomic
system evolves depends upon the ratio of the damping rates of
the atomic transitions and the detuning of the laser frequency
from the atomic transition frequency. The trapping effect
results in a complete population inversion between the dressed
states of the system. In other words, the maximal steady-state
entanglement is generated when the population of the atomic
system is trapped in a pure superposition state.

In the third scenario, we assume that the cavity modes
are coupled to different atomic transitions. The new feature
of this scenario is that the generation of entanglement is
now independent of the population of the dressed states.
The necessary condition for entanglement is the creation of
coherence between the atomic transitions, a coherence that
can be created by the SGC.

Finally, in the fourth scenario, we consider the most general
configuration in which each of the cavity modes is coupled to
both atomic transitions. We show that this scenario can be
treated as a combination of the second and third scenarios, and
find that the generation of entanglement now depends on the
mutual polarization of the atomic dipole moments. Depending
on whether the transition dipole moments are parallel or
antiparallel, the entanglement can be enhanced (reduced) by
the constructive (destructive) interference between the atomic
transition amplitudes.

This paper is organized as follows. We begin in Sec. II with
a description of the proposed schemes for the generation of
entanglement between two nondegenerate cavity modes and
derive the master equation for the reduced density operator
of the cavity modes. In Sec. III, we study the generation and
enhancement of entanglement between the cavity modes for
different coupling configurations of the cavity modes to the
atomic transitions. We are particularly interested in the role of
the mutual polarization of the atomic dipole moments and the
conditions for the generation of a large stationary entanglement
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between the modes. The physical origin of entanglement
between the cavity modes is explained in terms of population
trapping in a linear superposition of the atomic levels. Finally,
we summarize our results in Sec. I'V.

II. GENERAL FORMALISM

We consider a three-level atom located inside a two-mode
cavity. The atom is modeled as a V-type system with a
ground state |3) and two excited states |1) and |2) separated
in frequency by Ag = wi3 — wy3, where w3 and w,3 are
atomic transition frequencies between states |1) < |3) and
|2) <> |3), respectively. We shall assume that w;3 > ws3 so
that Ay is positive. This choice, of course, involves no loss
of generality. The atom acts as a coupling (or entangling)
medium that couples two nondegenerate cavity modes of
frequencies w; and w, through the interaction of the modes
with the atomic dipole transitions |1) <> |3) and |2) <> |3). In
addition, the transition |2) <> |3) is driven by a strong laser
field of angular frequency w; and the amplitude determined
by the Rabi frequency 2€2, as illustrated in Fig. 1. The
dipole moments of the two allowed atomic transitions can be
orthogonal or nonorthogonal to each other. The latter case can
lead to quantum interference effects induced by the SGC. The
cavity modes can simultaneously couple to one of the atomic
transitions or to different transitions. One can also arrange a
situation in which each of the cavity modes could couple to
both of the atomic transitions. In this case, the coupling and
the resulting entanglement between the modes can depend
on whether the transition dipole moments are parallel or
antiparallel to each other.

For an open cavity in which the atom and the cavity modes
are coupled to the outside vacuum modes, the dynamics of the
driven atom plus the cavity modes is conveniently described by
the density operator p, which, in a frame rotating with the laser
frequency w; , satisfies the following master equation (i = 1):

d
E:O =—i(H.+H,+V,0)+ Lcp+ Lup, (D

where
H. = —8161:611 + 82612612 2)

is the free Hamiltonian of the cavity modes,

H, =(AL +Ap) A1+ ALA»n — QA+ Az)  (3)

FIG. 1. Schematic diagram of the atomic levels and one of the
possible coupling configurations of the laser and the cavity fields.
A laser field of frequency w; drives the |3) — |2) transition with
detuning A, and two nondegenerate cavity modes of frequencies w;
and w, couple to the driven transition with detunings §; and §, from
the laser frequency.
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is the Hamiltonian of the driven atom,

V = (gia1 + ga2) Axz + (g3a1 + gaaz) Az +Hee.  (4)

is the interaction Hamiltonian of the cavity modes with the
atomic transitions, and

2
L.p= Zlcj(Zaj,oa; — ajajp — pajaj) ®)
j=1

and

Lsp = y1[A31,0A13] + 2 [A32,0A23]
+n([A31,0A2] + [A3,pA13]) + Hec. (6)

are operators representing the damping of the cavity-field
modes by cavity decay with rates k; and «,, and of the
atomic transitions by spontaneous emission with rates y; and
y>. The parameters g; (i = 1,2,3,4) are coupling strengths of
the cavity modes to the atomic transitions. We assume that,
in general, the modes couple with strengths g; and g, to the
transition |2) < |3) and also can be simultaneously coupled to
the |1) <> |3) transition with strengths g3 and g4, respectively.

The coefficient n = p,/y1y, is a measure of the amount of
coherence, the so-called SGC, induced by dissipation between
the |1) <> |3) and |2) <> |3) atomic transitions. The source
of this coherence has an obvious interpretation. Namely,
spontaneously emitted photons on one of the atomic transition
drives the other transition. The degree of the coherence,
measured by the coefficient , depends explicitly on the mutual
polarization of the transition dipole moments with p = cos9,
where 6 is the angle between the two dipole moments. Thus,
p = 0 when the transition dipole moments are orthogonal to
each other, and p attains its maximal value of p = £1 when
the dipole moments are parallel or antiparallel to each other.
Obviously, the SGC vanishes when p = 0 and attains maximal
value when p = +£1.

The parameter A; = w3 — @y is the detuning of the laser
frequency w; from the atomic transition frequency w3, and
8 = w; — w; and §; = wy — wy, are detunings of the cavity
modes w; and w, from the laser frequency, respectively; A;; =
|i)(j| are the atomic transition operators between energy states
|i) and |j) (i,j = 1,2,3) of the atom.

Since the transition |2) <> |3) is driven by a strong, nearly
resonant laser field, it is convenient to work in the dressed-state
picture [36,37]. We introduce dressed states, which are the
eigenstates of the Hamiltonian (3):

1) = |1),
2) = sin¢|2) — cos p|3), (7
13) = cos ¢|2) + sin¢[3),
where
25,_1, AL
R ToN ®)

and g :Jm is the Rabi frequency of the detuned
field. In the dressed-state basis, the operators A;; are re-
placed by dressed-state operators R;; = 1) (j], and the density
operator of the system can be transformed to the dressed-atom
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picture by the unitary transformation

p = exp(i Hot)p exp(—i Hot), 9)
where
Hy = (AL + Ao)Ri1 + QR, — 5101611 + 5261;&2, (10)

and R, = (Ry — R33)/2 is the population inversion operator
between the dressed states |2) and |3).

Applying the unitary transformation (9), we find that
the commutator part of the master equation for g contains
explicitly time-dependent terms that oscillate at frequencies
8; and &, and the atomic dissipative part contains terms
oscillating with €2y and 2. In the limit of large Rabi
frequency 2y > g;,¥:, the oscillating terms in the dissipative
part make contributions of the order y;/ o, where i = 1,2.
These terms can be neglected in the secular approximation.
The errors of the secular approximation are of the order y; / Q¢
and g;/ 2. Thus, it is reasonable to neglect these terms on
time scales t > yi_l when Qo > g;,v;. This approximation
permits important mathematical simplifications, and “exact”
solutions for the steady-state density matrix elements may be
obtained that could provide immediate insight into the physics
involved in the problem.

Thus, the master equation in the dressed-atom basis and
under the secular approximation simplifies to

d e ~ .
Zﬁ =—i[V,pl+ Lap + L.p, (11

where
V = {di[sin2¢)R; + sin’ ¢ Ryze' ™" — cos? ¢ Rype™"™']
+dy(sin @ Rzel oot 3 @+ A
— cos g Rype 1402 AIN} e, (12)

is the interaction of the dressed atom with the cavity modes,
with

dy = g1 + graze ™,

(13)

d2 — gSalelall + g4a2e_’82’,

and

Lap = yi (sin® ¢[R31,pR13] + cos> $[Rar,pR12] + Hoc.)
+ y2sin*(2¢) ([R.,pR.] + H.c.)
+ 2 (sin® @[ R32, S R3] + cos* p[Ra3, 5 R3] + Hoc.)
+ no sin® ¢([R31,/ R23] + [R32, pR13] + Hec.)
+ 10 cos” ([Ra1, pRn] + [Roz, pR12] + Hee)  (14)

is an operator representing the damping of the dressed-atom
system.

Obviously, the cavity damping term remains unchanged un-
der the dressed-atom transformation, but the atomic dynamics
is now determined in terms of the dressed-atom operators.
In this paper, we are interested in the case of the two cavity
modes being nondegenerated, i.e., @; # w,, for which the time
dependence of V is quite complicated. This renders the master
equation difficult to solve exactly, except in a special case of
a weak coupling of the cavity modes to the atomic transitions
gi < . In this case, we can treat the interaction as a weak
perturbation to the strong atom-laser interaction and find that,
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after tracing over the atomic variables, the effective master
equation for the reduced density operator of the cavity modes
pe = Trpp is of the form

2 2

d _ JEN

ZPe=1 E (012 — Bj)[a;aj,,Oc] —1 E Aj[a_/a;,,Oc]
= =1

[SS]

+ (§j+/<j)(2aj,oca}—a}ajpc—pca;aj)
1

j=

2
+ Z A~j (2a;pcaj — ,ocaja; — aja},oc)
j=1

2
+ Z {Cja}aj./,oc + Dj,oca},a;

J#i'=1
—(C; + Djajpea) + Hel), (15)

where 812 = (8, — 81)/2and A;, B; and A}, B, are the real and
imaginary parts of complex coefficients A;, B;, respectively.
The coefficients A; and B; have obvious interpretation as ab-
sorption and gain rates, whereas A ; and B; are radiative shifts
of the cavity-mode frequencies. Correspondingly, the complex
coefficients C; and D; determine terms representing desired
correlations between the cavity modes. The expressions for
the coefficients depend strongly on the coupling configuration
of the cavity modes to the atomic transitions and also on a
particular choice of other parameters. The explicit analytical
forms of the coefficients for different coupling configurations
of the cavity modes to the atoms will be given in Sec. III.

The master equation (15) is of a form characteristic for a
system composed of two field modes coupled to a multimode
squeezed vacuum [38]. For this reason, to quantify entangle-
ment between the modes, we shall use Duan’s criterion [39],
which relates entanglement to squeezing between the modes.
If the cavity modes were initially in a vacuum state, which is an
example of a Gaussian state, the state of the modes governed
by Eq. (15) will remain a two-mode Gaussian state for all times
t. The quantum-statistics properties of a two-mode Gaussian
state are conveniently studied in terms of quadrature operators
of the two cavity modes

X[ = L (ClTeigl +Cll€_i91)
V2 ’
. (16)
1 . .
Yy = —(a/ e —aqe™), 1=12

V2

where 6, is the phase angle of the modes. If we introduce two
operators

1 1
u=aX;——-X,, v=a¥,+ -Y, (17)
a a

where a is a state-dependent real number, then, according to
Duan’s criterion, a two-mode Gaussian state is entangled if,
and only if, the sum of the variances ¥ = ((A#1)?) + ((AD)?)
satisfies the inequality

1
Y =2na’ 4 2m/a* — 4c¢ <a2+a—2, (18)

witha®> = /Cm — /2n — 1),n = (alTal) +1/2,m =
(agaz) + 1/2, and ¢ = |{a1az)|. Since the right-hand side of
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Eq. (18) is a positive number, we may introduce a parameter

, 1
T=%—-a"——, (19)
a
and then the condition for entanglement between the cavity
modes is that the parameter Y must be negative.

From Egs. (18) and (19), it is obvious that, in order to
calculate the parameter Y, it is necessary to have available
the cavity-field correlation functions n, m, and c¢. These
correlation functions are readily found using the master
equation (15), from which we can derive equations of motion
for the required correlation functions and find that they satisfy
a set of coupled differential equations

d, i

—(a;a;)

_ . T
lajaj) = (T} +Tlalay)

+xjlajad) + xHara) +24;,
d T (20)
E(alaz) = — (' + M) {a1a2) + x2(a;ar)

+xi(alar) + (Cy + Cy)

where ' =«; + i85 — (Aj — Bj) and x;j =C;—D;. The
set of the differential equations (20) can be easily solved
for arbitrary initial conditions. Since we are interested in a
stationary entanglement between the cavity modes, we analyze
the stability condition and find that the system is stable and
reaches its steady state as t — 0o when

Rell' + T — /(T —T32 + 40131 > 0. @2D)

The above stability condition may be simplified substantially
for particular choices of the detunings and the Rabi frequency
such as 81,8, > y; and Q¢ > y;.

III. ENTANGLEMENT BETWEEN CAVITY MODES

Itis clear from Eq. (15) that the dynamics and entanglement
of the cavity modes are a sensitive function of the properties of
the driven atomic system. To study this dependence, we shall
examine four scenarios of the coupling configuration of the
cavity modes to the atomic transitions, two scenarios in which
both modes couple to the same driven atomic transition and the
other two in which the cavity modes are coupled to different
transitions. Particular attention will be paid to the role of a
specific driving of the atoms and the SGC in entangling the
cavity modes.

A. The case of both modes coupled to the driven transition

In this section, we examine the entanglement properties
of the cavity modes when both modes are coupled to only
one of the atomic transitions, i.e., the laser-driven transition
|2) <> |3), as illustrated in Fig. 1. In other words, all the
fields couple to only one of the atomic transitions. This
is achieved by setting the coupling strengths g3 and g4 in
the Hamiltonian (4) equal to zero. We shall be particularly
interested in the generation of entanglement between the cavity
modes when the coupling system is reduced to a simple
two-level system and in the role of the spontaneous emission
in coupling of the two-level system to the auxiliary level |1).
Therefore, we consider separately two cases of orthogonal
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(p = 0) and nonorthogonal (p # 0) dipole moments of the
atomic transitions. When the dipole moments are orthogonal
to each other, p = 0, and then the atomic transition |1) <> |3)
decouples from the driven transition. In this case, the system
reduces to that of a driven two-level atom. On the other hand,
when the dipole moments are nonorthogonal, p # 0, and then
the spontaneous emission on the |1) <> |3) can influence the
two-level dynamics of the driven |2) <> |3) transition.

We start by introducing the explicit form of the coefficients
of the master equation (15), which read

1 . f*(_(sl)p% 4
A =g° [——F (81)sin2¢ + 533 _cost ¢
R fo(=80 —m
f1(61)p35 — Moy, sin ¢i|
f12(81) — n} ’
1 . fl(Sl)P§3 . 4
B, = g* |:——F(8 )sin2¢ + —————sin* ¢
: e f12(81) — n

fl*(—*(Sl)p;z - 77(;:051 cos? ¢i| ’
f12(_51) — 1y

f1(82)p35
f12(82) — 1}
Ji(=82)p3, — nop3, ]
fi(=8) —ng 1

1 .
C = Zg]gz sin 2¢ |:F2((32) +

+
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1 (=)0
Dy = 7g18:5in2¢ [Fl(Sz) + Fi(—8) —
M] (22)

f@)—n5 1’

where
Fi(8;) = [M32(8;) — Mx»(8))1p5, — [M33(8;) — M»3(8;)]
X P35 4+ [M34(8;) — M24(8))1p15,
(23)
Fy(8;) = [M32(8;) — M22(8;)1p5, — [M33(8;) — Mp3(5)]
X P35 + [M35(8;) — Mas(8)105;,
and
So(E68)) = fi(£8)) fo(£8)), j=1.2 (24
with
[iES) =i+ yrcos’ @ +i (Ao + S(AL + Qo) £5;),
H(ES) = (1 + Lsin?2¢) +i(Q £8,). (25
Here, p3,, p3;,and p}, are the steady-state values of the atomic-
density matrix elements under the condition of ignoring the
effect of the weak coupling between the cavity modes and

the atom, and M,,,(5;) are elements of the inverse matrix
of U(4;):

2y1 + 16 0 0 No no
—2yjcos’ ¢ 2ysint¢ +is; —2y, cos* ¢ —npcos2¢p  —1gcos 2
UGj)=1\|-2n sin? ¢ -2y, sin? ¢ A% cos? ¢ +id; —2no sin? ¢ —2no sin? ¢ |, (26)
no no 0 b+id; 0
o o 0 0 b* +1i§;

where b = y; + o sin? ¢ +i[Ag — (Qo — AL)/2].

The remaining coefficients A,, B, C;,and D, are obtained
from Eq. (22) by exchanging §; with —§, and g; with
g». We should point out here that, in the derivation of the
coefficients (22), we have assumed that the states |1) and
13) are separated in energy by Ao + (o + Az)/2, while the
states |1) and |2) are separated in energy by Ay — (Qy —
Ap)/2. Thus, in general, the dressed states are nondegenerate.
However, by varying the Rabi frequency €2y or the splitting
Ao, one may turn the states |1) and |2) into degeneracy,
whereas the states |1) and |3) will always remain far from
resonance. This would happen when Ay = (29 — A)/2. As
we shall demonstrate in this paper, the degeneracy condition
is an optimal condition for entanglement between the cavity
modes.

Having defined the coefficients of the master equation for
the case of both cavity modes coupled to the driven atomic
transition, we now turn our attention to the possibility of
generating a stationary entanglement between the modes.
In doing so, we shall consider separately two cases, p = 0
and p # 0.

1. The caseof p =0

Let us first determine how much entanglement can be
generated when the atom behaves as a two-level system. The
master equation (15) can be applied to this simplified case
by setting p = 0. Figure 2 shows the entanglement measure
T as a function of Ay for no =0, fixed detunings §;,6,,
and the Rabi frequency €2¢. The figure shows that, under
resonant excitation, the cavity modes are separable and become
entangled for an off-resonant excitation. The entanglement
exhibits an interesting behavior in that it has two maxima
that occur for certain nonzero values of A, and then rapidly
declines thereafter. A small difference §;, = —0.61 between
the detunings §; and §, is introduced to cancel the effect of the
Stark shifts A; and B;. As we see from the figure, the Stark
shifts have a distractive effect on entanglement.

We would like to point out that the magnitude of the
entanglement is not large and that there are no parameter
values at which the entanglement could reach the optimal
value T = —1. Moreover, the maximal entanglement occurs
at large detunings A; ~ +40y,, at which the driving field
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FIG. 2. The degree of entanglement Y plotted as a function of
A, for the case corresponding to a two-level system g3 = g4 =
0 and p =0, with y, =0.02, =50, 8, 8 =50, k) =Kk =
0.63, g; = g» = 10, and different values of §;5: §;, = 0 (solid line)
and 6;; = —0.61 (dashed line). All parameters are normalized to y;.

is weakly coupled to the atoms. We shall demonstrate in
the second scenario that the magnitude can be enhanced to
its optimal value Y = —1 by coupling the two-level system
to the third level. To summarize, we briefly discuss the
parameters characterizing the system and the ranges of these
parameters that are experimentally accessible. The parameters
are expressed in units of the spontaneous emission rate y. In
the case of alkali atoms, y is of the order of 10 MHz. Driving
lasers used in experiments are usually tunable, providing for
arbitrary detuning A, so that the range A, < 100y is easily
accessible. The lasers are sufficiently powerful to generate
Rabi frequencies up to 100y .

2. The caseof p # 0

We now turn to illustrate the role of the SGC on entan-
glement creation between the cavity modes. We assume that
the driven transition to which the cavity modes are coupled
is coupled by spontaneous emission to the auxiliary level
[1). This coupling can occur for the case of nonorthogonal
(p # 0) dipole moments of the atomic transitions, and then
the spontaneous emission on the |1) <> |3) can influence the
two-level dynamics of the driven |2) < |3) transition.

Since the spontaneous emission on the atomic transitions
occurs at different frequencies and with different rates, the
created entanglement between the cavity modes may depend
strongly on the splitting Ag. As we shall see, the crucial
component for entanglement between the cavity modes is the
relation between 2 and A. Figure 3 illustrates the variation of
T with gradually increasing A for the case of resonant driving
A = 0. We see that the cavity modes become entangled only
for p # 0; for a certain value of Ay = ©y/2, the entanglement
becomes optimal. In terms of the energies of the dressed
states, the condition of Ay = £2y/2 corresponds to the situation
wherein the dressed state |1) becomes degenerate with the
dressed state |2) [40,41]. The condition of p # 0 corresponds
to the presence of direct coupling between the states | ) and |2).
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FIG. 3. The degree of entanglement Y plotted as a function of A,
for AL =0, y, =0.02, Q =50, §; ~ §, =50, §;, = —0.61, k; =
ko = 0.63, g = g» = 10, and various values of p: p = 0.98 (solid
line), p = 0.7 (dashed line), p = 0.4 (dashed-dotted line), and p = 0
(dotted line). All parameters are normalized to y;.

Note that this coupling is induced by the dissipative process
of spontaneous emission. Since this is a resonant coupling, it
creates a strong coherence between the states | 1) and |2). Under
these circumstances, the modes become strongly entangled and
the degree of entanglement is maximal in comparison with
Fig. 2. The amount of the generated entanglement depends
also on the ratio of the spontaneous emission rates y»/yi,
and the maximal entanglement of Y &~ —1 is achieved at
Ag = Qp/2 and p ~ 1 for y, < y1. In other words, a large
entanglement occurs when most of the population resides in
the driven transition rather than in the undriven transition.
We may summarize that, by using carefully designed driving,
such that Ay = /2, and carefully chosen atoms, such that
y» K ¥, a large entanglement can be produced between the
cavity modes via dissipation created by coherence in the
atoms.

We now proceed to explain the physical origin of the
process responsible for entanglement of the cavity modes
predicted in the above two scenarios. As we shall see, the
physics of the process can be quantitatively explained on
the level of the stationary population of the atomic system.
In the first instance, a simple analytical expression can be
derived for the master equation as follows. When the frequency
difference § and the Rabi frequency €2p are much larger
than the damping rates of the atomic transitions §; &~ §, =
6> y; and Qo > y;, the real parts of the parameters (22)
become negligible, i.e., Aj = Ej = C‘j = Dj ~ 0, and the
imaginary parts become A; ~ B; and C; = —D;. It is then
straightforward to show that the master equation (15) may be
approximated by

d _ _
TP =i+ 24)[ala, + alay.p.]

—iDlajal + a1az,pc] + Lepe, 27)
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where
220 (1 + cos?2¢)

_ g?Qysin®2¢ s s
D= 2@ -8) (32 = P33).

and, for simplicity, we have assumed equal coupling constants
81 =8 =28§.

This shows that the atomic variables contribute to the
coherent evolution of the cavity modes, and the only relaxation
in the system is the damping of the cavity modes. A choice
of 8, = —2A simplifies further the master equation and
leaves only the parametric amplifying term in its commutator
part. This term is responsible for correlations and hence
for entanglement between the modes. The magnitude of
entanglement attains maximal value when D maximizes. It
is evident from Eq. (28) that the parameter D is different from
zero only if the population is unequally distributed between the
dressed states. Thus, only one factor determines the magnitude
of entanglement between the cavity mode, i.e., the population
must be inverted between the dressed states of the system.
For the case of p =0, this can be achieved if the laser
frequency is detuned from the atomic transition frequency w,3.
It is interesting that the entanglement is created without any
coherence between the dressed states. There is no coherence
between the dressed states because the Rabi frequency €2 is
much larger than all relaxation rates, 2y > y;,k;. However,
we should point out that, in the case of an off-resonant
driving, there is a coherence between the bare atomic states.
Thus, one can argue that the predicted entanglement actually
occurs due to a nonzero coherence between the bare atomic
states.

To calculate the population inversion between the dressed
states, we introduce density matrix elements with respect to
the three atomic dressed states in the absence of the cavity
modes, denoting (1]|5|2) by pi2, etc. The equations of motion
are

P11 = —2y1p11 — no (P12 + p21),
22 = 2y1 cos” ppi1 + 2y (cos’ pp33 — sin® ppn)
+ 10 cos 2¢(p12 + p21),
P33 = 2y sin® gp11 — 2y (cos® pp33 — sin* gor)  (29)
+ 210 sin® ¢(p12 + p21).
pro=—{n +ysin® ¢ +i[Ag— 3(Qo — Ap)]}
X p12 — no(p11 + p22)-

It is evident from the above equations that the coherence pi,
induced by spontaneous emission oscillates with frequency
Ao — (20 — Ap)/2. This fact has the obvious physical mean-
ing that the coherence attains maximal value when Ag —
(20— AL)/2=0. For Ay =0, the coherence maximizes
at Ag = Qo/2 and simultaneously the factor sin’¢ in the
coefficient D equals to 1 (consequently, the value at which
the entanglement, shown in Fig. 3, attains the maximal
value).

In the steady state, the dressed-state population difference
can be worked out explicitly for both p = 0 and p # 0. For the
case of p = 0, the steady-state population difference is given
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by the expression

cos* ¢ — sin* ¢

_ 30
cos* ¢ + sin* ¢ (30)

Py — Pz =
which clearly shows that the populations among the dressed
states are imbalanced only for a nonzero detuning A; #
0(¢ # 7/4). In this case, the parameter D responsible for
the nonlinear coupling between the modes is different from
zero. It is easy to check that the maximal entanglement seen in
Fig. 2 is attained at the detunings corresponding to the maximal
value of D. Thus, we have a simple physical interpretation of
the entanglement creation by a detuned laser field.

We stress that, in the case of the detuned driving (A, # 0)
and in the limit p =0, i.e., in the two-level situation, the
population is unequally distributed between the dressed states;
however, it is not possible to produce atoms in a pure dressed
state in which |p3, — p3;| = 1 and at the same time have the
coefficient D different from zero. However, for the case of
three-level atoms with p =1, it is possible to have |p3, —
P33l = 1, in which case the population is trapped in one of
the dressed states. The condition of the population trapping is
unique to the SGC and can be achieved even for a resonant
driving A; = 0.

We now proceed to evaluate the population inversion when
p = 1. A careful analysis of the steady-state solution shows
that, in the case of the level crossing at Ag = 2y/2 and in the
limit p = 1, the population is not trapped in one of the dressed
states, but rather in one of linear superpositions

ls) = a|2) + BI1),

< - €29
la) = BI2) —all),

where

o= (—”2 sin’ ¢ )é B = (—yl ); (32)
v+ yasin2eg ) Vi +yasin2¢ )

It is easy to check that, at the level crossing condition and in
the limit p = 1, the population is trapped in the antisymmetric
state |a), i.e., pJ, = 1 irrespective of the detuning A;, and the
ratio between the damping rates y; and y,. This result implies
that the SGC is essential for the atomic system to be capable
of achieving a pure state. In other words, the trapping effect
is a direct manifestation of the presence of the SGC that can
be employed to maintain the complete inversion between the
dressed states, even in the case of zero detuning between the
laser and the atomic transition frequencies. If we incorporate
the solution p}, = 1 into Eq. (28), we find that the resulting
coefficient D takes the form

ngo Y1 sin? 2¢

D=
2(Q3 —82) y1 + yasin? ¢’

(33)

from which one can easily show that the coefficient D is great-
est when ¢ = /4 (Ap =0) and y», < y;. This prediction
clearly explains our numerical results presented in Fig. 3.

To clarify the issue of the mechanism responsible for
creation of the stationary entanglement between the cavity
modes, we may refer to the equations of motion for the
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FIG. 4. Schematic diagram of the coupling configuration of the
cavity modes and the driven laser field. The cavity mode of frequency
w1 is coupled to the laser-driven transition with detuning 8, from the
laser frequency, while the cavity mode of frequency w, is coupled to
the undriven transition with detuning §, from the laser frequency.

correlation functions (20). It is straightforward to show that,
in the limits of § > y; and 2y > y;, the only damping
mechanism of the correlation functions is the cavity damping.
Thus, the SGC facilitates correlations between the cavity
modes that then decay with the cavity damping to a stationary
entangled state.

B. The case of the modes coupled to different atomic transitions

We now proceed to evaluate entanglement between the
cavity modes when one of the cavity modes, a;, is coupled
to the driven |2) <> |3) transition and the other mode, a,, is
coupled to the undriven transition |1) < |3), as illustrated in
Fig. 4. In this case, the coupling strengths g» = g3 = 0, then
the coefficients of the master equation (15) are of the form

035 cos* ¢
f3(=80) —ng
pysint ¢ mopt sin4¢>]

1 .
A =g} |:—ZF1(81)sm2¢+

D) —n5  fia6) —ng
1 S oind
Bi = ¢ | LRy sin2g + LRI
4 £(81) —n}
3k S S (34)
f] (_*51):022 - 77(;/)21 cos ¢:| ’
f12(_81) — Mo

5 _8) 0%, — s
C1 = massingost o | Py + LLCARZ I ],

fsz(—(sz) - 77(%

770/9%3 ]
fiy(=8) —ng 1’
with F1(8;) and F»(8;) given in Eq. (23),

F3(82) = [M3(82) — M22(82)107, + [M35(82) — Mas(82)1p75,
F4(82) = [M31(82) — M21(82)1p7, + [M35(82) — M2s5(82)103,,

Dy = gigasing cos’ ¢ [F4(52) -

(35)
and
fZ(—gz)px _nops '

Ay = 2|:h 6) + 11 21 ) iI’
2 =84 | hi(82) () =2 sin® ¢

— 805, ain

=i o SLED)
12(—82) — 1y 6
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FIG. 5. The degree of entanglement Y as a function of A, for
the case of the cavity modes coupled to different atomic transitions
g = g3 =0andg1 = g4 = 10, with A; =0, V2 = 2, 2=150, 6 ~
8, =50, 1o = —0.38, k1 =k, = 0.67, and different values of p:
p = 0.98 (solid line), p = 0.7 (dashed line), p = 0.4 (dashed-dotted
line), and p = 0 (dotted line). All parameters are normalized to y;.

. n pS
C, = g1g4sin¢ cos’ ¢ [h3(51) _ 0033 ] ’

fi2(=81) —nd
Fo(=81)pi, }

D, = g1gs4sing cos” ¢ |:h4(31) +
fia(=81) — 3

with

h1(82) = [Maz (—82) p3; + Mas (—82) p} ] cos” &,
ha(82) = [Ma1 (—82) p3; + Mas (—82) p3,] cos” &,
h3(81) = Mz (=81) p33 — Mar (=61) p3, — Mas (—=81) pi;.
ha(81) = Mz (=81) p53 — Maz (—681) p3, — Mas (—81) pi,-
(37)

Figure 5 shows the results for the entanglement measure Y
as a function of A for various values of p. Since, in the case of
p = 0, the creation of entanglement between the cavity modes
was associated with a nonzero detuning A; # 0, the role of
SGC is illustrated most clearly if one assumes a resonant laser
field. Consequently, we choose to limit our illustration of the
creation of entanglement to a situation in which Ay, = 0.

As in Sec. III A 2, the entanglement occurs for p # 0 and
the optimal entanglement can be obtained at Ay = 2¢/2.
However, in contrast to Sec. III A, the entanglement maximizes
at Y =~ —1 for y, = 2y;. This means that the entanglement
maximizes when the transition rates of the dressed transition
resonant with the undressed transition are equal.

In order to understand this behavior of entanglement, we
consider the coefficients of the master equation in the limits of
8 > y; and Qy > y; and find that, in these limits, the master
equation (15) reduces to the following form:

d , _ .
TP =—iln+ 24)[ala, + alay. p.]

+i[Daja} + D*aiaz.p) + Lepe,  (38)
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where

1 sin*¢p  cos*e , :
A=_— 2 s 8
48 [(QO+8+QO—8)(p22 P3)

sin¢ | cos’gp , ;
Q-3 (o1 = p33) + 5 (P22 = ,011):| . (39
Qog2 sin¢>cosz¢ s

Qo -0y &

We may further simplify the master equation by choosing
812 = —2A, which leaves only the nonlinear term in its
commutator part. Note that, comparing to Sec. III A, there is
a qualitative difference in the dependence of the coefficient D
on the density matrix elements. The magnitude of D depends
now on the coherence between the states |1) and |2), but not
on the population difference. The coherence is induced by
spontaneous emission and can be different from zero only if
p 7% 0. This means that the SGC is crucial for creation of
entanglement between the cavity modes when the modes are
coupled to different atomic transitions. As seen from Fig. 5,
the entanglement maximizes at Ay = 2¢/2 and p = 1. It is
easy to show from Egs. (29) and (31) that, for Ay = Q¢/2
and p = 1, in the steady state the population is trapped in
the antisymmetric state |a). Thus, similar to Sec. IIT A, the
condition for the maximal entanglement coincides with the
collapse of the atomic system into the pure trapping state. In

+

D =

this case, the coherence pj, = —« and then the parameter D
reduces to
Qg2 sin?2
_ Sog ¢ In» (40)

D=

4(Q0 —8)8 y1+yasin?g’

It is easily verified that the coefficient D attains its maximal
value for ¢ = w/4 and y, = 2y,. Thus, the simple formula
in Eq. (40) predicts accurately the parameter values of the
maximal entanglement in Fig. 5.

In concluding this section, we would like to point out that
the qualitative features of entanglement between the cavity
modes depend on whether the dipole moments of the atomic
transitions are parallel (p = 1) or antiparallel (p = —1) to
each other. We have already seen that, in the case of parallel
dipole moments and Ay = €2y/2, the population is trapped in
the antisymmetric state irrespective of the laser detuning A
and the ratio between the atomic spontaneous emission rates.
However, for the antiparallel dipole moments, the situation is
different. It is not difficult to show from Egs. (29) and (31)
that, for p = —1 and Ay = /2, the steady-state populations
of the states are

Paa = (@* — B2, =0, (41

where o and B are given in Eq. (32). It is evident that, in
general, the population is redistributed between the symmetric
and antisymmetric states, and only in the case of y; = y» sin® ¢
is the population trapped in the symmetric superposition
state. A consequence of this population redistribution is the
reduction of the entanglement between the cavity modes.
This is shown in Fig. 6, where we plot the entanglement
measure for p = —1 and different ratios between the atomic
spontaneous emission rates. For y, ## 2y, the magnitude of
the entanglement is reduced and attains the maximal value
of T = —1 for y, = 2y,. This is an another demonstration

Pss = 4052/32’
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FIG. 6. The degree of entanglement Y plotted as a function of
A for the case of antiparallel transition dipole moments p = —1,
with A; =0, Q =50, §; ~ 6, =50, k; =k, = 0.72, and different
values of y»/y1: v»2/y1 = 0.5 (solid line), y»/y1 = 1.0 (dashed line),
y2/y1 = 2.0 (dashed-dotted line), and y,/y; = 3.0 (dotted line). All
parameters are normalized to y;.

that the maximal entanglement between the modes is achieved
only when two correlated atomic transitions decay rates obey

v2 = 2y1.

C. Other possible couplings of the modes
to the atomic transitions

Finally, we briefly comment on the other possible coupling
configurations of the cavity modes to the atomic transitions.
The two cases discussed above predict a large entanglement at
practically the same conditions, with only different conditions
imposed on the damping rates of the atomic transitions.
Another possible configuration is to couple the cavity mode
w; to the undriven transition |1) <> |3) and the mode w, to the
driven transition |2) <> |3). One can see from Fig. 4 that this
configuration is obtained from Sec. III B simply by replacing
8 by —4. Thus, a large entanglement could be generated in this
configuration for the same condition as in Sec. III B.

The most general configuration of the coupling constants
is the case corresponding to all of the cavity modes simulta-
neously coupled to both atomic transitions. It is easily verified
that this general case can be treated as a sum of two cases of
modes coupled to different atomic transitions with opposite
detuning §. By combining the two cases together, we find that
the magnitude of the effective coefficient D depends strongly
on the sign of the parameter p. For p = +£1, the effective
coefficient D takes the following form:

5 L SRS IAF VR
LT (@ -8yt oasin?g

We see that, depending on the sign of p, these two coupling
configurations can interfere constructively or destructively,
resulting in an enhanced or reduced effective magnitude of
the nonlinear process. For p = 1, the configurations interfere
destructively such that, for y; = y», the effective coefficient D
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vanishes. On the other hand, for p = —1, the configurations in-
terfere constructively, which results in an enhanced amplitude
of the nonlinear process. However, the resulting magnitude of
the effective coefficient depends strongly on the ratio y,/y;
such that D is large for y,/y; < 1;but, it becomes very small,
proportional to /y;/y, in the opposite limit of y,/y; > 1.
In other words, the three-level system can strongly entangle
the cavity modes only if the spontaneous emission rate on
the undriven transition is much larger than that of the driven
transition.

We conclude this section with a short discussion of the
possibility of creating entanglement between the cavity modes
by the SGC in three-level atoms in the Lambda or cascade
configurations. As we have shown, the crucial component for
the maximal entanglement is to trap the population in a pure
superposition state of the atoms. However, it is well known that
the SGC has a constructive effect on trapping of the population
in a pure state only in the V-type atoms [25]. In the Lambda
or cascade-type atoms, the SGC has a destructive rather than
a constructive effect on the trapping phenomenon [42,43].

The crucial components for the entanglement are three-level
atoms with parallel or nearly parallel dipole moments between
the two atomic transitions. It is difficult in practice to find
V-type systems with parallel or antiparallel dipole moments.
One of the possibilities is to use sodium dimers, which
can be modeled as a five-level molecule in which transi-
tions with parallel and antiparallel dipole moments can be
selected [44,45]. An alternative solution is to engineer atomic
systems with parallel dipole moments. For example, Zhou
and Swain [46] showed that transitions with parallel dipole
moments can be achieved in a three-level atom coupled to a
cavity field with pre-selected polarization in the bad cavity
limit. Agarwal [47] has demonstrated that an anisotropy in the
vacuum can lead to quantum interference among the decay
channels of close-lying states. Another possibility is to align
the dipole moments by a slow motion of the atoms through
the medium [48], or to apply a dc field to couple the upper
levels of a three-level V-type atom with perpendicular dipole
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moments [49]. In addition, SGC arising from radiative decay of
the trion into the spin states has been experimentally confirmed
in charged GaAs quantum dots [50].

IV. CONCLUSIONS

We have proposed a scheme for generation on demand
of a steady-state entanglement between two optical modes
coupled to a V-type three-level atom. We have demonstrated
that the condition for generation of the maximal entanglement
between the modes is to create the complete population
inversion between the dressed states of the coupling atomic
system. In the case of a two-level atom composing the
entangling atomic system, we have shown that a sufficient
condition for entanglement between the modes is to create
a population difference between dressed states of the driven
atomic transition. However, we have found that the maximal
entanglement can not be created in this system because it is not
possible to create the complete population inversion between
the dressed states and, at the same time, maintain a strong
coupling between the cavity modes mediated by the atom. In
the case of three-level atoms composing the entangling system,
we have found that a stationary entanglement can be created
on demand by tuning the Rabi frequency of the driving field to
the difference between the atomic transition frequencies. The
laser field mediates the spontaneously generated coherence
between the atomic dipole transitions, enabling it to engineer
the dissipation in such a way that the atoms evolve into a pure
trapping state.
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