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We report results for the Thomas-Fermi ground state of a spin-polarized dipolar interacting Bose-Einstein
condensate for the case when the external magnetic field B is not orientated parallel to a principal axis but is
aligned parallel to a symmetry plane of a harmonic anisotropic trap. For a dipole interaction strength parameter
ep # 0 the release energy of the condensate depends on the trap orientation angle ¥ between the principal axis
e, r of the trap and the field B. From the quasiclassical Josephson equation of macroscopic quantum physics
we determine the low-lying eigenfrequencies of small-amplitude collective modes of the condensate density for

various trap frequencies w, and trap orientation angles ¥7. For the special case of a spherical harmonic trap with
1
2
the condensate density exists, that oscillates at a constant frequency 2, = V5w around the ground-state cloud,

despite the well-known fact that the shape of the ground-state cloud of a spin-polarized dipolar condensate
is for ep # 0 not isotropic. For ¥y # 0 the small-amplitude modes of the particle density with isotropic and
quadrupolar symmetry consist of two groups. There exist four modes that are combinations of basis functions, with
s-wave, d,2_,2- and d,2-wave, and d,.-wave symmetry, and two modes that are combinations of basis functions
with d,- and d,,-wave symmetry. A characteristic difference in the dependence of the frequencies of these six
collective modes on the dipole interaction strength parameter ¢, for prolate and oblate harmonic triaxial traps,
respectively, is suggested to be used as an experimental method to measure the s-wave scattering length a, of

trap frequency w it is rigorously shown for —5 < ¢p < 1 that a pure s-wave symmetry breather excitation of

the atoms.
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I. INTRODUCTION

Experiments with trapped, extremely dilute gas clouds,
consisting of identical atoms with mass m*, and forming at
ultracold temperatures a quantum degenerate Bose-Einstein
condensate (BEC), are nowadays a research focus in many
laboratories. It was realized early that cold atom clouds do not
form an ideal Bose gas but experience isotropic interaction
forces in the low-energy sector of the system that can be
well described by a microscopic s-wave scattering length
as [1]. While the size of an ideal Bose gas confined inside
a harmonic trap with trap frequency w is determined by the
width a,, =./,Z of the ground-state wave function of a single
particle, the size of an interacting cold atom cloud consisting of
alarge number N >> 1 of condensed Bose atoms may increase

to much larger distances, Atg = aw(“”aﬂ)é. Fortunately, the

necessary requirement, 4”‘[—1;’“‘ > 1, for observing a BEC in
a harmonic trap can be realized simultaneously with the
condition of a small diluteness parameter noa’ < 1, so the
mean-field theory of Ginzburg and Pitaevskii for interacting
Bose systems is applicable for a wide range of parameters,
a, and a;. As the length Atp increases with increasing N,

. . ~ n?

the kinetic energy Ex >~ 5—— e
the ground state eventually becomes much smaller than the
potential energy Vy >~ %a)zA%F of the particles, because the

of the interacting particles in

“nils.schopohl @uni-tuebingen.de

1050-2947/2010/82(5)/053620(25)

053620-1

PACS number(s): 67.85.Hj, 03.75.Hh, 03.75.Kk

density inside the BEC becomes a smooth and slowly varying
function of position. In the Thomas-Fermi approximation the
kinetic energy term for the particles in the ground state of
the BEC is neglected altogether. This is justified when the
chemical potential u of the interacting system is much larger
than the chemical potential ~ %hw of the noninteracting Bose

gas. So for ‘% >> 1 the dominant balance required for me-
chanical equilibrium of a trapped BEC is between the repulsive
interactions of the atoms and the confinement forces of the
trap.

Interesting physics can be observed when, in addition to the
usual s-wave contact interaction, the atoms are influenced by
long-range dipole-dipole forces [2]. This occurs, for example,
for Bose atoms with nuclear spin / = 0 and integer (electronic)
spin S, thus giving rise to a multiplet —S < Mg < S of
atomic magnetic dipole moments with the z component
2upMs. A transition metal atom like chromium >>Cr has
I =0 and S = 3. On the other hand, alkali-metal atoms like
87Rb carry (nuclear) spin I = % and S = %, thus coupling
to a total spin F =1 in the lowest energy state. The first
experimental study of magnetic dipole-dipole interactions in
a BEC was realized with Cr atoms [3] carrying a large
magnetic moment | (M)| = 6. A quantum degenerate F' = 1
spinor BEC was synthesized successfully with 8’Rb atoms [4].
Recently, intrinsically anisotropic BEC systems with elec-
tric dipole-dipole interactions between polar molecules have
been studied experimentally [5]. New research directions are
concerned with magnetic quantum gases consisting of heavy
rare-earth-metal atoms like thulium [6] with |(M)| = 4up,
erbium [7] with [(M)| = 7upg, and dysprosium [8] with
(M)| = 105.
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In the ensuing considerations we study spin-polarized Bose
atom clouds. When the magnetic dipole moments of the atoms
are 100% polarized under a homogeneous external magnetic
induction field B = B®VYe_, so all atoms in the cold gas cloud
carry the identical effective magnetic moment, say, (M) =
—2upS e, it is still possible to describe the Bose-condensed
ground state W of N interacting atoms by a scalar Hartree
ansatz:

v, ) =y Oy )™ )

The expectation value of the many-body Hamiltonian H,
evaluated with such a trial wave function W consisting of a
product of N identical one-particle wave functions ¥ (r), is
then minimized with respect to variations of that one-particle
wave function 1 (r). The optimal one-particle wave function
¥ (r) so found is a solution to the Gross-Pitaevskii equation [1]

h2
— V2 4 Vi(r) —
S T 1%

+ (N -1 / d3r/U(r,r/>|w(r/)|2} Y@ =0. (2)
R3

Here, Vr(r) denotes the potential of the trap and U(r,r’)
describes the interaction potential between two bosons. The
chemical potential u is a Lagrange parameter connected to the
particle number N in the condensate by the constraint

/ &Iy = 1. 3)
R3

II. THOMAS-FERMI THEORY OF SPIN-POLARIZED
DIPOLAR BOSE-EINSTEIN CONDENSATE

In the following we investigate the macroscopic quantum
degenerate ground state of a spin-polarized system of inter-
acting Bose atoms carrying a magnetic dipole moment |(M)]|.
The interaction potential

U(r,x') = Uo(r,r') + Upa(r,r) “4)

between two atoms, one at position r and the other at r/,
consists of two contributions, the short-range isotropic s-wave
interaction pseudopotential

Uop(r,r) = g,89(r — 1),

A7h?
8s =

®)

s,

and the long-range magnetic dipole-dipole interaction
potential

N2
U(rr) = @[ 1 30—r) ] ©)

4 | Ir =13 r —r'|°
Sma = ol (M)

Here the external magnetic induction field B is orientated
parallel to the Cartesian unit vector e,in the laboratory frame,
so the magnetic moments of two interacting atoms, one at
positions r and the other at r’, are both aligned parallel to e,.
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Using well-known identities

3(r, —r))? 1921 1, 1
Ir—r/|5 r—rp®  ar2r—r] 3 Tir—r|
! (N
-V =478 - 1),
Ir —r'|
and introducing the dimensionless parameter [9,10]
gma _ o |(M)?
op=2md RO ®)
3g, it

as a measure of relative strength of magnetic dipole interaction
forces, the interaction potential between two atoms in the gas
cloud may be rewritten in the guise

Ur,r) = g, [(1 —ep)8¥(r—r) — 3eD8—2iL] )
or2dm r —r|
©))
In the Thomas-Fermi approximation the particle density
profile in the ground state of the trapped BEC
n() = |VNy @) (10)

is a solution to the integral equation
2

1 - —3ep—— | d*F /
(1 —ep)nrr(r) — 3ep o2 ax o, r 1] ntr(r’)
-V
_H T(r)‘ (11)
8s

This is actually a nonlinear problem, because the solution of
the integral equation is sought inside the Thomas-Fermi cloud

Dre = {r € R?|npe(r) > 0} (12)

where the region is not known a priori. The determination of
the shape of the cloud Drg, or its boundary a7, is part of
the problem.

Eberlein et al. [10] have found for a dipolar interacting
BEC confined inside a harmonic trap that despite the nonlocal
anisotropic dipole-dipole interaction term, the domain Drp
always maintains the shape of an ellipsoid, as in the case
ep = 0, but with different semiaxes. We confirm this finding
and present additional results for the case when the external
magnetic field B is not in alignment with the principal axis
e r of the trap.

Consider a harmonic anisotropic trap potential Vr(r) with
its minimum at position r = 0 and with the principal axis e, r
of the trap not in alignment with the field B:

*

m
Vr(r) = > (wir  + a)iryzj + a)griT) . (13)

For w, # wy, w, # w,, and w, # w,, surfaces of constant trap
potential V7 (r) = Vr > 0 have the geometrical shape of a
triaxial ellipsoid. Three mutually orthogonal Cartesian unit
vectors e, 7, €, 7, and e; 7 determine the orientation of the
principal axes of such a trap. The magnetic field B is then
in general a linear combination of all three principal axis
vectors: B = B, rex r + By re, r + B; re, r. For simplicity
we restrict our considerations in the following to the special
case when the magnetic field B and the principal axis e, r
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FIG. 1. (Color online) Orientation of principal axis e,y of
harmonic trap and orientation of principal axis e, o of Thomas-Fermi
ellipsoid Dy relative to the spin polarizing external magnetic field B.
The inset on the left-hand side corresponds to a cut of Drg with
the symmetry plane y = 0. Arrows indicate the orientation of the
spin-polarizing magnetic field B relative to the principal axis e, o of
]D)TF.

of the trap span a symmetry plane of the trap, say the plane
ry = 0. Then we have in (13)

ror =1y (O1) = cos (V1) ry + sin(Fr) ro,
ry,T=ry(7-9T)=ryv (14)
ror =1, (0r) = —sin(¥7) ry + cos (V1) r,,

i.e., the principal axis e, 7 of the trap is turned by an angle 91
around the rotation axes e, r L B (see Fig. 1).

As is indicated in Fig. 1, the self-consistent solution of (11)
for the density distribution np(r) reveals that the principal
axis e, o of the Thomas-Fermi cloud Dp is rotated away
from the direction of the external field by an angle ¥y # ¥7.
Accordingly, the density profile associated with the ellipsoidal
domain Dy has the general form

';2 72 7:2
ntr(r) = no 1—A—E—AL2—A—ZZ , (15)
x y z

where

r(99) =7y = cos(Do)ry + sin(do)r,
ry(ﬂO):?y:ryv (16)
r:(90) = 7. = —sin(9o)r¢ + cos(Fo)r.

Only in the highly symmetric case 97 = 0 is the principal axis
vector e, o of the ellipsoid Drr orientated parallel to B. For
0<vr < % it is found from the self-consistent solution for
the density profile ntr(r), that ¥y # 7, i.e., the principal axis
e; o of Drg, is never in alignment with the field B, nor is it in
alignment with the principal axis e, r of the trap (see Fig. |
and Fig. 2).

The particle density distribution nyp(r) inside the Thomas-
Fermi ellipsoid D1 is stratified. Like an onion it consists of a

series of thin homoeoidal shells of constant density

nrr(r) = no(1 — v?) = const,
(17)
0<v<<l.

Strata of equal density thus correspond to ellipsoidal shells
concentric and similar to the bounding ellipsoidal shell 0D,
but with scaled semiaxes vA,.
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ep=0.5

FIG. 2. (Color online) Angle difference % — ¥y vs trap orien-
tation angle 91 for the self-consistent ground-state density profile
ntr (r). The curves shown correspond to a dipole interaction strength
ep = 0.5 and to various frequency ratios w,:w,:w, of the harmonic
trap: 2:6:3, purple open diamond; 3:6:2, purple solid diamond; 3:2:6,
red open square; 6:2:3, red solid square; 1:2:2, blue open circle;
2:2:1, blue solid circle; 2:3:6, green open triangle; 6:3:2, green solid
triangle.

For a general triaxial ellipsoid Dyr the normalization
integral

/ &rinp(r) = N (18)
DTF
leads to
8
N = E,\x,\y,\zno. (19)

So the problem is to determine from (11) the three semiaxes A,
Ay, Az, the orientational angle % and the chemical potential p.

As has been emphasized by Eberlein ef al. in Ref. [10] the
central task in solving the Thomas-Fermi integral equation (11)
is to calculate the potential function

1 1
re(r) = — / S — ) (Q0)
4 Jpo, r—1r/|

for a heterogeneous particle density distribution nr(r). Then,
because

— VZ¢rr(r) = ne(v), 1)
the Thomas-Fermi integral equation (11)
02 — Vr(r)
(1= ep)nme (1) = 3ep s dre) = = (22)
z s

becomes (in free space) equivalent to a partial differential
equation of potential theory:

92 92 92
_ |:(1 —&p) (8_;3% + 8_ry2) + (1 +2ep) 8_rzz:| $rr(r)
_ K= VT(l‘).
8s

In order that the differential operator on the left-hand side is
positive definite it is required that

—1<ep<l. (24)

(23)
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Due to the d,» anisotropy of the dipole-dipole interaction
between two spin-polarized atoms at positions r and r’
the dipole-dipole interaction part of the potential U(r,r’) is
attractive or repulsive, depending on the orientation of the
distance vector r — r’ relative to the field vector B. So, if
ep > 1 or ep < —3, attractive forces prevail and the system
will collapse. Of course a better criterion for stability is to
calculate the frequencies of the collective modes of the dipolar
interacting BEC. We shall present in the next section results
for quadrupolarlike modes of the density fluctuations around
the ground-state density profile nyg(r).

The differential equation (23) makes it manifest that the
integral operator with integration domain Dyr and kernel
Flr/\ in the Thomas-Fermi integral equation (22) for r €Drg
maps a quadratic form ntr(r) spanned by the linearly
independent basis functions {1,7.7}a<pely,y,z) INtO a quartic
form ¢rr(r) spanned by linearly independent basis functions
{1,rurb,rarbrcrd}agbgcgde{x,y,z}. Because for a harmonic trap
potential Vy(r) the right-hand side of (23) is (by definition)
a quadratic form, the problem would be exactly solved,
provided the coefficients of the quadratic form presented by
the derivatives %q&ﬂ:(r) of the potential function (20) can be
found. ’

We describe now a very convenient method to determine
the coefficients of the quadratic form ¢Tp(r) which is all

we need to solve the Thomas-Fermi 1ntegra1 equation (22). As
a matter of fact, three-dimensional integrals of the type

) 1
@)= o [ ds R S S
47 Ip |s — §| 22 Af, A2

1=0123,..., 25)

572 S/Z S/2
D= se]Rl——i———i— 1

AZ\

have been calculated analytically by Chandrasekhar [11] in his
magisterial treatment of the ellipsoidal figures of equilibrium
of gravitating and rotating gas clouds in astrophysics. He
showed that @&, (s) can be represented exactly in terms of
singularity free fast convergent one-dimensional integrals.
Chandrasekhar’s result for the three-dimensional integral
@, (s) at an internal point of the ellipsoid D is

s € Dr,
[1=0,1,2,3,...,
o5 = e / du
o 624 u) (02 4 u) (124 u)]

I+1
) . (26)
u

To solve the Thomas-Fermi integral equation we now make
use of this result for the special case [ = 1. Because the
Cartesian coordinates 7, of a point presented in the principal
axes frame of the Thomas-Fermi ellipsoid Dp are connected to
the Cartesian coordinates r, of that same point in the laboratory

2 2
X ]_ S)% _ sy _ SZ
AM4u A +u A2+
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frame by a rotation,

P0) ==Y Rpa(Po;€y)ra,
ae{x,y,z}
(27)
cos(g) O sin(1dy)
Rpa(Do; €y) = 0 1 0
—sin(y) 0 cos(y) b

and taking into account that under such a rotation R(t; e,) we
have |r — r'| = [F — ¥|, we immediately see that the potential
function

¢1r(r) = no®; [T(r)] (28)
at a position reDr is a quartic form with
regard to the linearly independent basis functions

{1, rarp,vatpretalacb<es<delx,y.z)- As a second-order derivative
of a quartic the function ;—;a&TF(r) is then manifestly a
quadratic form spanned by a linear combination of the basis
functions {1,72 T, yz,r ,T<T,} or, taking into account (27), it
is spanned by a linear combination of the basis functions
{1,r2 ri.r rxrz} The transformation from one basis system
to the other is accomplished by the orthogonal transformation
7).
The coefficients c,;, of the quadratic form

r € Drr, 29)

2 2 2
(—Coo + Coxty + CyyTy, + cp ] + cxzrxrz)

P ="
Brz2 Y= 5

depend on the trap orientation angle ¥y and the semiaxes A,
Ay, A; of the ellipsoid Dtg via the following one-dimensional
integrals:
a,b €{x,y.z},
du

/0 JO2+u) (2 +u) (32 +u)

Ia()\xa)tyv)\z) = )"x)‘y)‘z

1
T
du
Iab(}‘x»)\ys)\z) = )‘x)\v)‘z/
002 +u) (2 +u) (2 +u)

1
020 (R tu)

In Appendix A some of the properties of these so-called index
integrals are listed. We find

(30)

coo = sin?(¥p) 1, + cos?(dg) 1z,

Cax = €087 (90) sin*(D0) (Lex + I2) + [c0s* () + sin (90)] s
+25in*(90) €08 (0) (Lex — 21 + L),
Cyy = sin? (D) Ly + cos? (%) 1y,

¢z. = 3[sin*(90) Lcx + cos*(99) I, + 2 sin’ (D) cos*(90) L],
Cxz = 65in(D9) cos(M)[sin* (Vo) (Lux — Ix)
+ cos*(90) (Iox — L)1 31)
It is advantageous to work in the geometry under consid-

eration not with the basis functions {l,rf,r}z,,r?,rxrz} but with
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the basis functions {1,72 re, yz,r ,Fx7,} obtained by a rotation
of the coordinate system around the axis e, by the trap
orientation angle ¥y as defined in (27). The exact solution
of the Thomas-Fermi integral equation (22) is then obtained

by inserting the corresponding explicit expressions for the
quadratic form 53—:?¢Tp(r) and the trap potential V7 (r). From the

condition that the prefactors of the linearly independent basis
functions {1,72,72,72,7,7.} in (22) should vanish identically,
the following set of coupled self-consistency equations is

found:

3
{1 —ep + Seplsin® (o)l + cosz(ﬁo)lz]} =2 32
gs
1-— €D 38D 2
+ —=[cos” (D) Ly + 3 sin®(P0) L] { 1o
32 2
- ;" [0 cos? (97 — D) + w2 sin’ (W7 — 9p)],  (33)
8s '
1— €D 38D m* 2
+ _[COS (7}0)11\ + sin (ﬁo)lxy] no = a)y’
22 285
(34)
1-— €D 38[)
e + —[3 cos (290)17Z + sin (23‘0)1”] no
= 2 [ sind(¥r — D) + 0 cos’ (@7 — )], (35)
2g, ;
3ep . m* a)fc — a)f )
2D §in(200) [,np = — ———2 sin(2097 — 299).  (36)
2 2g, 2

The normalization condition connects the density ng at the
center of the Thomas-Fermi domain Drg to the product of the
semiaxes:

15 N

ng= — .
87 AchyAs

(37

Let us first write the self-consistency equations without
dipole interaction setting £, = 0. There follows

n(()o) = M—’
8s (38)
1 m* .,
[)»E,O)] 2M(0)

Az w? sin* (P — o) + w? cos* (P — Vo)
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Using the normalization
20 _ 15 N

o =g 20,0,0 (39)
and introducing the definitions
w= (a)xa)ya)z)%,
(40)

Bo\?
Ay = < ) s
m*w

we obtain for the chemical potential 1® and the semiaxes 1
of a BEC inside an anisotropic harmonic trap in the Thomas-
Fermi regime well-known results:

2
154nNa; \3 ho
n@ Ny == - (41)
4T a, 2
1
2,0 2
Aff”(N):( H 2) =2A,
m*w; wq
42)

(15 471Na§>;
A =a, .
T a,

The exponent % is characteristic for the large N scaling of
the chemical potential ¥ (N) of a BEC confined inside a
harmonic trap [1].

The ensuing calculations simplify making use of elemen-
tary scaling relations that hold for single- and double-index

integrals:
LG hy,h2) = 1, (k Ay 1) =1,
A A 43)
321 Ay e) = kz » (A_{ﬁ,1> _her
A A A2
Using the obvious relation
ny A0 )L(ZO), )

n® T Ay

the self-consistency problem posed by (32)—(36) may then be
reduced to three coupled equations for the ratios %,i—’ and
the equilibrium orientation angle % as functions of the trap
orientation angle 7, the trap frequencies w,, and the dipole

interaction strength parameter ¢p:

1—¢ep+ 38” x [cosz(l?o)lkx + 35in*(90) ] 1]

32 T 2 602 2 oin2 3¢ 2 2 ’ @3)
A; wycost(Pr — Po) + g sin*(Pr — o) l—ep+ —”[3 cos2(99)1 5, + sin?(9o)1 ;]
1 @lsin@r = b))+ @lcosi@r —vy) et oS00 + sin* ()T ] (46)
a2 »? 1—ep+ 38—0[3 cos2(9o)1 - + sin2(P0)] -]
(0? — ®?) sin (297)
tan(20) = i 47)

(02 — w?) cos 207) + SSDA—g xz

: 'y

2 _ —
l—ep+ 20 i—; [cos2(D0)T - + sin2(9) T 1y ]
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FIG. 3. (Color online) Plot of semiaxes A,, A, and A, of self-
consistent ground-state density profile nrp (r) vs trap orientation
angle ¥ for various dipolar interaction strength ep:ep = 0.2, dotted
line; ep = 0.5, dashed line; ¢p = 0.8, solid line. The ratio of trap
frequencies is w,:wy,:w, = 6:3:2.

We have found that the set of self-consistency equations (45),
(46), and (47) may be conveniently solved numerically by the
method of fixed point iteration. Using identities like

, 11 1
RO E e L —
1 + tan? (29¢)

272
the evaluation of trigonometric functions in the iteration

process can be completely avoided.

Once the ratios %,;— and the orientation angle ¥, are

known, it follows direbtl}} from (35) and (59) that

— — 5
1 —ep + 22[3 cos?(99)1 ..+ sin*(99)1 ;]

[0}

o

= |22 2 20
4 | . z
PR Ssintr — 00) + cos’ (W7 — 90)
A A
Ay = f o Ay = A—y)\z. (48)
Z Z

For the special case of an isotropic harmonic trap [1] the
principal effect of the dipole-dipole interaction on the ground-
state density profile nyp (r) of a dipolar interacting BEC is the
well-known elongation of the semiaxis A, parallel to B, and the
distortion of the semiaxes A, = A, perpendicular to B toward
smaller values:

1

M 138—0—'_. (49)

Az 1+ 58D + -
In Figs. 2 and 3 self-consistent solutions of the coupled
equations (45), (46), and (47) for the equilibrium angle
Vo — Ut and the semiaxes X, are plotted as functions of the trap
orientation angle 97 for various magnetic dipole interaction
strength parameters ep, assuming a triaxial trap anisotropy
ratio wy:wy:w, = 6:3:2.

Once the semiaxes A, of the particle density ntg (r) (15) are
determined, then (44) gives us the value n of the density of the
ellipsoidal shaped BEC at its center. In Fig. 4 the ratio ’% is
plotted vs the trap orientation angle 7, the inset shov(;/ing
for selected trap orientation angles vy € {0, %, %} cuts of
the corresponding self-consistently determined Thomas-Fermi
ellipsoid Drg with the symmetry plane y = 0. For a prolate trap
the density is largest for ¥7 = 0, because the net mutual dipole
force between atom pairs inside the domain D is attractive.
As U7 increases the density ny becomes smaller and assumes
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Ep = 0.5

1.00 | L or
0° 45° 90°

FIG. 4. (Color online) Self-consistent particle density n, at the
center position of the anisotropic harmonic trap plotted vs trap
orientation angle 7. The inset displays cuts of the Thomas-Fermi
ellipsoid Dp with the symmetry plane y = O for trap orientation an-
gles ¥y = 0°, ¥y = 45°, and ¥y = 90°. The ratio of trap frequencies
is wy:wy:w, = 2:2:1, and the dipole interaction strength is 5 = 0.5.

a minimum at ¥+ = 90°, because for a parallel alignment the
net mutual dipole force between atom pairs inside the domain
Drr is repulsive.

Finally, there follows from (32) an explicit formula for the
chemical potential:

3 S 2 0 NT 2,9 710 0 (0
u=13l—ep+ Eeo[sm (Do) + cos™ (Do) ]t —g5 14 (N).
ny

(50)

The dependence of w on particle number N is solely described
by the factor 1@ (N), i.e., the ratio ;% is independent of
particle number N. In Fig. 5 the chemical potential u is
plotted vs the trap orientation angle ¥ for different values
of the dipole interaction strength £,. While for an isotropic
harmonic trap the chemical potential i does not change to first
order in € p, one finds for an anisotropic harmonic trap, making
a straightforward expansion to the first order in the dipole inter-
action strength ¢ p, for the case of an oblate (pancake shaped)
trap that [,Zg—l;]m:O > (0 and for a prolate (cigar shaped) trap
that [;T’;]snzo < 0, respectively.

The displayed characteristic dependence of chemical po-
tential p on the trap orientation angle ¥r should be observable

1/

1.1+

1.0 Loy
I 712 90°

0.9+

0.8+

FIG. 5. (Color online) Chemical potential & vs trap orientation
angle v for different values of dipole interaction strength. e = 0.2,
red square; ep = 0.5, blue circle; ep = 0.8, purple triangle. The ratio
of trap frequencies is w,:w,:w, = 6:3:2.
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as the release energy E, of a spin-polarized dipolar interacting
BEC confined in a harmonic trap, when the trap potential is
suddenly switched off to zero, and subsequently the dilute atom
gas cloud undergoes a ballistic expansion [3]. We find within
the range of validity of the Thomas-Fermi approximation that
there holds also in the presence of long-ranged dipole-dipole
interactions

E, = Ejn = 3uN. (51
As a matter of fact, the total energy

E = (H)y = (Hn + Hpot + Hing)w (52)

and the interaction energy Eiy = (Hiy )y are connected in the
ground state W of the BEC, see (1), by the general relation

E = puN — Eiy. (53)

This applies because the optimal one-particle wave func-
tion ¥(r) building the N particle ground state W
solves the Gross-Pitaevskii (GP) equation, so the expec-
tation value (Hyi,)yof the kinetic energy can be reex-
pressed via the GP equation in terms of the chemi-
cal potential p and the interaction energy Ej,. On the
other hand, the total energy E of the BEC is connected to
the chemical potential o by the general relation
oE 54
r=oy (54)
It follows from (50), and the established scaling (41) of
w9 (N) x N5 for a large particle number N >> 1, that up
to a constant that is independent of N there also holds for a
spin-polarized dipolar BEC confined inside a harmonic trap
the well-known relation [1]

E=3uN (55)
and therefore

Eiw = uN — E = JuN. (56)

III. COLLECTIVE MODES OF SMALL-AMPLITUDE
DENSITY OSCILLATIONS

A. Parametrization of low-lying excitations
in triaxial harmonic trap

An important test of the macroscopic quantum physics
of a BEC is the study of elementary excitations above the
ground state. One technique to excite low-energy collective
modes of a BEC is to suddenly modify the trap potential.
For example, shifting the center of the trap excites the dipole
modes, that is, the motion of the center of mass of a BEC cloud
around its equilibrium position in a harmonic trap. Changing
the curvature of the trap by switching the trap frequencies
may excite the breather mode. In an anisotropic harmonic trap
there also exist the so-called scissors modes [12], which can
be excited by rotating a principal axis of the trap, thus pushing
the atom cloud in the trap away from equilibrium. A recently
reported elegant new experimental technique excites a BEC
by modulating the field dependence of the atomic scattering
length ay near to a magnetic Feshbach resonance [13—15].

In this section we calculate for the case of a harmonic
anisotropic trap with arbitrary trap orientation angle 97 the
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small-amplitude collective modes of a dipolar interacting
spin-polarized BEC at very low energy, so the wavelength
of the excitations becomes comparable to the size of the
Thomas-Fermi length A. For a large number N > 1 of
particles in the BEC the particle density n(r,z) and the
macroscopic Josephson phase S(r,?) are conjugate variables,
so the collective dynamics of the system (ignoring a small
quantum pressure) is governed by the standard canonical
equations of motion of macroscopic quantum physics [1]:

9 2 3s(r,n)\>

h—S(r.t) = — 2 _

g0 =0 ( ora ) vr®
ae{x,y,z}

- / &r'Uu,y)n( 1), (57)
D()

9 h 3 s ()]
5D + > aT[n(r,t)—j|_0. (58)

aefx,y,z} ¢ 0rq
The gradient of the phase, the velocity field v(r,7) =
%V(Ss(r,t), is directly connected to the density of the particle
current, j(r,t) = n(r,1)v(r,?) [1]. The quasiclassical Josephson
equation (57) and the continuity equation (58) need to be
solved subject to the normalization condition

/ d’*r n(r,t) = N, (59
D(r)

where for a fluctuating particle density n(r,?) the positivity
domain

D(t) = {r € R?| n(r,t) > 0} (60)

depends (in principle) on time too.
Let us assume a perturbation expansion of phase and density
of the form

S(r,1) = —%t 485 (D),

(61)
n(r,t) = nte(r) + én (r,t),

with §s (r,¢) and én (r,?) denoting small fluctuations of phase
and particle density around the ground state of the BEC.

For convenience we work from now on, unless otherwise
explicitly stated, in the principal axes frame of the Thomas-
Fermi ellipsoid Dyp. As is indicated in Fig. 1, for a trap
orientation angle 97 # 0, the magnetic field B is not aligned
parallel to the principal axis vector e, o of the ellipsoid Drg.
In this case the interaction energy U (r,r’) between two spin-
polarized atoms at position r and r’, both carrying a magnetic
dipole moment (M) = (21 5S) m orientated (anti)parallel to
B, is then given by

Ur,r)
= gs[(l —SD)8(3)(I'—I‘/)—38D(m, Vr)ZL 1 i|

4 |r — 1|
(62)

In the geometry under consideration the axis e;o of the
ellipsoid Dk is rotated around the axis e, 7 of the trap by
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an angle v, and we assume m L e,:

82 2 2

9 d
m - V,)? = sin®(9g) — + cos’(9)— + sin(20, :
( 1) = sin’( O)Br)% cos?( 0)8r22 sin( O)Brxarz

(63)

Upon linearization of (57) and (58), in the expansion we
reproduce the Thomas-Fermi integral equation (11) to zero
order, determining the equilibrium density profile nrg(r) and
the chemical potential u, as discussed in the previous section.

To derive the equations of motion for the fluctuations of
the phase §s (r,7) and the density én (r,t), let us first consider
for a kernel K (r,r’) that couples to particle density n(r’,) the
associated fluctuation

SK(t)= / &r'Kr,x) n(',r) — / &r' K (r,r') nrp(r)).
D() D1
(64)

In principle there are two contributions to §K (#). One is
generated by the time dependence of the density distribution,
and the other results from a change of the integration domain
D (#). Introducing the Heaviside distribution

Op(x) = LTS8

> (65)

we rewrite (64) as

SK(t) = / &*r'K @, x){Oynme (') + 6n (' ,1)]

X [n7e (r) 4+ 8n (¢',0)] — Oy [ne ()nre (X)), (66)

An expansion to the first order in the small quantitiy én leads
to

SK(1) = / &r' K (r,r)sn(r ,1){O[n1r ()]

+ e ()8 pntre ()]} + o(|8n]?), (67)
where §p (x) denotes the Dirac-delta distribution:
d
dp(x) = —Op (x). (68)
dx

Here, the term proportional to ntg (r') § p[n1E (r')] corresponds
to a surface integral over the boundary dDyr of the Thomas-
Fermi domain Dtg. However, because ntr (r') =0 for v’ €
oD the value of this surface integral is zero. This means the
fluctuation of the integration domain D(#) around the shape of
the equilibrium cloud Dtp as caused by a density fluctuation
én = n(r,t) — ntp (r) represents only a small correction to
8K (t) beyond first-order accuracy:

SK(t) = / &r'K@,xy)én (' 1)+ o(8n?).  (69)

DTF
It follows now directly from (57) for the time derivative
of the phase fluctuation §s(r,7), substituting the special case

K(r,r') = U(r,r) into (69), that

9
h—38s(r,t) = — [ d*r'U(r,x)én (' 1) (70)
ot Dr
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and, further, from (58),

a e {x,y,z},
2

a 1 0 a _0
0 = —8 N3 _ —h—3 N3 .
ERUSURD D [m(r) 5, 880 >]

(71)

This is the well-known wave equation describing the collective
density excitations of a BEC in the quantum hydrodynamic
limit [1] for the case of a nonlocal interaction potential U (r,r”).

In the ensuing discussion we consider the collective modes
of small-amplitude oscillations around the equilibrium density
distribution ng (r) in the trap. The corresponding density fluc-
tuations én(r,t) may be expanded with respect to a set of lin-
early independent multinomials {1,r,,7,7p,FatbTc, - - a<b<c:

a,b,c € {x,y,z},
sn(r,t) = n (1) + Z sn'D(t)r,

a
+ Z 8nfb)(t)rarb + Z SnS,)C(t)rarbrc cee
a.b a,b,c
We restrict here to the terms of zero order, first order, and
second order of the density fluctuation én (r,7) as described
by amplitudes §n® (1), 5n§1) (1), and 8nfb) (), respectively.
® (1), etc.,

abc

(72)

Third- and higher-order terms proportional to én
are considered elsewhere [16].

A very convenient approach to the determination of the
small-amplitude oscillations érn (r,?) around the equilibrium
density ntg(r) =nyp(r;A) is to parametrize the density
fluctuations én (r,z) in terms of a displacement vector field
n(r,t) and in terms of a dilatation amplitude vector & (¢):

Sn(r,t) =ntp[r+n@,);A + & @] —nr@;X).  (73)
Neglecting small higher-order terms regarding the size of the
amplitudes |n| and [¢|, a general density fluctuation én (r,?)
around the ground state of the BEC cloud is then

b e {x,y,z},
ontr (r; 1) ontg (r;X)
Sn(r,r) = A (. ot A
n(r,r) ;[ o, I+ = cb(r)]
+o(Inl* + 121%). (74)

It follows directly from atom number conservation, and
substituting the special case K (r,r’) = 1 into (69), that

/ d&*r'sn (1) = 0. (75)
]DTF

Upon insertion of (74) into (75), and using the theorem of
Gaul}, we see that the displacement vector field p(r,?) is
necessarily a solenoidal vector field:

divy (r,1) = 0. (76)
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Making a partial integration this property of n(r,¢) implies for
the phase fluctuation (70)

b e {x,y,z},

9 3 , L oU(x,r) .
hodsr) = [ /D d r'p (¢ L ('; })

b
d 3. / /
— &) — d’r'u(r,r)nme(’;d) |.
8Ab Drr
(77
A simplification results for the standard two-body interaction

forces among two atoms, say at positions r and r’, that obey
Newton’s law “actio = reactio”:

aU(r,r) . aU(r,r)
ary, a orp

. (78)

Then a general density fluctuation §r (r, ) around equilibrium,
as parametrized by (74) in terms of a solenoidal displacement
n(r,t) and a dilatation amplitude ¢ (), is connected to the time
derivative of the fluctuation §s(r,?) of the Josephson phase by

b € {x,y,z},

d 0
h—38s(r,t)=— — | &ruay A 't
5, 85(0) ;[M /D dr (r, ) (' My (1,1)

50 / d>'Ux) nr (1 x)}. (79)
oAy Jpoe

Indeed, this exact representation of the quasiclassical hydro-
dynamic phase fluctuations of a BEC for interactions U (r,r’)
that obey (78) represents a convenient starting point for our
analytic calculation of the collective density oscillations of a
spin-polarized dipolar interacting BEC in a trap.

Like the density fluctuations in (72) we may also expand the
Cartesian components 7,(r,?) of the displacement vector field:

a,b,c € {x,y,z},
a0y = 1 O+ >l Oy + > ne @ rpre -
b b,c

(80)

The zero-order term n5”(t) describes a homogeneous
displacement of the center of mass of a BEC cloud in a trap.
Actually, any system of particles that interact via two-body
forces obeying (78) has the property that the motion of the
center of mass separates from the equations of motion of
the other degrees of freedom of the system. As a result, the
frequency of the dipole modes of a trapped atom gas cloud
is independent of any such interactions, because the center of
mass of the cloud moves like a single particle of mass Nm*
in the external trap potential V7 (r). For a harmonic trap, the
frequencies of the dipole modes coincide, therefore, with the
bare frequencies w, of the trap. In experiments this feature is
useful to measure and calibrate the trap frequencies.

The first-order terms nélb)(t) together with the displacement
amplitudes ¢ (¢) are connected to density oscillations with
s-wave and d-wave symmetry. Second-order displacement

amplitudes like nfb)c (t) are connected to the octupolar collec-
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tive density excitations 3n;3,,)c (t). These and even higher-order

modes are considered elsewhere [16].

It follows directly from (74) that only certain linear com-
binations of the first-order displacement amplitudes 7751117) )
together with the dilatation amplitudes ¢, (#) couple to s-wave
and d-wave symmetry density oscillation amplitudes 81 (¢)
and (Sn(az; (t), while the homogeneous zero-order displacement
amplitudes n? (¢) couple to the dipole modes:

1 1 1
dn(r,t) = 2ng [ﬁpxx(t)rf + )\_zpyy(t)r)% + ﬁpzz(t)rf
y z

X

1
+ Z mpab(t)rarb

a<b

1 1 1
+ )L_sz(t)rx + )“_zpy(t)ry + ﬁpz(t)rz:|» (81)
x y z

where
a,b € {x,y,z},
Za (1)
Pav(t) = Sap [T — 15 (1)
‘ (82)
1 — 8ap)rar Lo Lo
_( - ab) a’b )\_znab(t)‘k)h_inba(t) )
poo(t) = ) Paa(t),
pat) = = (1).
Particle number conservation implies the solenoidal
constraint
1 1 1
DO+ @O+l ) =0 (83)
so there follows immediately
&) | &) &)
t) = 1) = . 84
Poo(t) ;pwo ottt @9

In general, a BEC cloud may get excited by a combination of
actions, involving translations of the trap minimum, rotations
of the trap axes, or changes of the curvature of the trap.
The homogeneous displacement amplitudes n'? (¢) correspond
to infinitesimal translations of the position of the center of
the BEC cloud. Thus, a density oscillation with a dipolar
p-wave symmetry proportional to p,(f) can be excited by
a translation of the minimum of the trap. Being mainly
interested in the effect of interactions on the collective modes,
however, we set in the following without loss of generality
nY (+) = 0. With regard to the first-order off-diagonal dis-
placement amplitudes nilb) (#) we easily identify antisymmetric
displacement amplitudes 77;1; (1) = —7722 (t) as infinitesimal
rotations around a rotation axis perpendicular to the r,r, plane,
while symmetric off-diagonal amplitudes nélb) (t) = néla) (1)
correspond totransverse shear. So, in the geometry under
consideration density oscillations with a quadrupolar d,;
symmetry proportional to p,;(¢) can be excited by rotations or
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by transversal shear of the trap. Density oscillations displaying
an isotropic s-wave symmetry proportional to pg(#), and also
showing a quadrupolar dzz-wave or dy>_»-wave symmetry
proportional to certain linear combinations of the diagonal
amplitudesp,,(t), can be excited by a sudden change of the
curvature of the trap.

According to (79) the time derivative /i %(Ss(r,t) of a phase
fluctuation associated with such a density fluctuation én (r,?)
is given by

a,b,c € {x,y,z},

a
B ds(rn) = [ ) n%)— [(1 — ep)nTe(O)r.

1
—3ep(m - V,)>— / d*r nyr(c)r.
4r Jpoy r — /|
+) ¢ L P —
- a 3)\,, D)INTF

1 1
3ep(m -V, / & —— ) 1. 85)
47 Jpy, r —r'|

We now express the three-dimensional integrals over the
Thomas-Fermi ellipsoid Drr as one-dimensional integrals
using Chandrasekhar’s integrals (25) and (26):

1
e 3 ——n1e(’) = no®, (r) (86)
T JDpp r —1r'|
and
Y [ WL —— %0 o @)
— n r.=—nog— .
4 Jp, o e—rw e 4 or. 2

The crucial trick to prove this representation for the first
moment of the Thomas-Fermi density profile ng (r) is to use
the identity

229 2o 2 ’
_ c X ) z
nTE (I')VC = <—n()za—rc> 1— E — ﬁ — E . (88)

One finds then on partial integration a surface integral over the
boundary dDtr and a volume integral over the Thomas-Fermi
domain D1g. However, the surface integral vanishes identically
taking into account that ne(r’) = 0 forr’ € dDg. So only the
volume integral contributes, confirming the result (87).

We now rewrite the wave equation (71) for the density
fluctuations,

2

0= 8—571 (r,t) + i{nTF (r)Vzhich(r 1)

ontr(r) 9
+§:T8mh Ss(r z)} (89)
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To calculate the term V,.zh%Ss(r,t) we need

Straightforward calculations lead to
d
vfha—as(r,z)

1 1
= _48;1’10{(1 _SD)|: Pxx () + = AZ = Pyy(t) + )Lz pzz(t)j|

cos?() sin?(%9)
+3ED[—/\2 = pit) + 5 pea()
z
sin(29) 1—ep/(1 1 1
o (1 S+t
Twe Pz():|+|: 5 <A§+A§,+x§)
3ep (cos(Py)  sin®(¥p)
— ). 91
5 ( 22 + ¥ Poo(?) ©On

Likewise, we obtain

a,b,c € {x,y,z},

0 0
Z nTF(r)_h_s( "
or, dr, Ot

1
= —4n0gs{ 1- eD)Z [ 2 W)+ — 2 nil](t)} re
2
_Z (1) 2
°p Z 422 or, [ . 07,

&(1) Va
(=) Y L (14 28,) 2
(1 —e¢p) 25, ( b) A3

- (m- 8 ¢>2(r)]
8” Z 22 Bra

1 ol
[é“b(t)<—— + W)(“‘ Vo) <1>1(r)]} 92)

A glance at Chandrasekhar’s representation (26) for the poten-
tial functions ®; (r) of inhomogenous ellipsoids reveals that for
a point r inside the ellipsoid D the potential function for/ =
1 is a fourth-order multinomial in the variables {1,r§,ry2,,rzz}
with coefficients proportional to the index integrals 7, and I,
and for [ = 2 it is a sixth-order multinomial with coefficients
proportional to the index integrals 1,, I,,, and I, (see
Appendix A). The task to calculate the term (92) is therefore
reduced to calculating linear combinations of derivatives of
certain multinomials in the variables {1,r2 ry r2}

o xo

abce{xyz}
ra 9 ()32
;4)»38@2 ()‘8 pOTc

= _[Fxx(t)rx + Fyy(t)r)z; + Fzz(t)rf + ny(t)rxry
+ Fy (Oryr, + sz(t)rxrz] 93)

(m - V;)*®y(r)
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and

a,b,c € {x,y,z},

Zzb( ) (—— - —) (m - V)’ (r)

e

) (94)
= - [ xx(t)rx + ny(t)ry + Gzz(t)rz
+ Gy (Orery + Gy (Dryr; + ze(t)rxrz],
G,y =0=G,,.
In terms of the triple-index integrals (see Appendix A)
du
Iabc()‘xv)\yv)\z) = )\x)‘y)‘z
0 (2 +u)(32 +u) (32 +u)
1
X 9
(% +u) (A5 +u) (2 + u)
a,b,c e {x,y,z}, (95)

the coefficients F,;,(t) are determined as linear combinations
of the displacement fluctuation amplitudes nilb)(t), and the
coefficients G, (t) are determined as linear combination of the
dilatation fluctuation amplitudes ¢,(¢). To evaluate the gradient
terms in the wave equation (89), however, only the differences
G (1) — F,p(t) are needed, which can be represented as linear
combinations of the fluctuation amplitudes p,(¢) defined in
(82). Explicit expressions for G,,(¢) — F,(t) in terms of the
triple-index integrals 1, are presented in Appendix C.
Altogether we find the following second-order multinomial
in the variables {1, &= . ,;’ ,; } for the gradient part of (89):
a € {x,y,z},

2
- Z |:8nTF (r)i —5s(r t) 4+ nrp (l') i 8 8s(r,t):|
Bra ra “ 8

4nlg, )
- ::;)g [ woo(t) + Zwaa(t) + Zwab(t)r rb}.

a<b

(96)

For the coefficient proportional to unity we find
1 1 1
woo(t) = (1 —ep) _szx(t) + ﬁpyy(t) + ﬁpzz(t)
y z

cos?(9) sin®(d)
+3SD[TO 0z2(t) + 2 0

PRGN I STV RN
Dk, ¥ 2 2t

y Z
3ep (cos*(Py)  sin?(¥p)
7’3 ( e + v 0 )]Poo(l)}- 97)

Pxx(t)

The coefficients of the diagonal terms ;—; for a € {x,y,z} in
(96) are

Waq(?) = woo(?) + (1 — SD) [Zpaa(l) + poo(?)]

3 2
+ _8D)\-a[Gaa(t) -

> Faa ()], (98)
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while the coefficients of the off-diagonal terms ’“’” for a,b e
{x,y,z} anda < b are
1 1
wap(t) = (1 —€p) (k_g + )‘_i> Pap(t)
3
+ Eeo)»akb [Gup(®) — Fup(D)]. 99

It follows directly from what has been said that the right-
hand side of (89) represents a second-order quadratic form:

woo(l )}

!

0L [12 o+ 2
= 28t2p00

82 2
+Z[3 2paa<>+ S5 2,000(l)+ p aam}—‘;
+ Z[ 2pab<r)+ T Wan(t )L e (100)

a<b
Equating the coefficients of the linearly independent basis
functions 1,;“2,;“;” for a,b € {x,y,z} to zero leads to a set
of seven coupled ordinary differential equations for the sought
fluctuation amplitudes p,(f). As a matter of fact, the equation
for the variable pgy(7) is obsolete, because the solenoidal
constraint (84) implies

Poo(t) = pxx (1) + pyy(t) + 0 (1). (101)

This is consistent because certain identities obeyed by the
triple-index integrals I,,. imply the following sum rule (see

Appendix B):

D waa(t) = Swoo(t). (102)

Indeed, adding the differential equations for the diagonal fluc-

tuation amplitudes proportional to leads immediately to

2
5 5 Poolt )+

w()()(l) = (103)

29
Consequently, the derivative term ;—:2 poo(t) and the term
weo(#) in the differential equations (100) for the diagonal
density fluctuation amplitudes p,,(¢) cancel each other. We
obtain finally the following six differential equations for six
fluctuation amplitudes p,(¢):

a,b € {x,y,z},

{(1 —ep) 5 [ma(z) + Zm(t)}

b#a

2

3
0= 57 Paalt) +

2n0g

3
=+ ESD)"a[Gaa(t) — Faa(D] ¢,

1 1
{(1 —€p) <k_3 + g) Pab (1)

3
+ ESD)La)\b[Gab(t) - Fab(t)]}-

2

(©)
g
0 a zpab(t) +

(104)

To determine the eigenmodes of oscillation we look for a
solution of the form

Pan(t) = Pap (§2) c0s (1 + 8g) , (105)
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where Q is the eigenfrequency of the mode and p,,;, (2) denotes
a component of the associated eigenvector:

Cxx,xx Cxx,yy Cxx,zz Cxx.xz 0 0
ny,xx ny’yy C,V}VZZ CYY»XZ 0 0
Znog(‘v) Cozxx sz,yy C.: sz,xz 0 0
m* sz,xx sz.yy sz,zz sz,xz 0 0
0 0 0 0 Cyzyz: Cyzxy
0 0 0 0 Ciy.yz Xy,Xy
Pxx () Dxx ()
Dyy (2) Dyy (2)
Pzz () 2| Pz (Q)
“Noe@ | =% | 5@ (106)
Dyz () Dy ()
Pxy (2) Pxy (2)

We find it convenient to eliminate the interaction constant
using (34):
242
g(s) _ wy)\y
m* 1 —ep+ 2222[cos2(9) Ly + sin* (Vo) L]
(107)

271()

On inspection of the coupled differential equations (104) for
the coefficients C,p .4, €xplicit expressions, which are listed
in Appendix C, follow.

The collective modes associated with the 4 x 4 submatrix
in (106) describe small-amplitude oscillations of the density,
which are linear combinations of s-wave and quadrupolar
dy-y2, dp2, and d,, waves, while the modes associated with
the 2 x 2 submatrix describe small-amplitude oscillations of
the density consisting solely of combinations of quadrupolar
dy. and d,, waves:

1 1 1
Mmm=h{ P + 5 P () + 5 Pee(Q)r
y b4

]
2
_1 1_ﬁ_i_ﬁ D00(S2)
2 AZar A2

I
+ ; mpab(ﬂ)ram} cos(§2t +5g).  (108)
By construction there holds

/ dréng(r,r) = 0.
DTF

It is instructive to visualize the spatial dependence of the
eigenmodes of small-amplitude oscillations of the density by
plotting the instantaneous boundary of the BEC cloud when
only a single mode with eigenfrequency 2 is excited. This
instantaneous boundary is implicitly defined as the surface

ng(r,t) = nrr (r) + dng(r,t) =0. (109)

Finally, let us discuss which collective modes can be excited
by changing the trap potential, always keeping the trap strictly
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harmonic while changing it. It follows directly from (82):

a,b e {x,y,z},

7. (Q
@mn=&{5§3

a

—a&mﬂ—a—&wmu

L L

X [)\—znab (S2ap) + 32 ha (Qab)i| : (110)
a b

Sudden changes of the trap potential may excite collective
density oscillations around the quantum degenerate ground
state. For example, a rotation around a trap axis perpendicular
to the ab plane, as represented by the antisymmetric compo-
nents of the tensor ’ﬁ;;), or changes of the curvature of the
trap, as represented by dilatation amplitudes Eu (2), but also
transversal or longitudinal shear movements of the trap, as
represented by the symmetric components of the tensor ﬁ;;),
can be used to excite the collective modes (81) of the particle
density of a trapped BEC cloud. A sudden translation of the
origin of a harmonic trap, on the other hand, excites only the
dipole modes with eigenfrequency €2, = w,. It should be noted
that during these collective oscillations of a spin polarized
dipolar BEC cloud, as described by the density fluctuation
(108), the atoms always keep the orientation of their magnetic
moments strictly along the external polarizing field B.

B. Pure scissors modes and mixed
monopole-quadrupole excitations

Consider a harmonic trap where the principal axis e, r
of the trap is aligned parallel to the polarizing external
field B, i.e., 97 = 0. In this case the off-diagonal matrix
elements Cyy y.,Cy; vy, Cizaa, and Cyy x, vanish identically
for arbitrary strength ¢ of the dipole interaction parameter.
There follows, then, a simpler eigenvalue problem determining
the eigenmodes of the small-amplitude density oscillations:

vr =0,
Cxx.xx Cxx,yy Cxx,zz 0 0 0
ny,XX ny,yy ny,ZZ 0 O 0
2n0gm Coxx Cuyy Crz 0 0 0
m* 0 0 0 Ciixz 0 0
0 0 0 0 Cyzyz 0
0 0 0 0 0 Ciy.xy
P () Pl
P (@) (@)
0z () 2 | ()
= =Q° | X 111
| e Pe() (1
P () 7o)
Pxy (£2) pxy(Q)

Three modes with indices a # b display a pure quadrupolar
dy;, dy;, and d,, symmetry. Also there exists a mixed
symmetry coupling between two basis functions with d-wave
symmetry and one basis function with s-wave symmetry. This
is reminiscent of the symmetry of the discrete group Dy
lifting the fivefold degeneracy of the / = 2 spherical harmonics
into three one-dimensional manifolds, namely Ai,, Big, and
Byg, and a two-dimensional E, manifold. We refer to the
one-dimensional (trivial) representation of the isotropic basis
function with s-wave symmetry as a,.
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In the geometry under consideration the E, manifold is
spanned by basis functions with d,, and d,, symmetry, while
By, is spanned by a single basis function with d,, symmetry
and Bj, is spanned by a single basis function with d,2-,»
symmetry. The one-dimensional manifold A, represents a
fixed linear combination of basis elements with d,2- and s-wave
symmetry. So the upper 3 x 3 block in (111) describes a
coupling between members of the ay,, A1g, and Bj, manifolds.
For w, = w, # w, there exists a pure B;, mode and two
coupled modes with mixed a;, and A, symmetry.

The eigenfrequencies of the B, and E, modes are obtained
from the diagonal matrix elements Cy; ., Cy; yz, and Cyy xy,
taking the limit %y — O:

kz
Q2 = a)z, 24
Xz Y ()\%

22\ (1 —ep)+ ggDA_;Tyzz
2 _ 2 Y
ny‘“y(”ﬁ) ol
z I—ep+ =52 )I

222
Q2 145 } (1_8D)+ 8D)L2_% xyz
_a) .
)\'X

_ 3817 y
1 Ep + 3 AZI

b

2
) (I—ep)+3 SDiélxzz
A2

1—ep+ 381) ) I7y

(112)

The spatial variation of the associated density fluctuation of
these modes is purely two dimensional:

a,b € {x,y,z},
a#b,
Pty (Rab) = 8aaSvw
615, (1) = 210B,0(Run) 75 COS(Qupt + B,

a’Mb

(113)

In the limit e, — 0Oitis found that " 2 Then one obtains
for a BEC without dipole-dipole 1nteract10ns confined inside
a harmonic trap

a#b,

lim Qu = /w2 + w?.
ep—0

These are the so-called scissors modes first predicted by
Guéry-Odelin and Stringari [12] and then observed in experi-
ments [17,18].

In order to specify conditions that enable excitation of the
scissors modes (113) for a dipolar BEC cloud confined in a
harmonic trap we point out that the components 0, (4) =
8q408p Of the eigenvectors of the respective modes are
connected to the off-diagonal displacement amplitudes 7 a(bl),
see (82), by

(114)

a#b,

- I [P

Pab ($2ab) = —Aahp 2 S Nap (Sap) + inbd (Qap) |- (115)
For an infinitesimal rotation of the BEC cloud around one
of its symmetry axes, say e.o = €,0A €0, the associated
displacement amplitude is antisymmetric, 77\(1( nbu) So
one recognizes immediately that in the highly symmetric case
7 = 0 a scissors mode with amplitude 0,5 (©245) cannot be
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excited by a rotation around a principal axis of the BEC
cloud perpendicular to the ab plane, if the semiaxes A, and
Ap of the BEC cloud in that plane are equal, i.e., A, = A;.
However, even then a scissors mode may get excited by a
sudden tranverse shear movement of the trap as described by
a symmetric displacement amplitude 7, b = nbl) If the BEC
is confined inside a harmonic trap with triaxial symmetry,
one may always excite the scissors modes €2,, by a sudden
infinitesimal rotation of the trap potential around a symmetry
axis perpendicular to the respective ab plane.

Let us now discuss the coupled modes corresponding
to the 3 x 3 sub-block in (111). These are small-amplitude
oscillations of the density that are linear combinations of the
three diagonal amplitudes 0,,(2). In the limit ep — O the
corresponding eigenfrequencies and eigenvectors of the triplet
of coupled modes can be obtained by solving a cubic equation
for the frequencies Q©:

307 o} of | [Pn(QO) Prx ()

wi 3a)§ a)§ I;)‘yy(Q(O)) Z[Q(O)]Z "O\yy(Q(O))

;0 3wl [ 5a(Q) P (Q)
(116)

One easily sees that for a triaxial trap the eigenmodes of this
triplet are mixtures of basis functions with isotropic s-wave and
quadrupolar d>-wave and d,:-,2-wave symmetry, respectively.

When the harmonic trap has a uniaxial (cylindrical) sym-
metry, , # wy, = wy = w|, simple analytic formulas for the
eigenfrequencies and eigenmodes of the density oscillations of
a BEC cloud can be derived from (116) that apply for e, = 0.
One easily obtains the well-known results first derived by
Stringari for the three eigenfrequencies QS?—VZ’ QO, Q(Z(P [19].
In Appendix D we present a detailed discussion of these modes
as a function of the anisotropy ratio

y=—=. (117)

C. Spherical harmonic trap
For the special case of a spherical harmonic trap, say, with
trap frequency w, = o, setting A” = A, we immediately find
from (116) for a BEC without dipole-dipole interaction (see
Appendix D)

Q=09 ,=V2o,

5 5 (118)
ry =Ty
Snq(r,t) = 2ngcos (2 + 8q) s
A2
Q= Qf) = x/ga),
(119)
et
Sng(r,t) = ngcos(Qt + 8q) ST -3,

Q=09 = V2w, (120,

ZrZ2 — rf — r%

Snq(r,t) = ngcos(2t + 8q) e -
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So for ¢p =0, a BEC cloud confined inside a harmonic
spherical trap may get excited as an s-wave breather mode with
frequency Q(O) V5w, oras a quintuplet of degenerate modes
with quadrupolar symmetry and frequency Qiz)_vz =9 =

Q(O) = Q(o) =Q¥ = V2w, namely three scissors modes with
dxz, dy., and dyy symmetry and two modes with dy>-y> and d»
symmetry.

Next we take into account the effect of the dipole-dipole
interaction. According to (49) for e > 0, the ground state of
a spin-polarized dipolar BEC cloud confined in a spherical
trap with trap frequency w, = w displays uniaxial symmetry
along the direction of the magnetic field B, so A, = A, < A,.
Let us check if, for ep # 0, the modes of a dipolar BEC
cloud confined in a spherical trap are qualitatively similar to
the aforementioned collective modes of a BEC cloud without
dipole-dipole interaction, ep = 0, for the case of a prolate trap
with cylindrical symmetry: o, < w, = w,.

Indeed, for a spherical trap with trap frequency w we have
9 = 0, so all matrix elements in (111) can be expressed in
terms of the following expressions:

3, M7
1 —&p + 'ED)L_AIyyz

A= rrp
1—ep+ 2231,
M=
l—ep+ %SD%I\ZZ
B = FpE— (121)
l—ep+ =5 PR
1 —&ép + 8DIZZL
1 _ 8 + 38[) \ Zy
It follows then from (111) that
)\2
2 2 y\ 2
Q=9 = <1+A_§>w B,
Qiy =20%A, (122)

Pary (ab) = Saa Sy -

So the scissors modes with d,; and dy; symmetry remain
degenerate.

For ep # 0the 3 x 3 sub-block in (111) represents a triplet
of coupled modes. For the case of a dipolar BEC confined in a
spherical trap there follows

34 A BT, ()

| A3 B 5@ | =27 5y (@

3B BB 33C| [Pk pi: (Q)
(123)

Itis easy to see that the mode with quadrupolar d,>. > symmetry
remains an exact eigenstate for ep # 0:

Qh_, =20'A = QF

- 7 (124)
Pxx (sz-yz) 1

Py(Q-y2) | = | —1

@z(sz—yz) 0
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So for ¢p # 0 the quadrupolar modes with d,2-,» and d,,
symmetry remain degenerate for the case of a spherical
harmonic trap.

Next we show that the isotropic breather mode of a dipolar
BEC inside a spherical trap with frequency w is an eigenstate
of the small-amplitude density oscillations of the BEC cloud,
displaying an exact s-wave symmetry for any value of the
dipole interaction strength ep # 0:

Q= 5S5w

(125)
Pxx (82) 1
By () | = | 1
0zz (82) 1

If this claim was correct, then it should be true that
4A + B =5,
(126)

)\‘2
—2(@2B+3C)=5.
A2

Indeed, making use of identities (A7) and (A8) obeyed by the
triple-index integrals I,;., we see that

AZ_ _
4/\—;1yyZ + 31y, =
Z
4 _
I—SD—{-QSD%IWZ 1-
4A+B =4 + —
1—gD+3;DA;1 l—ep+ 25231,

and
(128)

o (2B +3C) = 2)”5 I —ep+3ep3 e
A2 Y

)L2 1_80+3%;_§_zy
:5)‘2 l—sD—i-geDlzz
21—8 —1—380 iyg
=35.

The last line follows because the self-consistency equation (46)
implies for the case of a spherical trap

M=
220 l—ep+ 33,
2T T e+ 227 (129)
z p+ 2 tzz
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Because for a finite value ¢, > 0 a spin-polarized dipolar BEC
cloud confined in a spherical harmonic trap with frequency
o has the shape of an uniaxial (prolate) ellipsoid orientated
parallel to B, so A, = A, < A, we find it remarkable that the
isotropic breather mode (125) remains an exact eigenmode
of the small-amplitude density fluctuations with s-wave
symmetry, oscilllating at a constant frequency Q; = V5w that
is independent on the value of the dipole interaction strength
for —% <ep < 1.

Knowledge of two eigenvalues is sufficient to determine
the third one from the trace of the coefficient matrix in
(123):

2
Q+ Q%

)\,2
2 2
» + Q5 = 6w (A + _2)»2 C) (130)

This leads for the eigenfrequency and the eigenvector of the
density oscillations with a predominant d,» symmetry to the

result
)\2
2 2 y
Z

(131)
~ _ Az 5-4A
Oxx(£222) 22 2B
Pyy(R22) | = A 5—44
A2 2B
//)\ZZ(QZZ) '

It follows from what has been said that the degeneracy of
the small-amplitude collective modes of a dipolar BEC cloud
confined in a spherical harmonic trap is only partially lifted
for ep # 0. For a spherical trap the modes with d,:.,» and d,,
symmetry, and the modes with d,; and d,, symmetry, remain
degenerate, irrespective of the value of the dipole interaction
ep. In Fig. 6 we plot the collective mode frequencies 2, €22,
Qyy, and 2, vs the interaction strength parameter ¢p. For
small |ep|the splitting of the quadrupolar modes 2,2, Q,,,
and €2,, is weak. Most remarkably, the breather mode €
displays for —% < ¢ep < 1 an exact s-wave symmetry, the

Q/w

2.0

0.5

-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1o
FIG. 6. (Color online) Eigenfrequencies €2, 2,2, Q,, = £2,..and
Q,y = Q2. of small-amplitude density oscillations of BEC cloud
vs dipole interaction strength ¢ for a spherical harmonic trap with
trap frequeny w.
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eigenfrequency assuming a constant value Q; = +/5w, even
though for ep # 0 the shape of the ground state is not isotropic.

The following reason can be given for the breather mode
frequency of a dipolar BEC being independent on the dipole
interaction strength ep for an isotropic harmonic trap. The
microscopic Hamiltonian of a dipolar interacting gas cloud
consisting of N atoms is

H = Hyn + Hpot + Hiy,

N
Hyin = Z Z " py",
n=1 aefx,y,z}
N (132)
7 m* e’ (1) .(n)
Hpol = Z ) Z Tg ' Tg's
n=I1 a€{x,y,z}
1 N
Him = 5 Z U(l'(n),l'(n/)).
n,n'=1
n'#n

The breather mode (or monopole mode) of small-amplitude
collective density oscillations of such an atom cloud may
get excited by a sudden change of the curvature of the trap
potential, say, by changing the trap frequency w — o + dw.
The associated excitation operator is

sV =m* a)&oz Z

n=1 ae{x,y,z}

rmrm. (133)

It is important to realize that the interaction potential
U™, r"™)) for the spin-polarized dipolar BEC in (4) trans-
forms under a scaling transformation r — Ar like a homoge-
neous function with scaling degree —3:

A U@E™ ™).

U(Ar™, Ar")) = (134)

Together with Newton’s law of action and reaction (78) this
implies
— 2Hiin — 3Hin).

[[8V,H],H] = 2108w (2 Hpo (135)

If W, denotes the ground state and E the ground-state energy
of the system under consideration, there holds

0 = (Wo,([8V,H1Eo — Eo[sV,H1)Wo)

= (U, [[8V,H], H1W,). (136)

Inserting the double commutator (135), it is found that the full
interaction energy of a dipolar interacting BEC in the ground
state is proportional to a difference of kinetic and potential
energy only:

o~

(Hint)wy, = 2(Hpot)w, — 2(Hiin)w,

It should be emphasized that if in (4) the scaling degree of
the long-ranged interaction (6) under r — Ar differed from
the scaling degree —3 of the short-ranged s-wave contact
interaction (5), the derived virial identity (137) would not
apply.

Next we employ a well-known sum rule [19,20] providing
an upper bound for the low-lying excitation energies E; — E

(137)
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that can be excited by a Hermitian perturbation operator
sV

(Wo,[[8V,H1,[[8V,H], H11Wo)

E, — Ep)’ < S
(F1 = Fo) (Wo.[8V.[H.56VIIW,)

(138)

For the operator § % exciting the breather mode [see (133)], it
is found that

[V.[H,8V1] = 81> (5w)* Hyor (139)
and
[[8V,H1,[[8V,H],HII
= 4" (wSw)* (4Hpor + 4Hyin + 9Hin).  (140)

From what has been said there follows now for the
frequency €2, of the breather mode an upper bound

197 < (eoy? 2 Flon) o 2 i), 4 5 (Fin) g
(Hpot)\llo
= (hw)? (5 _ Eka;%> ‘ (an
pot/ Wy

For the optimized ground state (1) of a BEC, as constructed
from a solution to the Gross-Pitaevskii equation (2), the ratio
of kinetic to potential energy scales as

(gkin)lllg —0 (N_%)
(Hp0[>‘l’g

So, in the Thomas-Fermi approximation, the derived upper
bound for the breather mode frequency is indeed independent
of the strength of the dipole-dipole interaction parameter €.
The fact that this upper bound actually coincides with the
previously derived result ©; = /5w, which was obtained
solving the eigenvalue problem (123) for the small-amplitude
collective modes of density oscillations, suggests that
the spectral weight of the mode is indeed exhausted by the
specified excitation operator § V (133) of the monopole mode.

It is instructive to visualize the spatial variation of the
associated density eigenmodes Sng(r,t) by plotting the in-
stantaneous surface of the BEC cloud as defined by (109).
In Fig. 7 and in Fig. 8 these eigenmodes are plotted at
stroboscopic timest = 0, = 55,andt = &, corresponding to
maximal, zero, and minimal deviation from the boundary 0Dt
of the ground-state cloud Dy, respectively. The plots shown
are based on a self-consistent calculation of the ground-state
cloud for a dipole interaction strength parameter ep = 0.7,
assuming that the BEC cloud is confined inside a spherical
harmonic trap with trap frequency w. The amplitudes of the
respective eigenmodes dnq(r,?) of the density fluctuation have
been scaled by a suitable factor for each mode separately to
make the typical shapes better visible. The s-wave breather
mode is clearly distinguished in its appearance from the three
characteristic scissors modes with their d,.-, d,.-, and d,,-
wave symmetry and the d,»-,>-wave and d?—wave quadrupolar
modes.

(142)

D. Spectrum of low-lying excitations for the case #; = 0

We now discuss the collective density oscillations of a
dipolar BEC cloud confined in a triaxial harmonic trap in
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Q. = 1.52575w

t-Q=m/2 t-Q=nm

Q. = 1.52575w
t-Q=m/2 t-Q=nm

Fx rx Fx

Q,,;y = 1.30022 w
t'Q:ﬂ'/Q t-Q=m

FIG. 7. (Color online) Visualization of density fluctuations
nq(r,t) = nr(r) 4+ Snq(r,t) of scissors modes for dipolar BEC cloud
confined inside a spherical trap for a dipole interaction strength
Ep = 0.7.

the highly symmetric case, when the principal axis e, r of
the trap is orientated collinear to the spin-polarizing magnetic
field B, so 97 = 0. In Figs. 9 and 10 the collective mode
frequencies €2 corresponding to the solution of the eigenvalue
problem (111) are plotted vs the dipole interaction strength ¢ .
Shown are three scissors modes with dy.-, d,.-, and d,,-wave
symmetry and three hybridized modes combined from basis
elements with s-wave, d2-wave, and d,2-,2-wave symmetry.
The anisotropy ratio chosen is w,:wy:w, = 712:128:942 in
Fig. 9, and in reverse order, w,:wy:w, = 942:128:712 in
Fig. 10, respectively.

There exists fair agreement between our exact analytical
results and the numerical results obtained in Ref. [21], which
are based on the method of solving Newton equations of
motion for time-dependent Thomas-Fermi radii. As is evident
from (110), small-amplitude fluctuations of the Thomas-
Fermi radii are described in our approach by the dilatation
amplitudes ¢,(t). However, in the highly symmetric case
97 = 0, these dilatation amplitudes couple only to the diagonal
basis elements of the tensor p,;:

Pua(2) = - ().

2, ()
A— (143)

a
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Qs = 2.23607 w
t-Q=m/2 t-Q=nm

Qa2 = 1.30022 w

t-Q=0 t-Q=mn/2 t-Q=mn
1 ' — . Fo -
ry I ry g
}'_l' ’I r_\
Q. = 1.4011w
t-Q=0 t-Q=mn/2 t-Q=mn

FIG. 8. (Color online) Visualization of density fluctuations
no(r,t) = nrp(r) + éngq(r,t) of dipolar BEC cloud confined inside
a spherical trap for a dipole interaction strength e, = 0.7. (First row)
Isotropic breather mode £2,; (second row) quadrupolar mode 2,2.2;
(third row) quadrupolar mode €2_2.

wewyw, = 712:128:942,  dr=0°

Q/w
/"'——__i’
k:‘j’ sz
.

2 Qy, \

Oy
1,
. . . . . . . €
-04 -02 0.2 0.4 0.6 0.8 1.0

FIG. 9. (Color online) Eigenfrequencies of small-amplitude col-
lective modes combining isotropic s-wave and quadrupolar d-wave
basis elements vs the dipole interaction strength ¢, for a dipolar
BEC cloud confined in a harmonic trap with the anisotropy ratio
oy:wy:w, = 712:128:942 in the highly symmetric case ¥ = 0.
Displayed are three scissors modes (blue lines) and three hybridized
modes that are combinations of s-wave and d,2.,2- and d2-basis
elements (red line, black line, and green line, respectively).
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wew,o; = 942:128:712,  dr=0°
Qo
—_ 4
3 O
7 2 Qy
Qy,
1,
. . . . . . . €p
-04 -02 0.2 0.4 0.6 0.8 1.0

FIG. 10. (Color online) Dependence of eigenfrequencies of
small-amplitude collective modes combining isotropic s-wave and
quadrupolar d-wave basis elements vs dipole interaction strength
ep for dipolar BEC cloud confined in a harmonic trap with
reversed anisotropy ratio wy:wy:w, = 942:128:712 in the highly
symmetric case ¥y = 0. Displayed are three scissors modes (blue
lines) and three hybridized modes that are combinations of s-
wave and dxz_yz- and d-basis elements (red line, black line, and
green line).

In the highly symmetric case 7 =0, no coupling of the
dilation amplitudes ¢, (2) to the off-diagonal elements a #
b of the tensor p,, exists, as is evident from (115). To
ease comparison of our results with the results presented
in Ref. [9], we also plot in Figs. 11 and 12 the relative

change of the collective mode frequencies Q’gm vs ¢p for
the three hybridized modes displayed in Figs. 9 and 10 that
couple via the dilatation amplitudes ¢, to the time-dependent
Thomas-Fermi radii.

It should be pointed out that a purely diagonal shear
movement of the dipolar BEC cloud at constant Thomas-Fermi

radii, {, =0, as described by the diagonal elements Aa(;)

of the tensor ﬁa(;) spanning the (solenoidal) displacement
vector field (80), may also excite these hybridized modes

w0y, = 712:128:942,  §r=10°

1-09/0
0.05}

€p

-0.05¢

-0.10p

—-0.15p

—-0.20p

—-0.25}¢

—-0.30p

-©®

FIG. 11. (Color online) Relative change **~5— vs &, for the three
hybridized collective modes as displayed in Fig. 9 for the highly
symmetric case ¥y = 0.
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ooy, = 942:128:712,  dr=0°

1-09/0
0.05

—

-04 -02

-0.05

-0.10

-0.15

-0.20

-0.25

-©

FIG. 12. (Color online) Relative change *~5— vs & for the three
hybridized collective modes as displayed in Fig. 13 for the highly
symmetric case vy = 0.

coupling to p,,. This degeneracy is a special property of
any quantum degenerate BEC ground state with an ellipsoidal
shaped density profile.

E. Spectrum of low-lying excitations for the case i#; # 0

Sudden changes of the trap potential may excite various
collective modes of a dipolar BEC cloud. If the polarizing
external magnetic field B is not in alignment with the principal
axis e,y of the trap, so e; 7 includes a finite angle ¥7 # 0
with B in the xz plane (see Fig. 1), the s-wave and d-
wave symmetry parts of the collective density oscillations
combine to a quadruplet and a doublet of modes. It is found
from (106) that the modes with mixed d,2-y2-, d2-, d,.-,
and s-wave symmetry, consisting of a linear combination
of the three diagonal amplitudes pyy, Pyy, p,. and one off-
diagonal amplitude p,,, combine together to a quadruplet (see

W 0y0; = 6:3:2&2:3:6, Jdr=35.7°

Q/w

3.5 ) )

2.5

QXZM

A~ 2.0 N
—

] 0 . ]
P -

0.5

-04 -02 0.0 0.2 0.4 0.6 0.8 ro °p

FIG. 13. (Color online) Dependence on dipole interaction
strength ¢ of eigenfrequencies 2 of small-amplitude density oscill-
ations corresponding to 4 x 4 block in (106) when the BEC cloud
is confined in a triaxial harmonic anisotropic trap for w,:w,:w, =
6:3:2 (red line with squares) and w,:@,:w, = 2:3:6 (black line with
circles), choosing a trap orientation angle ¥ = 5.7°. All frequencies
normalized to geometric mean w = (wxu)ywz)%.
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Wiwo, = 6:3:2 & 2:3:6, dr=5.7°

Q/w
35
3.0

2.5

U

1.5

T0 Oy

0.5

-04 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 &p
FIG. 14. (Color online) Dependence on dipole interaction
strength ¢ of eigenfrequencies €2 of small-amplitude density oscilla-
tions corresponding to a 2 x 2 block in (106) when the BEC cloud is
confined in a triaxial harmonic anisotropic trap for w,:wy:w, = 6:3:2
(red line with squares) and w, :w,:w, = 2:3:6 (black line with circles),
choosing a trap orientation angle ¥y = 5.7°. All frequencies are
normalized to geometric mean w = (wxwywz)%.

Fig. 13), and the modes with mixed d,, and d,, symmetry
combine together to a doublet of scissors modes (see Fig. 14).
From (115) it is evident that for ep # 0 an infinitesimal
rotation around the principal axis e, 7 of a harmonic triaxial
trap may then excite via its coupling to the p,, compo-
nents of the eigenvectors all four modes of the mentioned
quadruplet of small-amplitude oscillations of the density
simultaneously.

Likewise, a rotation around the principal axis e, r (or e, 7)
of the triaxial harmonic trap may excite, via the coupling
to the off-diagonal amplitudes py.and p,,, the mentioned
doublet of scissors modes simultaneously. Alternatively, these
scissors modes can also be excited by transversal shear
movements of the anisotropic harmonic trap, thus creating
an excitation of the BEC cloud that may be described
by a (solenoidal) displacement vector field (80) that is

spanned by the symmetric off-diagonal elements of the tensor

~(1)
Nap -

A sudden change of the curvature of the trap potential, as
described by the dilatation amplitudes ¢, in (143), excites in
the geometry under consideration the modes of the quadruplet
but never the scissors modes of the doublet with mixed dy, and
dy; symmetry.

The results displayed in Figs. 13 and 14 reveal that a triaxial
harmonic trap with trap frequencies w, = wi, vy, = W, @, =
w3 (say, w; > wp > w3) shows a characteristic shift of the
eigenfrequencies of these quadruplet- and doublet-collective
modes compared to a trap with reversed trap frequencies, i.e.,
a harmonic trap with w, = w3, 0y, = @;, and @, = ;.

From measurements of these characteristic shifts of the
collective mode frequencies of the quadruplet- and doublet-
collective modes of a dipolar BEC cloud for two such
mutually reciprocal triaxial traps the strength of the interaction
parameter ¢p could be determined accurately [21]. Knowing
the mass m* and the magnetic dipole moment |{IM)| of a single
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atom, one then obtains immediately from (8) the isotropic
s-wave scattering length of the atoms [9]:

L (M)
s 12717128

m*

(144)

The experiment suggested here consists in preparing a
quantum degenerate spin-polarized dipolar BEC cloud con-
fined in a harmonic trap with triaxial symmetry so the
principal axis e; 7 of the trap is first orientated collinear to
the spin-polarizing magnetic field B, i.e., at the beginning
of the experiment 97 = 0 = ¥ (see Fig. 1). Then, say, at
time ¢ = 0, the trap orientation angle 97 is changed suddenly
to a new value by making a rotation around the principal
axis e, 7 of the trap by a constant small rotation angle, say,
vr = 5.7°, the value chosen in Figs. 13 and 14. A dipolar BEC
cloud excited in this manner will then oscillate, not around the
old cloud orientation angle ¥y = 0, but around a new cloud
orientation angle ¥y (¥7), which is via the self-consistency
equations (45), (46), and (47) dependent not only on the
strength of the dipole interaction parameter £, but also on
the chosen trap orientation angle ¥7. The principal axis e, o of
the new equilibrium BEC cloud confined in a harmonic trap
with trap orientation angle ¥ then includes with the fixed
magnetic field B a finite angle ¥, that is smaller or larger than
Y7, depending on the anisotropy ratio of the trap (see Fig. 2).
It follows from what has been said that the eigenfrequencies
2 of the collective modes of the density fluctuations that can
be excited in this manner are functions of ep and the trap
orientation angle 7.

In Figs. 15 and 16 the dependence of the collective mode
frequencies of a dipolar BEC cloud on the trap orientation
angle U7 is shown for three values of the interaction strength
parameter p.

If a dipolar BEC cloud is confined in a harmonic trap
with triaxial symmetry, so the spin polarizing magnetic field
B is orientated in a completely general fashion, i.e., B its
not orientated parallel to any symmetry plane of the trap,

0wy, = 6:3:2

3.0 =

254
20

1.5 e

1.0—=

0.5+

0.0 } L o7
0° 45° 90°

FIG. 15. (Color online) Dependence on trap orientation angle
91 of eigenfrequencies 2 of small-amplitude density oscillations
corresponding to 4 x 4 block in (106) when the BEC cloud is
confined in triaxial harmonic anisotropic trap for w,:w,:w, = 6:3:2.
All frequencies normalized to geometric mean w = (a)xa)).a)z)%. The
strength of the dipole interaction is ep = 0.2 (dotted line), ep =
0.5 (dashed line), and &p = 0.8 (solid line).
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Wy wyw; = 6:3:2
Q/w
3.0+

25—+

2.0

1.0—

0.5—

0.0 } L oor
0° 45° 90°

FIG. 16. (Color online) Dependence on trap orientation angle
91 of eigenfrequencies 2 of small-amplitude density oscillations
corresponding to the 2 x 2 block in (106) when the BEC cloud is
confined in a triaxial harmonic anisotropic trap for w,:w,:w, = 6:3:2.
All frequencies normalized to geometric mean w = (w_xw).wz)%. The
strength of the dipole interaction is ¢p = 0.2 (dotted line), ep =
0.5 (dashed line), and £p = 0.8 (solid line).

the quantum degenerate ground state of the BEC cloud is
then characterized by three Euler angles determining the
orientation of the ellipsoid Dy relative to the axes of the
trap. We shall present, in a separate publication, a study of
such spin-polarized dipolar BEC clouds [16], together with
a discussion of the octupolar modes of density oscillations,

which can be described by fluctuation amplitudes %) ()

abc
associated with a solenoidal vector field with a quadratic

spatial variation, i.e., 7,(r,t) = 3, 0% (O)rpre.

IV. CONCLUSIONS

We have studied the ground state and the low-lying
collective modes of a dipolar Bose-Einstein condensate for the
case that the external magnetic field is not necessarily oriented
parallel to one of the principal axes of the harmonic anisotropic
trap. In particular, we have determined the eigenfrequencies of
six low-lying collective modes that combine, respectively, to a
quadruplet and doublet of atom density oscillations with mixed
s- and d-wave symmetry and obtained analytical expressions
for them. We have found the following results: The mode
frequencies depend on the dipole interaction parameter in a
characteristic way that could be used to measure the s-wave
scattering length of the atoms accurately. In the special case
that the harmonic trap is spherical we find the remarkable re-
sult that the eigenfrequency of the isotropic breather mode does
not depend on the dipole interaction strength, even though
the shape of the condensate does. Thus, this mode could be
used as a reference frequency for the other collective modes
that depend on the dipole interaction strength. A rigorous
sum-rule argument shows that this feature of the breather
mode is a consequence of the scaling property (134) of the
interaction potential in a dipolar BEC and the Thomas-Fermi
approximation.

Note added in proof. Recently an article appeared [24], that
addresses the problem to determine the Thomas-Fermi ground
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state and the low-lying collective excitations of a dipolar BEC,
that is confined inside a triaxial harmonic trap for the highly
symmetric case, when the polarizing field is orientated strictly

parallel to a principal axis of the trap.
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APPENDIX A: INDEX INTEGRALS
Consider the index integrals
a,b,c € {x,y,z},
Ia ()‘-x 7)\'}‘ 7)"1)

du 1
= Ayhyh

V/O \/(Af—ku

d

I 020 63+ 62 +4)
1

Iab(kx J\y»)tz) = )\x)\y)‘z

02 u) (2 +u)
/ du
0 JO2+u) (32 +u) (32 + )
1
020 (2t u) (2 ru)

These integrals are symmetric under permutations of the
indices a,b,c € {x,y,z}. It is also evident that

Lo — 1y = — (A2 = 13) Lap,
Iac - Ibc = - (}\Z - )\%) Iabc-

Also index integrals I, and I,;. are connected by a derivative
operation:

Iabc()")(1)‘4y,)‘«z) == )“X)“)’)"Z

(AD)

(A2)

1 d
— = = (1428, + 26pc) M Lype-
()\-c (’M) ap = (1 + + 268pc) b

(A3)
Let us note the identity
() 1
B, Thull
I J02 +u) (03 + ) (32 4u)
1 1
= (A4)

JO2+0) (02 4+ 1) (2 ) a2 T
Likewise,

1 1
A2+ u) (02 +u) R U
1 1
J62 ) (02 4+ ) (32 +u) My +u
2 1

AL+ u Z

aefx,y,z}

SOl ey

A2 +u (83)

) (02 + 1) (32 +u) (7 +u)

d) 1 1o

B Yl

( du \/(Ag+u)(x§+u)(xg+u)’\§+“?+“
I o

\/(A)%+u)()»%+u)()»§+u))‘i+”)‘%+”

2

X
)L§+u )\-2+u Xy: 5

(A6)

On integration with respect to the variable u from 0 to co there
follow now several useful identities:

= > L

ae{x,y,z}

2
Fzzlbb‘l‘ Z Iy,
b

ae{x,y,z}

(AT)

2
)\2)\‘2 = Zlhhc + 21bcc + Z Ibcav
b c

ae{x,y,z}

Using these relations, various useful algebraic connections

between the integrals I, and I,,, and between I, and I .,
become evident [11]:

a,b,c € {x,y,z},
a#b#c,
314u )2 + Lph} + LA =31,

(A8)

SIaaa)\g + Iaab)"i + Iaac)"% = SIaas

3LaabpA2 + 3Lapp Al + Lapeh? = S51ap.

Making the substitution
u—u=A~Au, (A9)
we obtain useful scaling relations
LA, Ay b)) =1, A K”AZ =7,

R NN NN A
1(,\,\)\)—1 be Ay Ao —1 (A10)
ahehy e = G la | 300y ) = wat
I()L)L)L)—ll AAy)‘—l
abc\NxsNysNhz) = A abc AN A = A4 abc-

In our calculations we find it convenient to choose A = A, > 0

The task to calculate double-index integrals I,, can be

reduced to calculating simpler single-index integrals I,. This
is enabled by using

(Al1)
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an immediate consequence of (A7). Provided 4, # A;, the
integrals 7, can be reduced to calculating the simpler integrals
I, and I, using the identity

a € {x,y}, AL2)
_ T.-T,
IZ(l = - 22
-2

So for A, # A. all double-index integrals I, can be reduced to
single-index integrals 1,,. Carlson [22] has provided an elegant
and efficient algorithm based on the well-known method of
the arithmetic-geometric mean to calculate the single-index
integral 7, directly, a method we highly recommend because
of its accuracy and speed [23].

For A, = X, the right-hand side becomes formally unde-
fined. However, in this case we may calculate the integrals 7,
and 1, in closed form:

du

lim I, =
Aa—>A;

A»AA)\,/\/

(B +u)(E+u)a+w

X

(1 +u) (g+u)

PHYSICAL REVIEW A 82, 053620 (2010)

= y [ du 1 Ay
lim I, = — ——351—,
Ar—>A; Az Jo A2 14+ u) Az
\ iz +u
. Ax
lim I,, = —/ — = I(—)
dy—>h; / x + u 1+ u) )LZ

1 =
@ = q/ Vq? +u(l+u)3

4
4q7 =17

In the isotropic case A, = A, = A,

arccosh (g)

q* =1

) . (A13)

<2q3 -5¢+3

2
lim hm IZV = l1m hrn sz =I1(1)=-. (Al4)
Ax—>Ag hy—>A Ay=>Az Ay—> 5
APPENDIX B: SUM RULE
The sum rule
(B1)

Z waa(t) = SwOO(t)

follows directly from the defining equations (98) and the
properties of the triple-index integrals:

3 .
Z Waa(l) = {ESD X [)\i [Cosz(ﬁO)(:Slxxz + Ixyz +30L;)+3 Slnz(ﬁO)(SIxxx + Ixxy + L)1 0oxx (1)
a

+ )\i [COSZ(ﬂo)(IxyZ + 3Iyyz + 31yzz) + Sinz(ﬂO)(?’Ixxy + 3Ixyy + Ixyz)]pyy(t)
+ A2[3 082 (00)(Lizz + Lyzz + 51iz2) + sin®(90)(Blxz + Liyz + 3Lc2) 0 (2)

1 1
+ SinQ200) oA Bl + Liye + 3Liz)pec ()] 4 5(1 — 80)[ pxx(t) + — P 5 Pyy (1) + P pzz(t):|

1—¢ep (1 1 1 9¢p [ cos?(¥y)  sin?(Dy)
5 — 4+ =+ = — t
+|: > <A2+A§+A2)+ > ( 2 2 Poo(t)
n2 2 :
(D) cos (190) sin (299)
+98D|:— xx( )+ zz(t)"‘ —pxz(t) . (B2)
2 2 2X5 A,
[
There holds the following identity for the index integrals Slixx + Lixy + Iix;
fave: 2ex + 2Lnx + Love + Livy + 1 2 _ 2
= 2xx + 200 + Loy + xxy+ XXz = 7550 T 340
a,b e {X,y,z}, )‘x)‘x )"x
(B3)
2gap + 2app + Lapx + Lapy + Lap; = IETER Liyz +31yy: + 315z
a’ b
=21y, + 21, + Iy + Iyyy + 1y, = —,
Taking into account that the index integrals I, are invariant 'UZ e e A3AZ
under permutations of their indices a,b,c € {x,y,z}, it follows 3Ly + 31y, + Ly,
for the linear combinations encountered in (B2) that ) )
= Ixx [xr vax Ixr [x = 55
y T 2Ly + Liyx + Ly + Liyz 202
3L, + Iy, + 31, ’
‘ e “ I.)CZZ + Iyzz + SIZZZ
2 2
= 21xxz + ZIxzz + Ixzx + Ixzy + Ixzz = )\3)\3 ) = 2Izzz + 2Izzz + Izzx + Izzy + Izzz = @ = )L_?
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Making use of these identities, and taking into account (101),
we indeed see that
|

s o U N |
D waalt) = {3ep( | cos’W0)5 + 38in’(90) 75 |pun(t) + | 08 (90) 5 + sin’ (Do) 3 |01y (1)

aefx,y,z}

1
[3 0082(190)— + sin*(9) ]pzz(t) +sin (2%0) -—— e ,Oxz(t))

Z X

1 1
+5(1 - 8D)|: i) + 533000+ 55 pzzm}

.)C

l—ep/1 1 1 9¢p [ cos’(Py)  sin®(Do)
5 )+ 222 :
+[ 2 (A§+x§+,\g)+ 2( SERRY: Poo(®)

. 2 2 .
+9sD[%(f°) pr(t) + A( o) Nz(t)+wpxz(r)]}

2 z 2hxAg

1 1
= {38D|:C052(l90)ﬁ + Sinz(ﬂo)k_z} [pxx(t) + pyy(t) + ,Ozz(f)]

4 X

1 1
+5(1 - 8D)|: oxx(D) + = )»2 — Pyy() + Azpzz(t):|

_ 2 -2
n |:51 &p (i N i 4 i) N 98_D<COS (%) N sin (ﬁg))i|p00(t)

2 2 Tt 2\ 2 A3
+3eD(3+2)[ /\i S0 )+ 2 Zﬁ(’) poclt) + w xz(r)]}
{(1—eD)[ Pl + 12pvy<z>+ 12pu(t>}+3 D[ﬁ peel®) + Smkiﬁ") prclt) + Sl;ff‘” xz(w]
) R
_ Sueo(0). ' B4)

APPENDIX C: EXPLICIT EXPRESSIONS FOR
G5(t) — Fg(t) AND MATRIX ELEMENTS Cyp,cq

We collect here explicit expressions for the linear combi-
nations G, (t) — F,(¢) that occur in (98),

Gx(t) = Fou(t) = —2{3A§ [c0S*(90) Lixz + 5 5i0° (D) Lixx ] (1) + A3 [c08* (D0) L1yz + 3 50 (90) Lixy 10y (£)
%
+ 322[c08* (B0) Lz + $in*(90) L 1p2:(1) + 3 5in (200) Lixzhhzprz ()}
G,y(t) — Fyy(t) = —2{A2 [c08%(90) Lxyz + 3 8in*(90) Lixy 1 0xx (1) + 3A2[c08>(90) Iyyz + SIn2(W0) L1y ] 0y (1)
}
+ A2[3 cos*(90) 1,2, + sin*(90) Ly 102:(1) + sin (20) Lyy: - Axhzpxz(D)},
G..(t) — F..(t) = {3A2 [cos®(90) Lz + sin*(90) Lz pxx (1) + A3 [3 cos” (Do) .z + sin®(90) Leyz1pyy (1)
Z
+322[5 cos* (D) Loz + sin*(90) Liz:102:(1) + 3'8in (200) Lizzhchopr: (1)}, (C1)
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and also in (99),

ze(t) - sz(t) = {3 (

+ sin (29y) [3

kml’_‘
>

2
z

1
+ _> Ax)‘z cos (ﬁo)lxzz + Sln2(ﬁ0)1xxz] Pz (1)
< 2

A A
1 _> xxz)oxx(t) + ()\2 + ﬁ)lxyzpyy(t) + 3 <)L + 1) xzzpzz(t)]}

X

Gy (t) — Fy (1) = ( )[sm (200) Axhy Ly Py (1) + Ayhs[3 cos*(90) Iy + sin(90) Ly; 10y ()],

\<w|"
— >"|,_;

1
G,y(t) — Fiy(t) = <)»2 )»2 ) [AxA [COSZ(ﬁO)IX)z +3 Slnz(ﬁo)lxxy]pxy(t) + AyA; sin (209¢) Ly, py; (1)].

The matrix elements C,; 4 Occurring in the eigenvalue problem (106) are explicitly given by

4 — —_
2n0g(s) )»2 3(1 —ep) + 28D%[0052(00)1xx2 +5 Sinz(ﬂo)lxxx]
e G =T ep + 22 2 [cos2(P0) Ty +5in*(00) ]
2n0g(s) )\2 (l - 8D) + 35 8D 22 Az [COSZ(ﬁO)IX)Z +3 Slnz(ﬂO)Ixxy]
. Xx,yy — )
m y)‘z 1—¢p+ 38” ; [0052(190)12 + sin2(9)1 1]
y ) €2
20g®) 32 (1= £p) + Jep 51005 (B0) ez + Sin?(P0) 2]
" xx,zz — Wy ,
m ML ep + 38” 8 [cosz(ﬁo)lzy + smz(ﬁo)lxy
2
2nog(5) _ 2 gSD 51n(200)7*—; Yz
N XX,XZ2 —
m "1 e + 22 B0 (0T, + sin2(00) ]
ZnOg(s) (1 —ép)+ 8D 22 )\2 [Cosz(ﬂo)lxvz +3 Slnz(ﬂo)lxxy]
—* Yy, Xxx — w )
m 1—ep+ 38') il [cos2(190)11y + sin2(99)1 1y ]
2ng™ 3(1 —é&p)+ eD i [cos (190)IyyZ + sin (190)Ixyy]
R yyyy = a)} ,
m 1—ep+ 227 Az [cos>(B0)1 2y + sin®(F0) Ly ]
(C3)
ZnOg(S) (1 —é¢ép)+ 8D P [3 COs (ﬁO)IyzZ + Slnz(ﬂO)Ixyz]
— Ly = =} )
m Yoo &p + %SD t [cosz(ﬁo)lzy + sin2(9)11y]
208" , 5ep sin(200)3= Tgixyz
— Ly =0,y
m 1—ep+ %‘ED ; [cosz(ﬂo)lz\ + smz(ﬂo)lxy]
2n0g® 32 (L—ep)+ 3ep3s [cosz(ﬁoﬁm + sin*(90) Lz |
" 72,XXx — w ey s
m ’ )‘2 1 —ep+ 3“’ 8 cosz(ﬁo)lzy + s1n2(190)lx}]
ZnOg(S) )\,2 (1 —ep)+ SD )\2 [3 COSZ(ﬁO)IyZZ + SIHZ(ﬂO)Ixyz]
Gy = )
m yf\z 1 —ep+ 222 V[cos2(0o)lzy + sin2(90)T ]
(C4)
2n0g"™ LA 3(1—ep) + 3epl5 cos’ (W) . + sin* (Do) -]
. 22,22 — ’
m y’\ 1 —ep+ 222 ‘[cosz(ﬁo)lzv + Sin2(99)T 1y
A 2
2n0g(5) 81) sm(2190))\— —)2 2z

C _ 2
N 22,07 = Wy e
n I —¢ep+ 2D )»; [COSZ(ﬁO)IQ + Slnz(ﬁO)va]
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2
Sepsin(200)2 BT e

—_—

2n0g(s)

)\2
* XZ,XX @ < + _X)
m ’ 22) 1 — ep + 32 5 [cos2(90) Ty + sin2(9)Ty]

2A2

3 : M MT
5€p sm(2190)k—* phw

2 2
———Cxzyy = > <)L—y + ﬁ)
* X2,y y
m MR i —ep+ 3 eos200)T, + Sin2(90) T y]

- (C5)
$ep sin(200)3: 57 cox

2n0g(‘v)

1—¢p+ 35” 5 [cosz(ﬂo)lz) + s1n2(00)1xy]

[Cosz(ﬁO)Ixzz + Slnz(ﬁO)Ixxz]

m*

2 52 — 7 i 7
c 2 ()14__)) (1 8D)-l- 3€p33
XZ,XZ — ) ’

1—¢ep+ 38” ‘[cosz(ﬁo)l,y + s1n2(z90)1”]

)»2

Z

m*

2nog(x)

znog(s)c B (1 y) (1—ep)+2 8D e [3 cos?(D)] yz; + sin®(90)] xy:]
— Ly =@ +

’

1 —ep+ 324 [cos2(D0)1 ;y + Sin2(P0)1 1y]

2 Az
(C6)

3ep sin(200) 2 2T
72¢D 0 Ao 221Xz

A
14+ =

ZnOg“)

2
o a)z ( )
* x) y
m A2) - ep + 36” 5 [cosz(ﬂo)lzy + smz(z‘}o)lx}]

3 . X "
5€D sm(219o)r yél xyz

)\’2
. xy,yz — @y (1 + =
m Ml —ep+ den 2 ‘[cos2(00)1“ T smz(z?o)lxy]

(C7)

1+)\—2

*
m X

Here, the quantities 7,, and 1. denote (scaled) double- and
triple-index integrals, as explained in (A10).

APPENDIX D: COUPLED MONOPOLE-QUADRUPOLE
MODES OF DENSITY OSCILLATIONS

For completeness, we discuss here the coupled small-
amplitude monopole-quadrupole oscillations of density for a
BEC confined in a harmonic trap with cylindrical (uniaxial)
symmetry, restricting to the case of zero dipole-dipole interac-
tion, ep = 0. Setting w, # w, = w, = w, in the eigenvalue
problem (116) we easily find analytical expressions for three

eigenmodes. First,
0
Qiz)_}z = \/ECUL,

~ (0
pxx (Qx--vz) 1
0
Py (Q2) | = P 1
0
/Ozz (Qiz)_yz)
It follows directly from (81) that this eigenmode corresponds

for all anisotropy ratios to a density fluctuation éng(r,t) with
pure d,>_,» symmetry:

(DD

2 2

0 )’
Q= sz-yZ Sng(r,t) = 2ngcos (Q + 8g) ———— [ (0)]

The second and third eigenmodes o, (Qi))) with eigenfrequen-
cies Qf form a doublet consisting of a combination of basis

2nOg(-V) c _ wz ( A‘y) (1 - ED) + 5D )‘2 )Lz [COSZ(l?())I,WZ +3 Slnz(ﬁ())[xxy]
xXy,xy =

1—¢ep+ 38” ‘[cosz(z‘/‘o)lz) + smz(ﬁo)lxy]

elements with s-wave and d,2-wave symmetry We obtain as
a function of the anisotropy ratio v = == the following exact
results for the eigenfrequencies and the elgenvectors

©0) _ 44302 4+/16—1602+90* 2
2y =1 [ 2 ’

D2
@X(QEE)) 473v2+\/}£;16v2+9u4 ( )
(@D | = 4307416161790
7 4v
~ 0
p(Q) 1

For v — oo this mode becomes quasi-one-dimensional:
v>1,
1
0
QY =«/§a)z<1+97+--->,
P (@) L+

@) [ = s+ .
() 1

while for v — 0 it is quasi-two-dimensional:

1
5258)=2wl<1+—v +. )

16
Prer (@) 234
ﬁ,vy(Q(fr») = vl AST"'
P2 !

053620-24



GROUND-STATE AND COLLECTIVE MODES OF A SPIN- . ..

For an anisotropy ratio v >~ 1(slightly deformed sphere) the
associated density fluctuation énq(r,t) is of the breather type,
i.e., astrongly weighted isotropic s-wave part is combined with
only a small admixture of quadrupolar d,>-wave symmetry:
©0)
Q=Q,
Snq(r,t) = 2ngcos(Q2t + 8q)
[(4 — 324+ V16 — 1602 + N4 1)r§ +r;
X

202 + 2 [A(l()>]2
N 4-32+ 16—16v2+9v4+3 r?
41?2 2 [)\-20)]2
4—-324+ /16 — 1602+ F 1
- )| D3
() o

The other eigenmode of the doublet is characterized by

1
o <4+3v2 — V16 - 16v2+9v4>2
_ =W s

2

o~ 0 32 — 2

Drx (Q(_)) 4—3v W

Py Q@) | = 4—31}2—«/‘1‘32—161)2-&-9\)4 (D4)
p(QY) 1

For v — oo this mode behaves asymptotically as

10 1

3 92
~ Q(O)
onx( —) _%_‘_%_’_
@ | = | S+ Ee
—~ 1
pzz(Q(—O))
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For v — 0 we find

5 V2
Q(O)_\/j 1— — ...
- 2wz 16+ ’

P () —1

@y(Q@)) = _i )

7::(Q7) !
For an anisotropy ratio v 2~ 1 (slightly deformed sphere) this
mode describes a density fluctuation with a strongly weighted

d,>-wave part and only a small admixture of isotropic s-wave
symmetry:

Q=0
dng(r,t) = 2ngcos (2 + 5g)
[<4 — 312 — V16 — 16v2 + 9v* 1>r3 +r;
X

+ —_
212 2) n0p

=z

Az

N 4-32—J16 — 16V + N* 3\ r?
42 2

e - (D)

(4— 302 — /16 — 16v2 + 9v* 1>:|
The derived frequencies for the coupled monopole-quadrupole
oscillations of a BEC without dipole-dipole interaction, i.e.,
ep = 0, that is confined inside a harmonic trap with uniaxial
(cylindrical) symmetry, coincide with well-known results first
derived by Stringari [19] using a different method, that enabled
him also to derive all the higher-lying frequencies.
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