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Bethe binary-encounter peaks in the double-differential cross sections for high-energy
electron-impact ionization of H2 and He
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We study the Bethe binary-encounter (BE) region in the ejected-electron double-differential emission spectrum
of H2 and He targets in collisions with 8-keV electrons. We compare the absolute cross sections for these
isoelectronic systems at high emission energies. The experimental data are analyzed in terms of a state-of-the-art
theoretical model based on a two-effective-center approximation. In the case of the H2 molecule the binary peak
in the double-differential cross sections (DDCS) is enhanced due to the two-center Young-type interference. The
observed undulation in the DDCS ratio is explained in terms of the combined contributions of the Compton profile
mismatch and the interference effect. The influence of the interference effect is thus observed for higher-energy
electrons compared to most of the earlier studies which focused on low-energy electrons produced in soft
collisions.
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I. INTRODUCTION

The study of ionization of atoms and molecules by ion
or electron beams or photons has been a topic of interest
in the field of atomic collision physics for many decades.
The crucial information regarding the ionization process and
hence about the basic collision mechanisms can be obtained by
detecting the electron spectrum in such collision processes. For
heavy-ion beams the distinct ionization processes appear in the
double-differential cross section (DDCS) spectrum of ejected
electrons. The main processes are the soft collisions (SC), the
two-center electron emission (TCEE), the electron capture to
the continuum (ECC), and the binary encounter (BE) [1]. For
the TCEE, the ejected electron in the final channel is influenced
by the strong Coulomb potential of the receding highly charged
projectile and may show a focusing effect in the forward
direction [2–8]. Such a two-center effect is less relevant when
electrons are used as projectiles, since they are singly charged
particles [9]. However, SC and BE are dominant features
besides the elastic-scattering peak in electron collisions with
atoms. Many experimental and theoretical investigations on the
BE process in heavy-ion collisions have been reported in the
past [4,10,11]. In the case of electron-impact ionization an
elaborate measurement on the BE process is scarce. We present
here a detailed study of the BE process for fast-electron
collisions with H2 and He.

The ionization of homonuclear diatomic molecules may
also carry rich information about the wave nature of the ionized
electron. Such a wave nature is manifested via the oscillations
in the electron spectrum due to Young-type interference
[12,13] that occurs as a consequence of coherent electron
emission from the proximities of the nuclei of the molecular
target. This effect was first observed only recently in the
electron spectra resulting from the ionization of molecular
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hydrogen by heavy-ion impact [14–20] and in photoionization
studies involving H2, N2, and H2

+ targets [21–28]. The
interference mechanism in electron scattering from molecular
H2 was invoked as early as 1977. For example, the oscillation
in the cross section ratios (H2 to 2H) in the case of elastic
scattering of projectile electrons was found both theoretically
and experimentally [29,30]. In electron-impact ionization
studies, the presence of oscillations due to coherent emission
was predicted [31] and then experimentally observed in
DDCSs [32] and later on in the angular distribution of
electron emission [33–35] for H2 in coplanar kinematics
by investigating the relative change of binary and recoil
peak intensities caused by partial constructive or destructive
interferences. In triple-differential cross section (TDCS)
studies, the single-center He target was also used as a reference
to compare the fluctuation of intensity due to interference
effects in the corresponding H2 spectrum [33,34]. Recently,
Young-type interference patterns were reported in the double-
electron capture process from molecular hydrogen [36].

In the present work, we have investigated the behavior
of the Bethe binary encounter peak appearing in the energy
distribution of electron DDCSs of H2 and He in collisions with
8-keV electrons. Young-type interferences are analyzed in the
BE region for H2 by comparing with the corresponding results
for He. The role of BE electrons in the low ejection energies
is studied at different forward angles. A detailed comparison
is made for energy distributions of DDCSs between the cases
of H2 and He targets at low ejection energies and it is
demonstrated that the presence of varying strengths of partial
constructive interferences modify the H2 cross sections.

II. EXPERIMENTAL DETAILS

The measurements were carried out for an 8-keV
(vp ∼ 24 a.u.) electron beam colliding with H2 and He gaseous
targets. The electron beam was generated from a commercial
electron gun. In addition to the built-in focusing element in the
electron gun, we mounted another set of Einzel lens, deflector,
and collimator assembly at the entrance of the chamber to
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focus the beam at the center of the chamber. The electrons
emitted from the target were detected using an electron
spectrometer equipped with a hemispherical electrostatic
energy analyzer and a channel electron multiplier (CEM).
Care was taken regarding the spectrometer performance, stray
fields, background electrons, and projectile beam profile.
The energy resolution of the spectrometer was about 6%
of the electron energy which was limited by the entrance
and exit apertures. Experiments were done by flooding
the chamber, keeping the target gas pressure in the range
of 0.15–0.25 mTorr. The front and exit apertures of the
spectrometer were biased to small voltages of +6 V in order
to help the low-energy electrons be detected. Background
pressure was kept at 1 × 10−7 Torr. We normalized
the measured data of H2 and He with respect to known
absolute DDCSs obtained in our earlier measurements [37].
The relative systematic uncertainty stemming from the
measuring system is about ±16%–18%. Further details of
the experimental setup are described in Refs. [37,38]. The
electron DDCS data were corrected for the effieciency of the
CEM as described in Ref. [38].

III. BETHE BINARY-ENCOUNTER PEAK AND
INTERFERENCE EFFECT

The electron-impact BE process is quite different from that
for heavy ions because of their large difference of masses. In
the case of binary encounter for heavy-ion beams colliding on
atoms the electrons suffer Rutherford backscattering from a
huge mass when viewed from a frame fixed on the projectile
[4,10,11], assuming that all the momentum is transferred to the
emitted electron (Bethe condition). In the laboratory system,
the energetic position of the corresponding peak appearing in
differential cross sections, according to energy and momentum
conservation rules, is given by

EBE = 4t cos2 θe − 2I, (1)

where the cusp electron energy is given by t = (Me/MP )EP ,
where Me and Mp are the electron mass and the projectile
mass, respectively. Here θe is the electron ejection angle
and I denotes the target ionization energy. In the case of
electron-atom collisions, the binary-encounter peak position

FIG. 1. (Color online) DDCS spectrum of electrons ejected
in 8-keV e− + H2 collisions for 65◦ ejection angle. The dashed
line represents theoretical predictions using a two-effective-center
approximation.

in the electron DDCS spectrum is given by,

EBE = EP cos2 θe − I. 0 � θe � 90◦. (2)

In both the Eqs. (1) and (2), Ep represents the projectile kinetic
energy.

Measured DDCSs for electron emission from H2 are
presented in Fig. 1 as a function of the ejected electron energy
at fixed ejection angle θe = 65◦. According to Eq. (2), the BE
peak in DDCS spectrum is shown (see Fig. 1) to appear at an
ejection energy of ∼1400 eV for emission angle 65◦ ejection
angle is analyzed. The experimental data are in general in
good agreement with the theoretical prediction, also included
in Fig. 1. Calculations were performed using the two-effective-
center (TEC) approximation [39], which will be used for all H2

cases considered. Briefly, the TEC approximation is based on
the localized nature of the initial electronic density around the
molecular nuclei. The emission of one of the target electrons
is considered as produced preferably from the vicinity of
either molecular center, whereas the other electron screens
completely the nucleus corresponding to the region from which
ionization is not produced. The final continuum wave function
of the ejected electron is chosen in the TEC model as an ef-
fective one-center Coulomb wave function taking into account
the interaction of the emitted electron with one or the other
molecular nucleus [39]. Also, a Heitler-London-type wave
function [40] was used to describe the initial bound molecular
state. With all these assumptions and following Ref. [31], the
DDCS of ionization of H2 molecules is obtained from the
expression [9,32,37]

d2σH2

d�edEe

∼=
∫

d�s

[
1 + sin(χρ)

χρ

]
d3σ2Heff

d�sd�e dEe

, (3)

where �s and �e are the solid angles subtended by the
scattered projectile and the ejected electron, respectively, Ee

is the final energy of the ionized electron, χ = |−→k e − −→
K |

with
−→
k e being the momentum of the ejected electron and

−→
K

the momentum transfer, and ρ is the equilibrium internuclear
distance. The TDCS d3σ2Heff/d�sd�edEe

refers to two effective H
atoms (Heff) located at the position of each molecular nucleus.
It is noted that the interference factor 1 + sin(χρ)/χρ due
to coherent emission from both molecular centers appears
explicitly in Eq. (3). Indeed, for BE ejected electrons

−→
ke = −→

K

and thus the term 1 + sin(χρ)/χρ � 2 in Eq. (3) contributes
as constructive interference.

In Figs. 2(a) and 2(b), TEC cross sections for H2 (dashed
lines) are compared with the ones corresponding to two
Heff atoms (dotted lines). The latter one-center DDCSs were
obtained from Eq. (3) by neglecting the damping oscillatory
interference term. In Fig. 2(a) the ejection angle is θe = 55◦,
whereas in Fig. 2(b), θe = 65◦. It is observed that molecular
cross sections are larger than the atomic ones in the BE peak,
supporting the presence of partial constructive interference
in this region. Even considering that Eq. (3) is strictly valid
when comparing the DDCS for the hydrogen molecule and
the one for effective hydrogen atomic targets, the presence of
Young-type interference effects could also be put in evidence
if helium atomic targets were used to obtain the DDCS H2/He
ratios as shown below. In early works by Milne-Brownlie
et al. [33] and Staicu Casagrande et al. [34], it was shown
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FIG. 2. (Color online) Theoretical cross sections for molecular
hydrogen (dashed line), He (solid lines), and twice Heff (dotted line)
are plotted for 55◦ (a) and 65◦ (b).

that the TDCS ratios for H2 and He targets are qualitatively
well described by the oscillatory factor 1 + sin(χρ)/χρ of
Eq. (3).

In Figs. 2(a) and 2(b), theoretical DDCSs for He atoms
are also displayed (solid lines) for comparison. In these
calculations, a first-order Born approximation is employed.
Within the framework of this model, both the incident and
the scattered electrons are described by plane waves, whereas
the initial atomic bound state is described by a Löwdin’s wave
function [41]. The final continuum state for the ionized electron
is chosen as a continuum wave function corresponding to the
interaction between the emitted electron and the residual target
at large asymptotic separations. It has been shown that this
first-order model gives a good description of the measured
TDCS for ionization of He atoms at an incident-electron
energy of around 8 keV [42]. From Fig. 2, it is also found that
the calculated molecular cross sections are larger than the cor-
responding cross sections for He atoms, suggesting the pres-
ence of constructive interferences around the BE peak position.

The experimental DDCSs near the BE region for the two
isoelectronic systems, H2 and He, are shown in Fig. 3 for four
different angles, namely, 55◦, 60◦, 70◦, and 75◦, along with
the corresponding theoretical results. With increasing angle
the agreement between theory and experiment becomes better
with respect to the peak position and the overall shape of
the cross sections. In fact, theory has better agreement with
experimental data for the larger forward angles 70◦ and 75◦
compared to 55◦ and 60◦. At the peak positions where the
cross sections are large, the statistical uncertainty is about
5–8%. For smaller angles such as 55◦ and 60◦, at some points
at lower energies where the cross section falls, the statistical
uncertainty is as large as 40%. For H2 at the particular angle 55◦
[Fig. 3(e)], a large difference between the theoretical results
and the experimental results is observed at lower energies.
This behavior is not well understood and must be a matter
of further investigation, considering first the influence of
more precise descriptions of the molecular continuum wave
functions as the electron is ejected in the forward direction.

FIG. 3. (Color online) The experimental and theoretical DDCSs
for four different angles, namely, 55◦, 60◦, 70◦, and 75◦, are plotted.
Panels (a) to (d) represent cross sections for He, and panels (e) to (h)
represent cross sections for H2. The lines are the theoretical DDCS
values.

For almost all angles, differences between experimental and
theoretical DDCSs of H2 for emission energies larger than the
one corresponding to the BE peak could be attributed to elastic
scattering which has not been included in the calculations. For
instance, the scattered projectile electrons, which lose energy
during the collision process may contribute at high ejection
energies after the BE peak in the case of forward angles. The
contribution of such scattered electrons increases with ejection
energy and reaches maximum at the elastic peak [43].

In Fig. 4(a) we display the DDCSs in the energy range of
900–2700 eV for the case of θe = 65◦. The experimental cross
section of H2 at the BE peak clearly exceeds the experimental
cross section for He. We observe also the same behavior in
the corresponding theoretical DDCSs [see also Fig. 2(a) for
55◦]. For the current study we explore the contribution of
interference in the BE region by taking the DDCS ratio

R = d2σH2

d�edEe

/
d2σHe

d�edEe

(4)

The experimental ratio of the electron DDCSs for H2 and
He targets for ejection angle 65◦ is plotted in Fig. 2(b). The
experimental ratio exhibits a peaked structure with a maximum
value around the position of the BE, which is supported by
the theoretical prediction. Such behavior may be originated
from the combined contributions of interference effects and
the different Compton profiles of the target electrons (of H2

and He). In order to quantify the presence of interference
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FIG. 4. (Color online) (a) Experimental DDCSs are represented
by open circles (H2) and solid squares (He) and theories are
represented by a dashed line (H2) and a solid line (He) for 8-keV
e impact. (b) Triangles represent complete experimental ratios of
H2/He, and complete theoretical ratios are shown as a solid line.

effects in the structure, we compute the DDCS ratio for
molecular hydrogen and two Heff atoms and compare it
with the theoretical one between the H2 and He targets for
two different ejection angles of 55◦ and 65◦ [Figs. 5(a)
and 5(b), respectively]. The atomic 2Heff/He ratio is also
included in Fig. 5. It is well known that the DDCS is
proportional to the corresponding Compton profiles when
a plane-wave B1 approximation is used to investigate the
reaction [14]. The cross section ratio can then be expressed as
the one corresponding to the different Compton profiles of the
considered targets. Thus, the behavior of the 2Heff/He ratio

FIG. 5. (Color online) The ratios of theoretical DDCSs for
H2/2Heff (dotted lines), H2/He (solid lines), and 2Heff/He (dashed
lines) are plotted for two different ejection angles: 55◦ (a) and
65◦ (b).

FIG. 6. Ratio spectra for four different ejection angles: 55◦ (a),
60◦ (b), 70◦ (c), and 75◦ (d). Open triangles, experimental (H2/He);
solid lines, theoretical (H2/He). Note that the theoretical ratio of panel
(a) is shifted by 0.9 a.u. and of panel (b) by 0.6 a.u. toward lower
velocity to compare with the experimental data.

(dashed lines) can be attributed to these different profiles for
Heff and He atoms. Consequently, a hump can be observed
for electron velocities in the corresponding ratio at the binary
encounter position. Regarding the H2/2Heff ratio, it shows
the contribution of the interference term in Eq. (3). In fact,
both H2 and 2Heff DDCSs differ in a factor of the order of
2, in qualitative agreement with the value obtained from this
interference term as

−→
ke = −→

K . As a result of the combination of
both Compton profile and interference contributions, a sharper
enhancement is found in the H2/He ratio (solid lines). While
the undulation in the experimental H2/He data may primarily
be stemming from the mismatch of Compton profiles, we find
a significant contribution of constructive interference around
the Bethe binary encounter peak for the H2/He DDCS ratio.

In Fig. 6 we illustrate the DDCS ratios of H2 and He for all
the four angles considered previously in Fig. 3. It is observed
that the experimental results vary within the values 0.5 and
2, represented by the mismatch of the Compton profiles of
the targets. They are in good agreement with the theoretical
predictions. In some cases we find a sharp enhancement of
the H2 BE peak by constructive interference, behavior that is
supported by our previous analysis. In fact, we demonstrate
thus the existence of Young-type coherent emission at ejection
velocities as high as 8–15 a.u., where the corresponding
de Broglie wavelength becomes shorter than in all previous
measurements, which were done below 6 a.u.

IV. BINARY-ENCOUNTER ELECTRONS IN
LOW-EJECTION ENERGY

Figures 7(a) to 7(d) show the measured energy distributions
of DDCSs for 45◦, 75◦, 90◦, and 135◦, respectively, for the
same systems described previously. Going through Figs. 7(a)
to 7(d) we note relative change in the DDCSs of H2 [37]
and He. For example, Figs. 7(a) and 7(d) show crossovers
between the DDCS of H2 and He at about 20 eV. Since in
the case of 45◦ the binary peak has the least overlap with the
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FIG. 7. (Color online) Energy distributions of DDCSs of elec-
trons ejected from H2 (open circles) [37] and He (solid squares) in
collisions of 8-keV e− for ejection angles 45◦ (a), 75◦ (b), 90◦ (c),
and 135◦ (d). The theoretical predictions for H2 are shown as dashed
lines and for He as solid lines.

one corresponding to low-energy electrons, the low-energy
spectrum is dominated by the soft collision mechanism. This
will, however, be influenced by the interference process for H2

but not for He. Similarly for backward angles the spectrum is
only influenced by the soft collision along with the interference
for H2. The crossover observed for these two angles can
possibly be explained by the interference mechanism present
in the case of the H2 spectrum. However, for angles closer
to 90◦ [Figs. 7(b) and 7(c)] the spectra for He and H2 merge
together at high ejection energies. Since the BE peak energy
scales as cos2 θe [see Eq. (2)], the peak shifts toward lower
ejection energies as θe increases. Close to 90◦ the BE electrons
merge with low-energy electrons. In sharp contrast to the 45◦
and 135◦ cases, in Fig. 7, the DDCSs for H2 for 75◦ and
90◦ are considerably raised to larger values when compared
to the similar results for He in the range of ejection energies
contained between 20 and 500 eV. Because we have shown
(see earlier in this article) that in the BE region the constructive
interference enhances the electron DDCSs for H2 compared
to those for He, the present large DDCS at the low-energy
part of the spectrum could be attributed to a similar process.
So the overall shape can be attributed to the presence of low-
energy BE electrons and to the associated partial constructive
interference in the case of H2, for angles close to 90◦.

For all the four angles considered in Fig. 7, below 30-eV
ejection energies, the DDCSs for He always fall below those

for molecular H2 beyond the experimental uncertainties. The
presence of constructive interference in the DDCS for H2

may be possible in the low-energy (or soft collision) region
(ke � 0), where the momentum transfer from the projectile
is very small (K � 0), and this may lead to a significant
enhancement of the DDCS for H2 compared to that of He.
However, we note that contributions from autoionization
processes for H2 below 20 eV [44] and electron correlation
effects and detailed screening effects at low ejection energies
for both the targets may also contribute to the structures, which
are not included in the current theoretical calculations. A
similar behavior regarding the role of constructive interference
in the BE and SC regions was also observed earlier when we
compared the H2 results (both experimental and theoretical)
with those of corresponding twice Heff [37]. As a matter of fact,
the simultaneous promotion of electrons to continuum states
through BE and soft collision mechanisms for angles close to
90◦ reinforces the presence of partial constructive interference
and, moreover, this effect is extended to larger values of the
energy spectra.

V. CONCLUSIONS

In conclusion, we have studied binary-encounter electron
emission from molecular hydrogen and helium targets in
collisions with 8-keV electrons. We have compared the
absolute DDCSs of electrons ejected at high energies from the
two isoelectronic systems. The DDCS ratio (H2/He) shows
undulation between 0.5 and 2, which may be stemming from
the combined contributions of the Compton profiles of the
target electrons and the interference effects. It is demonstrated
that the cross section of the BE peak for H2 is enhanced by the
constructive interference due to coherent emission from the
two H centers of the molecule. We investigated the presence
of interference effects in the energy spectrum as the BE peak
moves toward lower ejection energies with increasing angle.
In all cases studied, theoretical predictions reasonably support
the experimental analysis.
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