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Rotational Doppler effect in x-ray photoionization
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The energy of the photoelectron experiences a red or blue Doppler shift when the molecule recedes from the
detector or approaches him. This results in a broadening of the photoelectron line due to the translational thermal
motion. However, the molecules also have rotational degrees of freedom and we show that the translational
Doppler effect has its rotational counterpart. This rotational Doppler effect leads to an additional broadening
of the spectral line of the same magnitude as the Doppler broadening caused by translational thermal motion.
The rotational Doppler broadening as well as the rotational recoil broadening is sensitive to the molecular
orbital from which the photoelectron is ejected. This broadening should be taken into account in analysis of
x-ray photoemission spectra of super-high resolution and it can be directly observed using x-ray pump-probe
spectroscopy.
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I. INTRODUCTION

Due to significant resolution improvements of x-ray pho-
toemission (XPE) spectroscopy the spectral line broadening
becomes a key question. Very often one can see nicely
separated vibrational progression of the XPE band. We discuss
here the spectral shape of certain vibrational components of the
XPE profile. The main mechanisms of the broadening in gas
phase measurements are the natural line broadening caused by
the finite lifetime of the ionized state, the translational Doppler,
and the instrumental broadenings [1,2]. The role of the
translational Doppler broadening caused by the photoelectron
momentum increases with increasing photoelectron energy or
temperature.

When the momentum of the photoelectron is high one
can also see the line shift and broadening caused by the
excitation of the rotational levels due to the rotational recoil
effect [3–6]. Similar to the Doppler effect the recoil effect
is one of the fundamental physical phenomena, which was
extensively studied in nonlinear laser spectroscopy in optical
and IR regions [7,8]. Different aspects of the recoil effect
in the photoelectron and Auger spectroscopies were explored
in articles [9–13]. In x-ray photoemission both translational
recoil and translational Doppler effects are the consequence
of the momentum conservation law and are related to the
momentum of the ejected photoelectron.

The momentum of the photoelectron is large in the case
of x-ray photoionization of the valence shell. Because of this
the translational Doppler broadening is much larger than the
lifetime broadening of the final ionic state. This makes the
translational Doppler broadening one of the most important
effects for photoelectron spectroscopy of high resolution. A
conventional experimental technique to suppress the transla-
tional Doppler effect is cooling molecules to low temperature
by supersonic expansion [2,5]. It should be noted that the
translational Doppler effect can be anomalously enhanced in
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the case of resonant x-ray photoemission from molecules with
dissociative core-excited state [14–17].

According to classical mechanics there exists very close
analogy between translational and rotational degrees of free-
dom [18]: momentum-angular momentum, velocity-angular
velocity, translational recoil effect-rotational recoil effect. This
succession suggests that one should expect a rotational analog
for the translational Doppler effect. The main aim of our study
is to show that, indeed, the rotational Doppler effect exists
and the related broadening is of the same order of magnitude
as the translational Doppler broadening. In spite of this similar-
ity the manifestation of the rotational Doppler effect is rather
different to the translational counterpart. Both translational and
rotational Doppler effects are essentially classical notions. For
instance, a single vibrational line cannot be shifted due to
the translational Doppler effect related to the bound nuclear
motion. However, the center of gravity of the XPE band is
Doppler shifted if the number of vibrational lines in the XPE
profile is large [17]. Similarly, the rotational Doppler effect is
an adequate concept only in classical limit when the angular
momentum J is high enough.

This paper is organized as follows. In the next section
(Sec. II) we outline the theory of the rotational Doppler effect.
To make the theory complete the translational Doppler and
recoil effects are also included in our analysis. Section III is
devoted to discussions of the obtained results. Our findings are
summarized in the last section, Sec. IV.

II. THEORY

In this work we concentrate the analysis on the x-ray
photoemission of the electron from the molecular orbital
(MO) ψ . The photoionization happens if the photon energy
ωph is larger than the ionization potential (Vion) of this
MO. When the molecule is irradiated by x rays, both the
momentum k and the kinetic energy E = k2/2 = ωph − Vion

of the photoelectron are large due to high value of ωph. Because
of the thermal motion the molecule has velocity v. This results
in a translational Doppler shift of the XPE resonance [19],

k · v, (1)

1050-2947/2010/82(5)/052506(7) 052506-1 ©2010 The American Physical Society

http://dx.doi.org/10.1103/PhysRevA.82.052506


YU-PING SUN, CHUAN-KUI WANG, AND FARIS GEL’MUKHANOV PHYSICAL REVIEW A 82, 052506 (2010)

z

k
R

k

y
nj

x
J

x

FIG. 1. (Color online) The frame of integration.

and a related translational Doppler broadening. However,
the molecule also rotates when the temperature T is not
equal to zero. A strong analogy between translational and
rotational degrees of freedom exists. Every physical quantity
for translational motion has a rotational equivalent. For
example, mass M , momentum of inertia I ; velocity v, angular
velocity ω; momentum k, angular momentum j = [R × k],
where R = R1 − R2 is the internuclear radius vector. This
means that one can expect the translational Doppler shift (1)
to have its rotational counterpart,

j · ω. (2)

Let us now show that this naive expectation is indeed
true.

A. Amplitude of the photoionization

The molecular orbital of diatomic molecule A1A2,

ψ = c1ψ1 + c2ψ2, (3)

is the linear combination of the atomic orbitals (AO) ψ1 and
ψ2 localized on the atoms A1 and A2, respectively. To treat
correctly the rotational degrees of freedom, the origin of the
frame should be in the center of gravity of the molecule.
The atoms A1 and A2 have the coordinates R1 = α1R and
R2 = −α2R in this frame, respectively. Here α1 = m2/M ,
α2 = m1/M where mn is the mass of the nth atom and
M = m1 + m2.

The matrix element of the photoionization reads in the high-
energy approximation,

〈ψ |e · r|ψ−
k 〉 ∝ d1e

ıα1k·R + d2e
−ıα2k·R. (4)

We use atomic units. To avoid cumbersome theory let us
assume that the AO ψn is the s-atomic orbital, and hence
dn ∝ cn(e · k). Here e is the polarization vector of x rays.
According to Eq. (4) the amplitude of the rotational transition
JM → J ′M ′ in the course of x-ray ionization,

F = F1 + F2, (5)

is the sum of the partial ionization amplitudes for each atom
[3,13]:

Fn = dn〈JM|e±ıαnk·R|J ′M ′〉√�

�E − k · v + k2

2M
+ EJ ′ − EJ + ı�

. (6)

Here �E = E − (ωph − Vion). � is the lifetime broadening of
the final ionic state. EJ = J (J + 1)/2I and EJ ′ = J ′(J ′ +

1)/2I are rotational energies of the ground |JM〉 = YJM

and final |J ′M ′〉 = YJ ′M ′ rotational states, respectively. I =
µR2 is the momentum of inertia and µ = m1m2/M is the
reduced mass of the molecule. The signs + and − correspond
to n = 1 and 2, respectively. The absolute square of the
ionization amplitude results in the Fermi golden rule for the
cross section which takes maximum at the resonance �E =
k · v − k2

2M
− EJ ′ + EJ . The momentum exchange between

the photoelectron and the molecule results in a shift of the
XPE resonance due to the Doppler (k · v) and the recoil
(�tr = k2/2M) effects caused by the translational motion. One
should notice that we study here the transitions only to the
bound nuclear states which have narrow resonances.

B. Cross section of the photoionization in classical limit

The ionization cross section |F1 + F2|2 = |F1|2 + |F2|2 +
2Re(F ∗

1 F2) is the sum of three contributions. In x-ray pho-
toemission the de Broglie wavelength of the photoelectron
exceeds significantly the internuclear distance R,

kR � 1, (7)

starting from soft-x-ray region E >∼ 100 eV. Due to this the
interference term 2Re (F ∗

1 F2) can be neglected because it is
suppressed by the factor 1/(kR) 
 1 in comparison with the
cross section of ionization |Fn|2 of the nth atom [13,16,20]:

σ ≈ σ1 + σ2. (8)

To get the partial cross section σn, the squared scattering ampli-
tude |Fn|2 should be convoluted with the Boltzmann velocity
distribution W (v) = exp(−v2/v̄2)/(

√
πv̄)3 and summed over

initial and final rotational states,

σn =
∫

dvW (v)
∑

JM,J ′M ′
ρ(J )|Fn|2

= �d2
n

∫
dvW (v)

∑
JM,J ′M ′

ρ(J )

× 〈JM|e±ıαnk·R|J ′M ′〉〈J ′M ′|e∓ıαnk·R|JM〉(
�E − k · v + k2

2M
+ EJ ′ − EJ

)2 + �2
, (9)

where v = √
2kBT /M is the thermal velocity and kB is the

Boltzmann constant.
The thermal Doppler broadening in the high-energy region

prevents resolving the rotational structure in the XPE spectra.
Furthermore it should be noted that rather high rotational levels
of many diatomic molecules are populated already for room
temperature (J ∼ √

2IkBT ∼ 10).

J � 1. (10)

The molecule experiences additional rotational heating in the
course of the photoionization because of the large recoil
angular momentum (∼kR � 1). This allows us to use the
classical limit for rotational degrees of freedom. The rotational
distribution ρ(J ) of the ground state is normalized to one,∑

JM ρ(J ) = ∑
J (2J + 1)ρ(J ) = 1. In the classical limit

(10), ρ(J ) has the following form:

ρ(J ) ≈ 1

2IkBT
exp

(
− J 2

2IkBT

)
= 1

I 2ω2 e−ω2/ω2
, (11)
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where ω = √
2kBT /I is the thermal angular velocity. The

rotational energy EJ ≈ J 2/2I = Iω2/2 is expressed through
the classical angular velocity ω = J/I of the molecule in the
ground state.

Let us rewrite the cross section (9) in the time domain:

σn = d2
nRe

∫
dvW (v)

∫ ∞

0
dteı(�E−k·v+ k2

2M
+ı�)t

×
∑
JM

ρ(J )〈JM|e±ıαnk·Re∓ıαnk·R(t)|JM〉, (12)

using �
x2+�2 = Re

∫ ∞
0 dteı(x+ı�)t and the operator identity

B̂f (Â)B̂−1 = f (B̂ÂB̂−1). The operator,

R(t) = eıHrottRe−ıHrott , (13)

obeys the Heisenberg equation Ṙ = ı[Hrot,R] = [−R × Ĵ +
Ĵ × R]/2I , in which the rotational Hamiltonian Hrot = Ĵ2/2I

is expressed in terms of the operator of angular momentum
Ĵ = −ıR̂ × ∇.

The cross section (12) is written in the framework of strict
quantum theory. We will now come to the actual approxi-
mations to get the semiclassical limit for rotational degrees
of freedom. The formal solution (13) is too cumbersome.
However, both translational and rotational Doppler effects
result in the broadening D, which is much larger than the
spacing between rotational levels because of high energy of
the photoelectron. Due to this the dephasing caused by the
Doppler effect quenches the large time contribution (t > 1/D)
in the XPE cross section [see Eq. (19)]. The fact that the
dephasing happens much faster than the molecular rotations
(1/Dτrot ∼ 1/kR 
 1) allows us to simplify the strict solution
(13) by truncating the Taylor expansion of exp(±ıHrott) to the
first order:

R(t) ≈ R + ıt[Hrot,R] = R + t

2I
[−R × Ĵ + Ĵ × R],

(14)
t <∼

1

D

 τrot ∼ ω−1.

Our objective now is to extract the rotational operator
from e∓ıαnk·R(t) in Eq. (12) and move it to the right-hand
side where it acts directly on the state |JM〉 with the well-
defined value of the classical angular momentum |J|. The
corresponding derivation is outlined in semiclassical limit (7),
(10) in Appendix. According to Eq. (A9),

e±ıαnk·Re∓ıαnk·R(t) ≈ eıj 2
n t/2I e− ıt

I
jn·Ĵ. (15)

As was mentioned at the beginning of Sec. II, the angular
momentum [R × k] should be responsible for the excitation
of rotations by the ejected photoelectron contrary to the
translational momentum k which affects the translational
motion. Now we can see the explicit rotational counterpart
of k. This is the recoil angular momentum,

jn = ±αn[R × k], jn = αnkR sin θ, (16)

which the molecule gets in the course of the ejection of
electron from the nth atom. Here θ = � (R,k). The recoil
angular momentum, in an agreement with intuition, depends
on the mass of the atom which emits the electron and it has an
opposite direction for atoms 1 and 2.

A key element in semiclassical approximation (15) is to
apply the Heisenberg’s correspondence principle [21] to the
rotational operator,

e− ıt
I

jn·Ĵ → e− ıt
I

jn·J = e−ıjn·ωt , (17)

where the vector J = Iω is the classical angular momentum
(|J| = J + 1/2 ≈ J ). Taking into account Eqs. (15) and (17)
and

∑
M

|YJM (θ,ϕ)|2 = 2J + 1

4π
≈ J

2π
, (18)

we get

σn = d2
n

2π
Re

∫
dvW (v)

∫ ∞

0
dteı(�E−k·v+ k2

2M
+ı�)t

×
∫

d�R

∑
J

Jρ(J )eı(−jn·ω+j 2
n /2I )t , (19)

where d�R is the solid angle of R.
Evidently the integration over orientations of the molecular

axis R with fixed k can be replaced by the integration over
orientations of k with fixed R: d�R = d�k. Both vectors ω

and jn are lying in the plane orthogonal to R. Due to this
the solid angle d�k can be replaced by sin θdθdϕ, where
ϕ = � (ω,jn) is nothing else than the azimuthal angle of k (see
Fig. 1). The integration of the right-hand side of Eq. (19) is
straightforward:

σn = �d2
n

2πω2

∫
dvW (v)

∫ π

0
sin θdθ

∫ 2π

0
dϕ

∫ ∞

0
dωω

× exp
(−ω2

ω2

)
(
�E − k · v + k2

2M
− jn · ω + j 2

n

2I

)2 + �2
. (20)

The physical reason for the two-dimensional (2D) rotational
Boltzmann distribution at the right-hand side of Eq. (20) is that
the linear molecule has two orthogonal rotations ω = (ω1,ω2),

exp

(
−ω2

ω2

)
dϕωdω = exp

(
−ω2

1 + ω2
2

ω2

)
dω1dω2. (21)

Let us now decrease the number of the integrals in Eq. (20).
The 2D rotational Boltzmann distribution is reduced to a one-
dimensional (1D) one when we orient ω1 along jn. It should be
noted that both vectors ω and jn lie in the plane perpendicular
to the molecular axis R. Similarly, the three-dimensional (3D)
velocity distribution W (v) = W (vx)W (vy)W (vz) is reduced
to the 1D distribution W (vz) = exp(−v2

z /v̄
2)/

√
πv̄ if vz is

oriented along k. Therefore,

σn = �d2
n

2πωv̄

∫ π

0
dθ sin θ

∫ ∞

−∞
dω

∫ ∞

−∞
dv

× exp
(−ω2

ω2 − v2

v̄2

)
(
�E − kv + k2

2M
− jnω + j 2

n

2I

)2 + �2
. (22)

Here the superscripts in ω1 and vz are omitted. Note that
the recoil angular momentum jn depends on θ according to
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Eq. (16). The auxiliary variables,

ζ = kv + jnω, η = −jnv + kω, (23)

results in a great simplification of the integral at the right-hand
side of Eq. (22). Indeed, taking into account that dvdω =
dζdη/(k2 + j 2

n ) we obtain

σn = �d2
n

2
√

π

∫ π

0
dθ

sin θ

Dn(θ )

∫ ∞

−∞
dζ

exp
(− ζ 2

D2
n(θ)

)
(
�E + �n(θ ) − ζ

)2 + �2
,

(24)

where the total shift of the resonance,

�n(θ ) = �tr + �
(n)
rot (θ ), �tr = k2

2M
,

(25)

�
(n)
rot (θ ) = j 2

n

2I
= α2

nk
2R2

2I
sin2 θ,

is the sum of the shifts caused by translational and rotational
recoil effects, respectively. The total Doppler broadening,

Dn(θ ) =
√

D2
tr + D

(n)2
rot (θ ) =

√
k2v̄2 + j 2

nω2, (26)

includes both the translational Doppler broadening Dtr = kv̄

and the rotational one D
(n)
rot (θ ) = jnω = αnkRω sin θ . The

rotational Doppler broadening contrary to the translational
Doppler effect depends on the atom from which the electron
is ejected. For example,

D
(1)
rot (θ ) = Dtr

√
m2

m1
sin θ. (27)

This expression says that the ejection of electron from the light
atom results in a larger rotational Doppler broadening.

It is useful to also write down the expression for the
ionization cross section in the classical limit:

σ = 1

2

∫
d�R

∫
dvW (v)

∫
dωW (ω)|F |2,

F = F1 + F2, (28)

Fn ≈
√

�
dne

±ıαnk·R

�E − k · v + k2/2M − jn · ω + j 2
n /2I + ı�

,

which results in Eqs. (8) and (20). Here W (ω) =
W (ω1)W (ω2) = e−ω2/ω̄2

/πω̄2 is the rotational Boltzmann
distribution.

C. Ionization of the valence shell

Let us now consider an important case of the valence shell
ionization. In this case the final ionic state with a hole in the
valence shell has a long lifetime from about 1 ns to 1 ps. The
Lorentzian at the right-hand side of Eq. (24) can be replaced by
the δ function, because � 
 Dn. The resulting cross section
is a simple expectation value of the Gaussian,

σn = d2
n

√
π

2

∫ π

0
dθ

sin θ

Dn(θ )
exp

(
− [�E + �n(θ )]2

D2
n(θ )

)
,

(29)
� 
 Dn.

III. DISCUSSION

To illustrate the theory let us consider the single vibrational
peak of the gas phase carbon monoxide molecule (for example,
in the X 2�+ XPE band). We will analyze here only the
partial cross section σC related to the carbon contribution
(n = C). The results for σO are very similar because the factor√

mO/mC is close to one. Figure 2 shows the spectral shapes
for different energies of the photoelectron. When the energy
of the photoelectron E is rather low [Fig. 2(a)], both the shift
and the broadening of the XPE line are relatively small. The
extra broadening of the line is mainly caused by the rotational
Doppler effect, which is very close to the translational Doppler
broadening (Dtr = 0.053 eV, Drot =

√
D2 − D2

tr = 0.047 eV).
The deviation of Drot from Dtr is mainly due to the mass factor√

mO/mc ≈ 1.15 and sin θ ≈
√

sin2 θ ≈ √
2/3 [see Eq. (27)].

Both the translational Doppler broadening (TDB) and the
rotational Doppler broadening (RDB) grow as

√
E when the

photoelectron energy increases. The XPE line experiences an
additional broadening because of the rotational recoil effect
when E is high enough. This is the reason why Drot and Dtr

are almost the same and equal to 0.13 eV at E = 3 keV
[Fig. 2(b)]. Here one can see also the asymmetry of the
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FIG. 2. (Color online) The spectral shape of the single vibrational line of the CO molecule (29). The dashed line shows the profile calculated
without taking into account the rotational degrees of freedom [αn = 0 in Eq. (29)] in contrast to the solid line which shows the cross section
where all degrees of freedom are taken into account.
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FIG. 3. (Color online) The total (D), translation (Dtr), and
rotational (Drot) broadenings and the shift �rot of the XPE line caused
by the rotational recoil effect. Here the broadening D is the full width
at half maximum (FWHM) contrary to Eq. (29). The arrow shows
the point (E ≈ 2.5 keV) where Dtr = Drot. Calculations are based on
Eq. (29).

line caused by the rotational recoil effect. The reason for
this asymmetry is the angular dependence of the rotational
recoil shift �rot(θ ) = j 2

n /2I ∝ sin2 θ . To avoid cumbersome
notations we skip here and below the index n: �

(n)
rot → �rot,

D
(n)
rot → Drot.
The translational recoil effect shifts the XPE line by �tr =

k2/2M = 60 meV. The shift caused by the rotational recoil
effect is slightly smaller, �rot = 44 meV. This value of �rot is
in a reasonable agreement with the simple estimation �rot ≈
�rot(θ ) = �tr2mO/3mC = 54 meV. Here the overline means
the orientational averaging.

Figure 3 displays the energy dependence of the total broad-
ening (D), partial contributions Dtr, Drot, and the rotational
shift �rot. One can see that the rotational Doppler broadening
is slightly smaller than the translational one. An additional
broadening caused by the rotational recoil effect makes Drot

larger than Dtr starting from E ≈ 2.5 keV.
A few words about the possibility for experimental obser-

vation of the rotational Doppler effect. The main difficulty is
that this broadening usually occurs simultaneously with the
translation Doppler effect.

(1) The RDB can be extracted from the experimental data by
measuring the slope of the broadening versus photon energy.

(2) One can also suppress or enhance the rotational Doppler
effect in comparison with the translational one. This is the
case when the recoil angular momentum jn is small or large.
According to Eq. (27) one can expect a significant increase
of the RDB if the molecule has a light atom. Let us consider
the photoionization of the 5σ and 2π electrons of the HCl
molecule with the adiabatic binding energy about 17 and 13
eV, respectively [22–24]. Both ionized states A(2�+) and
X(2�i) are bound [22,23]. The highest occupied molecular
orbital (MO) 2π consists of mainly 3pπ atomic orbitals of
the Cl atom. Consequently, the X(2�i) band corresponds
to ejection of the photoelectron from the Cl atom, σ ≈ σCl.
The molecular orbital 5σ ≈ C3p3pCl

σ + C3s3sCl + C1s1sH is

100 1000

0.1

1

10

100

σ ab
s (

M
b)

ω
ph

 (eV)

 σ
H
(1s)/σ

Cl
(3s)

 σ
H
(1s)/σ

Cl
(3p)

FIG. 4. (Color online) The ratios σH (1s)/σCl(3s) and
σH (1s)/σCl(3p) of the photoionization cross sections (per
electron) of the hydrogen and chlorine atoms versus the photon
energy ωph (calculations are based on the data from Ref. [25]).

chosen because it has a large contribution of the 1s function
of hydrogen. The ionization cross section is a sum of the
contributions from light (H) and heavy (Cl) atoms (8), σ =
σH + σCl. The relative photoionization cross sections per
one electron σH (1s)/σCl(3p) and σH (1s)/σCl(3s) (Fig. 4)
show that the probabilities of the ejections of the electron
from hydrogen and chlorine atoms are comparable in the
energy region 100 eV <∼ E <∼ 200 eV. The RDB is larger
for σH than for σCl because jH = jClmCl/mH � jCl. Due
to this the total Doppler broadening DH for the hydrogen
atom is very close to the rotational Doppler broadening
DH

rot ≈ Dtr
√

2mCl/3mH . For example, DH [full width at half
maximum (FWHM)] is equal to 103 and 147 meV for E = 100
and 200 eV, respectively. These values are about 5 times
larger than the corresponding translational Doppler broad-
enings Dtr(FWHM) ≈ 20 and 30 meV. Here, for example,
Dtr(FWHM) = 2

√
ln 2Dtr.

The RDB for the ionization channel related to the Cl atom is
suppressed by the factor mH/mCl ≈ 0.03 in comparison with
the hydrogen atom, because the Doppler broadening related
to this ionization channel is very close to small translational
Doppler broadening Dtr.

Since the total cross section (8) is the sum of the partial cross
sections σ = σH + σCl, one can expect the narrow peak [with
FWHM about 20 (30) meV for E = 100 (200) eV] related to
the ionization of the chlorine atom and broad pedestal [with
FWHM about 103 (147) meV for E = 100 (200) eV] caused
by ejection of the electron from the hydrogen. In contrast to
the considered 5σ ionization channel, the broad RDB pedestal
is absent in the case of photoionization of the 2π electron.

It is worth mentioning that the RDB can also be observed
for the HF molecule, which is rather similar to HCl.

(3) One can decrease significantly the RDB in the case of
nonlinear molecules like the nitride anion NO−

2 . The ultraviolet
photoelectron spectrum of NO−

2 (X 1A1) has been studied by
Ervin et al. [26]. This band is related to ionization of the
4a1 electron localized on the nitrogen atom (lone pair). This
means that the rotation around the bisectrix of the angle
ONO is not excited when the 4a1 electron is ejected. The
estimation shows that the rotational broadening is smaller
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(about 2/3) when the photoelectron is ejected from the nitrogen
in comparison with the ionization of the oxygen atom. Let us
note that contrary to the lone pair, other molecular orbitals
also include atomic orbitals of the oxygen atoms. Thus, the
comparison of the width of the single vibrational line of the
final state 1A1 with the broadening of the vibrational lines of
other final electronic states gives a unique opportunity of direct
experimental verification of the rotational Doppler effect.

(4) The rotational Doppler effect can be directly observed
using the pump-probe experiment where strong IR laser
rotationally accelerates jet-cooled molecules. The supersonic
expansion suppresses strongly the TDB while the laser field
results in rotational heating [27] up to J ∼ 100 and hence,
strong rotational Doppler broadening. The comparison of the
XPE profiles with and without the laser field gives the desired
rotational broadening. In principle, the pump radiation can
rotate the molecule in a certain direction and it can induce
the angular momentum with well-defined orientation. In this
case the XPE line will be shifted due to the rotational Doppler
effect.

IV. SUMMARY

It is shown the x-ray photoelectron line is broadened due to
the rotational Doppler effect which is the rotational counterpart
of the translational Doppler effect. This extra broadening has
the same magnitude as the translational Doppler broadening.
Therefore this mechanism of the broadening of the spectral
line should be taken into account in the analysis of the
experimental x-ray photoelectron spectra. We show that
the rotational Doppler effect in contrast to its translational
counterpart is sensitive to the molecular orbital from which
the photoelectron is ejected because it depends on mass of the
atom which the photoelectron leaves. The reason for this is
the angular recoil momentum which depends on the ionization
site.

The rotational Doppler broadening can be measured for
molecules with light atoms like HCl and HF where this broad-
ening is significantly larger than the translational Doppler
broadening. We predict a broad pedestal (about 100 meV)
for the HCl molecule caused by the rotational Doppler
effect. The width of this pedestal being about 100 meV
in the soft-x-ray region grows as

√
E when the energy of

the photoelectron increases. The conventional synchrotron
radiation light sources allow one to approach the energy region
about 1 keV [6]. High brilliance of the x-ray free-electron
laser (XFEL) [28,29] allows one to reach higher energies of
the photoelectron where the rotational Doppler broadening is
larger. We suggest an x-ray pump-probe experiment which
would allow a direct measurement of the broadening caused
by the rotational Doppler effect.
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APPENDIX: CLASSICAL LIMIT

In this section we are going to outline the way how to handle
the autocorrelation function,

〈JM|e−ıαk·Reıαk·R(t)|JM〉, (A1)

in the semiclassical limit (7), (10). The short time approxima-
tion (14) for R(t) gives

eıαk·R(t) = exp

{
ıαk · R + ıαt

2I
(−k · [R × Ĵ] + k · [Ĵ × R])

}
.

The main idea of the derivation is to extract the rotational
operator from this expression and move it to the right-hand
side. Here the rotational operator will act directly on the eigen
function of the momentum YJM with a well-defined value of
the classical angular momentum |J| ≈ J + 1/2. To proceed
further we use the Baker-Campbell-Hausdorff formula,

eıαk·R(t) = eA+B = eAeBe− 1
2 [A,B]e

1
3 (2[B,[A,B]+[A,[A,B]]) · · · .

(A2)

First, we need the commutator,

[A,B] = α2t

2I
{[(k · R),k · [R × Ĵ]] − [(k · R),k · [Ĵ × R]]},

(A3)

of the operators,

A = ıαk · R, B = ıαt

2I
(−k · [R × Ĵ] + k · [Ĵ × R]). (A4)

The properties of antisymmetric tensor εikl and the formulas,

[Ĵi ,Rj ] = ı
∑

k

εijkRk,
∑
ij

εijkεij t = 2δkt ,

(A5)∑
i

εimnεikl = (δmkδnl − δmlδnk),

yield

[(k · R),k · [R × Ĵ]] = −[(k · R),k · [Ĵ × R]] = −ı|k × R|2.
(A6)

The substitution of this expression at the right-hand side of
Eq. (A3) gives

[A,B] = −ı
α2t

I
|k × R|2 = −ı

α2t

I
k2R2 sin2 θ. (A7)

Turning to the Baker-Campbell-Hausdorff formula (A2), it
will be useful only if the commutators with A and B are small.
This is indeed the case. For example, the commutator,

[B,[A,B]] ∼ α3t2

I 2
k3R3 ∼

(
t

I
k2R2

)2

× 1

kR


 t2�2
tr ∼ �2

tr

D2

 1, (A8)

is much smaller than the squared ratio of the translational
recoil energy �tr = k2/2M to the Doppler broadening. The
same reason allows us to permute eB and e− 1

2 [A,B]. Thus
eA+B ≈ eAeBe− 1

2 [A,B] ≈ eAe− 1
2 [A,B]eB . The operator eB can
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be simplified:

eB = exp

[
ıαt

2I
(−2k · [R × Ĵ] + 2k · R)

]

≈ exp

[−ıαt

I
(k · [R × Ĵ])

]
,

since k · [R × Ĵ] − k · [Ĵ × R] = 2[k · [R × Ĵ] − (k · R)]
and because J � 1 [or αt

2I
k · R ∼ αt

2I
k2R2 × 1

kR

 �trt].

Hence,

eıαk·R(t) = eA+B ≈ eıαk·Reı α2 t
2I

|k×R|2e
−ıαt

I
(k·[R×Ĵ])

= eıαk·Reı α2 t
2I

|k×R|2e
ıαt
I

([R×k]·Ĵ). (A9)
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