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Charge-distribution effect of imaging molecular structure by high-order above-threshold ionization
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Using a triatomic molecular model, we show that the interference pattern in the high-order above-threshold
ionization (HATI) spectrum depends dramatically on the charge distribution of the molecular ion. Therefore the
charge distribution can be considered a crucial factor for imaging a molecular geometric structure. Based on this
study, a general destructive interference formula for each above-threshold ionization channel is obtained for a
polyatomic molecule concerning the positions and charge values of each nuclei. Comparisons are made for the
HATI spectra of CO2, O2, NO2, and N2. These results may shed light on imaging complex molecular structure
by the HATI spectrum.

DOI: 10.1103/PhysRevA.82.043402 PACS number(s): 32.80.Rm, 42.65.−k, 42.50.Hz

I. INTRODUCTION

The recollision process of an ionized electron driven
by a laser field provides a novel tool for investigating the
internal characteristics of an atom [1–4] or a molecule [5–14].
High-order harmonic generation (HHG) and high-order above-
threshold ionization (HATI) are two ideal processes for
achieving this purpose [15]. In a recollision process, first an
electron is ionized by a laser field, then it is driven by the laser
and oscillates, and finally, it returns to the parent ion, resulting
in either recombination to the ground state and emission of a
harmonic photon or elastic collision with the ion [16]. Based on
the concept of recollision, although the outermost electron’s
orbital and the geometric structure of a molecule can both
leave a fingerprint on the HATI or HHG spectrum, HATI
can be regarded as a more direct way to image molecular
geometric structure. This is because the last step in HATI is an
elastic potential scattering process, which is closely connected
with the geometric structure of the molecule, while HHG is
a suitable process for imaging a molecular orbital due to the
recombination nature of the plane wave of the ionized electron
to the ground state of the molecule, under the strong-field
approximation.

In this work, we study the HATI of a molecule by using
the frequency-domain theory based on the nonperturbative
quantum electrodynamics approach, which was first developed
by Guo et al. [17]. Recently, this method was successfully
extended to deal with HHG [18,19] and HATI [20–22].
Especially, Fu et al. established the relationship between
the frequency-domain theory and the time-domain theory in
strong-field physics [19], and they discussed the difference and
correspondence between the frequency- and the time-domain
picture of the HATI process [20]. In the frequency-domain
picture, the dynamics of the HATI process can be understood
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as a two-step transition: an above-threshhold ionization (ATI)
followed by a laser-assisted collision (LAC).

As we showed in our recent paper [21], the interference
pattern in a HATI spectrum comes from three sources: the
wave function of the initial state, the geometric structure of
the molecule, and the oscillation of the recollision electron.
The interference by an oscillating electron exists in all HATI
spectra, no matter what kind of target it is: an atom or a
molecule. For a homonuclear diatomic molecule, additional
interference fringes appear because it involves a two-center
recollision process [5]. Recently, the dependence of interfer-
ence fringes of a HATI spectrum on molecular structure has
been studied theoretically [23–28] and experimentally [22,29].
Especially, Busuladzic et al. have found that the minima of the
ionization rate of N2 obey the relation Ef cos2 θ = π2/(2R2

0)
for a perpendicular orientation, where Ef is the electron kinetic
energy, θ the electron emission angle, and R0 the internuclear
distance.

In this paper, we demonstrate that imaging of the geometric
structure of a heteronuclear molecule by the HATI spectrum
strongly depends on the charge distribution of the correspond-
ing molecular ion. When an active electron is ionized by
a laser field, the remaining electrons in the molecular ion
will rearrange their distribution around the nuclei and thus
different nuclei will carry different charge values. Therefore,
the recollision electron will feel different attractive forces from
the different nuclei when it returns. As a result, the final
HATI spectrum will be affected by the charge distribution
of the molecular ion and the interference fringes on the
HATI spectrum will show a strong dependence on this charge
distribution.

This paper is organized as follows. In Sec. II, we briefly
review the basics of the frequency-domain theory of the HATI
process. In Sec. III, we investigate the relationship between
a HATI spectrum and the charge distribution in an A-B-A
model molecule. Furthermore, we develop a general formula
for each ATI channel regarding destructive interference fringes
in a HATI spectrum for a molecule of an arbitrary number of
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atoms. In Sec. IV, we compare HATI spectra of O2, CO2, NO2,
and N2 molecules. Finally, in Sec. V, we give our conclusions.

II. FREQUENCY-DOMAIN THEORY

The frequency-domain representation of the theory for
HATI in a strong laser field is described in detail in [20]. Here
we briefly summarize the basic elements of this theory and the
modifications for a triatomic molecular system. Atomic units
are used throughout unless stated otherwise. The Hamiltonian
for a molecule-laser system is

H = H0 + U (r) + V, (1)

where

H0 = (−i∇)2

2me

+ ωNa (2)

is the energy operator for a free electron-photon system, Na =
(a†a + aa†)/2 is the photon number operator, with a (a†) being
the annihilation (creation) operator of the laser photon mode,
U (r) is the molecular binding potential, which characterizes
the geometry structure of the molecule, and V is the electron-
photon interaction

V = − e

me

A(r) · (−i∇) + e2A2(r)

2me

, (3)

with e being the electron charge, and thus e < 0, A(r) =
g(ε̂ a eik·r + c.c.) being the vector potential, g = (2ωVe)−1/2,
Ve the normalization volume of the field, and ε̂ the polarization
vector of the laser photon mode.

The time-independent feature of the field-quantized Hamil-
tonian enables us to treat HATI as a genuine scattering process
in an isolated system that consists of photons and a molecule.
The transition matrix element can be written as

Tf i = 〈ψf |V |ψi〉 + 〈ψf |U 1

Ef − H + iε
V |ψi〉, (4)

where the initial state |ψi〉 = |�i(r),ni〉 = �i(r) ⊗ |ni〉 is the
eigenstate of the Hamiltonian H0 + U (r) with the associated
energy Ei = −EB + (ni + 1

2 )ω. Furthermore, �i(r) is the
ground-state wave function of the molecule with the binding
energy EB and |ni〉 is the Fock state of the laser mode with
photon number ni . In contrast, the final state |ψf 〉 = |�pf nf

〉
of energy Ef = Epf nf

is a Volkov state of the quantized
field [17,30].

The first and second terms in Eq. (4) correspond to the
processes of direct and rescattering ATI, respectively. Thus,
Tf i can be expressed as Tf i = Td + Tr, where the direct
ATI transition is Td = 〈ψf |V |ψi〉 and the rescattering ATI
transition is

Tr = −iπ
∑

p1n1

〈�pf nf
|U |�p1n1〉〈�p1n1 |V |�i,ni〉δ(Ef − Ep1n1 )

= −iπ
∑

all channels

TLACTATI δ(Ef − Ep1n1 ). (5)

To obtain Eq. (5), we have used the completeness relation of
the Volkov states |�p1n1〉 and the strong-field approximation;
that is, the binding potential U can be neglected when the
electron is in the continuum. The physics underlying Eq. (5)
is clear. Specifically, TATI = 〈�p1n1 |V |�i,ni〉 represents the

direct ATI amplitude, where the ground-state electron absorbs
ni − n1 photons from the laser field and ionizes, whereas
TLAC = 〈�pf nf

|U |�p1n1〉 represents the amplitude of an LAC
in which the ionized electron absorbs n1 − nf photons from
the field during its collision with the nucleus. As a result,
the canonical momentum of the electron changes from p1

to pf . Therefore, from the frequency-domain viewpoint, the
recollision ATI can be described simply as an ATI followed by
an LAC with all ATI channels summed up coherently.

Using Eq. (3), the ATI transition can be written as [17,30]

TATI = 〈�p1n1 |V |�i,ni〉
= V −1/2

e ω(up − j )�(p1)J j (ζ1,η,φξ ), (6)

where j = ni − n1, the generalized Bessel functions
J j (ζ1,η,φξ ) = ∑∞

m=−∞ J−j−2m(ζ1)Jm(η)ei2mφξ , with ζ1 =√
2up/ω p1 · ε̂, η = up/2, and φξ = tan−1(p1y/p1x). Further-

more, up = Up/ω, with Up being the ponderomotive energy of
an electron in the laser field, and �(p1) is the Fourier transform
of the initial wave function �i(r). In contrast, the transition
matrix element of an LAC can be written as

TLAC = 〈�pf nf
|U |�p1n1〉

= V −1
e Js(ζ1 − ζf )〈pf |U |p1〉, (7)

where s = n1 − nf , ζf = √
2up/ω pf · ε̂, and 〈pf |U |p1〉 =∫

d3r exp[−i(pf − p1) · r]U (r) can be regarded as the poten-
tial scattering between two plane waves [31].

III. HATI SPECTRUM FOR AN A-B-A TRIATOMIC
MODEL MOLECULE

We now consider a HATI process for a linear A-B-A
triatomic molecule. We employ a short-range model potential;
that is, for an atomic ion of charge c, the potential is of type
c exp(−r)/r . The A-B-A three-center binding potential of a
triatomic molecular ion can thus be written as

U (r) = −c1
exp(−|r − R1|)

|r − R1| − c2
exp(−r)

r

− c1
exp(−|r + R1|)

|r + R1| , (8)

where the origin is located at nucleus B, r is the position vector
of the ionized electron, R1 and −R1 are the position vectors
of two nuclei A, and c1 and c2 are the charges of A and B,
respectively.

Using the potential in Eq. (8), the three-center transition
amplitude is

〈pf |U |p1〉 ∝ 4π

1 + 
p2
[c1e

−i
p·R1 + c2 + c1e
i
p·R1 ], (9)

where 
p = pf − p1. Equation (9) indicates that the interfer-
ence pattern of the HATI spectrum is determined not only by
the geometric structure of the molecule, that is, the positions
of nuclei, but also by the charges carried by each nuclei.
Especially, from Eq. (9) one can see that the interference
pattern changes with the values of c1 and c2: (1) When
c1 � c2, the positive charge is carried mainly by atom B

and the rescattering electron can only feel an attractive force
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FIG. 1. (Color online) Angle-resolved HATI spectra for an
A-B-A model molecule with R0 = 2; the angle between the molecular
axis and the laser’s electric field is θL = 0 (a–c), 45◦ (d–f), and 90◦

(g–i). The charge values of A and B are 0.1 and 0.8 (a, d, g), 0.33 and
0.33 (b, e, h), and 0.5 and 0 (c, f, i), respectively.

from B. Thus the interference fringes on HATI spectrum are
similar to those of a single atom. (2) While c1 	 c2, the
rescattering electron can feel a three-center attractive force
and hence the spectrum can reveal a three-center structure of
the molecule. (3) While c1 
 c2, the rescattering electron can
feel a two-center attractive force and thus the spectrum should
show a two-center structure.

To demonstrate the preceding observations, we calculate
the HATI spectrum of an A-B-A triatomic model molecule
with different values of c1 and c2. To simplify the calculation,
we use the same value of the ionization threshold and the
same wave function for different charge distribution cases.
In our calculation, the frequency of the laser field is 0.057
and the intensity is 1.8 × 1014 W/cm2. Figure 1 presents the
angle-resolved HATI spectrum of the triatomic molecule with
different charge distributions and θL, the angle formed by the
molecular axis and the laser’s electric field. The figure shows
that the interference pattern changes dramatically with c1 and
c2. From Fig. 1, we can see that, although the molecule is the
same, the HATI spectrum can be very different for different
charge distributions of its ion. Hence it would be difficult to
image the real geometric structure of a molecule by the HATI
spectrum without knowing exactly the charge distribution of
the corresponding molecular ion.

To investigate the interference pattern of a two-center or
three-center recollision process in the HATI spectrum shown
in Fig. 1, let us analyze Eq. (9) to extract the interference
functions that determine destructive interference fringes. From
Eq. (9) we can see that the condition c1 	 c2 corresponds
to a three-center recollision process, and the destructive
interference pattern in the HATI spectrum fulfills the condition
1 + 2 cos(
p · R1) = 0, that is,


p · R1 = 2π

3
+ 2nπ, (10)

FIG. 2. (Color online) Angle-resolved HATI spectra of an A-B-A
model molecule with R0 = 2 and charge values c1 = c2 = 0.33 (a–c)
and c1 = 0.5, c2 = 0 (d–f) for ATI channel 1 (a, d), channel 6 (b, e),
and channel 11 (c, f). (a–c) The solid line satisfies 
p · R1 = 4π

3 , the
dashed line satisfies 
p · R1 = 2π

3 , and the dot-dashed line satisfies

p · R1 = 8π

3 . (d–f) The solid line satisfies 
p · R1 = 3π

2 , the dashed
line satisfies 
p · R1 = 5π

2 , and the dot-dashed line satisfies 
p ·
R1 = π

2 .

or


p · R1 = 4π

3
+ 2nπ. (11)

In contrast, when c1 
 c2, which corresponds to a two-center
recollision process, the destructive interference curves can be
predicted by Eq. (9):


p · R1 = π/2 + nπ. (12)

One should note that the preceding equations for predicting
the destructive interference by electron recollision in the
HATI spectrum are obtained for each ATI channel, where
the value of 
p in the direction of the molecular axis is
pf cos θf − p1 cos θ1, with θ1 being the angle between the
momentum p1 and the molecular axis. Figure 2 presents HATI
spectra with c1 = c2 = 0.33 [Figs. 2(a)–2(c)] and c1 = 0.5,
c2 = 0 [Figs. 2(d)–2(f)] for the first ATI channel [Figs. 2(a)
and 2(d)], the sixth ATI channel [Figs. 2(b) and 2(e)], and
the eleventh ATI channel [Figs. 2(c) and 2(f)]. The lines in
Fig. 2 were obtained by Eqs. (10)–(12), which agree well
with quantum calculation. The values of momenta p1 for these
lines are p1 = 0.11, 0.76, and 1.07 for the first, sixth, and
eleventh channel, respectively. In Figs. 2(a)–2(c), the solid line
satisfies 
p · R1 = 4π

3 , the dashed line satisfies 
p · R1 = 2π
3 ,

and the dot-dashed line satisfies 
p · R1 = 8π
3 . Similarly,

in Figs. 2(d)–2(f), the solid line satisfies 
p · R1 = 3π
2 , the

dashed line satisfies 
p · R1 = 5π
2 , and the dot-dashed line

satisfies 
p · R1 = π
2 .

From the preceding results, one may find that the destructive
interference fringes on an angle-resolved HATI spectrum
for each ATI channel can be precisely predicted by the
corresponding formula obtained. However, such a formula
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does not exist for the total angle-resolved HATI spectrum
shown in Fig. 1, because the interference curves shift with
ATI channel and the final spectrum is obtained by summing
up coherently the spectra of all ATI channels. This difficulty
can be partly resolved by applying a low-Up laser field so that
the total HATI yield is mainly contributed from the first few
ATI channels, where the shift of interference fringes is small;
the result is that the fringes in the total HATI spectrum can be
determined approximately by the predicting formulas for the
first ATI channels [21].

Based on the results for a triatomic molecule, we can obtain
a more general formula for each ATI channel for a polyatomic
molecule. Especially, for a complex molecule formed by N

atoms, if the potential of the corresponding molecular ion can
be modeled by

U (r) = −
N∑

i=1

ci

exp(−|r − Ri |)
|r − Ri | , (13)

where ci is the charge of the ith nucleus and Ri is its position
vector, the destructive interference fringes by multicenter
recollision obey the following condition:

N∑

i=1

ci exp(−i
p · Ri) = 0. (14)

From Eq. (14), one may find that the interference pattern
caused by multicenter recollision in a HATI spectrum depends
on both the charge and the position of each nuclei in the
molecular ion.

IV. COMPARISONS OF HATI SPECTRA
FOR DIFFERENT MOLECULES

To illustrate the charge distribution effect, we compare the
angle-resolved HATI spectrum of CO2 with that O2 and the
spectrum of NO2 with that N2. In our calculations, the laser
frequencies are ω = 0.028 and Up/ω = 14. Under these laser
conditions, it is reasonable to assume that the rearrangement
of charge distribution of a molecular ion is much faster than
the laser cycle after the electron is ionized; thus a stable
charge distribution of the molecular ion should appear before
the ionized electron is driven back by the laser. Table I
reports the charge distributions of the molecular ions CO+

2
and NO+

2 . One can see from the table that, for CO+
2 the

charge distributions of the ground and the first excited states,
where C carries a dominating positive charge (i.e., the charge
value of C is >0.5), are similar, which indicates that the
charge distribution is mainly determined by the characteristic
of individual atoms rather than the state of the molecular ion.
Table I shows that atom C dominates the positive charge in

TABLE I. Charge distributions of molecular ions.

CO+
2 ground state C O O

Charge value 0.75 179 0.12 410 0.12 410
CO+

2 first excited state C O O
Charge value 1.07 249 −0.036 246 −0.036 246

NO+
2 ground state N O O

Charge value 0.643 922 0.178 039 0.178 039

FIG. 3. (Color online) Angle-resolved HATI spectra of CO2 (a–c)
and O2 (d–f) with angle θL = 0 (a, d), 45◦ (b, d), and 90◦ (c, f).

CO+
2 , and similarly, atom N dominates the positive charge in

NO+
2 . The initial wave functions of CO2, O2, NO2, and N2 were

generated by the GAMESS software [32] at the corresponding
equilibrium distances of these molecules. We determine the
values c1 and c2 for molecular ions CO+

2 and NO+
2 from the

GAMESS calculation and then use Eq. (8). For linear molecules,
the molecular axes of CO2, O2, and N2 are fixed along the z

axis, while for the nonlinear molecule NO2, the two O atoms
are located on the z axis, and the N atom is fixed on the x axis.
We also assumed that the electric field of the laser rotates in
the xz plane at an angle θL. The ionized electron was assumed
to be emitted in the xz plane at an angle θf formed by its
momentum and the z axis.

Figure 3 presents the angle-resolved HATI spectra of
CO2 [Figs. 3(a)–3(c)] and O2 [Figs. 3(d)–3(f)], with θL = 0
[Figs. 3(a) and 3(d)], 45◦ [Figs. 3(b) and 3(e)], and 90◦
[Figs. 3(c) and 3(f)]. Since the ground states of CO2 and
O2 are very similar, it is not surprised that the general
characteristics of the HATI spectra for these two molecules
are very similar, as shown in Fig. 3 for different molecular
orientations. Especially, when θL = 0 and 90◦, there are no
HATI spectra because of πg symmetry of their initial wave
functions, which agree well with the results in [28]. However,
for the case of θL = 45◦, one can find the difference in the
spectra for CO2 and O2: destructive interference curves caused
by two-center recollision are present in the spectrum of O2,
while these interference curves completely disappear for CO2.
This difference between their HATI spectra can be attributed
mainly to the difference in the charge distributions of their
corresponding molecular ions. As reported in Table I, the
positive charge of CO+

2 is mainly carried by atom C and thus
the returning electron is more attracted by C when it recollides
with CO+

2 ; the result is that the recollision process for the
returning electron is dominated by a single-center rescattering
process.

To compare the case of N2 and NO2, we present in Fig. 4
the angle-resolved HATI spectra of NO2 [Figs. 4(a)–4(c)]
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FIG. 4. (Color online) Angle-resolved HATI spectra of NO2 (a–c)
and N2 (d–f) with the emitted electron in the molecule-laser plane and
θL = 0 (a, d), 45◦ (b, e), and 90◦ (c, f).

and N2 [Figs. 4(d)–4(f)] with different molecular orientations,
θL = 0 [Figs. 4(a) and 4(d)], 45◦ [Figs. 4(b) and 4(e)], and
90◦ [Figs. 4(c) and 4(f)]. It is shown that the HATI spectra
for all θL cases have the cutoff of 10Up along the laser’s
electric field. The difference between the NO2 and the N2

spectra is clear: destructive interference curves caused by the
two-center recollision are present for N2 in Figs. 4(d)–4(f),
while there are no such interference curves for NO2, as shown
in Figs. 4(a)–4(c), because of the single-center recollision
process for NO2, which is similar to the case for CO2.

The foregoing results have confirmed our prediction: with
the charge distributions of CO+

2 and NO+
2 given in Table I, the

geometric structures of CO2 and NO2 cannot be imaged by

using the destructive interference fringes in the angle-resolved
HATI spectra even if one can align these molecules along
the direction of the laser’s electric field; this is because the
dominating process is a single-center recollision for CO2 and
NO2. In contrast, the geometric structures of O2 and N2 can
be well imaged by the destructive interference of two-center
recollision trajectories in HATI spectra at a suitable alignment
angle, as shown in Figs. 3(e), 4(d) and 4(e).

V. CONCLUSIONS

In summary, we have investigated the angle-resolved HATI
spectra of A-B-A triatomic molecules using frequency-domain
theory. The dependence of a HATI spectrum on the charge
distribution in a molecular ion as seen by the recolliding
electron has been studied. We have found that the interference
pattern of a molecular structure in a HATI spectrum varies
dramatically with the charge distribution. Thus the charge
distribution of a molecular ion is a crucial factor for imaging
molecular geometry structure. On the other hand, an angle-
resolved HATI spectrum can be used as a very powerful tool
for investigating the dynamic process of a complex molecule
interacting with a laser field.
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