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Thermal conductivity and sound attenuation in dilute atomic Fermi gases

Matt Braby, Jingyi Chao, and Thomas Schifer
Physics Department, North Carolina State University, Raleigh, North Carolina 27695, USA
(Received 22 June 2010; published 27 September 2010)

We compute the thermal conductivity and sound attenuation length of a dilute atomic Fermi gas in the
framework of kinetic theory. Above the critical temperature for superfluidity, 7., the quasiparticles are fermions,
whereas below T, the dominant excitations are phonons. We calculate the thermal conductivity in both cases. We
find that at unitarity the thermal conductivity « in the normal phase scales as k¥ o T>/2. In the superfluid phase we
find k¢ oc T2. At high temperature the Prandtl number, the ratio of the momentum and thermal diffusion constants,
is 2/3. The ratio increases as the temperature is lowered. As a consequence we expect sound attenuation in the
normal phase just above T, to be dominated by shear viscosity. We comment on the possibility of extracting the
shear viscosity of the dilute Fermi gas at unitarity using measurements of the sound absorption length.
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I. INTRODUCTION

Cold, dilute Fermi gases in which the interaction between
the atoms can be tuned using an external magnetic field provide
a new paradigm for strongly correlated quantum fluids [1,2].
Recently, there has been significant interest in the transport
properties of these systems [3]. This interest was triggered
by three independent developments. The first was the exper-
imental observation of almost ideal hydrodynamic flow in the
normal phase of a cold Fermi gas in the limit of infinite scat-
tering length [4]. The second was the discovery of almost ideal
flow in a completely different system, the quark-gluon plasma
created in heavy-ion collisions at the Relativistic Heavy Ion
Collider (RHIC) [5-7]. Both of these experiments constrain
the shear viscosity of the fluid. Remarkably, while the absolute
value of the shear viscosity of the two systems differs by about
26 orders of magnitude, the ratio of shear viscosity n to
entropy density s is very similar, /s >~ (0.1-0.5) i/ kg, where
7 is Planck’s constant and kg is Boltzmann’s constant [8—12].

The third development was the theoretical discovery of
a new method to compute the shear viscosity of strongly
coupled field theories [13,14]. This method is based on the
holographic duality between four-dimensional field theory and
string theory in higher-dimensional spaces [15]. Using the
holographic equivalence one can show that in a large class
of field theories the strong-coupling limit of n/s is equal to
h/(4mkg) >~ 0.08%/kp. This value is remarkably close to the
experimental results for n/s quoted above. Initially the value
h/(4mkg) was derived only for scale-invariant relativistic field
theories, but it was later shown that the same value of n/s is
obtained in the strong-coupling limit of many nonconformal
and nonrelativistic field theories [16,17].

In this work we will use kinetic theory to compute
another important transport property of a dilute atomic Fermi
gas, the thermal conductivity . We will consider both the
high-temperature and the low-temperature, superfluid, phase.
Our results complement earlier studies of the shear and
bulk viscosity in the high- and low-temperature phases. The
shear viscosity was studied in [18,19]. In the unitarity limit the
bulk viscosity of the high-temperature phase vanishes [20].
In the superfluid phase there are three bulk viscosities, one of
which is nonvanishing in the unitarity limit. The bulk viscosi-
ties in the superfluid phase were recently computed in [21].
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Combining our results for the thermal conductivity with the
existing calculations of the shear viscosity, we can study the
relative size of momentum diffusion and thermal diffusion.
The ratio of these quantities is known as the Prandtl number

pr= 21 (1)

K
where cp is the specific heat at constant pressure and p is the
fluid mass density.

The Prandtl number also controls the relative importance of
shear viscosity and thermal conductivity in sound attenuation.
Measurements of sound attenuation have the potential to
provide new experimental constraints on transport properties
of dilute atomic gases. Current estimates of the shear viscosity
are based on the study of scaling flows, such as collective
modes or the expansion out of a deformed trap [10]. These
experiments do not directly constrain the density-independent
part of the shear viscosity. This is a problem, because kinetic
theory predicts that the shear viscosity at high temperature
is only a function of temperature, and not of density. Sound
attenuation, on the other hand, is sensitive to this contribution.
Using our results for the Prandtl number, it is possible to
use measurements of sound attenuation to constrain the shear
viscosity. Conversely, in the regime where shear viscosity is
well constrained it is possible to extract thermal conductivity
from sound attenuation. First sound was observed in [22], and
ideas for detecting second sound are discussed in [23].

This paper is organized as follows. In Sec. II, we will
review the quasiparticle interactions in dilute atomic Fermi
gases, and in Sec. III we outline the calculation of thermal
conductivity using kinetic theory. In Secs. IV and V we
compute the Prandtl number and sound attenuation length.
We end with a few comments on the possibility of extracting
the sound attenuation length from experiments with optical
traps in Sec. VI. Appendix A contains supplementary material
regarding the trial functions used for solving the linearized
Boltzmann equation, and in Appendix B we collect some
thermodynamic relations.

II. ELEMENTARY EXCITATIONS

Kinetic theory is based on the existence of well-defined
quasiparticle excitations. In the dilute Fermi gas, quasiparticles
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FIG. 1. The main processes that determine the thermal conductiv-
ity in the high- and the low- temperature phase, respectively. (a) Shows
the local four-fermion interaction, and (b) shows the three-phonon
interaction.

exist both at very high and at very low temperature. In the
high-temperature limit the relevant degrees of freedom are
spin-1/2 nonrelativistic atoms with mass m. In the dilute
limit the scattering cross section is dominated by elastic
s-wave scattering. The scattering amplitude can be described
in terms of a §-function interaction V(x — x’) = Coé(x — x');
see Fig. 1. Here, Cy = 4ma/m is related to the scattering
length. The s-wave cross section is determined by the sum of
all two-body diagrams. The cross section is

a2
= [ dQ———, 2
? / 1 + a%q? @)

where p |, p, and p;, p, are the ingoing and outgoing momenta
and q is the relative momentum ¢ = (p; — p,)/2. The relative
momentum of the outgoing particles is ¢’ = (p; — p4)/2 with
|q’| = |q|. The solid angle is defined in terms of the angle be-
tween the relative momenta g and q’, d2 = d cos(6yq')dPgq'-

The characteristic temperature of the system is the Fermi
temperature Tp = k% /(2m), where k is the Fermi momentum
defined by k3 = 37%n, and ny is the density of both spin
states. The strength of the interaction can be characterized
by the dimensionless parameter (kra). The regime of small
and negative (kpa) is the BCS limit. In this limit the Fermi
gas becomes a BCS superfluid at a critical temperature T,
which is exponentially small compared to Tr. The ratio
T,/ Tr increases with |kpa|. In the unitary limit |kpa| — oo
the critical temperature is 7, >~ 0.157F [24]. The regime of
positive (kra) is called the Bose-Einstein condensate (BEC)
limit. For small and positive (kra) the system is composed of
weakly interacting bosons with mass 2m and density n/2.
Superfluidity occurs at the Einstein temperature 7, >~ 0.217F.

In the superfluid phase the low-energy excitations are
phonons, Goldstone modes associated with the spontaneous
breaking of the U(1) phase symmetry. At unitarity the effective
Lagrangian for the phonon field is strongly constrained by
scale invariance. Son and Wingate showed that [25]

Ly = 5(308)* = 307(V9) — g3[(000)° — 97 d0(V)’]
— 383[(30®)* + 1802(300)*(V$)* — 27v}(V)']

where g3 = mv3/2£3/4 /(31/48 %), w is the chemical potential,
and v, is the speed of sound given by vf =2u/(Bm). At
unitarity u = § Ep with & >~ 0.44 [26]. At low momentum
the phonon dispersion relation is linear, £, = v, p. We will see
that the thermal conductivity is sensitive to nonlinearities in the
dispersion relation. We will write the dispersion relation as
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gy, =vsp(l + yp?), where the parameter y can be expressed
in terms of the coefficients of certain higher-order terms
in the Lagrangian of Son and Wingate, y = —mw2y/2&(c; +
1.5¢3)/ k%. Rupak and Schéfer computed ¢; and ¢, using an €
expansion [27]. They find ¢; =~ —\/5/(3071253/2) and ¢, >~ 0,
corresponding to y = 1/(30mu). Other estimates of y can be
found in [28-30].

We will study the contribution to thermal conductivity from
the phonon splitting process ¢ = ¢ + ¢ (see Fig. 1). Fory > 0
this process is kinematically allowed. The matrix element for
the three-phonon process is

iMsz = g3[po(Q - K)+ko(Q - P)+qo(P-K)I, (4)

where we have defined the four-vector product Q- K =
qoko — 9v3q - k. If y is negative then the dominant contri-
bution arises from ¢ + ¢ = ¢ + ¢. We recently studied this
process in a relativistic superfluid, the color-flavor-locked
phase of QCD [31]. We found that the 2 = 2 processes are
controlled by s,¢,u-channel exchanges with almost on-shell
intermediate state phonons. This means that the dominant
process can be viewed as 12 phonon splitting followed
by 2 = 1 phonon absorption.

III. THERMAL CONDUCTIVITY

Thermal conductivity is defined by the relation between the
heat current & and the temperature gradient, h = —«VT. In
kinetic theory the heat current is expressed in terms of the
quasiparticle distribution function,

h=v/dFepvp8fp )

where v is the degeneracy factor, dI" = d*p/(2n)?, v, is
the particle velocity, and 6f is the deviation of the distri-
bution function from its equilibrium value, §f = f — f°,
with  fo(p) = 1/(e® /T £ 1) for bosons and fermions,
respectively. Note that in the case of phonons there is no
conserved particle number and p = 0. The correction to the
distribution function is linear in VT, and we can define

Jo(p) [1 £ fo(p)]

8fy = ==y - VT. (6)

With this form we can rewrite Eq. (5) as

vVT
= _W/dl‘ep v, X fo(p) 1 £ fo(p)]

= —TVT(epvplx), @)

where we have defined an inner product as

(alb) = 5 / dr (P £ fopla-b. (8

We can then write the thermal conductivity as

K =T(epvplx)- (€))

There are certain constraints on the the form of yx. The
Boltzmann equation conserves energy, momentum, and, in
the case of a conserved charge, particle number. A nontrivial
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constraint on y arises due to momentum conservation. We
have

O:v/dl"pﬁfpz—
=—-TVT{plx),

/ dr p(x - VI fop [ £ fo(p)]
(10)

T2

which implies that (p|x) =0. As we can see from the
constraint and Eq. (9), any term in &,v, that is linear in p
will not contribute to the thermal conductivity. In particular,
if the kinetic description is governed by a quasiparticle with
exactly linear dispersion relation then the thermal conductivity
vanishes.

The function x is determined by solving the Boltzmann
equation

af _of
o =5y TV =CLA (11)

where C[f] is the collision integral. Schematically we can
write

ClAI = [ dryo wGniow Do (12
where dI',_; is the (n — 1)-particle phase space (all the
particles not labeled by momentum p), w is the transition
probability, and Dj,..one contains the distribution functions.
Taking the convective derivative on the left-hand side of the
Boltzmann equation and focusing only on terms proportional
to the temperature gradient, we can write

af _ fo(I £ fO)oz VT = So(1 £ f0)|cz )

dt 3T g - 3T g
where «, will depend on equilibrium properties of the
quasiparticle system. In the case of either particles with linear
dispersion (like phonons) or particles with nonrelativistic
dispersions and a chemical potential, we can write [31]

VT, (13)

o, (14)
where A depends only on the thermodynamics of the system.
We can linearize the right-hand side of Eq. (11) in x as

CLfl1=ClLfol +CIsf1=Clf1 = /dl" w(in; out)d Dinesout

fo(l + fo) A
3T

where we have defined the linearized collision operator €
acting on the state | x ). We will specify C in more detail below.
We can now write the linearized Boltzmann equation as

) = Clx).

The thermal conductivity is now determined by solving
Eq. (16) for | x ) and then computing x using Eq. (9). In practice,
we will adopt a variational procedure. Using the constraint we
can show that T(x|a,) = (&,v,|x) for both fermions and
bosons. The thermal conductivity can then be written in two
alternative ways:

Clx)- (15)

(16)

k =T(epv,lx) and « =T*(x|Clx), (17)

where we have used the Boltzmann equation, Eq. (16), to
derive the second equality. These two representations form the
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basis of the variational principle. Consider a trial state |g). The
Schwarz inequality implies that

(gIClg)(xICIx) = lgIClx)I>. (18)
Using Eq. (17) and Eq. (16), we can write this as
T2|<g|ofp>|2 _ |<g|8pAvp>|2' (19)
(g1Clg) (g1Clg)

Using Eq. (17) we observe that an exact solution of the
linearized Boltzmann equation saturates the inequality. We
can then choose to expand the trial function g in orthogonal
polynomials and take advantage of the fact that g is a
dimensionless vector-valued function to write
N
g=x ZbEF,H)BAEF,H)(xZ)’
s#0

(20)

where x = p/A, x = |x|, and A is some characteristic energy
scale in the problem (e.g., A = T /v, for massless particles and
A = +/2mT for massive particles). The polynomials are such
that By = 1,B; = x2 + ajo, By = x* + a1x2 + ay, etc., and
(F,H) labels the basis functions in the fermion and phonon
case. The orthogonality condition is

AP f dxfolo) [1 £ for)lr BED () B (1),
1)

The type of quasiparticle involved enters via the statistical
factor [1 & fy(x)] and through the dispersion relation in fy(x).
The specific forms of B#)(x?) are given in Appendix A. Note
that we have enforced the momentum constraint by excluding
the s = O term in Eq. (20).

A. Normal phase
In this section we will specify the matrix elements and
the collision operator in the case of atom-atom scattering in
the normal phase of the dilute Fermi gas. We will scale all the
momenta as x; = p;/+/2mT , use the Fermi-Dirac distribution
functions, and set v = 2. The numerator of Eq. (19) is

(glepvy) = dr fo(p)[1 = fo(p)lepv, - &

3T3
B W be / dx fo(x)[1 = fo(0)Ix°By (x?)
s#0

4m
— A= A @
s£0
where we have used the orthogonality condition. The matrix
element of the collision operator is

drd? a?
s5,17#0 T a~q
x DY .8, (& + 8 — & — &)

Here we have written the transition probability in terms of
the cross section Eq. (2) and the flux factor |v; — v;|. The
integration variables are the pair momentum p = p, + p,,
the relative momentum ¢ = (p; — p,)/2, and the solid angle

(glClg) =

(23)
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Q defined below Eq. (2). We have also defined DY_, =
JoGxen) foG2) [T — fo(x3)I[1 — fo(xs)]. We can write

(glClg) = 2P por [ dxdy mTa’y
373/2 = s Yt (2m)0 1+27I’lTa2y2
x DY_,BF . Bf
211/2,,3/2
RV Z be MsP;’ (24)
s,t#0
where x=|P|/v2mT, —lql/v2mT, and BF =
LB/ Gxow + Bf (eo)xs = BY (ea)xs — B Gapal/2. - W
nally get
(glepvp)? Ko T \3/2
(2lClg) 3 x22x4 \Tp Dr(kra,T/Tr),

(25)

where we have defined ko = m'/ 2T3/ % and

Dp(kpa,T/TF) = S B ME
s,t1#0 “s

We can now consider a finite basis and optimize the
inequality with respect to the coefficients bf. We obtain
Dr(kpa,T)Tr) = (AI)2(MF)]! where (MT)]! refers to the
(1,1) component of the matrix inverse of M. Note that this
result is equivalent to using the matrix form of the Boltzmann
equation in a finite basis. The function Dy must typically be
calculated numerically. We can analytically evaluate D in
the limit of high temperature T/ Tr >> 1 and by keeping only
the leading term in the polynomial expansion. We get

75 T 1
N P )
K’F — g ma (27)
225 1/273/2
sz T°<, la| - oo.

We have tried to improve this result using higher-order terms
in the polynomial expansion, but the correction is very small,
8k /k < 2%. This is consistent with the results in [32], where
the authors observed very rapid convergence for the shear
viscosity in the high-temperature phase. Numerical results are
shown in Fig. 2. Note that the thermal conductivity depends
only on the square of the scattering length so we plot the
thermal conductivity as a function of kz|a|. We observe that,

1004 1004
R T/Tr=0'22 M
il

—=— ka|=0.1

1| kla=1.0
—— k_Ja|=100

e
— g
7 T e-eocccees®

10 100 0.1 1
K Jal T

FIG. 2. (Color online) Thermal conductivity in the normal phase
of a dilute Fermi gas in units of ko = m'/2T;/*. In the left panel we
show k /K as a function of T/ Ty for different values of kra. In the
right panel we show « /k as a function of kra for different values of
T/ Tp.
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qualitatively, the temperature dependence of « is the same for
all values of kr|a|. In the unitarity limit, k grows as ~T3/?
for T > Tr. In the BCS limit the temperature dependence is
k ~ T1/2, The thermal conductivity has aminimum at 7'/ Ty >~
(0.2-0.3), and increases for very small temperatures. This rise
is related to Pauli blocking. We should note, however, that
except in the BCS limit the results in this section are not reliable
for T « Tr. The right panel shows that at fixed temperature
k decreases as the strength of the interaction increases, and
that « becomes insensitive to krpa as we approach the unitarity
limit kra — oo.

B. Superfluid phase

In this section we study the thermal conductivity in the
superfluid phase. We will concentrate on the unitarity limit
kra — oco. In the BCS limit the critical temperature is
exponentially small, and the thermal conductivity is dominated
by fermionic quasiparticles even in the case T < Tr. In the
extreme BEC limit the thermal conductivity reduces to that
of an almost ideal Bose gas [33]. Following the procedure
outlined in the case of the normal phase, we can write the
numerator of Eq. (19) as

\8lepvr) = 373 / dTfo(p) [1+ fo(p)leyv, - &
2y T3
— 37_1/2 U4 be] /de()(x) [1+ fO(x)]XéBf(xz)
#0
2y T3
- ﬁyzv—ztbf’f\f’l, o)

s

where we have used v = 1, scaled the momentaasx = vp/T,
and kept only the leading-order terms in the parameter y that
governs nonlinearities in the dispersion relation. We note that
the result is indeed proportional to y, and « vanishes in the case
of an exactly linear dispersion relation as discussed before. The
matrix element of the collision operator is

. 1
(gICle) = 373 > bl / dT pig | Ms(p.k,q) P 2)*
5,17#£0
x 84(P +K-Q)D)_,BY.B"
2
83

- 967}3 UG Z beH /dFXVz|M3(X v,2)| (27'L')4
5,170

x 54(X + Yy -2)D)_,BY . B

3,6 st
967‘[ v 20
where dI',, is the three-particle Lorentz-invariant phase
space, X = (x0,x) = (po/ T,vsp/T), etc., DY, = fo(x) fo(y)
[1+ fo)], and B;' = [Bf(x)x + B/ (y)y — B (2)2]/+/3.
As before, we can deﬁne

Dy = (A1) (M),

(29)

" (30)

which allows us to write the thermal conductivity as
2
> (g|epAvp) 128y T2
(gIClg) 37 g} v

25642

7\2
= m'(o (T_F) Dyu(T/Tr), (€1))
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FIG. 3. (Color online) Variational function Dy as a function of
the number of terms in the polynomial expansion of g(x). We show
Dy for two different temperatures.

where & >~ 0.44 is defined in Sec. II. Dy is a dimensionless
function of T/TF that has to be calculated numerically. The
convergence of Dy with the number of terms in the trial
function is shown in Fig. 3. We observe that the result is
converging, but not nearly as fast as it did in the case of
fermionic quasiparticles. The temperature dependence of Dy
is very weak and «y ~ T2. In Fig. 4 we combine our results
for the thermal conductivity of the dilute Fermi gas at unitarity
in the high- and low-temperature limits. The dashed line
indicates the location of the phase transition. We note that
the low- and high-temperature results do not match very well
near T,. This suggests that additional processes or excitations
must become relevant in this regime. We also note that at 7,
critical fluctuations are expected to lead to a divergence in the
thermal conductivity [34].

IV. SHEAR VISCOSITY AND THE PRANDTL NUMBER

A. Shear viscosity

In order to compare the magnitude of thermal and mo-
mentum diffusion in dilute atomic gases, we also need to
determine the viscosity of the gas. The shear viscosity of
the dilute Fermi gas at unitarity has been calculated in both

101 '/
—=— superfluid phase | | geemm*
104 [—e— normal phase
0.01 0.1 1

FIG. 4. (Color online) Thermal conductivity k/ko of the dilute
Fermi gas at unitarity as a function of 7'/ Tr. We show the calculations
in the high- and low-temperature limits, extrapolated to 7' >~ T,. The
position of the critical temperature is indicated by the dashed line.
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the high-temperature [18] and low-temperature limits [19].

Here, we quickly summarize the results and present a simple

numerical formula that can be used to compute the contribution

from binary scattering of atoms for all values of kra and T/ Tr.
The viscous correction to the stress tensor is

87}j=v/dl"vppipj8fp=—n\/,»j, (32)
where V;; = 9;V; +9;V; —2/36;;V - V and V; is the velocity

of the fluid. We use an ansatz for § f, analogous to the one that
appeared in the calculation of the thermal conductivity,

JSo(p) [1 £ fo(p)]
8y = =T i Vi (33)
The shear viscosity 7 is then given by
v v, 37?2
=37 dUfo(p)[1 = f()(p)];Piijij = T<pij|Xij>a

(34)

where pij = v,(pipj — 38;;p?)/p and we have used the
inner product defined previously. The linearized Boltzmann
equation for a fluid perturbed by a small shear stress is given
by

df _ fop)[1 £ fo(p)]

o T |Dij) Vij
1+ N
—Clfy] = fo(P)[ZT fO(p)]CIXij)Vij. (35)

As before, we can combine these results into a form that is
suitable for a variational treatment. We write

_ ﬁ (xij| Pij)?

5 (xijIClxij)

and x;; = 242(x). We expand g(x) = Y _ ¢;C;(x?) where
the polynomials C; (x2) are defined in analogy with Eq. (21)

but with the weight factor x* replaced by x° (see Appendix A).
In the case of binary atomic scattering the variational bound is

27/2 T \3/?
45'70 (-) D'(kpa, T/ Tr), (37)

Tr
where 1y = (mTF)3/2 and D"(kpa,T/Tr) = (Ag)z(M”)gol.
The normalization integral is

(36)

nr =2

e

A)= / dxfo(0) 1 = for)x® =z / dxx*——,
2
(e +2)
(38)
where z = e*/T is the fugacity and the collision matrix
elements M, are given by

M — d*xd®y
st (27-[)6
with DY_, = fo(x1) fo(xa) [1 = fo(e)I[1 — folxs)] and
Ci = [CilxDay + Canxy — Clxa)x — Cixa)xy] /2.
(40)

mTa’y

0 A A
T+ amary 2e2C G )

As in the case of thermal conductivity, we can analytically
compute D7 by restricting the calculation to the lowest-order
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orthogonal polynomial, and by considering the high-
temperature limit. We find

5¢/mT

32a2ﬁ7 |a| - 09
= 15(mT)>> @b
Y2
NG la] — oo.

In the superfluid phase the shear viscosity is dominated
by binary phonon scattering. The leading low-temperature
behavior in the unitarity limit was calculated in [19]. Their
result is

T 5
ny = 5.06 x 10757/ <TF> Mo- (42)

B. Prandtl number

The Prandtl number Pr = cpn/(p k) characterizes the
relative importance of thermal and momentum diffusion. Here,
p is the mass density of the fluid and cp is the specific heat
at constant pressure. In the high-temperature limit the specific
heat can be calculated using the virial expansion, and at low
temperature it can be computed using the effective phonon
Lagrangian. The results are summarized in Appendix B. The
leading term at high temperature is determined by the equation
of state of an ideal gas of spin-up and -down atoms. In this
limit we get ¢, = 5n/2 and p = mn. The high-temperature
limits of ¥ and n are given in Eq. (27) and Eq. (41). Putting
these results together, we get

Pr=2/3, T > Tr, (43)

independent of the size of the scattering length. This result
is remarkable because it implies that the Prandtl ratio agrees
with the classical gas result even though the shear viscosity
and thermal conductivity are not classical. This result can be
traced to the fact that in the large-7 limit the x and y integrals
in Egs. (24) and (39) factorize. The interaction depends only
on y (related to the momentum transfer) and the leading y
dependence of B; - B} and C‘o . C‘o is identical. This implies
that both n and « can be expressed in terms of the same
transport cross section, and that there is no dependence on
the scattering length in the Prandtl ratio. In Fig. 5 we plot the
Prandtl number as a function of 7/ Tr for negative values of
kra. As discussed in more detail in Appendix B, the virial
expansion is smooth across the BCS-BEC transition, but our
approximation for the bound state energy of the atom-atom
dimer, Ez = 1/(2ma®), breaks down as we go too far toward

24

> —+— ka=-0.1 i"w
24 o ka=-1 " - T/TFTU'ZZ
——T/T_=1.0
—— k.a=-10 F
181 —a TIT,=3.0
- —+— ka=-100 . 1] L
o o
1.2 —
e
0.6+ T T T T T T 0.5 T T T T )
00 05 10 15 20 25 30 0 20 40 60 80 100
o *.a

FIG. 5. (Color online) The left panel shows the Prandtl number
as a function of T'/Tr for different values of kra. The right panel
shows the Prandtl number as a function of kra for several values of
T/ Tr. The dashed line shows the high-temperature limit Pr = 2/3.
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the BEC side of the transition. For this reason we show
the Prandtl number only for negative values of kra. We
observe that the Prandtl number increases significantly as the
temperature is lowered, and that it is only weakly dependent
onkra.

V. SOUND ATTENUATION

Using the results for the shear viscosity and the thermal
conductivity, we can also compute the sound attenuation
coefficient. The intensity of a plane wave decreases as e~2"*,
where y = aw? is the absorption coefficient and w is the
frequency of the wave. In the normal phase the parameter
« is given by [35]

y 1 [4 ot 1 1 (ad)
a=—==—|= kl——-——])/1,
w?  2pc3 |3 g P cy cp
where p is the mass density of the fluid, c is the speed of sound,
and ¢ is the bulk viscosity. At unitarity ¢ = 0 and we can write

2n
o= 3003 (1 +
where Acp = (cp — cy)/cy and g = (mTr)*? asin Eq. (37).
The quantities o, and o are plotted in Fig. 6.

In the high-temperature limit the Prandtl number is Pr ~
2/3 and Acp ~ 2/3. This implies that that the contribution to
the sound attenuation coefficient due to thermal conductivity is
3/4 of the contribution due to shear viscosity. Also, both Pr and
Acp are only weakly dependent on the scattering length; see
Fig. 6. As the temperature is decreased the sound absorption
coefficient is increasingly dominated by shear viscosity.

Below T, there are two sound modes, ordinary (first) sound
and second sound. The absorption coefficient for first sound is
analogous to Eq. (44), except that the contribution from « is
absent. This implies that damping of first sound is entirely due

to shear viscosity. The absorption coefficient of second sound
is given by [36,37]

3 Acp Mo
2RCPY 0 hgny @45
17Pr ) 2,0(:3(% + o) 45)

1 ps (4 2 Pn K
w=c—"—|znt+o—pl+E)+pG+p——],
2,0C2 Pn 3 Ps Cp

(46)

o ——o —4—k.a=-100
0.14 X n F

05 10 15 20 25 30 35 40
T/T

F

FIG. 6. (Color online) a;; and o as functions of T/ Tr. Note that
the ratio of the two approaches a constant (3/4) as we go to larger
values of T/ Tr.
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where p, ; are the normal and superfluid densities, ¢, is the
speed of second sound, and ¢; are the four different coefficients
of bulk viscosity in the superfluid. Onsager’s symmetry
principle implies ¢4 = ¢;, and conformal symmetry requires
that at unitarity ¢{; = {, = 0. The remaining coefficient, {3,
vanishes as ¢3 ~ T2 as the temperature goes to zero [21].
Using n ~ 1/T> and k ~ T? we conclude that the damping
of second sound is also dominated by shear viscosity.

We should note that at low temperature the phonon mean
free path becomes very long, and the normal fluid ceases to
behave hydrodynamically. A rough estimate of the relaxation
times for shear viscosity and thermal conductivity is 7, >~ n/
(nT)and t, >~ mk /(cpT). This implies that the relaxation time
for shear viscosity grows very quickly, , ~ 1/ T, whereas the
relaxation time for thermal conductivity grows more slowly,
T~ 1/T2.

VI. CONCLUSIONS

In this work we studied the thermal conductivity of a dilute
Fermi gas. Our main results are summarized in Fig. 4. We
observe that the thermal conductivity scales as k ~ m!/2T3/2
in the high-temperature limit and as x ~ m"/2T}/*(T/T¢)? in
the low-temperature limit. The Prandtl ratio equals 2/3 in the
high-temperature limit, and increases as the temperature is
lowered. This, together with the fact that Acp = (cp — cv)/
cy decreases at low temperature, implies that the sound
attenuation length in the strongly coupled normal fluid regime
T, < T < Tr is dominated by shear viscosity. In order to
assess the feasibility of measuring the sound attenuation
length, we consider the ratio of wavelength A to the attenuation

length y~!. We find
4 A
Ay = (KN (32 () (),
V3E\kr /) \n 4 Pr kr /) \n
(47)

where we have used & >~ 0.44 and Acp/Pr>~0. A rough
estimate of the minimum value of 1/n can be obtained by
extrapolating the kinetic theory result down to T = T,.. We get

45732 (T, \?
().~ (5) =os e

Finally, we can express k/kg in terms of the wavelength and
the trap parameters. We obtain

k R np?3
krp 1 BN)1/3’

where R, is the longitudinal cloud size, § = R, /R, is the
trap asymmetry, and N is the number of particles. For the
experiment reported in [22] we get k/kp >~ 0.046 and Ay =~
0.08. This implies that a measurement of the sound attenuation
length is within reach. Higher sensitivity can be achieved by
using more elongated traps or smaller wavelengths.

There are a variety of improvements that need to be made
once experimental data become available. The most important
is to replace the plane wave approximation that is the basis
of Eq. (47) by a more detailed calculation of the wave profile
in a given trap geometry. It will also be interesting to study
attenuation of first and second sound in the superfluid phase.

(49)
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APPENDIX A: TRIAL FUNCTIONS

In this appendix we provide explicit expressions for some
of the orthogonal polynomials and associated normalization
constants. The orthogonality condition for the polynomials
B M (x2) is [see Eq. (21)]

AFIDs, — / dxfo) [1 £ fo(o)lx* BEM (2B (),

(A1)
where B(()F’H)(xz) = 1land
s—1
BAEF,H)(XZ) =x2S +Zaif,l‘1)x2i (AZ)
i=0
fors > 1. We will determine the coefficients a‘ﬁf’”’ iteratively.
We define
o= f dxfolx) [1 £ folx*, (A3)
so that Ag = ¢o. We also find
app = —c2/co,
ay = (6‘26‘6 — cﬁ)/(com - c%), (A4)

az1 = (cocs — c2¢a)/(cocs — c3),

and A| = ¢4 — ¢3/co. The integrals ¢, depend on the quasipar-
ticle dispersion relation. In the case of phonons with £, = vp,
we can evaluate A; to be
4rt
H
= —. A5
1 G (A5)
In the case of the fermion with £, = p?/2m and a chemical
potential, we can only evaluate A; in the case of large
temperature, which gives

157
16

Al ~ ¢ (A6)
where z = e*/T is the fugacity.

The orthogonal condition of the shear viscosity’s trial
function polynomials g(x) = Y ¢,Cs(x?) is different from
that of thermal conductivity. Here, the polynomial is starting
from the s = 0 term, since this set of polynomials satisfies the
constraint of the momentum conservation law automatically
(due to the tensor nature of the kernel for shear viscosity). The
orthogonality condition is then

A8, = / dxfo() [1 — fo()x®Ci(x?Ci(x?),  (AT)

where the trial function C,(x?) = x> + Y37 ax%. By the
orthogonality condition Eq. (A7) and the same recursion
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method that we used before, it is easy to get the coefficients
as; and also Ag, which is given by

Af = / dxfo(x)[1 — fo(x)]x®

2
* 15
:z/dxx6 76 7 2 ﬁ,
(ex'—i—z) 16

where the analytic result is valid in the high-temperature limit.
Note that Af = Ag in the high-temperature limit; however,
this is a mathematical coincidence coming from the similarity
of the different integrals and the properties of the I" function.

(A8)

APPENDIX B: THERMODYNAMIC PROPERTIES

1. Virial expansion

In the high-temperature limit, 7 >> T, the pressure can be
expanded in powers of the fugacity z = ¢*/T. This expansion
is known as the virial expansion. We write

T &
P(u,T)=— Y bz, Bl
(.T) ASEM (B1)

where A = /27 /mT is the thermal wavelength and v is the
spin degeneracy factor. The first virial coefficient is b; = 1.
The second virial coefficient was first calculated by Beth and
Uhlenbeck [38]; see also [39,40]. Here we use these results in
order to compute Acp. There are two contributions to b,. The
first is due to quantum statistics, which becomes important
as nA> ~ 1; the other is related to the atomic interaction. The
correction due to quantum statistics is

(bosons),

o ]-5/2
PO = B2
! (—=1D)*11=5/2 (fermions). B2)

The interacting contribution to the second virial coefficient is

by — by =2 (e7/T —e7SIT), (B3)

where ¢, is the energy of the nth two-particle state in the center
of mass frame and € is the corresponding noninteracting
energy. In the universal regime these energies are determined
by the scattering length only. We get [40]

%exz[l —erf(|x)], x <0,

by — bg = 2 1 42

V2e© — e[l —erf(n)], x>0,
where erf(x) is the error function, x = A/ (am), and the
bound state energy in the x > 0 case was assumed to be Ep =
1/(ma®). We can write down the asymptotic forms in the limits
of zero and infinite scattering lengths as

_%’ a— 07,
by — bY = { V/2e!/ T, a— 0%, (B4)
1 V2 i

The interaction part of b, approaches a finite value as a — oo,
and is of the same order as the effects of quantum statistics.
One can also see that the total b, will start off negative for
small and negative scattering length, but eventually becomes

PHYSICAL REVIEW A 82, 033619 (2010)

positive as a — —oo. This implies that there is a value of the
scattering length for which the effects of the interaction and
of quantum statistics cancel. For positive scattering lengths,
the contribution of the interaction is positive and always larger
than the quantum correction, so that b, > 0 for all a > 0.
In the BEC limit (a — O%) the binding energy of the bound
state is large and b, becomes large also. In this limit, however,
universality breaks down and the binding energy cannot be
expressed in terms of the scattering length only.

2. Specific heat

The specific heat can be expressed in terms of partial
derivatives of the pressure. The independent thermodynamic
variables are (u,T'). The first derivatives with respect to these
variables determine the entropy density and pressure:

9P
oT |,

_ 0P

s =2
o

n

(BS)

T
In order to compute the specific heat at constant volume, we
use V = N/n and write

as a(s,V)
Cy = — =

aT |, o(T,V)

_ A6V _ T( ds| [(3n/3T)IM]2>

(T, V)/o(T, ) aT |, @n/owlr )’
(B6)
where the Jacobian is defined as

da,b) Det da/dcly 0da/dd|.
ae,d) ab/dcly 0b/dd|.)’

In order to compute cp we make use of the relation
between cp —cy and the thermal expansion coefficient
(1/V)(@V/aT)|p. This relation is given by

T[(BV/BT)IP]2

—cy =— . B7
== Gviep), ®7
The partial derivatives are
av s on on av on
AR A A D
oT |p nowlp 0T|, 9P|y Oulr
which gives
2
2(n/d — (@n/0T
Cp:CV—I-T[n( /[ow)lr — (On/ )IM]_ (B9)

(@n/dw)lr

a. High-temperature phase
In the high-temperature phase we use the virial expansion of
the pressure including terms up to second order, P = 'i—z(z +
byz%). Using the results of the previous section, we find

vz (3 15 ab 3%b
ZA_3( zbz—zT—2+zT2—2),

v 2T 9T 92T

(B10)
— v+ 22 (14 52k — 20722
cp =Cv 3 zb> z a7 |-
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7
——ka=01 6
44 ——ka=10 5
3] Ka=100 4
——k.a=100 3
ke c
= ~ 24 /" —=—k.a=-0.1
s o* / fe—ka=-1.0
i |+ k.a=-100
] 1] |+ ka=100
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FIG. 7. (Color online) The left panel shows cy in units of ng as a
function of T /T ny. Here, ny = vz/A3 is the density of the free gas.
The right panel shows the temperature dependence of cp.

We recover the result for a classical noninteracting gas
by setting b, =0 and n = 5. We show the result for an
interacting gas in Fig. 7. We observe that the results are
smooth across the BCS-BEC transition. We note, however,
that on the BEC side the virial expansion breaks down at
temperatures larger than the Fermi temperature. This is related

to the presence of a deeply bound state.
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b. Superfluid phase

At zero temperature the pressure is given by

W2,
— /2,.5/2
P—m we, (B11)
and the density is
0P| _ 2V2m* 4, B12
Touly 3wt

The leading low-temperature correction arises from phonons.
The phonon contribution to the pressure is

7274 [(3m\>/?
Py = —_— . B13
w =" (ZM) B13)
Using these results, we find
27273 (3m\*?
=" () +oa,
15 2

(B14)

cp =cy + O(T).

These results imply that Ac, vanishes at low temperature much
faster than cp and cy.
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