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Two-electron cusp in the double ionization of helium
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We analyze the double ionization of He under the impact of 100 keV He2+ projectiles. The process is described
within the framework of the impact parameter and frozen-correlation approximations where the one-electron
events are treated by the continuum distorted wave method. Correlation between the emitted electrons, which
plays an important role in forming the shape of the differential distribution of the electron emission, is described
by the Coulomb density of states approximation (CDS). Special attention is paid to the region of the two-electron
cusp that has been observed in a recent experiment for 100 keV He0 + He collisions [L. Sarkadi and A. Orbán,
Phys. Rev. Lett. 100, 133201 (2008)]. In the cusp region the correlated motion of the two electrons is influenced
dominantly by the outgoing projectile, that is, the correlation function of the CDS treatment is expected to
depend on the electron momenta measured relative to the projectile rather than to the target nucleus. A qualitative
agreement with the experiment is achieved with a CDS model based on the use of such a projectile-centered
correlation function that applies effective charges as given in the dynamically screened three-Coulomb wave
function.
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I. INTRODUCTION

The double ionization (DI) of He has been investigated
intensively in recent years [1–3]. The interest arises from the
opportunity of studying the correlated motion of two electrons
in the field of a heavy Coulomb particle. This situation emerges
most cleanly in the reaction of photo-double-ionization where
at nonrelativistic photon energies the momentum transferred
by the photon is negligible, and the ejection of the sec-
ond electron is due to the electron-electron interaction [2].
Two electrons in the continuum can also be investigated in
the electron-impact DI of the He atom, commonly known
as the (e,3e) process [1]. Most of the (e,3e) studies were
performed at high impact energies where a fast (identified
as the scattered projectile) and two slow electrons specify
the most interesting part of the final channel [4]. For both
the photon and electron impacts, first-order theories (dipole
and first Born approximations) provide adequate tools for the
description of the ejection mechanism [5], while the three-
body character cannot be neglected for the proper account of
the final two-electron continuum. One popular approximation
for the treatment of the final double continuum is given
by the three-Coulomb (3C) wave function [6,7]. This wave
function is derived by the diagonalization of the three-body
Hamiltonian and has the correct asymptotic behavior when
all interparticle distances are large. The 3C wave function
has the advantage of being analytical so that it is practical
to apply it in studies of DI in various systems. Numerous
applications have shown that the models based on the 3C wave
function can reproduce most of the observed features of the
cross sections, however, its validity breaks down for some
particular kinematical configurations. One such configuration
appears above the threshold region, known as the domain of

the Wannier theories, where the two slow electrons emerge
in the opposite direction [8]. The theoretical account of the
process requires a very accurate description of the so-called
Wannier ridge in the full three-body potential where the two
electrons are supposed to be staying as roughly equidistant
from the nucleus [2,9]. At the same time, the framework of
the 3C approximation enables a relatively simple, although
not unique, tool to extend the validity of the 3C ansatz to
the threshold region. This is based on the realization that the
three-body screening effects are not represented in the 3C wave
function [10]. One of the simplest ways is the replacement of
the fixed charges of the particles by dynamically screened
effective charges depending upon the relative coordinates or
momenta of the outgoing particles, known as the dynamically
screened 3C (DS3C) approximation [11].

The process of DI of He by ion impact also received consid-
erable interest in recent years [12,13]. A variety of projectiles,
fully stripped and dressed ions from low to relativistic energies
together with antiprotons, are available for these studies.
Although remarkable progress has been made in exploring
the different electron ejection mechanisms characteristic to
a specific range of impact velocities or projectile charges,
the field is far from being well understood. Manifestations
of dynamic or static electron-electron correlations have been
examined even at the level of total ionization cross sections
[12,14]. More details can be explored by measuring the
angular and energy distribution of the emitted electrons which
has become available recently due to an adaptation of the
coincidence electron detection technique in the field. The
so-called correlation functions [15,16], the role of first-order
and second-order processes in the ejection mechanism [17] and
some characteristic structures in the electron distributions [13]
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have been the focus of the studies, while the threshold behavior
of the DI process received less interest.

A positively charged heavy projectile can capture elec-
tron(s) of the He atom into its continuum (electron capture
to the continuum, ECC) or, if it has electron(s) initially, they
can also be transferred to the continuum due to the interaction
with the target (electron loss to the continuum, ELC) (see [18]
for more details). Both the ELC and the ECC mechanisms are
manifested in a characteristic cusp-shaped peak in the energy
and angular distribution of the ejected electron at a position
where the velocity vector of the electron matches that of the
projectile. The study of the cusp provides an extra opportunity
to investigate the threshold effects, as the cusp electrons
move with very low velocities relative to the projectile. The
two-electron cusp peak was observed in a recent experiment
for the 100 keV He0 + He collision [19]. In the experiment
the forward emission of two electrons from the process

He0 + He → He+ + He+ + e1 + e2, (1)

(simultaneous ECC and ELC) was investigated. The process
was identified by detecting coincidences between the two
electrons and the outgoing, charge-state analyzed projectile.

For a 100 keV He projectile the velocity of the projectile
vp = 1 a.u., that is, the cusp appears at the electron energy
Ecusp = 1 Ry. In the experiment, strong correlation was found
between the energies of the ejected electrons: The emission of
one electron with an energy smaller than Ecusp is accompanied
preferentially by the emission of the other electron with energy
larger than Ecusp. The observed energy correlation corresponds
to an angular correlation of 180◦ in the projectile-centered
reference frame. The preferred back-to-back emission of the
electrons indicates the formation of Wannier-type correlated
two-electron final states around the projectile in the collision.

In this work we investigate theoretically the two-electron
ejection into the projectile’s continuum in He2+ + He colli-
sions. Since the projectile brings no electron into the collision,
the cusp peak is formed due to the ECC mechanism only.
Previous studies on the correlation function have shown that it
is the final-state e-e interaction that primarily determines the
energy and angular distribution of the DI electrons [15,16].
The final state of the process (1) investigated in the experiment
and that of the double ECC studied in this work are similar:
Two repelling electrons move in the attractive Coulomb field
of a heavy charged particle in the same direction with small
relative velocity. Therefore, we might expect that the present
theoretical work reveals the main features of the two-electron
cusp observed in the experiment.

The paper is organized as follows. Section II gives a brief
overview of the basis of the theoretical models applied in
the description of the process. Details of the models and a
discussion of the results are presented in Sec. III. Conclusions
are drawn in Sec. IV. Atomic units are used throughout the
paper, except when otherwise stated.

II. THEORY

Let us consider DI of a helium atom by impact of a He2+
ion

He2+ + He(1s2) → He2+ + He2+ + e1(k1) + e2(k2), (2)

where ki denotes the momentum of the ith emitted electron
with respect to the target nucleus (note the terms e1 and e2

are used only as convenient labels as the outgoing electrons
are indistinguishable). Since we would like to describe the
two-electron emission in the cusp region, it is crucial to include
the interaction between the projectile and the electrons in the
final state [18]. In principle, we face a four-body breakup
scattering problem in which the interaction between the parti-
cles is the long-range Coulomb force. The case of the single
cusp-electron emission is efficiently treated by the continuum
distorted wave (CDW) method that accounts for the ECC cusp
by applying the correct boundary conditions for the under-
lying three-body scattering problem. Similarly, for the exact
description of the two-electron cusp the knowledge of the
appropriate four-body boundary condition is unavoidable. In
the lack of such a four-body theory, in the present work
we attempted to find a solution to the problem in a way
that we express the two-electron ionization amplitudes with
one-electron amplitudes determined by a variant of the CDW
method, and for the inclusion of the electron correlation we use
some simplified forms of the 3C and DS3C approximations.

The basic assumptions of our model are as follows. Due
to the high incident energy of the projectile for the present
interest (100 keV in the experiment of Sarkadi and Orbán [19])
and the small energy transferred to the atom, the projectile
can be considered as moving on a straight-line trajectory
characterized by constant velocity vp and impact parameter
b (impact parameter approximation, IPA). Furthermore, since
in this study we focus on the emission of electrons with small
relative momentum (k12 = |k1 − k2| < 1), their interaction
(correlation) time tcorr. is much larger than the collision time
tcoll.. The fulfillment of the condition tcoll./tcorr. � 1 means
that we may apply the frozen-correlation approximation (FCA,
Martı́n and Salin [20]). In the FCA the electronic correlation
in the asymptotic initial and final states is separated from those
that may be present during the collision.

We describe the initial ground state of the He atom by
a configuration interaction (CI) wave function as given by
Silverman et al. [21]

�0(x1,x2) =
∑
j1j2

Cj1j2φ
j1 (x1)φj2 (x2). (3)

�0(x1,x2) includes both the radial and angular correlations
and yields 80% of the total correlation energy. xi denotes the
position of the ith electron. φji (xi)’s are normalized hydrogen-
like orbitals with optimized effective charges. The Cj1j2

parameters are available for both single (only radially) and
angularly correlated configurations for the initial state [21].

For the final two-electron continuum state we start from the
following (approximate) ansatz:

�k1k2 (x1,x2) = 1√
2

[
(φk1 (x1)φk2 (x2)

+φk1 (x2)φk2 (x1)
]
ϕk1k2 (x1,x2). (4)

Here the continuum orbitals φki
(x)’s are also hydrogen-like

wave functions but with a single effective charge Zeff = 1.67.
In our previous work [16] we found that the latter choice of
Zeff provides a more realistic description of the free electrons
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in the field of the He2+ nucleus than the use of the optimized
charges of the ground-state CI wave functions.

In our model the final-state correlation is incorporated via
the function ϕk1k2 (x1,x2) appearing in Eq. (4). We might use the
correlation function of the 3C model which depends on the rel-
ative position and momentum vectors of the two electrons [7]

ϕk1k2 (x1,x2) = e−πZ12/(2k12)�(1 − iZ12/k12)1F1(iZ12/k12; 1;

− i(k12x12 + k12 · x12)), (5)

where x12 = x1 − x2 and k12 = k1 − k2. However, the evalu-
ation of the scattering amplitude in this case would represent
a formidable task because of the dependence of the final-state
wave function on x12. As a further, enormous simplification
of our model we therefore assume that the electron-electron
correlation can be expressed merely by a function of the
momentum vectors of the electrons [i.e., ϕk1k2 (x1,x2) ≈
ϕ(k1,k2)]. With this approximation the cross-section differen-
tial with respect to the momenta of the ejected electrons can be
written as

dσ

dk1dk2
= dσ IPM

dk1dk2
|ϕ(k1,k2)|2. (6)

Here dσ IPM/dk1dk2 is a cross section calculated in the
independent particle model (IPM). In the impact parameter
approximation we may write

dσ IPM

dk1dk2
=

∫
db

∣∣a2e
i→k1,k2

(b)
∣∣2

, (7)

where the DI amplitude a2e
i→k1,k2

(b) can be expressed in the
IPM as [16,20]

a2e
i→k1,k2

(b) = 1√
2

∑
j1j2

Cj1j2

[
a1e

j1→k1
(b)a1e

j2→k2
(b)

+ a1e
j1→k2

(b)a1e
j2→k1

(b)
]
. (8)

Here a1e
ji→ki

’s are single-ionization amplitudes. For the
determination of the latter quantities we used a variant of
the CDW model, the continuum distorted-wave with eikonal
initial-state (CDW-EIS) approximation [22,23].

We note that the notation “IPM” in the cross section
dσ IPM/dk1dk2 is not completely correct because dσ IPM/

dk1dk2 still includes the initial-state correlation. However,
comparison of the cross section (7) evaluated with �0(x1,x2)
belonging to a radially correlated, single CI configuration with
that calculated with �0(x1,x2) belonging to the angularly cor-
related CI configurations showed that the angular correlation
in the initial state plays a negligible role in DI. The change
of the cross section obtained with the single configuration
CI wave function was less than 0.1% when the angular
correlation was also included. Furthermore, test calculations
show that the analysis of the problem of the two-electron cusp
with uncorrelated OPM (optimized potential model) initial
orbitals (see [16]) would result in the same conclusions.

In our analysis of DI in the cusp region we used various
approximations for the correlation function ϕ(k1,k2) in Eq. (6),
the specific forms of which will be shown in the next section
together with the presentation of the obtained results. To avoid
any confusion, we note that we use the name “correlation func-
tion” for the correlation part of the final-state wave function

(4) (i.e., the meaning of the correlation function in this work
differs from that introduced by Schulz et al. [15] for the general
characterization of the correlated emission of two electrons).

III. RESULTS

The cross-section differential in momenta of the ejected
electrons can be transformed to the form differential in the
energy and ejection angle of the electrons by the relationship

dσ

dE1d�1dE2d�2
= k1k2

dσ

dk1dk2
, (9)

where d�i = sin θi dθi dϕi . We evaluated the six-fold differ-
ential cross section (9) for DI of helium by He2+ projectiles
at 100 keV impact energy. The single-ionization amplitudes
a1e

ji→ki
in (8) have been calculated for electron energies

Ei (=1/2k2
i ) from 0 to 50 eV in a wide range of the impact

parameter (0 � b � 20) and in the whole range of the ejection
angles (0 � θi � 180◦).

Figure 1 shows the results of our calculations in the cusp
region (8 eV � Ei � 20 eV and θi = 0◦) carried out with
different correlation functions ϕ(k1,k2) in Eq. (6), as well
as the experimental data in the form of contour plots. Since
we are mainly interested in the correlation property of the
two-electron emission, we plot only relative cross sections.

In Fig. 1(a) the results obtained with |ϕ(k1,k2)|2 = 1 (i.e.,
the predictions of IPM) are seen. The uncorrelated emission of
the electron pairs is characterized by two ridges. The ridges are
perpendicular straight lines (E1 = 13.6 eV and E2 = 13.6 eV).
The cusp appears at the crossing point of the ridges.

As a first attempt, we tried to include the electron correlation
by the so-called Coulomb density of states (CDS) approxima-
tion. CDS is a simplified version of the 3C model, assuming
that a good account of the correlation can be obtained by the
Coulomb normalization factor in Eq. (5)

|ϕ(k1,k2)|2 = Z12

k12

2π

e2πZ12/k12 − 1
. (10)

CDS has been successfully applied in numerous investigations
[16,24–26] for the description of DI. A striking feature of this
approximation is that it tremendously reduces the probability
of the emission of two electrons into the same direction
and with the same velocities [|ϕ(k1,k2)|2 → 0, as k12 → 0].
Consequently, by including the electron correlation by the
CDS, one expects a strong decrease of the two-electron cusp.
Although we were aware of this property of CDS, we hoped
that due to the diverging cross section for the cusp at the
matching velocity, the peak would not disappear completely.
However, as it is seen in Fig. 1(b), this was not the case: The
cross section has a deep minimum along the line E1 = E2.

As noted in the Introduction, the 3C model fails to describe
the electron emission above the threshold region. This is
related to the fact that the interaction strength between the
two continuum electrons, which is fixed by setting Z12 = 1,
yields too strong a repulsion between the two low-energy
electrons so that the cross sections are highly underestimated.
This failure was corrected by introducing an effective charge
that depends on the momenta of both electrons [10]. Different
explicit forms of such DS3C models have been proposed (see,
e.g., [27] and references therein) and applied mainly to the
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FIG. 1. (Color online) Panels (a–d): Contour plots of calculated relative six-fold differential cross sections for DI of He under 100 keV
He2+ impact as functions of the electron ejection energies E1 and E2 at fixed ejection angles: θ1 = θ2 = 0◦ and ϕ1 = ϕ2 = 0◦. Theories:
(a) Independent particle model (IPM); (b) Coulomb density of states model (CDS); (c) Dynamically screened CDS with a correlation function
centered on the projectile (DSCDS); (d) Convoluted DSCDS (see text). Panel (e): Experimental data of Sarkadi and Orbán [19] for the process
given by Eq. (1). The scale of the plots is logarithmic, the cross section between the neighboring contour levels changes by a factor of 2. The
intensity increases with increasing tone of darkness.

description of electron-induced single ionization processes. As
in our previous study [16], in the present work we also rely on
a somewhat simplified derivation of the DS3C model by using

Z12 = 1 − k2
12

(k1 + k2)2
, (11)

which has been proposed and applied to (e,3e) reactions [11].
Our calculations based on Eqs. (10) and (11), however,
did not result in an improvement in the description of the
two-electron cusp. We obtained again a deep minimum along
the line E1 = E2.

Before going further it is worth referring to the theoretical
description of the one-electron ECC process. This process
cannot be accounted for in the first Born approximation where
the ionization is viewed as an excitation from a bound state
to a continuum state of the target [28]. To explain the ECC
phenomenon in the B1 approximation the final continuum state
must be centered on the projectile [29], that is, the interaction

of the electron with the projectile plays the determining role
in forming the final state. However, in this treatment the
descriptions of the other ejection mechanisms (binary, etc. . .),
fail or become less accurate. A consistent description of the
single ionization and the ECC mechanism can be given within
the framework of the CDW approximations [22,30]. In this
treatment both the projectile and the target fields are treated
on an equal footing and the chosen final wave function of the
electron does not discriminate between the centers from which
the ejection mechanism is viewed. Similarly, a consistent
description of the two-electron ECC process would be given in
a model where all the interactions of a given electron with the
other aggregates were treated on an equal footing and where
the discrimination between the centers of observation would
not appear. As it will be seen, this is not fulfilled in the present
treatment.

The application of the CDW-EIS theory in our model means
that the two electrons move in the combined potential of
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the target and projectile ions. However, with the ϕ(k1,k2)
approximations their correlated motion pertains to the field
of the target nucleus. In the double cusp phenomenon, as in
the single-electron case, the dominant interaction is between
the outgoing projectile and the electron(s), while the target
nucleus has only a perturbing effect. This means that in a more
realistic theory of the two-electron cusp one would need a
correlation function that describes, above all, the correlated
motion of the two electrons in the field of the projectile. On
the other hand, ϕ(k1,k2) should also reflect the correlation due
to the interaction of the electrons with the target from which
they are ejected. Of course, the latter correlation plays a less
important role in the process.

On the basis of the previous considerations we propose
the following model. We neglect the correlation due to the
interaction of the ejected electrons with the target. For the
description of the correlated motion of the electrons in the field
of the projectile we apply the simplified version of the DS3C
model with a correlation function that depends on the momenta
of the electrons measured relative to the projectile, k′

1,k
′
2

dσ

dk1dk2
= dσ IPM(k1,k2)

dk1dk2
|ϕ(k′

1,k
′
2)|2, (12)

with

|ϕ(k′
1,k2)|2 = Z12

k′
12

2π

e2πZ12/k′
12 − 1

, (13)

and

Z12 = 1 − k′2
12

(k′
1 + k′

2)2
. (14)

Here k′
i = ki − vp. In the following we refer to the above CDS

model based on a projectile-centered dynamically screened
correlation function by the abbreviation DSCDS. The pre-
dictions of DSCDS are shown in Fig. 1(c). The model is in
accordance with the experimental finding in the respect that it
predicts extremely small cross sections for the simultaneous
emission of the electrons both having energies smaller or
higher than Ecusp. This behavior can be understood considering
that Eqs. (13) and (14) allow practically only back-to-back

emission of the electrons in the projectile-centered reference
frame.

From a theoretical point of view our procedure based
on Eqs. (12) through (14) can be justified as follows. The
CDW-EIS theory applied in dσ IPM/dk1dk2 is capable of
describing the two-center character of the electron emission
(i.e., it can be considered as a more or less symmetric theory
of ionization with respect to the target and projectile), that is,
the cross sections are Galilean invariant. The three interacting
particles for which the 3C wave function can be used for the
inclusion of the e-e correlation in the final state are the target or
the projectile nucleus and the two ejected electrons. However,
as these different centers are not treated consistently in our
model, the cross sections evaluated in the projectile and target
frames are different [see Figs. 1(b) and 1(c) with the note that
the DSCDS and CDS models are practically indistinguishable
when the correlation function is centered on the target], that
is, the Galilean or translational invariance of the treatment
breaks. This means that the choice of the three particles of the
3C approach is arbitrary, it depends on the physical situation.
For the description of the two-electron cusp it is natural to
choose the projectile and the two electrons, as an ensemble
of the dominantly interacting three particles in the final
state.

Since in the vicinity of the cusp the cross section changes
rapidly with the emission angle and the energy of the electrons,
one cannot compare the theoretical results directly with the
experimental data. To make a comparison between the theory
and experiment, one has to integrate the theoretical cross
section over the solid angles suspended by the detectors used in
the experiment, as well as to convolute it with the spectrometer
function to take into account the finite resolution of the
energy measurement. The contour plot of the DSCDS cross
section that includes the effect of the finite electron detection
angles and energy resolution of the experiment by Sarkadi
and Orbán [19] is seen in Fig. 1(d). The distribution clearly
shows a peak at E1 ≈ E2 ≈ Ecusp (i.e., the cusp does not vanish
when the electron-electron repulsion is switched on). The same
theoretical results together with the experimental data are also
displayed in a three-dimensional representation in Fig. 2. The
scale of the latter plot is linear.
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FIG. 2. (Color online) Two-electron emission distributions following DI of He under 100 keV He2+ impact as a function of the electron
ejection energies E1 and E2 at θ1 = θ2 = 0◦. Left panel: Convoluted DSCDS (see text). Right panel: Experimental data of Sarkadi and
Orbán [19] for the process given by Eq. (1).
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FIG. 3. (Color online) Contour plots of calculated six-fold differential cross sections for DI of He under 100 keV He2+ impact in the
projectile-centered reference frame as functions of the momentum coordinates k′
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2z of the electron e2 at a fixed momentum vector of the

electron e1, (k′
1x,k

′
1z) = (0, −0.086), and at relative azimuthal angle ϕk1

′ − ϕk2
′ = 0◦. Left, middle, and right panel: IPM, CDS, and DSCDS

theory, respectively. The arrow shows the momentum vector of e1.

Figure 3 illustrates the effect of adding the e-e correlation
to the IPM by the CDS and DSCDS model. In the figure
the contour plot of the sixfold differential cross section is
shown in the projectile-centered reference frame with the
following condition: The momentum of one of the electrons
(e1) is fixed at (k′

1x,k
′
1z) = (0,−0.086), and the cross section

is plotted as a function of the momentum of the other electron,
e2. Here the axis z′ of the coordinate system is defined by
the direction of the projectile beam. The data are plotted for
relative azimuthal angle ϕk1

′ − ϕk2
′ = 0◦ (for other values of

ϕk1
′ − ϕk2

′ we obtained very similar cross-section values). In
CDS the correlation function depends only on the relative
electron momenta, k12 = k′

12, therefore it modifies the IPM
cross sections isotropically. The strong e-e repulsion predicted
by this model completely destroys the cusp seen in the
contour plot of IPM. In DSCDS the correlation function
depends also on k′

1 and k′
2, therefore the distribution becomes

asymmetric. For example, for back-to-back emission Z12 = 0
[see Eq. (14)], that is, the charges of the electrons are
completely screened. As a result of the reduced repulsion,
the cusp does not vanish.

For a further investigation of the performance of the DSCDS
model let us consider some selected ranges of the two-electron
emission patterns shown in Figs. 1 and 2. In Fig. 4 we plotted
the energy spectra of one of the ejected electrons, say e1, with
the condition that the energy of the other electron, e2, lies
in a narrow range (we may call it “coincidence window”).
Panels (a), (b), and (c) belong to three different coincidence
windows. The spectra are normalized at their maxima. In the
figure we compare spectra calculated with and without the
inclusion of the electron correlation in the frameworks of
DSCDS and IPM, respectively. Of course, in IPM the shape
of the cusp is identical for all three coincidence windows.
At the same time, the shape and the position of the cusp
obtained in DSCDS depend sensitively on E2. In panel (a)

the coincidence window is set at the low-energy wing of
the cusp. As a result of the correlation, the peak in this
case is shifted to higher energies and the shape of the cusp
becomes more asymmetric due to the strong decrease of the
emission probability for E1 < Ecusp. In panel (c), where the
coincidence window is set at the high-energy wing of the cusp,
an opposite behavior can be observed when the correlation is
switched on. In panel (b) E2 is fixed at the peak maximum. The
inclusion of the correlation in this case has only a small effect
on the shape and the position of the cusp. In the figure we
also plotted the experimental data of Sarkadi and Orbán [19].
DSCDS reflects reasonably well the tendencies of the energy
correlation found in the experiment: The direction of the shifts
of the peak and that of the changes of the peak asymmetry
are well reproduced by the theory. However, the agreement
with the experiment is only qualitative. The theory largely
underestimates the asymmetry of the cups in cases (b) and (c).
Furthermore, while the intensities of the peaks measured in the
experiment are almost the same, the cusp predicted by DSCDS
in case (a) is smaller by one order of magnitude than that in
cases (b) and (c).

The discrepancies between theory and experiment can be
related to the following: (i) The mechanism of the formation
of the two-electron cusp in the both cases is different, it is
double ECC for He2+ projectiles considered in the present
work, and simultaneous ECC and ELC for He0 projectiles
in the experiment. (ii) The asymmetry of the ECC peak is
described by the CDW-EIS theory incorrectly, even for single
ionization. (iii) The treatment of the e-e correlation in the
present theoretical model is rather crude.

The failure of CDW-EIS in describing the shape of the
cusp for single ionization is demonstrated in Fig. 5, where
the ECC cusp predicted by this theory is compared with that
measured in one of our previous experiments for 100 keV
He2+ + He collision [31]. In the experiment the electrons
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FIG. 4. (Color online) Energy spectra of the electron e1 in the
laboratory frame at θ1 = θ2 = 0◦ for 100 keV He2+ + He collision.
The curves are the results of the present calculations obtained by
convoluting the theoretical cross sections with the energy and angular
resolution of the experiment by Sarkadi and Orbán [19]. Solid line:
DSCDS; dashed line: IPM. Closed circles: Experimental data for the
process shown in Eq. (1). For the spectra in panels (a), (b), and (c)
the energy of e2 lies in the intervals 11.0–12.5 eV, 13.0–14.2 eV, and
14.5–16.0 eV.

were detected in coincidence with the outgoing He2+ ions to
exclude the contribution from the transfer ionization channel.
As is seen, the measured peak is strongly skewed to lower
energies, while the theoretical one is almost symmetric. The
skewness of the peak toward lower energies is a well known
property of the ECC cusp [18,32]. Theoretically it is explained
as a higher-order effect [33], or as a result of the simultaneous
interaction of the emitted electron with the projectile and
the residual ion [34]. The bad performance of CDW-EIS
concerning the shape of the ECC cusp is not fully understood.
The CDW theory in its original form predicts the correct peak
shape, however, it highly overestimates the cross section at low
impact velocities due to improper normalization [22,35]. In
CDW-EIS the introduction of the eikonal approximation for the
distortion of the entrance channel resolves the normalization
failure of CDW, however, it gives rise to an incorrect cusp
shape. The almost symmetric peak predicted by CDW-EIS
means that the electron emission with respect to the projectile
is almost isotropic, that is, the population of the continuum
states characterized by high angular momenta around the
projectile is strongly underestimated by the theory [33,36].
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FIG. 5. The ECC cusp for single ionization of He by impact
of 100 keV He2+ ions. The curve and the points are results of
CDW-EIS calculations and experimental data [31], respectively. The
experimental data are normalized at the maximum of the theoretical
curve.

One can hardly understand why the latter effect is caused
by the eikonal approximation applied for the distortion of
the entrance channel. Both CDW and CDW-EIS describe the
electron emission in the two-center potential formed by the
projectile and the target core [37], therefore the correct cusp
shape is expected for both theories.

From the previous considerations it follows that the use
of CDW for the treatment of the double ionization (instead
of CDW-EIS) would probably substantially reduce the dis-
crepancies between the shapes of the measured and calculated
two-electron cusp. With the use of CDW the IPM curves seen
in Fig. 4 are expected to be skewed to lower electron energies,
and consequently the DSCDS curves would also be enhanced
at the low-energy wing of the cusp. In the present work we
used CDW-EIS in the lack of a CDW theory that is suitable for
the treatment of the double ionization. Furthermore, our aim
was only to confirm the existence of the two-electron cusp,
and to give a theoretical support to the observed correlation
between the energies of the two electrons.

An interesting feature of the two-electron emission can be
seen in the right panel of Fig. 3. Close to the cusp maximum
the cross section varies very rapidly with the emission angle of
the electron e2. The strong angular dependence of the electron
emission in the projectile frame is manifested in a drastic
change of the energy spectrum in the laboratory frame as a
function of the observation angle around 0◦. This is shown in
Fig. 6 where energy spectra of e1 at laboratory observations
angles 0◦, 0.125◦, 0.25◦, and 0.5◦ are plotted with the condition
that e2 is ejected with energy E2 = 12 eV and at angle θ2 = 0◦.
As is seen, the peak is shifted and broadens with increasing
observation angle. The energy shifts and the changes of the
asymmetry of the cusp observed both experimentally and in
the present theoretical calculations for a finite acceptance angle
(see Fig. 4) can be traced back to the behavior of DI seen in
Fig. 6. The analysis of our DSCDS data shows that doubling
the size of the angular acceptance results in a three times larger
shift of the peak.
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FIG. 6. (Color online) Four-fold differential cross sections in the
laboratory frame as a function of ejection energy E1 for 100 keV
He2+ + He collisions at E2 = 12 eV and at θ2 = 0◦. The curves
are results obtained in the framework of DSCDS and IPM. DSCDS:
θ1 = 0◦, solid line; θ1 = 0.125◦, dashed line; θ1 = 0.25◦, dotted line;
θ1 = 0.5◦, dot-dashed line. IPM: θ1 = 0◦, dot-dot-dashed line.

IV. CONCLUSION

We investigated the existence of the two-electron cusp theo-
retically. We considered the simplest collision system in which
the phenomenon can be observed (i.e., the collision of He2+
ions with He atoms). In this system the two-electron cusp may
be formed via double ECC. Applying the frozen-correlation
approximation, we treated the one-electron ionization events
by the CDW-EIS theory, and for the description of the electron
correlation in the final state we used simplified forms of the
3C and DS3C approximations. The main physical issue of
the present work is the outcome of the competition between
two interactions (i) The repulsion between the two ejected
electrons, and (ii) the strong final-state (Coulomb-focussing)
interaction between the electrons and the outgoing projectile.
Our calculations carried out at 100 keV impact energy have
shown that in the 3C approximation the two-electron cusp does
not exist. Considering that the cusp is a threshold phenomenon

in the projectile-centered reference frame, our finding is in
accordance with earlier observations, namely that the 3C
model is unable to account for the two-electron emission in
the threshold region where the Wannier mechanism plays an
important role [2].

By applying a projectile-centered DS3C correlation func-
tion, our calculations showed the existence of a two-electron
cusp. The shift and the asymmetry of the cusp under special co-
incidence conditions were found to be in qualitative agreement
with those observed by Sarkadi and Orbán [19] in He0 + He
collisions. The similarity of the results obtained for the He2+
projectile of the present work and for the He0 projectile of the
experiment emphasizes the importance of the e-e interaction
in the final state: The spectral distribution of the two-electron
emission in the cusp region is dominantly determined by the
angular correlation of 180◦ between the electrons in the final
state.

The double ECC process is a real four-body problem (which
is hard to reduce to a three-body or two-body problem):
Besides the dominant interaction of the two outgoing ionized
electrons with each other and with the projectile one cannot
neglect the interaction of the electrons with the double-ionized
target in the final state [38]. A better understanding of the
phenomenon of the two-electron cusp could be achieved by an
extension of the CDW method that applies a correct four-body
boundary condition. In our treatment we applied a dynamically
screened effective charge only for the e-e interaction, where
its role proved to be essential. The effects of such effective
charges in case of the electron projectile/target interactions
are not obvious, and require more computational efforts that
we plan to implement as an extension of this work. Further
experimental data are also needed, first of all for the collision
system studied in the present work.
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