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Analytical results for a monochromatically driven two-level system
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We show that the frequently encountered physical model of a monochromatically driven two-level system is
exactly solvable. We present an analytical exact solution to this driven system in terms of two known special
functions. Our analytical solution is valid for all parameter regimes and may find applications in current solid-state

experiments.
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I. INTRODUCTION

The periodically driven two-level model has been an
important paradigm for understanding many fundamental
phenomena in diverse branches of physics [1]. One of
the simplest nontrivial models is the interaction of a two-
level system with a monochromatic driving field. Recently,
such a monochromatically driven two-level system has re-
ceived revived interest due to artificial two-level systems in
superconducting Josephson devices [2-7]. In these driven
artificial two-level systems, all relevant system parameters
are tunable, and thus different dynamical regimes can be
reached.

Although widely studied over the past few decades [8], up to
now an analytical exact solution to the simple driven two-level
system is still lacking. At present, there are various methods
for approximate solutions, such as the rotating-wave approx-
imation, the time-averaging method, and perturbation theory
[8-17]. The widely used rotating-wave approximation works
well under the conditions of near resonance and weak coupling
[9-11]. The averaging method is applicable for the weak-
coupling region or the high-frequency region [12]. The pertur-
bation theory is generally useful for weak-coupling, strong-
coupling, high-frequency, and low-frequency cases with a
suitably chosen small parameter in the perturbation expansions
[13-17]. However, the usual perturbation series give rise to
secular terms [18], which grow linearly as a function of the time
variable. In the strong-coupling and high-frequency regimes,
two complicated methods have been used to eliminate secular
terms [15,16]. In the strong-coupling case, an efficient iterating
approach has been suggested to be valid for a wide frequency
range [17].

In this paper, we go a step further to present an an-
alytical exact solution of the two-level system under a
monochromatic driving field with the help of two known
special functions. It is shown that, for a purely oscillating
driving field, the solution is given in terms of the Heun
confluent function, and, for the oscillating driving field
with a nonzero static component, the solution is given in
terms of the Heun double confluent function. Therefore,
this widely studied driven two-level system is an exactly
solvable model. Our analytical solutions work for all parameter
regimes and may find applications in current solid-state
experiments.
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II. ANALYTICAL EXACT SOLUTIONS
OF A PERIODICALLY DRIVEN
TWO-LEVEL SYSTEM

We consider a two-level system |1) and |2) described by
the following Hamiltonian (& = 1) [8-17]:

H() = %mw 22D+ SAD @I+ 2. ()

Here f(t) denotes the oscillating energy bias between the
two levels induced by the external periodic force, and in
our study we assume a general time dependence of the form
f(t) = fo+ f1sin(wr) with oscillating amplitude f;, oscillat-
ing frequency w, and nonzero static part fy; v is the coupling
constant between the two levels. The parameters v, fi, fo,
and w have the same units. Depending on the ratios between
these parameters, this system can be in different dynamical
regimes. The periodically driven two-level model occurs in
many physical situations, such as the semiclassical description
of the interaction of a two-level atom with a single-mode
field [19,20], the tunneling of a single particle in a periodically
driven double-well potential [21], and the light propagation in
two periodically modulated coupled waveguides [22-24].

Expanding the solution [i(¢)) of the time-dependent
Schrodinger equation for the Hamiltonian (1) in the set
{1D,12)}, [¥ (@) = a@)[1) + b(1)|2), we have

da v Jo N sin(t)
Yar T 2wb+(2a)+ 2w )a, @
db v & f1sin(t)
"t T 20" <2a) t )b‘ )

Since the ratios between these parameters are essential, we
have used the scale transformation t = wt. It is straightfor-
ward to show that the probability amplitudes a(tr) and b(t)
obey the following equations:

2 : 2 2
d—a+<if100” 4 Lot fisinT) +V—)a=0, (4)

drt? 20w 402 42

d%b ficost  (fo+ fisint)>  V?
(=i Y Vb=0,
at < e T aw T )

which are similar to the Schrodinger equation for a particle
in a periodic potential. Therefore, our later analytical results
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may find applications for ultracold atoms in optical lattices
[25,26].

We first consider the simple case of a purely sinusoidal
driving field (i.e., fo = 0). On making the transformations
z2(t) = sinz(r/2) and a(z) = explifiz/w]p(z), we find that
¢(z) obeys the Heun confluent equation [27,28]

d? +1 y+1\d +
¢ pA1 v >_¢+qu

d_z2+<a+ z z—1/)dz  z(z—1)

where g =8+ a(B+y +2)/2and p=n+B/2+(y — @)
(B +1)/2. Here the parameters «, B, y, 6, and n are
used in the widespread computer package MAPLE, and they
are given by o« =i2f/w, B =y =—1/2, § =if1/w, and
n = —if1/2w + 3/8 — v?/4w?. This equation has two regular
singularities at z =0 and 1 and an irregular singularity
at z = 0o. The local solution of Eq. (6) around z =0 is
the confluent Heun function, as a standard power-series
expansion around the origin, ¢(z) = HC(«,8,y,5,1n,2) =
Z;:io h,7" [27,28], where the coefficients h, are deter-
mined by the three-term recurrence relation A, h,, = B,h,— +
C,h,_» (n > 1) with the initial conditions 7o =1and h_; =0.
Here A, =14+8/n, B,=14+B+y —a—1)/n+[n—
B/2+ (y — &) (B + 1)/2]/n% and C, = [§ +a( +7)/2+
a(n — 1)]/n?. Another linearly independent solution of Eq. (6)
around z = 0 can be expressed as ¢»(z) = 7 PHC(a, — B,
y,8,n,z) [27,28]. With the two solutions, we obtain the two
linearly independent particular solutions for a(t):

¢=0, (6)

Yi(1) = e SCEDHC(, By, sinX(1/2),  (7)

Un(T) = e & S/ sin(t/2)HC(«, — B,y,8,n, sin®(t/2)).
®)

It follows from Eqs. (4) and (5) that ¥(7) and ¥} (t) are also
two linearly independent solutions of Eq. (5). Thus, one can
construct the general solutions for @ and b: a(t) = ¢, ¥ (7) +
cYra(t) and b(t) = diy{(v) + dr 5 (t), where the constants
c12 and d; , are determined by the conditions a(z), a’(1),
b(ty), and b'(1p) at the initial time t = 7p. Here the prime
denotes the derivative with respect to t. After a straightforward
calculation, we finally get

a(t) = U}, (r,10)a(ty) + U, (T, 70)b(10), )
b(7) = Uy, (t,70)a(to) + Up(T,70)b(%0), (10)

where U/, (t,79) = A1(1,70)/ 21(70,To) + i f1 sin(T0) Ao (T, T0)/
2001 (t0,70), UL, (T,70) = ivAa(T,10) /2001 (T0,T0), U, (T, 70) =
—Ullz*(t,rg), and Uzlz('(,l'()) = Ulll*(r,ro) with A(t,19) =
V1 (T)Y5(10) — Y2(0)Y((t9) and Ax(t,70) = Y1 (T)¥2(T0) —

Yo (7)Y (10). This leads to the time-evolution operator

Ul (t,7) Ullz(r,ro)> | an

_Ullik(fvro) Ullik(rvro)

Ui(t,10) = (

However, the Heun confluent function HC(«, 8,y,8,n,2) is
convergent within the circle |z| < 1 [27,28]. At z =1, it is
divergent, since z = 1 is the singularity of Eq. (6). Therefore,
because of 0 < z(t) < 1, the exact solutions (9) and (10) are
not valid at z = 1. To find the solutions at z = 1, we need
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to consider the local solution relative to z = 1. After the
substitution of x(t) = 1 — z(7) into Eq. (6), we have

d*¢ y+1 B4+1\dp Ggx+p
P (a4 X - PP 2L aXTP
dx2+< “t x +x—l)dx x(x—l)¢

(12)

where § = -8 —a(B+y+2)/2 and p=n+38+y/2+
(y + @) (y + 1)/2. Equation (12) is also a Heun confluent
equation with different parameters. Near z = 1, we obtain two
linearly independent particular solutions for a(t):

¥s(x) = e 4 CODHC(—ay, B, — 8,1 + 8, cos*(t/2)),
(13)
Ya(T) = e % /D co5(7/2)
x HC(—a, — ¥,B, — 8,0+ 8, cos’(z/2)). (14)

The general solutions for a and b are thus given by a(t) =
c3Y3(7) + caa(t) and b(v) = d3 3 (t) + dy iy (T), where ¢34
and ds 4 are constants determined by the conditions a(t;),
a'(ty), b(ty), and b'(1y) at time T = 7;. Similarly, we can get

a(t) = U (z,m)a(t) + Uh(t,t)b(T1), (15)
b(v) = U (r,m)a(ti) + Usy(z,11)b(T1), (16)

where U (t,71) = As(t,11)/As(t1,71) +ifi sin(r) Ag(z,71)/
2a)A3(rl,r1),U122(t,rl) :ivA4(r,t1)/2a)A3(r1,tl),Uzzl(t,rl) =
—U¥(z,11), and U (t,7)) = U¥(r,71) with As(r,7)) =
V3D (t1) — Ya()¥s(t) and Ay(t,71) = Y3(0)Ya(r)) —

Ya(t)Y¥3(71). The corresponding time-evolution operator is

givenby
U (I,I]) UZ(I,TI)
! ! . (17)

—Uj(t,n) Uff(r,m)

Us(t,T1) = (

These analytic exact solutions relative to z =0 and z =1
can be connected at the common regions of 0 < z(7) < 1
and 0 < x(7t) =1 —z(r) < 1. With Egs. (11) and (17), we
can construct the total time-evolution operator by dividing
the evolution time into different time intervals. For each time
interval, we have the corresponding time-evolution operator.
For example, the well-known Floquet operator F(T',0), defined
as the time-evolution operator over one period T = 2, can
be written as

FQ2nr,0) = Ui2n,)Us(12,71)U1(71,0), (18)

where 1, must be appropriately chosen to avoid the cases of 7 =
1 and x = 1. In Fig. 1, we use the computer package MAPLE
to show our analytical and numerical results for three set of
parameters corresponding to the high-frequency, resonance,
and low-frequency cases, respectively. It is clearly seen that
they agree very well. To show our analytical solutions, we have
taken 7, = 3n to connect solutions in different time intervals.
In particular, for the case of f;/w = 2.404 and v/w = 6, the
system initially in the level |1) remains almost in the same
level. This effect is known as coherent destruction of tunneling
and was found originally by Grossmann et al. for a particle in
a driven double-well potential [21].

Now we consider the general case in the presence of
the static part fy. On substituting the transforms z;(t) =
—itan(tr/2) and a(t) = exp[— fi sin(7)/2w]¢(z;) into Eq. (4),
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FIG. 1. |a(t)|* vs the dimensionless time T with a(0) = 1 and
b(0) =0 for (a) v/ =1/6 and fi/w = 2.404, (b) v/w =1 and
fi/wo=1, (c) v/w =10 and f;/w = 10. The circles are for the
numerical results with Eqs. (2) and (3), and the solid lines are for
the analytical exact results. To compute our analytical exact solutions,
we have taken 7, = 3n to connect solutions in different time intervals.

it follows that ¢(z) obeys the Heun double confluent equation
[27,28]

¢ 22( - 1) —a(f - 1) dg

dzi (2—1)° dz

Bz} + (y + @)z + 6

(1)’

where the parameters «, B, y, and § are also used

in the widespread computer package MAPLE, which

reads = i2f/w, B = —(f§ + f2+v)/* +i2fi/o,y =

idfofi/w?, and 8= (f}+ ff +v)/w® +i2fi/o. This

equation has two irregular singularities, located at z = —1

and z =1, and the origin z =0 is a regular point. The

Heun double confluent equation has a local solution ¢;(z;) =

HD(e,B,y,8,z1), which is called the Heun double confluent

function. Another independent solution can be given by

¢2(z1) = exp[—az1/(z] — DIHD(—a, B,y.8,z1). With the two

solutions, we obtain the two linearly independent particular
solutions for a(t):

=0, (19)

x1(7) = e~ % OHD(, B,7.6,
$o(7) = e " OHD(=a, B, 7.5,

—itan(t/2)), (20)
—itan(z/2). (21)

Following our above treatment, we immediately obtain the
time-evolution operator

5 Ul(t,r)  Ul(t, )

Ui(t,50) = - , (22)
-Ul5(t,n) Uf(r,70)

where Ull(r 70) = Ay(T, 70)/~ Ai(7,70) + il fo+ fisin(zp)]

Az(r to)/ZwAl(ro,to) and U 2(1’ Ty) = lUAz(‘L’ ro)/2a)A2
(t, ro) Here A, 2 have the same expresswn with A, by

,,,,,

similar expressmns Because the radius of convergence of
the Heun double confluent function is |z;] < 1, together with
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71 € i[—00,00], our solutions are valid only in a certain time
interval. For simplicity, we only consider the solutions in a
period T. Clearly, our time-evolution operator U (7, 7p) is valid
forO0<n< 7t <m/2and37/2 < 19 < 7 < 2.

To obtain the solutions relative to z; = —i at T = /2, we
can make other different transforms z, = —i tan(t/2 — 7 /4)
and a(z;) = explifi cos(t)/2w]¢(z2), thereby leading to an-
other version of the Heun double confluent equation:

& 20(3 - 1)° —F(3 - 1) dg.

dz3 (2—1) dz;
o ~
1)
Bzy + (¥ + 05)222 o4 23)
(z2-1)
where the parameters are & = —2f /o, f = —(f3 4+ v> —

2fof1)/@?, 7 = 4fi/w, and § = (f§ +v* +2f fi)/w’. The
resulting two linearly independent particular solutions for a(t)
can be written as

15(1) = ¢ 5 OHD@, 3.7,
X4(T) — e*iz% COS(I)HD( &’

itan(z/2 —m/4)), (24)

5, —
B.7.8, —itan(t/2 — 7w /4)).
(25)

The corresponding time-evolution operator is given by

U (r,11) gfz(r,m)’ 6

Ur(t, 7)) = ~

(—Ulzz*(r,rl) Ulzf(r,rl)
where U”(r 7)) = As(t, n)/As(n,rl) +ilfo + fisin(z1)]
A4(‘L’ ‘L'1)/26L)A3(‘L’1,1'1) and U 2(1’ 1'1) = ll)A4(‘L' rl)/ZwAg
(t,71). We can see that the time-evolution operator Ug(‘L' T1) 18
valid for 0 < 7; < © < 7. Therefore, the two time-evolution
operators can be connected at the time 7; = w/2 — Aty with
At being positive small.

To give the solutions at T = 7, for which |z;| > 1 and z, =
—i,the substitutionof x; = 1/z; =i cot(r/2) into Eq. (19) can
yield another version of itself. The corresponding parameters
transform according to o = —¢, = —6, and y = —y.
Therefore, the resulting two linearly independent particular
solutions for a(t) can be written as

%5(t) = e "OHD(~q, — 5, — y
x5(¥) = ¢ " OHD(e, — 8, — y.

— B,icot(t/2)), 27)
— Bicot(t/2)). (28)

The corresponding time-evolution operator is given by

Ut  Ul(t.m) )
~ ) (29)

Us(t,ma) = ( ~, 3

=Uj5(r, 1) Uif(r,10)
where U“(r ) = As(z, rz)/As(Tz,Tz) + il fo + fisin(r)]
AG(T ‘L'2)/26L)A5(‘L’2,T2) and Ulz(r 7)) = lUAé(T rz)/2wA5
(r,72). The time-evolution operator is valid for m/2 <
T < 3 / 2. Therefore, the two time-evolution operators
Uz(t 71) and U3z(7,T2) can be connected at 7, = 7 — A1, with
AT, being positive small.

To obtain the solutions at T = 37/2, on substituting x, =
1/zp = icot(t/2 — m/4) into Eq. (23), we have another ver-
sion of it. The corresponding parameters transform according
to @ = —a, B = —98, and ¥ = —¥. Therefore, the resulting

032117-3



QIONGTAO XIE AND WENHUA HAI

two linearly independent particular solutions for a(t) can be
written as

Xx7(7) = 2 OHD(-&,

-3, =¥, — Bicot(t/2 — m/4)),
(30)
— B.icot(t/2 — m/4).
3D

-/ . ~ ~ ~
x3(1) = ¢ 7w OHD@, — 3, — ¥,

The corresponding time-evolution operator is given by

N Uh(t,m)  Uht,m)
Us(t,13) = - ~ , (32)
4 4
U5 (r,3) Uff(r,13)

where U11(T 73) = Aq(t, Ts)/A7(T3 ) + il fo + fisin(z3)]
Ag(‘[ r3)/2a)A7(r3 73) and Ulz(r 73) = lUAg('L’ 13)/2a)A7
(7,73). The time-evolution operator is valid forr < 13 < 7 <
27 . Therefore, the two time-evolution operators U3(r 7p) and
U4(r 73) can be connected at 13 = 37 /2 — Atz with A1s being
positive small. In addition, the two time-evolution operators
Ui(t,19) and Uy(t,73) can be connected at 79 = 2w — A1y
with Aty being positive small. With these time-evolution
operators, the well-known Floquet operator F (2m,0) can be
written as

F = U,2n,t4)Us(t4,73)Us(13, 1) Us(12, 1)U (11,0).  (33)

It is known that in certain parameter regimes some
approximations can be used to obtain analytical results for this
periodically driven two-level system, such as high-frequency,
rotating-wave, and adiabatic approximations. For simplicity,
we only focus on the simple case of fy = 0. We assume that
the system is in an initial state with a(0) = 1 and 5(0) =
In the high-frequency limit 0 < v/w < 1, the high-frequency
approximation (HFA) gives the following approximate results
[12-16]:

_af Gt VT
aupa(t) = €70 ) cos [2— Jo(fi /aﬂ], (34)
w

bira(r) = —ie ™% <@ sin [Z—Jo(fl/a»} (35)
where Jy( f1/w) is the zero-order Bessel function. The rotating-
wave approximation usually works well for near-resonance
and weak-coupling cases. For brevity, we consider the exact
resonant case of v/w = 1. The weak coupling corresponds to
the weak field situation with 0 < f; /@ < 01in the Hamiltonian
(1) for the driven system. The rotating-wave approximation
(RWA) leads to [9-11]

1 .
arwa(t) = E [e_”’/4 cos (% — %)

; fit T
in/4 Je e
te cos(4w + 2)} (36)
brwa(T) = % |:e_”’/4 sin <£Z — %)
+ ™4 gin (fl + §)i| . (37)

For the low-frequency (LF) case of v/w > 1, it then follows
on applying the adiabatic approximation that [13]

aie(r) = §[e T B BB, (r) 4 e Tl B0y (1)], (38)
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%[ il E+(S)d5(p_(-,;) + e—ilo E_(s)ds¢+(.c)]’
(39)

f2sin’(t) + v%/2w are the instantaneous

bir(t) =

where E4(7t) = &

eigenvalues and ¢y :\/1 + f12 sin?(t)/ f12 sin?(t) + v2.
These approximate results are applicable for the total time.
However, the analytical solutions given by Egs. (9), (10),
(15), and (16) are valid in different time intervals, and they
are connected at the common region of 0 < sin?(r/2) < 1
and 0 < cos?(r/2) < 1. For example, with 7y = 0 in Egs. (9)
and (10), we have

a(t) = e,,fst( )HC _lz_fl _l — l lﬁ
o’ 2 2w’
fl V2 .2 T
—l—t=-——, — , 40
oy +3 g8 402" 2 (40)
b(‘[) = —i_vei%Sinz(%) sin z HC* _i%’l’ — l,iﬂ,
w 2 w 2 2w
fl v2 ) T
—l— —, - , 41
" +3 8 402" 2 “1

where we have used the identity HC(w,B,y,5,n,2) =
exp(—az)HC(—a,B,y,8,n,7) for z < 1. Although the above
analytical exact solution is valid for 0 < 7 < 7, on applying
the following relations [29]

1 13 2
cos u = HC 0,——,——,0,——M—,sin2 z ,
2 2 2 '8 4 2
. fut . (T 1 1 3 u* (T
sin{ — )=usin|{-JHC{0,-, — =,0,— — —,sin“ [ = |),
2 2 2 278 4 2

and HC(—-i2f\/w, — 1/2, — 1/2,if1/w, —if1/20w+3/8,
sin’(t/2)) = 1, we obtain the expected results that when
fi/wo=0, we have a(r)=cos(vi/2w) and b(1r)=
—isin(vrt/2w), and when v/w =0, we have a(r)=
exp[—ifi sin’(t/2)/w] and b(tr) = 0. However, it is a very
difficult task to give the analytical expressions for the
asymptotic behavior of the analytical exact solutions in
various parameter regimes, since the theory of the Heun
functions is not developed enough.

III. CONCLUSION

In conclusion, we have given an analytical exact solution
of a two-level system driven by a sinusoidal driving field
in terms of two special functions. For a purely sinusoidal
driving field, the analytical exact solution is given with the
help of the Heun confluent function. For a general sinusoidal
driving field with a nonzero static component, the analytical
exact solution is given with the help of the Heun double
confluent function. Although one of our original aims is to use
these analytical exact solutions to test the validity of various
approximation methods, there is not enough mathematical
knowledge about the asymptotic behavior of the two special
functions in different parameter ranges. This needs further
study of the two special functions. Additionally, our analytical
solutions may find applications in optical lattice systems and
current solid-state experiments.
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