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Polarizability of Rn-like Th4+ from spectroscopy of high-L Rydberg levels of Th3+
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Binding energies of high-L Rydberg levels of Th3+ were measured using the resonant excitation Stark ionization
spectroscopy technique. Analysis of the data with the long-range polarization model leads to determination of
dipole and quadrupole polarizabilities of the free Th4+ ion, αd = 7.61(6) a.u., αQ = 47(11) a.u.
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I. INTRODUCTION

The Th4+ ion is a closed-shell Radon-like ion with a
ground-state configuration of 6p6 1S0. It is the most common
charge state of Th in chemical compounds [1]. The lowest
excited states of this ion are believed to be 6p55f levels
with excitation energies in the range 17–20 eV [2], but
no optical spectroscopy exists for this ion [3]. The most
significant dynamic properties of Th4+ are its dipole and
quadrupole polarizabilities. Experimental measurement of
these properties can begin to test the various theoretical
methods used to describe this highly relativistic multielectron
ion. Such descriptions are of course imbedded in the even more
complex calculations used to describe the chemistry of Th and
of other actinide elements.

The polarizabilities of Th4+ can be measured by attaching
a single electron to the Th4+ ion in a highly excited, nonpen-
etrating Rydberg state. The binding energy of such a Rydberg
electron depends slightly on its orbital angular momentum,
and measurement of the Rydberg electron’s binding energy
across a range of high-L levels can be used to determine the
polarizabilities of the ion binding it. A general method for
forming and studying such high-L Rydberg levels is provided
by the resonant excitation Stark ionization spectroscopy
(RESIS) technique. A fast beam of the ion of interest (v/c ∼
0.001) captures a single electron from a dense Rydberg target.
Resonant charge transfer results in capture into very highly
excited levels of the Rydberg ion. These can be further excited
by a Doppler-tuned CO2 laser, and this excitation can be
detected by Stark ionization of the upper level. The frequency
resolution of the CO2 excitation is sufficient to partially resolve
the binding energies of a range of high-L levels, giving a
measurement of the ion polarizability. This technique is easily
adapted to different elements and different charge states and
has been used in the past for a wide range of studies [4].

II. EXPERIMENT

This study is carried out with the same apparatus used
recently to determine the polarizabilities of Pb2+ and Pb4+ by
the RESIS method [5]. A beam of Th4+ ions is extracted by
sputtering Th metal in a 14-GHz permanent magnet electron
cyclotron resonance ion source. The beam is accelerated
to approximately 100 keV, mass and charge selected in a
20◦ magnet, and focused through a 2-mm-diam aperture by two

pairs of electric quadrupole doublet lenses. There it intersects
the Rydberg target, a thermal beam of Rb excited to the
10F level by three continuous-wave lasers. A few percent
of the Th4+ ions capture an electron to become highly excited
Rydberg states of Th3+, and these are then charge selected by a
15◦ bending magnet. The Rydberg Th3+ beam passes through
two einzel lenses, which focus the beam and ionize any very
weakly bound Rydberg levels, and then passes through the
CO2 laser beam. The CO2 laser line is selected to nearly
match a possible upward transition between Rydberg levels
of Th3+ and is fine-tuned by varying the angle of intersection
between the fixed-frequency CO2 laser and the fast ion beam.
Table I lists the transitions and laser lines used in this study.
When the Doppler-tuned laser frequency is resonant with an
upward transition, very highly excited Rydberg ion levels
are produced. These are detected by Stark ionization and
collection of the resulting Th4+ ions. Figure 1 shows the RESIS
spectra obtained in this study for the first transition listed in
Table I. The horizontal axis in Fig. 1 gives the difference
between the Doppler-tuned laser frequency and the nonrel-
ativistic hydrogenic transition frequency for the transition.
The sequence of resolved lines corresponds to excitation of
L = 10, 9, 8, and 7 levels in n = 37, as indicated in Fig. 1.

The clear pattern of line positions displayed in Fig. 1 is
not, in itself, sufficient to provide identification of the resolved
lines. If an approximate value of the dipole polarizability is
known, accurate to within a factor of 2, this can be used to
identify the lines using the effective potential model discussed
below. Sometimes, such an initial estimate of αd can be
obtained by study of Rydberg series of lower L in Rydberg
states whose core is the ion in question. This approach was
used successfully in the recent study of Pb2+ and Pb4+ [5].
Since very little optical spectrosopy of Th3+ is available [3],
the line identifications shown in Fig. 1 were obtained from
a theoretical estimate of the Th4+ polarizability. Safronova
calculated a polarizability of 7.75 a.u. [6] and suggested that
this estimate was probably accurate to 5%, which is more than
adequate to identify the lines. Although optical spectroscopy
of Th3+ is very sparse, the location of the 5g level and the
Th3+ ionization energy have been reported [7] and these data
confirm the line identifications, as discussed below.

The laser is Doppler tuned by reflecting it from a rotatable
mirror mounted on a computer-controlled rotation stage. The
resulting frequency in the rest frame of the Rydberg ion
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TABLE I. Specific RESIS transitions used in this study and the
CO2 laser lines used to excite them.

Transition (n.n′) E0
a (cm−1) CO2 line EL (cm−1)

(37, 73) 953.057 7 10P (10) 952.880 9
(38, 79) 934.590 8 10P (30) 934.894 5
(37, 76) 978.556 1 10R(24) 978.472 3

aColumn 2 shows, in each case, the nonrelativistic hydrogenic
transition energy.

depends on the speed of the ion and the angle of intersection
between the laser and ion beam:

ν ′
L = νL√

1 − β2
(1 + β cos θint), (1)

where β is the speed of the beam in units of c and θint is the
angle of intersection, determined from

θint = 90◦ − 2(θobs − θ⊥), (2)

where θobs is the reading of the rotation stage and θ⊥ is the angle
at which the intersection is exactly 90◦. For this study, β was
determined by calibration of the acceleration potential and θ⊥
was determined by observation of a RESIS spectrum whose
scale is precisely known from microwave spectroscopy [8].
The precision of θ⊥ is limited by the pointing stability of the
ion beam. The values determined were

β= 0.000 9608(10), θ⊥ = 1.08(1)◦.

The uncertainties in these two constants were the pri-
mary source of uncertainty in the line positions reported
here.

Table II lists the transitions used for this study and reports
the value of θint at which they were observed and the
corresponding value of �E, the difference of the transition
frequency from the hydrogenic frequency. The uncertainties
shown there include only the statistical uncertainties from
fitting the resonance lines and not the uncertainties due to
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FIG. 1. RESIS excitation spectrum of the n = 37–73 transition in
Th3+. The x axis represents the energy difference from the hydrogenic
energy of the 37–73 transition. The 10× magnified plot allows a
better view of the resolved signals. The asterisks indicate �L = −1
transitions.

TABLE II. Resolved RESIS transitions observed in this study.

Number of θint
a �EStark b �Eobs c

Transition observationsd (deg) (MHz) (MHz)

(37,10)-(73,11) 16 75.850(24) 1(1) 1414(11)
(37,9)-(73,10) 16 73.848(24) 1(1) 2340(11)
(37,8)-(73,9) 16 69.786(18) 1(1) 4188(8)
(37,7)-(73,8) 8 60.918(58) −2(2) 8048(24)
(37,7)-(76,8) 3 67.926(86) −1(1) 8095(39)
(38,10)-(79,11) 18 106.776(28) 1(1) 1334(13)
(38,9)-(79,10) 21 104.894(26) 2(2) 2814(12)
(38,8)-(79,9) 16 101.168(34) 3(3) 3889(16)

aAveraged intersection angle of the transition in column 1.
bSmall Stark shift correction applied.
cEnergy difference of the observed transition from the hydrogenic
energy of the transition. The error reported on the measurement is the
statistical error resulting from the error in the determination of the
intersection angle listed in column 3.
dNumber of independent observations of the transition in column 1.

β and θ⊥. In general, upward transitions are allowed for two
possible values of upper state angular momentum, �L = ±1.
The �L = 1 is the stronger transition, and the only one which
we use in the analysis that follows. The weaker �L = −1
transitions occur at slightly lower values of �E and are
indicated in Fig. 1 by asterisks. When the primary �L = 1
line was well resolved it was fit to a single Gaussian function
to extract the line position. For the initial states with L � 9,
where the weaker �L = −1 transition was not completely
resolved, the composite line was fit to a superposition of two
Gaussians with the strength and relative position of the weaker
line fixed by study of the better resolved cases.

Another experimental issue is the possible effect of stray
electric fields within the laser interaction region, which could
cause Stark shifts in the upper state of the transition. By
studying the widths of the RESIS transitions, and especially the
variation in width with angular momentum, it was determined
that the stray field was �0.05 V/cm. The effect of fields of
this size is very nearly negligible for this study. The predicted
effect was calculated by diagonalizing the Stark Hamiltonian
of the upper state and simulating the expected RESIS transition
as a function of stray field. A small correction and uncertainty
were applied to each line position based on these studies.
Table II shows the applied Stark corrections. The final column
of Table II represents the interval in the absence of Stark
shifts.

III. ANALYSIS AND RESULTS

The deviation of the individual line positions from the
hydrogenic value is primarily due to the polarization energies
in the upper and lower levels of the transition. The polarization
energy is the expectation value of an effective potential,

Veff = − αd

2r4
− (αQ − 6βd)

2r6
+ · · · , (3)

in which the coefficients are properties of the Th4+ core: dipole
(αd) and quadrupole (αQ) polarizabilities and the nonadiabatic
dipole polarizability (βd). For reference, expressions for each
of these core properties are reproduced in the Appendix. Two
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TABLE III. List of the small corrections applied to determine the
first-order energy differences arising from the long-range interaction
of the Rydberg electron with the Th4+ ion core from the measured
frequency offsets. Columns 1 and 2 are reproduced from Table II for
reference; columns 3 and 4 represent the small energy contributions
arising from the second-order and relativistic energies; and column
5 gives the portion of the energy offset �Eobs that is due to the
expectation value of Veff .

Transition �Eobs �E[2] �Erel �E[1]

(n,L)-(n′,L′) (MHz) (MHz) (MHz) (MHz)

(37,10)-(73,11) 1415(11) 0.876(14) 57.5 1356(11)
(37,9)-(73,10) 2341(11) 2.695(43) 65.5 2272(11)
(37,8)-(73,9) 4189(8) 9.403(149) 75.3 4103(8)
(37,7)-(73,8) 8046(24) 38.479(364) 87.7 7922(24)
(37,7)-(76,8) 8094(39) 38.504(365) 89.1 7967(39)
(38,10)-(79,11) 1335(13) 0.816(13) 54.7 1279(13)
(38,9)-(79,10) 2186(12) 2.508(40) 62.1 2119(12)
(38,8)-(79,9) 3892(16) 8.739(139) 71.3 3809(16)

other smaller contributions to the Rydberg energies are due
to relativistic corrections, Erel, and second-order corrections,
E[2]. The relativistic correction is the hydrogenic value coming
from the p4 correction to the Rydberg electron’s kinetic energy.
The second-order correction comes from applying Veff in
second order and has been calculated analytically by Drake
and Swainson if only the leading term proportional to α2

d
is included [9]. By removing the small contributions from
these two terms, the dominant effect, due to the expectation
value of Veff , is isolated, simplifying the subsequent analysis.
Table III shows the reduction of the measured line positions
to the difference of the expectation values of Veff in the upper
and lower levels of the transition:

�E[1] = �Eobs − �Erel − �E[2]. (4)

A scaled plot should remove most of the variation of �E[1]

with n and L and yield estimates of the core parameters
occurring in Veff :

�E[1]

�〈r−4〉 = αd

2
+ (αQ − 6βd)

2

�〈r−6〉
�〈r−4〉 + · · ·

= A4 + A6
�〈r−6〉
�〈r−4〉 + · · · , (5)

Figure 2 shows such a scaled plot. It is completely consistent
with the linear trend expected if higher terms in Veff are
negligible. The fit returns the following parameters:

A4 = 3.806(30), A6 = 13.0(2.1).

The fitted value of A4 gives the dipole polarizability of Th4+:

αd = 7.61(6) a.u.

The coefficient βd is related to the same dipole transition
strengths between the ground and excited states of Th4+ that
determine αd. If αd were entirely due to excitation to a single
level with excitation �Ecore, then βd would be simply related
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FIG. 2. Plot of the scaled first-order polarization energies in Th3+.
The triangles represent the scaled energies determined from the 37–73
transitions, the circle represents the scaled energy of the (37,7)–(76,8)
transition, and the squares represent the scaled energies determined
from the 38–79 transitions. The vertical axis represents the ratio of
the first-order polarization energies to the difference of expectation
values of r−4 in the upper and lower state of the transition. The
horizontal axis represents the ratio of the expectation value differences
of r−6 to r−4. The solid line represents the fit of all the data to the
linear form predicted by the long-range polarization model. The open
circle indicates the intercept, determining the dipole polarizability.
All energies and lengths are in atomic units.

to αd by

βd = αd

2�Ecore
. (6)

However, knowing only the total polarizability, without knowl-
edge of which excited levels contribute to it and what their
excitation energies are, gives only a crude estimate of βd.
Theoretical estimates [2] place the lowest dipole excited level
of Th4+ at about 20 eV (0.735 a.u.) and the ionization energy
at 58 eV (2.13 a.u.). If we assume that most of the dipole
transition strength comes from bound levels of Th4+, we
can crudely estimate that 1.8 � βd � 5.2. This allows an
estimate of the quadrupole polarizability αQ from the measured
parameter A6:

αQ = 2A6 + 6βd = 26(4) + 21(10) = 47(11) a.u. (7)

Such a large value of αQ is consistent with the fact that the
lowest excited levels of Th4+ are 6p54f levels that would
be quadrupole excited. It would, of course, be preferable to
have a more precise estimate of βd, making possible a more
precise estimate of αQ from the fitted parameter A6. An
alternative approach would be to compare A6 directly to
the proper linear combination of the two calculated core
parameters αQ and βd.

Optical spectroscopy of Th3+ has established the excitation
energy of the 5g level (159,379 cm−1) and the Th3+ ionization
energy [231,065 (242) cm−1] [7]. Although the 5g level may
not be precisely described by the long-range model, these two
values suffice to place a point on a scaled plot similar to Fig. 2
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FIG. 3. Plot of the scaled first-order polarization energies of Th3+,
assuming three possible identifications of the transitions shown in
Fig. 1. The solid circles represent the scaled energies of the transitions
as identified in Fig. 1, and the solid line represents the extrapolated
fit of the long-range polarization model to the solid circles. The open
triangles represent the scaled energies if the L’s of the identified
transitions are all increased by 1 unit. The open squares represent
the scaled energies if the L’s of the identified transitions are all
decreased by 1 unit. The dashed lines represent linear fits to the
open triangles and squares. The open diamond represents the scaled
first-order energy of the 5g state observed by Klinkenberg [7]. This
point is consistent with the extrapolation of linear fit using the chosen
line identifications but not with the alternate identifications.

corresponding to the 5g level:

E
[1]
5g = E5g − EI + RM

52
− E

[2]
5g . (8)

Figure 3 shows such a plot, including the points from Fig. 2
as solid circles and the analogous scaled points that would
result if the line identifications were shifted by one unit up or
down in L by open triangles or squares, respectively. All three
cases are consistent with linear fits, also shown in Fig. 3, but
with widely varying intercepts and slopes. The single point
corresponding to the scaled energy of the 5g level is shown in
Fig. 3 as an open diamond. It is completely consistent with the
fitted line from the polarization plot of Fig. 2, shown as a solid
line in Fig. 3, but inconsistent with the linear fits corresponding
to the two alternate line identifications. This confirms the line
identifications of Fig. 1. The uncertainty in the 5g point is
due primarily to uncertainty in the ionization energy of Th3+.
If the applicability of the long-range model to the 5g level
were more certain, or if the positions of more and higher
L levels of Th3+ were known, this analysis could improve
the precision of the Th3+ ionization energy. An additional
reason for rejecting the alternate identifications in Fig. 3 is the
physically unreasonable values of αQ that they would imply.

IV. DISCUSSION

Table IV summarizes the Th4+ properties determined by
this study and compares them, when possible, with theoretical
predictions. Calculations of dipole polarizabilities have been
reviewed recently by Mitroy et al. [10]. For Th4+, a range
of theoretical predictions is available. The results from a

TABLE IV. Comparison between the Th4+ properties determined
in this study and the results of several theoretical calculations. All
quantities are expressed in atomic units.

Quantity Expt. Theory (Theory)/(Expt.)

αd 7.61(6) 10.26 (HF)a 1.348(8)
8.96 (DHF)b 1.177(8)
7.75 (RRPA)c 1.018(8)
7.699 (RCCSD(T))d 1.012(8)

αQ-6βd 26.0(4.2)
βd 3.5(1.7)e

αQ 47(11)

aFraga, Karwowski, and Saxena [10].
bDerevianko [11].
cDerevianko [11] and Safronova [6].
dBorschevsky and Schwerdtfeger [12].
eEstimated from αd, as described in text.

Hartree-Fock (HF) calculation [11] and from a fully relativistic
Dirac-Hartree-Fock (DHF) calculation [12] are shown for
comparison. A result obtained with relativistic random phase
approximation (RRPA) [6,12] is expected to be more accurate,
with an estimated precision of 5%. It agrees with the experi-
mental measurement to well within this precision. Agreement
with the calculation of Borschevsky and Schwerdtfeger [13],
obtained using a relativistic coupled-cluster method including
single, double, and partial triple excitations RCCSD(T) [14]
is also very good. It will be very interesting to compare
the measured ion polarizability to predictions obtained with
methods that are more typically used in descriptions of more
complicated systems [15]. To date, we are unaware of any
calculations of either βd or αQ.

Although Th4+ is a closed-shell ion, its polarizability is
quite large. This suggests that valence-core correlations are
significant in lower charge states of Th, such as Fr-like Th3+
and Ra-like Th2+. Some calculations assessing the effects of
such correlation directly input the Th4+ polarizability [16],
and these are improved by use of the measured value.

The measurement technique used here should be applicable
to other Rn-like ions, in particular Ra2+ and U6+. It would
be impractical with the more active Rn-like ions. Higher-
precision measurements should be possible using microwave
spectroscopy detected with the RESIS technique [17].
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APPENDIX

The core properties that appear in the long-range potential
are given by

αD = 2

3(2J + 1)

∑

e,J ′

|〈g,J |D|eJ ′〉|2
E(e,J ′)

,
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βd = 1

3(2J + 1)

∑

e,J ′

|〈g,J |D|eJ ′〉|2
E(e,J ′)2

,

αQ = 2

5(2J + 1)

∑

e,J ′

|〈g,J |Q|eJ ′〉|
E(eJ ′)

,

where J and J ′ are the angular momenta of the ground and
excited states, the sum is over all excited levels, and D and Q

represent the dipole and quadrupole moment operators:

D ≡
N1∑

i=1

riC
[1] (�i), Q ≡

N∑

i=1

r2
i C[2] (�i).
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