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A simple scheme is proposed to achieve three-mode continuous-variable (CV) entanglement in a coupled triple-
semiconductor quantum-well (TSQW) structure via tunneling-induced interference. In the present scheme, the
TSQW structure is trapped into a triply resonant cavity, and the tunneling-induced interference effects considered
here are the key to realizing entanglement. By numerically simulating the dynamics of the system, we show that the
strength of tunneling-induced interference can effectively influence the period of entanglement, and the generation
of entanglement does not depend intensively on the initial condition of the cavity field in our scheme. As a result,
the present research provides an efficient approach to achieve three-mode CV entanglement in a semiconductor
nanostructure, which may have an impact on the progress of solid-state quantum-information theory.
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I. INTRODUCTION

Quantum entanglement has become the investigative focus
in the quantum optics and quantum-information fields and
attracts much interest due to its wide applications in quantum
teleportation, quantum cryptography, quantum computation,
etc. [1-10]. In particular, continuous-variable (CV) entangle-
ment has received increasing attention from physicists [11-13]
due to its unconditionality for the implementation of many
quantum-information processes [14—16]. A large amount of
research has been devoted to the measurement [17-20] and
generation [21-25] of two-mode CV entanglement in recent
years. For example, Duan et al. [17] proposed a criterion
to determine the inseparability of the two-mode CV system.
Subsequently, Xiong et al. [21] studied the generation of two-
mode CV entanglement in a three-level atomic system based on
the quantum coherence induced by an external classical field.
Moreover, along with the progress on quantum-information
networks with many nodes, multimode CV entanglement
[26-38] has become an important topic of research due to
its ability to address different nodes in a quantum network.
For example, van Loock and Furusawa [26] proposed a
sufficient condition for judging genuine multipartite CV
entanglement. Based on this sufficient condition, Aoki et al.
realized experimentally a tripartite CV entangled state by
using beam splitters to combine three independent squeezed
vacuum states [27]. However, the beam splitter transformation
is linear, and it is therefore difficult to obtain entangled beams
of different frequencies based on their scheme. Subsequently,
Hu et al. [37] proposed a scheme for realizing three-
mode CV entanglement with different frequencies for each
mode in a coherent atomic system, where quantum coherence
is induced by a strong classical field. More recently, we
also have researched the generation of fully three-mode
CV entanglement in the tripartite-correlated emission laser
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(CEL) [38], which is an extension of the work in Ref. [21]
for realizing two-mode CV entanglement. The preceding
description shows that three-mode CV entanglement can
be realized in an atomic system based on the quantum-
coherence effects induced by a classical field. However,
the atom is a gaseous medium, and there are some de-
fects in the flexibility of device fabrication for a gaseous
medium.

In contrast, it has been shown that the semiconductor
quantum well (SQW) has properties similar to those of
atomic vapors such as discrete energy levels and controllable
quantum-coherence effects, which are generated either by an
external driving field or by interference in tunneling to an
electronic continuum (i.e., tunneling-induced interference).
In recent years, the SQW has attracted much attention due
to its many inherent advantages compared to the atomic
system, such as large electric dipole moments, high nonlinear
optical coefficients, and great flexibility in device design via
the choice of materials and structure dimensions [39-45].
Based on the corresponding quantum-coherence effects, gain
without inversion [46], coherent population trapping [47],
and electromagnetically induced transparency [48,49] have
been realized in the SQW system. Recently, Lee er al.
[50] proposed a triple-semiconductor quantum-well (TSQW)
model with one ground subband and three excited subbands
that are coupled by tunneling to the same electronic con-
tinuum. They demonstrated that two-color lasing without
population inversion can be realized in this system based on
tunneling-induced interference effects. Subsequently, coherent
population trapping, double tunneling-induced transparency,
slow light, transient gain without population inversion [51],
and optical bistability [52] were studied in this system. All
the mentioned characteristics of the SQW medium offer a
feasible platform for realization of many quantum-information
processes (e.g., quantum entanglement) in a solid-state semi-
conductor medium, which is significant for the progress of
quantum-information theory. To the best of our knowledge, no
related theoretical or experimental work has been carried out
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to realize three-mode CV entanglement in a TSQW system,
which motivates the current work.

In this paper, based on the standard criteria proposed by
van Loock and Furusawa [26], we propose a scheme for
achieving fully three-mode CV entanglement in a TSQW
medium, which is trapped in a nondegenerate triply resonant
cavity (see Fig. 1). The root for the generation of entan-
glement in our scheme is the quantum-interference effects
induced by tunneling between three excited states and the
same electronic continuum (i.e., tunneling-induced interfer-
ence). The major advantages of our scheme are as follows.
(i) The TSQW medium studied here is a solid, which
is much more practical than a gaseous medium (e.g., a
cold atom) due to its flexible design and widely adjustable
parameters. For example, the transition energies and dipole
moments can be manipulated well by accurately tailoring their
shapes and sizes, whereas they can hardly be found in the
models for a cold atom medium [46]. (ii) In the present scheme,
three-mode entanglement is generated based on tunneling-
induced interference effects, which can be obtained without
any additional classical field applied. From this viewpoint, it
is simpler than the previous schemes, in which the required
atomic coherence effect is induced by additional classical
fields coupling the corresponding atomic transitions [37,38].
(iii) According to the corresponding experimental parameters
in Ref. [50], the frequencies of intersubband transition in the
TSQW are usually in the far- and midinfrared scopes. So the
proposed system can serve as the source for generating infrared
entangled lights (e.g., A; =~ 8.6 um, A, ~ 8.1 um, A3 =~
7.5 pm, corresponding to the present scheme), which may
have wide applications in quantum communications.
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FIG. 1. (Color online) (a) Possible arrangement of the
experimental apparatus. The TSQW structure considered
here is trapped into a triply resonant cavity. (b) Schematic
band diagram of the TSQW structure consisting of a deep
well and two shallow wells coupled by tunneling to a
common continuum of energies through a thin barrier.
The ground states of two shallow wells and the first excited
state of the deep well mix to create three excited states of the
system. The electronic wave functions of the ground state of
the deep well and the three excited states are labeled |0), |1),
|2), and |3). The TSQW structure is sandwiched by a pair of
electrodes. (c¢) Schematic of the energy level arrangement
2 under study. Three nondegenerate cavity modes, v, v,,

and vs, resonantly couple with the corresponding transition
1) Im) — 10) (m = 1,2,3).

0)

The remainder of this paper is organized in four parts
as follows. In Sec. II, we first describe the model under
consideration and present the equation of motion for the
reduced density operator of the cavity field o . In Sec. III, the
generation of three-mode CV entanglement is demonstrated.
Finally, we conclude with a brief summary in Sec. IV.

II. MODEL AND EQUATION

As shown in Fig. 1(a), we consider a three-mode CEL
consisting of a TSQW medium inside a triply resonant cavity.
The TSQW medium [see Fig. 1(b)] considered here is the
same as that in Ref. [50] and it can be obtained by coupling
two shallow 6.8-nm-thick Aly,CaggAs wells separated by a
2.0-nm-thick Alg4CaggAs barrier and a deep 7.1-nm-thick
CaAs well to a common continuum (Al 165Cag g35As) through
a 0.7-nm-thick Aly4CapcAs Al barrier. The deep well and
its adjacent shallow well are separated by an Alj4CaggAs
barrier 2.5 nm thick. In the present system, the ground states
of the two shallow wells and the first excited state of the
deep well mix to create three excited states of the system
(labeled |1), |2), |3)) due to the tunneling between different
quantum wells. As shown in Fig. 1(c), the ground state of this
system is labeled |0). Three nondegenerate cavity modes, vy,
vy, and vs, resonantly couple with the transitions |1) < |0},
[2) < |0), and |3) < |0), respectively. For convenience, we
can choose the free Hamiltonian of this complex system Hy =
Vil +v202) 2] +v3I3) 31+ D 5 v[aiTai. Then, under
the dipole and rotating wave approximations, the interaction
Hamiltonian of our system can be written in the interaction
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picture as (7 = 1) [53-56]
H; = [g1a111){0] + £2a2/2)(0] + g3a3|3)(0] + H.c.], (1)

where alT and a; (i = 1-3) are the creation and annihilation
operators corresponding to three cavity modes. gi, g2, and g3
are the corresponding electron-field coupling constants.

Using the density-matrix formalism, the reduced density
equations of the field p s can be obtained by taking a trace over
the electron, which leads to

pf = _iTre[Hvae-f]

= (—igilal,pi0] — igalal, paol — igslal, p30] + H.c.),
)

where p,-f is the full election-field density operator and pjo =
(110e-£10). P20 = (21pe-f10), and psg = (3| pe-f[0). Then,
according to the standard methods of laser theory [57], pi0,
020, and p3p can be evaluated to first order in the coupling
constants g1, g2, and g3 as

) 30 .0 () . ©
pro=——p0+ ig3ps3as +igapyyar +igipyay
: 0 K31 K32
—ig3a3pyy) — — P10 — —= P20, (3a)
2 2
) Mo .0 . . ©
P20 = —7/020 + lgaﬂég)as + 182,052)02 + 181P§1)611
. K21 K32
—ig2arply) — — P10 — — P30, (3b)
2 2
) o .0 .0 ()
P10 = —7/010 + 183/053)03 + 182,052)02 + 181,051)611
: 0 Kot K31
- 181611,0(()0) — 5 P20 = P30, (3¢)

where o) is the corresponding zeroth-order matrix element
and p(()g) = 1. This assumption corresponds to a situation
in which the electron is initially prepared in the ground
state |0). It should be pointed out that we have added
phenomenologically the corresponding population decay rates
and dephasing decay rates in Egs. (3). The population decay
rates from subband |m) to |0}, denoted y,,, (m = 1,2,3), are due
primarily to longitudinal optical phonon emission events at
low temperature. The total decay rates I',,o are given by I'yg =
v+ )/fi(fh» =y + )/;oph, andIM30 = y3 + V;(?h,Where y,f,%h,
determined by electron-electron, interface roughness, and
phonon scattering processes, is the dephasing decay rate of the
quantum coherence of the |m) < |0) transition. «,,,, denotes
the coupling between the excited states |m) and |n) and occurs
due to tunneling-induced interference [50-52]. It gives rise
to the coherent phenomena that appear in this system and
describes the process in which a phonon is emitted by subband
|m) and is recaptured by subband |r). This coherence is the
key to realizing entanglement in our scheme, which replaces
the atomic coherence induced by the additional classical field
in the previous scheme [21,37,38]. The principle of generating
tunneling-induced interference can be summarized briefly as
follows. As shown in Fig. 1, levels |1), |2), and |3) are all
superposition states of the ground states of the two shallow
wells and the first excited state of the deep well. Then,
because the deep well is strongly coupled to a continuum
via a thin barrier, the decay from the first excited state of
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the deep well to the continuum inevitably results in these
three dependent decay pathways: from levels |1), |2), and |3)
to the common continuum. So the three decay pathways are
correlative, and they strongly affect each other, which results
in tunneling-induced interference in this TSQW system.

Via solving Eqgs. (3) and substituting the expressions p3,
020, and pjo into Eq. (2), we obtain the following master
equation for the density operator of cavity py:
pr = len(@laipy — arpral) + enlajapy — arpral)

+an(alapy — azppal) + ani(alaipy — aippal)

+an(alarps — appal) + ax(ajaspy — azpral)

+ azi(adarpy — arpral) + an(alapy — aypral)

+asy(alasps —aspral) + Hel —ki(ajaipy — prajay

—2a1pya)) — K(aarps — praja, — 2aypypal)

- K3(0§a3,0f - ,Ofa;QS - Zaspfag), (€]
where the coefficients o, (m,n = 1,2,3) are given by

2g} (K322 - 1ﬂ30F20)
Q) =

’

D
28182(k31k32 — Kk211730)
a1y = D )
2g183(Kk21k32 — k31T20)
13 = D s
2g281(k31K32 — K211730)
) = D )
o 2g§("321 - F10F30) (5)
20 =— )
D
28283(k21631 — K321710)
ay = 7 )
2g381(k21K32 — Kk311720)
3 = D ,
28382(k21K31 — k321710)
O3y = D ’
2g§( — K3+ r‘10F20)
o33 = D s

with
D = —2icyik31k30 + k310 + 13, T30 + on(K321 - 1_‘10F30)-
(6)

It should be pointed out that, in the preceding calculations, the
dampings of the cavity modes have been added phenomeno-
logically, and k1, k>, k3 denote the decay rates of the three cavity
modes, respectively.

Before starting the next section, let us qualitatively explain
the basis of fully generating three-mode CV entanglement
based on our scheme. Here, the essential reason for generating
three-mode CV entanglement is the tunneling-induced
interference, which is similar to the coherence effect induced
by the classical field in the atomic system. Specifically, per the
preceding description, coupling between level |1) and level
|2) (denoted k,;) due to electron tunneling will induce the
corresponding quantum-coherence effects and make the modes
a; and a, entangled. Similarly, the coupling between level
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|i) and level |3) (denoted «3;, with i = 1,2) will make modes
a; and a3 entangled. Therefore, the three-mode cavity field
considered here is not bipartite separable, that is, the bipartite
decompositions a; |a;as, a;|ajas, and az|a;a; are all entangled.
In other words, the three-mode cavity field considered here is
a fully three-mode CV entangled state in this situation.

III. THE GENERATION OF THREE-MODE
CONTINUOUS-VARIABLE ENTANGLEMENT

In this section, we discuss the generation of fully three-
mode CV entanglement based on the sufficient inseparability
criteria for a three-mode CV system [26]. As shown in
Refs. [58] and [59], a three-mode CV state is fully separable if
and only if the density operator for the state p can be written
as a convex combination of product state

1 2 3
p=> pir’ ®p ®p (7
j

withp; > Oand ) =1 ,05-1), ,0;2), and pf) are the normal-
ized states of three field modes, respectively. A three-mode CV
state is fully entangled if it is not bipartite separable. According
to the criteria derived in Ref. [26], the three-mode cavity
field considered here is fully entangled if any pair of the
following inequalities is satisfied simultaneously:

V12 = V(X1 - XZ) + V(Yl + Y2 + YS) < 4’ (83-)
V13 = V(X1 — X3) + V(Yl + Y2 + Y3) < 41 (8b)
V23:V(X2—X3)+ V(Y1+Y2+Y3)<4a (SC)

where X,, = @, + a), and Y,, = —i(a, — a},) (m =12,3)
are the quadrature operators for the three cavity modes, and
V(A) = (A?) — (A)? (A denotes an arbitrary operator).
Then, with the help of Eq. (4), we numerically simulate
the dynamical evolution of this system for different values of
parameters, as illustrated in Figs. 2—6. Note that, in the fol-
lowing numerical calculations, the choices of the parameters

gt

(N)
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are based on the investigation in Refs. [50] and [51]. It is
shown in the figures that three-mode CV entanglement can
be realized in the TSQW system based on tunneling-induced
interference effects. In addition, the numerical results show
that the entanglement period can be prolonged effectively via
enhancement of the intensity of tunneling-induced interfer-
ence, which can be obtained through reducing the dephasing
rate of the system. Before starting the following discussion,
we would like to introduce an interesting parameter, defined
by the ratio €, = kmn/~/I'molno (m,n = 1,2,3), to assess
the strength or quality of the tunneling-induced interference,
where the limit values ¢,, =0 and ¢,, =1 correspond,
respectively, to no interference (neglecting coupling between
|m) and |n)) and perfect interference (no dephasing).

In Fig. 2(a), we plot the evolutions of Vi,, Vi3, and V53,
when cavity modes a; and a; are initially in the coherence
state |10, —10), and aj is in the vacuum state |0). It is clearly
shown that V|, and V)3 can be simultaneously lower than 4
during a proper time interval (entanglement period), which
demonstrates that the three-mode cavity field will experience
the process of product state — fully three-mode CV entangled
state — product state along with the evolution of time. In other
words, the fully three-mode CV entangled state can be realized
in the present TSQW system. In addition, in Fig. 2(b), we also
present the evolution of the total average photon number of
cavity modes, (N) = (N;) 4+ (N,) + (NV3), for the same set of
parameters as in Fig. 2(a). The corresponding curve shows that
the total average photon number exhibits a fall due to the pres-
ence of cavity field losses. It can also be seen that, when the av-
erage photon number tends to vanish, correspondingly shown
in Fig. 2(a), the entanglement criterion is no longer satisfied
since the correlation among the three modes no longer exists.

Next we discuss the influence of tunneling-induced in-
terference strength (assessed by €,,) on the entanglement
property. In Fig. 3, we plot the evolutions of Vi,, Vi3, Va3,
and (N) when the tunneling-induced interference is enhanced
(i.e., €21, from 0.31 to 0.43; €31, from 0.34 to 0.47; €3,, from

200
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FIG. 2. (Color online) Evolutions of Vi, Vi3, and V,3 (a) and the average photon number (N) (b) in terms of normalized

interaction time gf, when the cavity field is initially in the state |10, —10,0). Various parameters are y; = 1.0 ps~
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FIG. 3. (Color online) Evolutions of Vi,, Vi3, and V)3 (a) and (N) (b) in terms of normalized interaction time gz, when the cavity field is

initially in the state |10, —10,0). Various parameters are the same as in
€] = 043, €31 = 046, €3p = 049)

0.37 to 0.49). A comparison of Figs. 2(a) and 3(a) clearly
shows that the entanglement period is prolonged effectively
due to the increase in the intensity of tunneling-induced
interference. This property could be due to the increases in
quantum-interference effects among the transitions |3) — |0),
|2) — |0), and |1) — |0). Here, it should be pointed out that
the increase in the intensity of tunneling-induced interference
can be realized through a reduction of the process of higher-
interface roughness scattering associated with the dephasing in
the TSQW system. To show the influence of tunneling-induced
interference on the entanglement period 7 more distinctly,
we also plot the function curves for T versus €,, in Fig. 4.
From this figure, we can find that the entanglement period
manifests a linearly increasing property with the intensity of

(@)

dph

Fig. 2 except for y, o

_ dph
=20

=y = 1.5 ps™' (corresponding to

the tunneling-induced interference, which is consistent with
our preceding discussion. In addition, it can also be noted
from Figs. 2(b) and 3(b) that the influence of tunneling-induced
interference on the total average photon number (N) is very
small. This can be qualitatively explained as follows. In the
present scheme, the dominating factor deciding (N) is the
decay of cavity modes, not the intensity of tunneling-induced
interference, which is consistent with Ref. [25].

Up to now, we have demonstrated that the fully three-mode
CV entanglement can be realized when the cavity field is
initially in the state |10, —10,0). However, the question that
interests us is whether the generation of entanglement is
strongly dependent on the initial condition of the cavity
field in the present scheme. So, in Fig. 5, we plot the

150
T(gt)
100 r b
50 ‘ ‘ ‘ ‘ ‘ ‘ B
0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44
€
(b) 21
150 FIG. 4. (Color online) Entanglement
T(gt) period T versus €, (a), €3, (b), and €3, (c).
100 L i The other system parameters are the same as
in Fig. 2. It should be pointed out that €,
€31, and €3, are changed synchronously, and
S0 L2 ; ; : : ‘ e hence (a)—(c) in fact describe the same figure.
0.34 0.36 0.38 0.4 0.42 0.44 0.46
€31
(c)
150
T(gt)
100 b
50 ) ) ) ) ) ) ]
0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5
€32
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FIG. 5. (Color online) Evolutions of Vi,, Vi3, V3 (a) and (N) (b) in terms of normalized interaction time g#, when cavity mode 1 is initially
in the squeezed vacuum state S(£)|0), mode 2 is in the coherent state |«), and mode 3 is in the vacuum state. Various parameters are the same

as in Fig. 3, except £ = 0.2 and @ = 10.

evolutions of Vi,, Vi3, Va3, and (N) when cavity mode 1 is
initially in the squeezed vacuum state S(&)|0), where [S(§) =

exp[(§ /2)(a12 — aIz)] and & is the squeezing parameter, mode
2 is in the coherent state |a) (as|a) = a|e)), and mode 3 is in
the vacuum state. It is clearly shown in Fig. 5 that three-mode
CV entanglement can still be realized in this situation, which
demonstrates the stability of our scheme toward the initial
condition. In addition, Fig. 5(b) shows that the average photon
number of the cavity field still changes little compared with
Figs. 2(b) and 3(b), which further proves that (N) mainly
depends on the decay of cavity field k (k; =k = k3 = k). In
Fig. 6, we present the influence of x on (N) and show that the
average photon number (N) will fall more rapidly when the
decay rate of the cavity field is increased.

Before ending this section, let us briefly discuss the
feasibility of our scheme. First, the SQW medium considered

100

k=0.01g
8o - - - x=0.02g

60

(N
40

20

0 50 100 150
gt
FIG. 6. (Color online) Evolution of (N) for different values of

cavity field decay rate k (k; = ky = k3 = k). Various parameters are
the same as in Fig. 3, except £ = 0.2 and @ = 10.

here can be grown by molecular-beam epitaxy on a GaAs
substrate. For more details on this system, we refer the reader to
Ref. [50] and references therein. Second, to realize the present
scheme, the SQW should have fine quantum-coherence effects,
which indeed increases the difficulty of realizing our scheme
experimentally. However, the corresponding experimental [46]
and theoretical [47,48] studies have demonstrated that the
fine quantum-coherence effects can be obtained in the SQW
system under proper conditions. In the SQW system, the
high dephasing decay rate, determined by electron-electron,
interface roughness, and phonon scattering processes, is the
major obstacle to obtaining fine quantum-coherent effects.
Therefore, it is necessary to tailor elaborately the SQW system
considered here (make it with a slick interface and low
electron density) to obtain fine quantum-coherence effects
and advance the feasibility of our scheme. Finally, in the
present scheme, we have assumed that the phonon is strictly
confined to an SQW nanostructure and does not influence the
surroundings of the SQW nanostructure. It might be difficult to
satisfy this ideal condition in practical situations. However, in
previous studies on SQWs [46—49], good consistency has been
shown between the theoretical outcome under this assumption
and the corresponding experimental results. So, the present
assumption is valid for an elaborately tailored SQW system.
Summing up the preceding discussion, it can be concluded
that there indeed are some obstacles for implementation of
our scheme experimentally. However, those obstacles can
be overcome, in principle, with progress in semiconductor
fabricated technology. Therefore, as theoretical research, our
scheme is still very significant for stimulating corresponding
experiments, such as entanglement in a semiconductor nanos-
tructure.

IV. CONCLUSION

In conclusion, based on the standard criteria [26], we have
studied the generation of full three-mode CV entanglement
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in the TSQW system. The root of entanglement genera-
tion here is the quantum coherence between corresponding
electron states induced by tunneling in the TSQW system
(i.e., tunneling-induced interference effects). By numerically
simulating the dynamics of the system, we have studied the
influence of tunneling-induced interference on the generation
of entanglement and shown that the entanglement period can be
prolonged via enhancement of the intensity of this interference.
Our research may provide a guideline to achieve three-mode
CV entanglement in a semiconductor solid-state system,
which is much more practical than its atomic counterpart

PHYSICAL REVIEW A 82, 012323 (2010)

because of its flexible design and the controllable interference
strength.
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