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We study the performance of common quantum stabilizer codes in the presence of asymmetric and correlated
errors. Specifically, we consider the depolarizing noisy quantum memory channel and perform quantum
error correction via the five- and seven-qubit stabilizer codes. We characterize these codes by means of the
entanglement fidelity as a function of the error probability and the degree of memory. We show that their
performances are lowered by the presence of correlations, and we compute the error probability threshold values
for code effectiveness. Furthermore, we uncover that the asymmetry in the error probabilities does not affect the
performance of the five-qubit code, while it does affect the performance of the seven-qubit code, which results
in being less effective when considering correlated and symmetric depolarizing errors but more effective for

correlated and asymmetric errors.
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I. INTRODUCTION

The most important obstacle in quantum information
processing is decoherence. It causes a quantum computer to
lose its quantum properties, destroying its performance advan-
tages over a classical computer. The unavoidable interaction
between the open quantum processor and its environment
corrupts the information stored in the system and causes errors
that may lead to wrong outputs. In general, environments may
be very complex systems characterized by many uncontrol-
lable degrees of freedom. A useful active strategy to defend
quantum coherence of processing against environmental noise
is that of quantum-error-correcting codes (QECCs) [1-3],
where, in analogy to classical information theory, quan-
tum information is stabilized using redundant encoding and
measurements.

The formal mathematical description of the qubit-
environment interaction is often given in terms of quantum
channels. Quantum error correction (QEC) is usually devel-
oped under the assumption of identically and independently
distributed errors. These error models are characterized by
memoryless communication channels A such that n-channel
uses is given by A® = A®" In such cases of completely
independent decoherence, qubits interact with their own envi-
ronments, which do not interact with each other. However, in
actual physical situations, qubits may interact with a common
environment, which unavoidably introduces correlations in the
noise. For instance, there are situations where qubits in an ion
trap setup are collectively coupled to their vibrational modes
[4]. In other situations, different qubits in a quantum dot design
are coupled to the same lattice, thus interacting with a common
thermal bath of phonons [5]. The exchange of bosons between
qubits causes spatial and temporal correlations that violate the
condition of error independence [6]. Memory effects introduce
correlations among channel uses with the consequence that
A £ A®" Recent studies have tried to characterize the
effect of correlations on the performance of QECCs [7-11]. It
appears that correlations may have negative [8] or positive [9]
impacts on QECCs, depending on the features of the error
model being considered.

Furthermore, the noise may be asymmetric. Most of the
quantum computing devices [12] are characterized by relax-
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ation times (Trelaxation) that are 1-2 orders of magnitude larger
than the corresponding dephasing times (Tgephasing)- Relaxation
leads to both bit-flip and phase-flip errors, whereas dephasing
(loss of phase coherence, phase shifting) only leads to phase-
flip errors. Such asymmetry between Trelaxation and Tdephasing
translates to an asymmetry in the occurrence probability of bit-
flip (px) and phase-flip errors (pz). The ratio pz/ px is known
as the channel asymmetry. QEC schemes should be designed
in such a way that no resources (time and qubits) are wasted in
attempting to detect and correct errors that may be relatively
unlikely to occur. Quantum codes should be designed in order
to exploit this asymmetry and provide better performance by
neglecting the correction of less probable errors [13—15]. In-
deed, examples of efficient QECC [e.g., asymmetric stabilizer
Calderbank-Shor-Steane (CSS) codes] taking advantage of
this asymmetry are given by families of codes of the CSS
type [16,17].

Following these lines of investigation, in this article, we
study the performance of common quantum stabilizer codes in
the presence of asymmetric and correlated errors. Specifically,
we consider the depolarizing noisy quantum memory channel
and perform QEC via the five- and seven-qubit stabilizer
codes [18]. We characterize the performance of the codes
by means of the entanglement fidelity JF (u,p) [19] as a
function of the error probability p and degree of memory u
(correlations). We show that the performance of both codes is
lowered in the presence of correlations, and error probability
threshold values for code effectiveness are computed versus
the degree of memory w. The error-correction schemes here
considered only work for low values of p. Furthermore, we
uncover that the asymmetry in the error probabilities does
not affect the performance of the five-qubit code, while it
does affect the performance of the seven-qubit code, which
is less effective when considering correlated and symmetric
depolarizing errors but more effective for correlated and
asymmetric errors.

The layout of the article is as follows. In Sec. II, we consider
a depolarizing noisy quantum memory channel characterized
by symmetric error probabilities, and QEC is performed via the
[[5,1,3]] stabilizer code. The performance of QECC is quan-
tified by means of the entanglement fidelity F151:31 (11, p) as
a function of the error probability p and degree of memory u.

©2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevA.82.012306

CARLO CAFARO AND STEFANO MANCINI

In Sec. 11, QEC is performed via the [[7,1,3]]-CSS stabilizer
code. The performance of QECC is quantified by means of the
entanglement fidelities fé[;j}’m (u,p) and fs[[;jf]] (u,p)asa
function of the error probability p and degree of memory u
evaluated for two different allowable sets of correctable error
operators. In Sec. IV, for asymmetric error probabilities and
correlated noise errors, we show that the seven-qubit code can
outperform the five-qubit code and is also endowed with a
better threshold curve ug = um (p), where error correction is
performed in an effective way. Finally, in Sec. V, we present
our final remarks.

II. THE FIVE-QUBIT CODE: SYMMETRIC ERROR
PROBABILITIES AND CORRELATIONS

In this section, we consider a depolarizing noisy quantum
memory channel with symmetric error probabilities, and QEC
is performed via the [[5,1,3]] stabilizer code. The performance
of QECC:s is quantified by means of the entanglement fidelity
FUSL31 (11, p) as a function of the error probability p and
degree of memory pt.

A. Error model

The depolarizing channel is especially easy to analyze in
the context of QEC because it has a simple interpretation
in terms of the four basic errors I, X, Y, Z, which are
the most commonly used in the analysis of quantum codes.
However, this error model is rather general since the abil-
ity to error-correct the depolarizing channel automatically
implies the ability to error-correct an arbitrary single qubit
quantum operation. To simplify the notation, we may choose
sometimes to omit the symbol of the tensor product, ®,
in the expressions for the error operators of weight greater
than 1.

Consider five qubits and Markov-correlated errors in a
depolarizing quantum channel A®(p):

3

AV = Y

Pislis Pisliz Pislia Pisliy Piy
x [A A An An Ay pAl AL AT AT AT] (D)

where Ag=1, Ai1=X, A, =Y, A;=Z are the Pauli
operators, defined as

Xlg):=lg®1l), Zlg):=(-=1"lg),
Yig) =i(=1D)7]|g®1), ()

Ilq) = |q),

withg =0, 1 and X, Y and Z given by

0 1 . 0 —i
N R )
1 O
Z=<0 _1). 3)
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The coefficients p;,;, (conditional probabilities) with [, m €
{0,1, ...,5} satisfy the normalization condition.

3
Z Pislia Piglis Pisliz Pioliy Piy = 1. “)

For the depolarizing channel A®)(p), coefficients Diyli,, are
considered as

prj = (01— wWpr + udrj, pr=o=1-p,
Pk=123 = p/3, &)

where p € [0,1] denotes the error probability, u € [0,1]
represents the degree of memory (i = 0 gives the uncorrelated
errors and p = 1 gives perfectly correlated errors), and py;
is the probability of error k on qubit j. To simplify the
notation, we may choose to suppress the bar appearing in
the conditional probabilities (py; = px;). Furthermore, since
we are initially assuming p; = p» = p3 = p/3, we are in the
case of symmetric error probabilities.

B. Error operators

In an explicit way, the depolarizing channel A (p) can be
written as

2101

A9(p) = Y AppAYl, 6)
k=0

where A, are the enlarged error operators acting on the five-
qubit quantum states. The cardinality of the error operators
defining A®(p) is 2!° and is obtained by noticing that

5
Z 3m <:1) — 2107 (7)
m=0

where 3’"(;) is the cardinality of weight-m error operators
Aj.. More details on the explicit expressions for weight-0 and
weight-1 appear in Appendix A.

C. Encoding

The [[5,1,3]] code is the smallest single-error correcting
quantum code [20]. Of all QECCs that encode one qubit of
data and correct all single-qubit errors, the [[5,1,3]] code is
the most efficient, saturating the quantum Hamming bound.
It encodes k = 1 qubit in n = 5 qubits. The cardinality of its
stabilizer group S is |S| = 2"* = 16, and the set Bg5’1’3]] of
n — k = 4 group generators is given by [21]

BE’]‘:;] = {)(lzzz?ﬁx47 X2ZSZ4X5,
X'x3747°, 7' X*x*7°%). (3)

The distance of the code is d = 3, and therefore the weight of
the smallest error A;TAjc that cannot be detected by the code is
3. Finally, we recall that it is a nondegenerate code since the
smallest weight for elements of S (other than identity) is 4, and
therefore it is greater than the distance d = 3. The encoding
for the [[5,1,3]] code is given by [20]
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0) = 10,) 1 [ 100000) 4 [11000) 4 [01100) + [00110) + [00011) + |10001) — [01010) — [00101) + ] ©)
—> = — ’
P74 Z110010) = [01001) — [10100) — [11110) — [01111) — [10111) — [11011) — [11101)
P 1 [ 111111) +100111) + [10011) 4 [11001) + [11100) + |01110) — [10101) — [11010) + | 10,
— = — .
g 41 —|01101) —[10110) — |01011) — |00001) — [10000) — |01000) — |00100) — |00010)

D. Recovery operators

Recall that any error belonging to the Pauli group of
n-qubits, E € P,, can be written as

E=i‘0, ® --®0], (11

where £ = 0, 1, 2, 3 and the superscripts on the a,ﬁl label the
qubits [ = 1, ..., n. Furthermore, the subscripts take values
ki =0, x,y, z (therefore oy =1, 0, = X, 0, =Y, 0, = Z),
and Ué = I' is the identity operator on the /th qubit. Notice
that since o}, = —io}o!, Eq. (11) can be rewritten as

E=i"0(a)o, (b), (12)

where a =a;---a, and b = b, ---b, are the bit strings of
length n, with

o@=0)"e @)™,
oby=()" @ ® ().

Although the factor i ¥ in Eq. (12) is needed to ensure that P,
is a group, in many discussions, it is only necessary to work
with the quotient group P,/ {£1, £il}.

There is a one-to-one correspondence between
P./{£l, £il} and the 2n-dimensional binary vector
space F22" whose elements are bit strings of length
2n [22]. A vector v € F" is denoted v = (alb), where
a=ay---a, and b=>by---b, are bit strings of length
n. Scalars take values in the Galois field F, = {0,1},
and vector addition adds components modulo 2. In short,
E =i%0, ()0, (b)) € Py <> v = (a|b) € F}". TFor a
quantum stabilizer code C with generators g1, ..., g,— and

13)

parity check matrix H, the error syndrome S(E) for an error
E € P, <> v = (ag|bg) € F}" is given by the bit string
S(E)Y=Hvg =1Ly, (14)
where
lj=H"(j) ve = (v;,E), (15)

with v; = (a;|b;) being the image of the generators g;
and (-,-) being the symbol for the symplectic inner product
[22]. Furthermore, recall that errors with nonvanishing error
syndrome are detectable and that a set of invertible error
operators Ao, is correctable if the set given by AlmAcm is
detectable [23]. It is straightforward, though tedious, to check
that (see Appendix A)

S(ATA) #£0, with Lke{0,1,...,15},  (16)

where S(A}) is the error syndrome of the error operator A},
defined as

S(Ap):=HB My, (17)

The quantity H3:1:31 is the check matrix for the five-qubit
code [21],

11000 7] 00101
s [0 1 100 1 100 10
=loo 11070100 1|
0001110100

(18)

and vy, is the vector in the 10-dimensional binary vector
space sz corresponding to the error operator A;. The set
of correctable error operators is given by

Acorr = {Ag, A}, A5, AS A AS AG AT AG, Ay, Al AL Al AL Al Ay © A, 19)

where the cardinality of A defining the channel in Eq. (6)
equals 2'°. All weight-0 and -1 error operators satisfy the
error-correction conditions [21,24]

GLIATAL1jL) = by (20)

for [, m € {0,1,...,15} and i, j € {0,1}, with (ir|j.) = &;;.
The two 16-dimensional orthogonal subspaces V and V't of
Hg generated by the action of Ao on [07) and |1,) are given
by

A

Yo =§ an{ e =—;‘0 ,}, (21

withk=0,1,...,15, and
Ap
~/ Pk

respectively. Notice that (v*|v)t) = &8; with I, I' €
{0,1,...,15} and i, j € {0,1}. Therefore it follows that
Wi @ Vit = H3. The recovery superoperator R <> {R;} with
[=1,...,161s defined as [2]

I
Ri:=V, Y |v )"
i=0

ph :Span{|v,}L)= |1L)}, (22)

, (23)
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where the unitary operator V; is such that 1/1|va) =|ip) fori e
{0,1}. Notice that (see Appendix A for the explicit expressions
of recovery operators)

1
Ris= Vi) oo = 100 |+ 1Moy ]. - @4)
i=0

Noticethat R <> {R;}is atrace-preserving quantum operation,
15 RIR; = Iy, since {[vit)} withl = 1, ..., 16andi; €

{0,1} is an orthonormal basis for H;. Finally, the action of this

recovery operation R on the map A®(p) in Eq. (6) yields

2101 16
AL per(0) = (RoAD)(p):= > > (RIADP(RIAY) .
k=0 [=1
(25)

E. Entanglement fidelity

Entanglement fidelity is a useful performance measure of
the efficiency of QECCs. It is a quantity that keeps track
of how well the state and entanglement of a subsystem of
a larger system are stored, without requiring the knowledge of
the complete state or dynamics of the larger system. More
precisely, the entanglement fidelity is defined for a mixed
state p =Y, pipi =try, |¥) (Y] in terms of a purification
) € H® Hg to a reference system Hg. The purification
|1) encodes all the information in p. Entanglement fidelity is a
measure of how well the channel A preserves the entanglement
of the state 7 with its reference system H g. The entanglement
fidelity is defined as follows [19]:

F(p,A):= (Y I(A® L )Y )Y DIY), (26)

where |) is any purification of p, I3, is the identity map on
M (Hg), and A ® Iy, is the evolution operator extended to
the space H ® H g, on which p has been purified. If the quan-
tum operation A is written in terms of its Kraus error operators
{Ayas A(p) =), Ak,oA,Tc, then it can be shown that [25]

Flp.A) =) wAxp)r(ALp) = Yl (pAOI . (27)
k k

This expression for the entanglement fidelity is very useful for
explicit calculations. Finally, assuming that

At MH) 3 pr— Ap) =) AwpA]
k

e M(H), dimcH =N, (28)

and choosing a purification described by a maximally en-
tangled unit vector |) € H ® H for the mixed state p =
1/dimc H I3, we obtain

1 1 )
]—'(NIH,A> = Xk: |trAg|? . (29)

The expression in Eq. (29) represents the entanglement fidelity
when no error correction is performed on the noisy channel A
in Eq. (28).
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Here we want to describe the action of RoA® in Eq. (25),
restricted to the code subspace C. Note that the recovery
operators can be expressed as

/ /

A
L — 0.y (0] + |1.) (1 L @30
NG (102) (Ol |L>(L|)m (30)

with [ € {0, ...,15}. Recalling that A} = A;T, it turns out that

Riy1 =R

. 7. 1 . oAy .
(LR 1 ALljL) = ﬁ(1L|OL><OL|A[|Ak|]L>

1 .
+—— L) (LA AL ). (B1)

Vb

We now need to compute the 2 x 2 matrix representation
[RiA]c of each R/A} with[=0,..., 15 and k=0,...,
210 _ 1, where

, (OLIRi+1ALI0L) (OL|R141A;I1L)
[Rl+1Ak]c:=< ; O 62

(1LIR141 ALIOL) (1LIR11 ARl1L)

Forl,k=0,...,15, we note that [R;1; A} ]|c becomes
, (0L1A] A}10,) 0
[Ri1Ay]c = ( .
0 (1L1A; ALllL)

- 1 0
= Vi (0 1) : (33)
while for any pair (/,k) with [, =0,...,15 and k > 15, it
follows that
(OL|Ri41AL10L) + (1| R4 1Ay |1L) = 0. (34)

We conclude that the only matrices [ R; A} ],c with nonvanishing
trace are given by

[RyA;_lic = v/ Ps—1 (é ?) , (35)

with s =1,...,16. Therefore the entanglement fidelity
FUSL30 (1, p), defined as

f[[5’1’3]](ﬂ,17) .= FI5.1.30 (%IZXZ’ROA(S))

2101 16

1
= ar Y Ir(RAIIP.  (36)

k=0 [=1

results in

FOIN 4, p)

15
= Z P = PooPo + 3 [2P5oP10po + 350 po1 Propo)] -
m=0

(37

Notice that the expression in Eq. (36) represents the entangle-
ment fidelity after the error-correction scheme provided by the
five-qubit code is performed on the noisy channel A®. The
explicit expression for F!51:31 (i, p) in Eq. (37) appears in
Appendix A.

Note that for arbitrary memory parameter i,

lim 70N (g, p) = 1, lim FOL (g, p) =0, (38)
p— p—>
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and for u = 0,
FISL30, p)y = 4p — 15p* +20p° — 10p> + 1. (39)

We recall that in general, the application of a QECC will lower
the error probability as long as the probability of error on an
unencoded qubit is less than a certain critical value (threshold
probability). This threshold probability value depends on the
code, and above such critical value, the use of a coding scheme
only makes the information corruption worse. Obviously, in
order to make effective use of QEC, a physical implementation
of a channel with a sufficiently low error probability as well
as a code with a sufficiently high threshold are needed.
For instance, the three-qubit repetition code improves the
transmission accuracy when the probability of a bit flip on
each qubit sent through the underlying channel is less than 0.5.
For greater error probabilities, the error-correction process is
actually more likely to corrupt the data than an unencoded
transmission would be. In our analysis, the failure probability
is represented by [26]

Pu,p) :=1—F(u,p)), (40)

and it gives us an upper bound on the probability with which a
generic encoded state will end up at a wrong state. Therefore
the five-qubit code is effective only if P13 (4, p) < p. The
effectiveness parametric region D> 131 for the five-qubit code
is

DI — (1, p) € [0,1] x [0,1] : P13, py < p}.
(41)

For the five-qubit code applied for the correction of correlated
depolarizing errors, it turns out that for increasing values of
the memory parameter u, the maximum values of the errors
probabilities p for which the correction scheme is effective

decrease. More generally, the threshold curve Mgf’l'm =

;Lt[}[f’l’3]] (p) defining the parametric region where QEC is
effective is plotted in Fig. 1. Furthermore, we point out that
the presence of correlations in symmetric depolarizing errors
does not improve the performance of the five-qubit code
since FISL3 (1, p) < FIS:1L31(0, p) for those (u,p) pairs

belonging to the parametric region D" Finally, the plots of

05 +———+——+—t+—r

04+ +
. 03- +
&
=L
02 1 +
0.1 1
00 +— ———r—t
0.0 02 03 04 05

FIG. 1. Threshold curve for the five-qubit code.
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098 4
a
097 -
=
=
096 {
095 +————+——
00 01 02 03

FIG. 2. FI3130 (1, p) vs o with 0 < o < 0.33 (for o > 0.33,
the error-correction scheme is not effective anymore) for p =
4.33 x 1072 (thick solid line), p = 4 x 1072 (thin solid line), and
p = 3.67 x 1072 (dashed line).

FUSL3I (1, p) versus p for p =4.33 x 1072, p =4 x 1072,
and p = 3.67 x 1072 are presented in Fig. 2.

III. THE SEVEN-QUBIT CODE: SYMMETRIC ERROR
PROBABILITIES AND CORRELATIONS

In this section, we consider a depolarizing noisy quantum
memory channel with symmetric error probabilities, and
QEC is performed via the [[7,1,3]]-CSS stabilizer code.
The performance of QECCs is quantified by means of the
entanglement fidelity FI7-131 (1, p) as a function of the error
probability p and degree of memory w.

A. Error model

Consider seven qubits and correlated errors in a depolariz-
ing quantum channel A7 (p):

3

APpy= ]

Pislis Piglis Pislis Pislis Pisliz Pizliy Piy

x[Ai A A A, A Ay A p AL AT AT AT AT AT AT,
(42)

where Ag=1, Ai=X, Ay, =Y, A;=Z are the Pauli
operators and the coefficients p;; with [, m € {0,1,...,7}
satisfy the normalization condition

3
Z Pislis Piglis Pislis Pislis Pislis Pioliy Piy = 1. (43)

For the depolarizing channel A7)(p), coefficients p;,;;, are
explicitly defined in Eq. (5).
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B. Error operators
In an explicit way, the depolarizing channel A”(p) can be
written as
21
AD(p) = Y AppAY (44)
k=0

where A; are the enlarged error operators acting on the seven-
qubit quantum states. The cardinality of the error operators
defining A (p) is 2'* and is obtained by noticing that

,
Z 3" <;> =2, (45)

m=0

where 3’”(;) is the cardinality of weight-m error operators A;
in Eq. (44).

C. Encoding

The CSS codes are constructed from two classical binary
codes C and C’ that have the following properties [27,28]:
(1) C and C’ are [n,k,d] and [n,k’,d’] codes, respectively; (2)
C' C C; and (3) C and C/, (the dual code of C’) are both z-error
correcting codes. For instance, in the case of the seven-qubit
code, the two classical codes are the [7,4,3] binary Hamming

PHYSICAL REVIEW A 82, 012306 (2010)

code (C) and the [7,3,4] binary simplex code (C"). The dual
code C| is the [7,4,3] binary Hamming code. Thus C and C,
are both 1-error correcting codes. In this case, n =7, k = 4,
k' =3, k—k" =1 so that one qubit is mapped into seven
qubits. The seven-qubit code is the simplest example of a CSS
code. The five-qubit code introduced in the previous section is
the shortest possible quantum code to correct one error and is
therefore of immense interest. Although the seven-qubit code
is ostensibly more complicated than the five-qubit code, it is
actually more useful in certain situations by virtue of being a
CSS code. The CSS codes are a particularly interesting class
of codes for two reasons. First, they are built using classical
codes, which have been more heavily studied than quantum
codes, so it is fairly easy to construct useful quantum codes
simply by looking at lists of classical codes. Second, because
of the form of generators, the CSS codes are precisely those for
which a CNOT applied between every pair of corresponding
qubits in two blocks performs a valid fault-tolerant operation.
This makes them particularly good candidates in fault-tolerant
computation.

The [[7,1,3]]-CSS code encodes k =1 qubit in n =7
qubits. The cardinality of its stabilizer group S is |S| = 2" % =
64, and the set Bg7’1’3]] of n — k = 6 group generators is given
by [21]

B = (x* XXX, X*X* XX, X'X*X°X", 2*72°2°7", 7*7°7°7", 2' 7°72°7"). (46)

The distance of the code is d = 3, and therefore the weight of the smallest error A;TA;( that cannot be detected by the code is
3. Finally, we recall that it is a nondegenerate code since the smallest weight for elements of S (other than identity) is 4, and
therefore it is greater than the distance d = 3. The encoding for the [[7,1,3]] code is given by [21]

10) = 10.) =

1) = ) =

1 [10000000) + [0110011) + [1010101) + [1100110)+ | @
(v/2)3 | +10001111) + [0111100) 4 |1011010) + [1101001) |’

1 [[1111111) + [1001100) + |0101010) + [0011001)+ | )
(v2)3 | +11110000) 4 [1000011) + [0100101) + [0010110) |

D. Recovery operators

Recall that errors with nonvanishing error syndrome are
detectable and that a set of invertible error operators Ao is
correctable if the set given by .Aiorr.Acorr is detectable [23]. It
is straightforward, though tedious, to check that

S(ATA) #0, with Lke{0.1,...

,63}, (49)

where S(A}) is the error syndrome of the error operator
Aj. (see Appendix B for their explicit expressions), defined
as [26]

S(Ap) :=HTy, (50)

The quantity H'7-1:311 is the check matrix for the seven-qubit
code [21]:

1111000]0000000
1100110]0000000
1010101]0000000

(7.1.31] .—

B =10000000j1111000]" ©Y
000000011001 10
00000001 1010101

and vy, is the vector in the 14-dimensional binary vector space

F214 corresponding to the error operator A). The [[7,1,3]] code

has distance 3, and therefore all errors A’ = A;TA;{ with [,
k € {0, ...,2'"* — 1} of weight less than 3 satisfy the relation

(iL|AjL) = andij. (52)

and at least one error of weight 3 exists that violates it. It
is straightforward, though tedious, to check that all one- and
two-qubit error operators satisfy this equation (therefore they
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are detectable). Instead, there are three-qubit errors that do
not satisfy Eq. (52). For instance, the error operator X' X2 X3
is such that (0. |X'X2X3|1.) =1+ 0. The [[7,1,3]] code
corrects arbitrary one-qubit errors, not arbitrary two-qubit
errors. In Appendix B, we introduce the Set-1 of correctable
errors and explicitly show that they are detectable. It turns out
that the set of correctable error operators is given by

Acorr = {A/ vA/l’ ..

LAY AL LAY C A (53)

where the cardinality of A equals 2'4. All weight-0, weight-1,
and the 42 weight-2 previously mentioned error operators (see
Appendix B) satisfy the error-correction conditions

LA AL L) = o)) (54)

forl,m € {0,1,...,63}and i, j € {0,1}, with (i|j.) = &;;.
In general, QEC protocols are symmetric with respect to
the phase and bit bases and so enable the detection and
correction of an equal number of phase and bit errors. In
the CSS construction, a pair of codes are used, one for
correcting the bit-flip errors and the other for correcting
the phase-flip errors. These codes can be chosen in such
a way that the code correcting the phase-flip errors has a
larger distance than the code correcting the bit-flip errors.
Therefore the resulting asymmetric quantum code has different
error-correcting capability for handling different type of errors.
For instance, we emphasize that for the seven-qubit code, there
is some freedom in the selection of the set of correctable errors,
even after the stabilizer generators have been specified [29].
The seven-qubit code may be designed to prioritize a certain
error over others (say, Z errors over X and X errors over Y).
For instance, an implementation which has no possibility at
all of a Y error could use a code where the set of correctable
errors was chosen to exclude corrections for Y. Optimizing
the seven-qubit code to completely remove the ability to
correct one error could lead to qualitatively different behavior,
possibly even including better threshold values [29]. Instead,
the five-qubit code (which is not a CSS code) corrects a unique
symmetric set of errors. In what follows, first we will compute

]:S[Zj i,3ﬂ (u, p), assuming to correct the set of errors in Eq. (53);

second, we will compute Fsllgljf” (i, p), assuming to correct
the set of errors where we prioritize Z errors over X and X
errors over Y.

7,1,3
FEE (e, p)

The two 64-dimensional orthogonal subspaces V' and V'
of HZ generated by the action of Ao, on |0z) and |1.) are
given by

E. Computation of

V% = Span =|u?;l) = 1~/ AJOL) ¢ (55)
D
with [ € {0, ...,63)}, and
vl = Span{|v,1j1) = %A;|1L> : (56)
Vi

respectively. Notice that (vj*[v)*) = &8, with [, I' €
{0,...,63}, and i, j € {0,1}. Therefore it follows that VoL g
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V!t = Hj. The recovery superoperator R <> {R;} with [ =
1, ..., 64 is defined as [2]

I
R:=V, Y v )"
i=0

; (57)

where the unitary operator V; is such that Vl|va) = i) for
i € {0,1}. Notice that
1
Riz=Viy_ ool = 100(u |+ 11o(v* | (58)
i=0
It turns out that the 64 recovery operators are given by
Ript = Rl = (0,) (00 + 11) (1) 2L, (59)
1+1 = ’1—= = (|U2) (O L) e —,
Vb Vb
with [ € {0,...,63}. Notice that R < {R;} is a trace-
preserving quantum operation, Zfil R,TRI = I128x128, be-

cause {|v;")},withl =1,...,64,andi; € {0,1}1isan orthonor-
mal basis for HZ. Finally, the action of this recovery operation
R on the map AP (p) in Eq. (6) leads to
24—1 64
AD er(P) = (RoAD)(p):= Y > (RIADP(RIA})'.
k=0 I=1
(60)

F. Entanglement fidelity

We want to describe the action of RoA” restricted to the
code subspace C. Recalling that A} = A;' , it turns out that

1

~/

p

+_~/(iL|1L><1L|A;TA;<|jL>~ (61)
VP
We now need to compute the 2 x 2 matrix representation
[RiA}]ic of each RjAj with! =0, ...,63andk =0, ... 214
1, where

(iR AgljL) = (i210L)(0L| A AL | ji)

~
—_

(OL|R+1ALI0L) (OL|Ri1 ARl1L)
[Riv1 A= : A (7))
(1LIRi 41 ALI0L) (LR 1AllL)
Forl,k =0, ...,63, we note that [R;1 A} ],c becomes
/ (OL1A] AL10L) 0
[Ri1Ailie = ( o .
0 (1L1A) Agl1L)
-, 1 0
=/ Dk 0 1) (63)

while for any pair (/,k) with [ =0,...,63 and k > 63, it
follows that

(OLIR141ALI0L) + (1L Ris1 Ag 1) = 0. (64)

We conclude that the only matrices [ R; A} ],c with nonvanishing
trace are given by [R;4+14;]c, with{ =0, ...,63, where

1 0
[Rir1A)ic =/ P, (O 1>. (65)
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Therefore the entanglement fidelity .Fégi = (u, p), defined
as

1
FE M, py = F <5]2><2,ROA(7)>
TR
= a7 2 2 nRATOP,  (©6)
k=0 i=1
becomes [the explicit expression for fég;{ﬁn (u, p) is given in

Appendix B]

7,1,3
= pSopo + 6Py P10P0 + 15 P8 Por Propo + 68 P2 po

+24pgopo1 PToPo + 12930 P5 Propo- (67)
Note that for arbitrary degree of memory pu,
lim P Gep) =1, lim PG e,p) =0, (68)

and for vanishing memory parameter u = 0,

4 35 112 175
Feo,p) = §p7 -3 p° =5 P =5 ¢
140 , 49
+TP3_?P2+1. (69)

We emphasize that the presence of correlations in symmetric
depolarizing errors does not improve the performance of the
seven-qubit code since ]-"é[;j%’m (u,p) < ]—"égtj%ﬁ” 0,p) for
. . . . [(7.1.31]
those (u, p) pairs belonging to the parametric region Dy, |,

where the correction scheme is effective:

Dyer ™ o= { (. p) € 10,11 [0.11: Py ™ (. p) < p}.
(70)

Furthermore, it turns out that FL" 1 (u, p) < FIS 130 (1, p)

in DI 131 A DUT 131 here the area of the parametric region
DIT13 s smaller than the area of D713 (see Fig. 3).

The plots of Fir 1" (u, p) versus u for p =4.33 x 1072,

et-1

098 4—t+—t—t+—t+—+—4—+

097 1

F(u,p)

0.96 1

095 1

000 005 o'lﬁ 015 020

FIG. 3. Symmetric case: Threshold curves ,u,{}[f’m L p) (dashed

line), M}E‘Sleﬂj (p) (thin solid line), and ,LL{ESL?{J (p) (thick solid line)

Vs p.
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L)

FIG. 4. FI3 (1w, p) vs e with 0 < 0 < 0.199 (for o > 0.199,
the error-correction scheme is not effective anymore) for p =
4.33 x 1072 (thick solid line), p = 4 x 1072 (thin solid line), and
p = 3.67 x 107? (dashed line).

p=4x1072 and p =3.67 x 1072 appear in Fig. 4. For
the seven-qubit code applied for the correction of correlated
depolarizing errors in Set-1, it turns out that for increasing
values of the memory parameter i, the maximum values of
the error probabilities p for which the correction scheme is
effective decrease. For instance, to i, = 0 corresponds a
threshold pg, = 7.63 x 1072, while to ftmax = 0.199 corre-
sponds pg = 5.04 x 1074,

In the next section, we will study the performance of the
seven-qubit code, assuming to correct a new set of correlated
error operators. Moreover, we will compare the performance
of the code in such two cases and discuss the change of the
parametric regions where the quantum correction schemes are
effective.

_7_-[[7,1,3]]

G. Computation of Fg, ;™" (1, p)

Unlike the five-qubit code, the seven-qubit code corrects an
asymmetric set of errors. In what follows, we choose the set
of correctable errors to prioritize Z errors over X errors over
Y errors. Said otherwise, we construct the set of correctable
errors by proceeding in increasing order from single-qubit
errors to errors of higher weight. Within each level (weight)
of errors, we include those that incorporate the most Z
errors first. In other words, the sets of weight-0 and weight-1
correctable errors are given in Egs. (B1) and (B2), respectively.
Following the line of reasoning presented in the previous
section, after some algebra, it turns out that

Fiaa™" (16.p) = Plopo +6p30pi0p0 + 15p5pot Piopo
+2pgopi0Po (P11 + 2p10) + 4o Poi ProPo
x (5pio+ pi) + 129803 Plopo. (71

From Egs. (71) and (67) (see also Appendix B), we obtain

7,1,3 7,1,3
Fioca ™ . p) = Foeiy ™ . p)
= (p11 — P10)(2PgoP10P0 + 4P Po1 Propo) = 0, (72)

with (p1; — pio) = = 0. The explicit expression for
fé”“” (u,p) appears in Appendix B. In the absence of

et-2
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correlations and considering symmetric error probabilities,
the two entanglement fidelities are the same. Therefore we
conclude that in the presence of memory effects, it does matter
which set of errors we choose to correct, even limiting our
analysis to symmetric error probabilities. We will see that the
freedom of such choice becomes even more important when
combining memory effects and asymmetric error probabilities.

For the seven-qubit code applied for the correction of
correlated depolarizing errors in Set-2, it turns out that for
increasing values of the memory parameter p, the maximum
values of the error probabilities p for which the correction
scheme is effective decrease. For instance, to /4, = O corre-
sponds a threshold py, = 7.63 x 1072, while to e = 0.29
corresponds py = 1.95 x 1073,

In conclusion, it follows that in the presence of correlated
and symmetric depolarizing errors, the performances of both
the five- and seven-qubit quantum codes are lowered. Further-
more, the five-qubit code is characterized by a parametric
region (where its correction scheme is effective) that is
larger than the one provided by the seven-qubit code (for
both selected sets of correctable errors). Furthermore, in the
parametric region where both error-correction schemes are
effective, the five-qubit code outperforms the seven-qubit code.
In the next section, we will discover that the situation is slightly
different when considering asymmetries and memory effects
in depolarizing channels.

IV. THE FIVE- AND SEVEN-QUBIT CODES:
ASYMMETRIC ERROR PROBABILITIES AND
CORRELATIONS

In this section, we study the performance of the [[5,1,3]]
and [[7,1,3]] QECCs with respect to asymmetric error

probabilities (p = px + py + pz with px # py # pz) and
correlated noise errors in a quantum depolarizing channel.

A. The five-qubit code

In the following discussion, we will assume that the error
probability p may be written as
p = px+ py+ pz, (73)

where

pPx =0xp,py =0yp,pz = 0zp, (74)

with ax + oy + oz = 1. Notice that in the symmetric case,
we simply have ax = ay = oz = 1/3. Following the line
of reasoning presented in Sec. II, it turns out that the
FISL3 (1, p) becomes

asym

A )

= PaoPo + [PooP10Po + 3P Po1 ProPo + PioPoi 1]
+ [PdoP20P0 + 3P P02P20P0 + Poopo2p2]
+ [Pdop3oro + 3P0 Po3P30P0 + Pioposps],  (75)
where
po=1—p, pi=axp, p»=oayp,
poo =1 —p)(1—p)+pu,

p3=0azp,

PHYSICAL REVIEW A 82, 012306 (2010)

pon=pon=pp=10-—wd—-p), po=axpl—u),

po=ayp(l—un), po=oazp(l—un). (76)
After some straightforward algebra, .7-'255;111'3” (1, p) in Eq. (75)
may be written as

FIS2 3 (1w, p) = pgopo + PioPo (Pro + P20 + P30)

+3pdo o1 Po (P10 + P20 + P3o)
+ Pgopot (p1 + P2 + p3). (77)

Recalling that in the symmetric case, p; = p» = p3 = p/3,
Pio = P20 = p3o = p/3 (1 — ), and substituting Eq. (76) in
Eq. (77), it follows that

FGa™ u.p) = FR ) (78)

asym sym

Therefore we conclude that the performance of the five-qubit
code cannot be enhanced in the case of asymmetric error
probabilities in the depolarizing channel. This result was
somehow expected since the five-qubit code corrects a unique
and symmetric set of error operators.

B. The seven-qubit code
Following the line of reasoning presented in Sec. I11, it turns
out that the entanglement fidelity F!7:1.311 (. p) evaluated,

‘ asym
assuming to correct the Set-2 of error operators, becomes

FTa (. p) = plopo + 2p50por (1 + P2 + p3)

+5pgopot o (P1o + P20 + P30)

+ pgopo (2p30p33 + P3o + 3P10p31)

+ PgoPo1 P3opo (830 + 4pss + 12p1o)

+ 63031 P30P0 (P30 + P10): (79)

where

po=1—p, pir=oaxp, p»=ayp,
poo =1 =) —p)+pu,
pon =puz=pi=10—-wd—=p), po=axpl—u),
po=ayp(l—w), po=azp(l—u),
par=pao=azp(l—w), pma=azp(d—p +pun.
(80)

p3 =dozp,

Notice that for px = py = pz = p/3, FI7.1311 (11, p) equals

asym
FUTL3 (1, p). In the absence of correlations, the entangle-
ment fidelity FII7.\-*! becomes
FI0.p) = (1= p) +7p (1 = p)°
+21p* (1 — p)’ [a5 + axaz]. (81)

The general expression of FIU.1°1 (u,p) is given in
Appendix C. We point out that in the absence of correlations,
but with asymmetric error probabilities, the seven-qubit code
can outperform the five-qubit code:

Fasm ™1 0.p) > Fi5 M 0, p) = Fii 1 0,p). - (82)

asym asym sym

In Fig. 5, we plot the threshold curves ME}[]J'm (p) and

ME}[}SJ&H (p) versus p in the case case of asymmetric error

012306-9
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FIG. 5. Asymmetric case: Threshold curves Mhl:’sleﬂj (p) (dashed

[[5.1,3

line) and ul> " (p) (thin solid line) vs p.

probabilities. Asymmetries in the error probabilities enlarge
the parametric regions where the seven-qubit code is effective
for error correction. Furthermore, comparing the performances
of such codes in a common region where they are both effec-
tive, the seven-qubit code turns out to outperform the five-qubit
code in the presence of asymmetries and correlations. In Fig. 6,
we plot FIL% 1 (w, p), FIR (w, p) = FIGA (e, p), and
FUTL3 (1, p) versus the memory parameter u for p =4 x
107% and az = 25a, ax = S«, and oy = o, with ax + oy +
oz = 1.

V. FINAL REMARKS

In this article, we have studied the performance of common
quantum stabilizer codes in the presence of asymmetric and
correlated errors. Specifically, we considered the depolarizing
noisy quantum memory channel and performed QEC via
the five- and seven-qubit stabilizer codes. We have shown

t
-~

<
=3

0.9 1

098 1

F(u,p)

097 1

006 + -+~

*

+

015 020

"
+ T +

000 005 010
m

FIG. 6. FIU[131 (1, p) (dashed line), FI5130 = FINL (1, p)
(thin solid line), and _7{%13]1 (4, p) (thick solid line) vs u with
0 < 1 < 0.199 (where both error-correction schemes are effective)

for p =4 x 1072 with oy = 250, @y = Sa, and oy = «.
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that memory effects in the error models combined with
asymmetries in the error probabilities can produce relevant
changes in the performances of QEC schemes by qualitatively
affecting the threshold error probability values for which
the codes are effective. In summary, we have uncovered the
following findings.

1. Inthe presence of correlated and symmetric depolarizing
errors, the performances of both the five- and seven-qubit
quantum stabilizer codes are lowered for fixed values of
the degree of memory p. Furthermore, such error-correction
schemes only work for low values of .

2. Inthe presence of correlated and symmetric depolarizing
errors, the five-qubit code is characterized by a parametric
region (where its correction scheme is effective) that is larger
than the one provided by the seven-qubit code. Furthermore,
in the parametric region where both error-correction schemes
are effective, the five-qubit code outperforms the seven-qubit
code.

3. The asymmetry in the error probabilities does not
affect the performance of the five-qubit code quantified in
terms of its entanglement fidelity. On the contrary, it does
affect the performance of the seven-qubit code, which is
less effective when considering correlated and symmetric
depolarizing errors. This peculiar effect is rooted in the
stabilizer structure of the CSS seven-qubit code: It is a
consequence of the freedom in selecting the set of correctable
error operators even after the stabilizer generators have been
specified.

4. The performance of the seven-qubit code significantly
improves when considering correlated and asymmetric de-
polarizing errors. Furthermore, in such a case, it is also
characterized by higher (than the one provided by the five-qubit
code) error probability threshold values. This result confirms
that in order to make effective use of QEC, a physical
implementation of a channel with a sufficiently low error
probability as well as a code with sufficiently high threshold
probability is needed [30].

We conclude that in order to optimize the seven-qubit
code performance, it is very important to know the experi-
mental details of the physical implementation of the quantum
memory channel being considered. Furthermore, in order to
make effective use of QEC, a more detailed analysis of the
physical noise models for various qubit implementations is
needed. This requirement, as we have shown, becomes even
more pressing when dealing with noise models in which
memory effects are combined with asymmetries in the error
probabilities.
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APPENDIX A: THE FIVE-QUBIT CODE

In this appendix, we briefly discuss a few technical details
omitted in the article concerning the application of the five-
qubit code to the depolarizing memory channel with both
symmetric and asymmetric error probabilities.

A. Error operators
The weight-0 and -1 quantum error operators in A®(p) in
Eq. (6) are given by

Ay=Vpl' @ PR IPI'® I°,
Al=/p X'’ IP®I1*® I°,
Ay=/pl'X*PRI1*® I°,
A=/l PX 1 I°,
Ay=ypl' PP X' eI,
A= /ps '@’ I*® X°,
Ay=psY' @I*’Q@ 1P RI*"® I’,
A =pl' @Y @I RI*® I, (AD)
Ay=pl'@I’RY@I*Q I,
Ay=pl' @I’ P QY*® I°,
Ap=Vpl' @I’ 1P I1*Q Y7,
A =VZ'ePrrI*e P,

Ap=Vpl'®Z? e I*'® I,
A,=Vil'@ I’ Z°1*® I°,
Au=Vpul'®@ PP 7'e I,
As=Vpsl'@ I’ P 1*® Z°,
where the coefficients p; withl =0, ..., 15 result in
Po = PooPo. P1 = PioP1oPo. P2 = PgoPoi P10Pos

P3 = PooP01P10P0s  Pa = PaoPo1P1oPos  Ps = PooPoiP1s
Po = PooP20P0. P71 = PooPo2P20Po: P8 = PooP02P20Po-
Po = PaoP02P20P0s  Plo = PooP02P2,
Pri=PgoPaoPo, Pr2 = PgyPo3P30Pos P13 = PgoP03 P30Po0

Pia = PgoPo3p3oPos  Pis = PioPo3P3s (A2)

with

p
PrL=p2=p3= 7,

po=1-p, 3

poo=0—-pw)d—-p)+pu,
por=poe=pp=>0-wd-p)),
P10 = P20 = P30 = %(1 —u). (A3)

B. Detectable errors

Recall that an error operator A} is detectable by the code C
if and only if

PeAjPe = hu Pe (A4)

PHYSICAL REVIEW A 82, 012306 (2010)

for some A 4, where Pc:=10.) (O.| + [1.) (1.] is the projec-
tor on the code space. On the contrary, a set of error operators
A = {A}} is correctable if and only if

PeATA! Pe = hpn Pe (A5)

for any pair of error operators in .4 where A,,, define a positive
semidefinite Hermitian matrix. We emphasize that the notion
of correctability depends on all the errors in the set under
consideration and, unlike detectability, cannot be applied to
individual errors. For invertible error operators (such as the
ones considered here), there is a simple relationship between
detectability and correctability. A set A is correctable if and
only if the operators in the set A'A:= {A']TA/2 : A € A} are
detectable. It would be awfully tedious to identify either
detectable errors or sets of correctable errors by means of
Egs. (A4) and (AS5) for the five- and seven-qubit codes
characterized by the code words in Eqgs. (9) and (47), respec-
tively. However, the quantum stabilizer formalism allows us to
simplify such a task. This is a consequence of the fact that by
means of such formalism, it is sufficient to study the effect of
the error operators on the generators of the stabilizer and not
on the code words themselves. In our work, we have made use
of the stabilizer formalism together with the simple relation-
ship between detectability and correctability for invertible
error operators in order to identify sets of correctable and
detectable errors.

It is known that errors with nonvanishing error syndrome
are detectable. It is straightforward to check that

S(A;TA;) #0, with [,ke({0,1,...,15}, (A6)

where S(A}) is the error syndrome of the error operator Aj,
defined as

S(Ap):=HB Ny, (A7)

The quantity H>-1311 is the check matrix for the five-qubit
code in Eq. (18), and vy, is the vector in the 10-dimensional

binary vector space F210 corresponding to the error operator
A}c. For instance, considering k € {0,1, ...,15}, we obtain

v; = (00000]00000), vy = (10000]00000),
vx2 = (01000]00000), vx: = (00100]00000),
vx+ = (00010[00000), vys = (00001]00000),
v = (00000]10000), v, = (00000/01000),
vz = (00000]00100), vz = (00000[00010), (AS)
vzs = (00000]00001), vy1 = (10000/10000)
vy2 = (01000[01000), vy = (00100]00100),

vy+ = (00010]00010), wvys = (00001|00001),

and the error syndromes become

S(I)=0000, S(X')=1000, S(X*) = 1100,
S(X* =0110, S(X*)=0011, S(X°)= 0001,
S(z')=0101, S(Z%=0010, S(Z* =1001, (A9)
S(Z* =0100, S(Z°)=1010, S¥' =1101,
S(r?) =1110, S¥? =1111,
S(Y*=0111, S(¥% =1011.
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For a nondegenerate quantum stabilizer code, linearly in-
dependent correctable errors have unequal error syndromes.
This necessary (but not sufficient) requirement for a set
of correctable errors appears fulfilled in Eq. (A9). Finally,
following the previously mentioned line of reasoning, we can
show that Eq. (A6) is fulfilled.

C. Recovery operators

From Eq. (24), it follows that the 16 recovery operators are
given by

Ry =10.) (Ol +12) (1], Ry=RiX', Rs=RX?
Ry=R X}, Rs=R/X* R¢=R X, R/ =RY'
Rs = R\Y?, Ry=R\Y} Ry=RY"
Ry =RY’, Rno=RZ', Rs=RZ,
Riu=RZ®, Ris=RZ' Rie=RZ. (A0

D. Entanglement fidelity

The explicit expression for the entanglement fidelity
FUSL31 (1, p) in Eq. (37) is given by

FIBEN(w, p) = u*@p® —7p* +3p%)
+ w3 (—=16p° 4+ 36p* — 26p° + 6p?)
+u*(24p° — 66p* + 63p> —24p* 4+ 3p)

+ u(—16p° 4+ 52p* —60p> +28p> — 4p)
+ (4p° —15p* +20p> —10p> +1).
(A11)

APPENDIX B: ON THE SEVEN-QUBIT CODE

In this appendix, we briefly discuss a few technical details
omitted in the article concerning the application of the seven-
qubit code to the depolarizing memory channel with both
symmetric and asymmetric error probabilities.

A. Error operators (Set-1)

The set of correctable error operators (Set-1) is explicitly
defined by 64 error operators. The only weight-0 error operator
is given by

Ay=pp'@ PP I'e I’ 1°01" = /pyl.

(B1)

The 21 weight-1 error (correctable) operators are given by

Ay =pX Ay =X A= p5XC,
Ay =Xt A= \[PiX, Ag =/ pX°,
Ay =B X7, Ay=RY' Ay =.[pY?,
A/10: 13/10Y3’ A/11: ﬁ/“Y“, A/12: P~/12Y5’
A/13= 17/13Y61 A/14= 13/14Y7’ A/15= ﬁ/ISZl’

A/16 = Pl 22

Al =\ P12,
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Al =/ Py z,

Ay = pzoZ

A,18 = P1 Z4

A,21 = Pz z.

(B2)

Finally, the 42 weight-2 (correctable) error operators are as

follows:

Ap=\ppX'2?,
Ays =,/ phsX'Z°,
Abg =/ PrZ' X,
Ay =
Ay =Pz X,
Ny =[x,
Ajy=/PaZ' X%,

A=/ PpX*2,

Ap = P47Z X,
A5y =/ D5 Xz°,
A=
ASe =/ % z°X°,
Ay =

-
A62 -

Xz,

Pz X,

~/ 5v7
0l X',

A/zs =
A=/ Py X 'z°
Adg =/ Pro b GVAN
A/32 =
Ay =/ D35 z2x°,
A/33 =
Ay =[P 22X*,
AZ&4= 1744X4Z6

A£16= 174 z! X

Al =P Z’X°,
A/Sl = Ps X7,
A/54=

Ag=\/P5X°Z7,

~§922X7» Agy= P@OZ X7, Ay =

A
A63 -

X' 2

PXZ",

PeXZ",

~/ 3y6
54ZX’

PesZ8X7.

A=\ PuX'Z",

Ay =\/pnX'Z",
Ay =Py X Z",
A=\ X7,
Ase =1/ P Xz,
A= \[X°Z.
Ap=\/PpnZ X
Al =\ PisX*Z7,

(B3)

Ny =[P X",
A =\/p5Z'X°,
Ass = ﬁgSZ4X6’
Agg=\/p5Z' X,
i X,

(B4)

B. Detectable errors (Set-1)

For the sake of completeness, we show in an explicit
way that these 64 errors are detectable. Considering k €

{0,1,...,

error operators is given by

S(I) = 000000,
S(X?*) = 101000,
S(X%) = 010000,
S(Y? = 110110,
S(Y3) =011011,
S(Z" = 000111,

S(Z* = 000100,
$(Z%) = 000010,

012306-12

S(x" = 111000,
S(X*) = 100000,
S(x7) = 001000,
S(Y?) = 101101,
S(Y%) = 010010,
$(Z*) = 000110,

21}, the error syndrome of weight-O0 and weight-1

S(X?) = 110000,
S(X°) = 011000,
S(Yhy = 111111,
S(Y*) = 100100,
S(Y"y = 001001,
S(Z*) = 000101,

S(Z3) = 000011,
Sz = 000001.

(BS)
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Instead, for k € {22, ...,63}, the error syndrome of weight-2 S(Z*X%) = 011110, S(Z>X°) = 011101,
error operators is given by S(Z*X3) =011100, S(X°Z% = 011010,
S(xX°Z"y=011001, S(Zz'x% =010111,
S(xX'7% =111110, S(Xx'Z% = 111101, S(Z2X%) = 010110, S(Z*X%) = 010101,
S(X'z% =111100, S(X'Z%) = 111011, S(Z4X®) = 010100, S(Z°X) = 010011,
S(x'z% = 111010, S(X'Z")= 111001, S(X5Z7) = 010001, S(Z'X7) = 001111,
S(Z'x*» =110111, S(X*Z%) = 110101, S(Z2X7) = 001110, S(Z*X7) = 001101,
S(X%7Z% =110100, S(X%Z%) = 110011, S(Z*X7) = 001100, S(Z°X7) = 001011,
S(X%7% = 110010, S(X*Z7) = 110001, S(Z8XT) = 001010. (B7)

Z'X%) = 101111 Z°X?%) = 10111
S( ) 0 » S ) 01110, Since these errors have nonvanishing error syndromes, they

S(X 324) = 101100, S(XSZS) = 101011, are detectable. As a side remark, we point out that following
S(X37% =101010, S(X*Z") = 101001, the previously mentioned line of reasoning, it can be shown
S(Z'x* =100111, S(Z>x*) = 100110, that S(A;TA;() #0,with [, k € {0,1,...,63}.

S(Z>X* =100101, S(X*Z°) = 100011,
S(X*z% =100010, S(x*Z7) = 100001,
S(Z'X%) = 011111, (B6)

C. Entanglement fidelity (Set-1)

The explicit expression for fégj’m (u,p) in Eq. (67) is

given by
|

Foer M ap) = u® (397 = p° =397+ 3p%) + 17 (=8p7 + Fp° = Fp* —4p* + 3p°) + ut (20p7 — 2 p°
+2;_01)5_41174_‘_%1)3_{_43_1p2)+u3(_%p7+%p6_%p5+192p4_2§_2p3+12p2)
+u* (20p7 — 3B p0 4 B3 p5 —310p* 4+ B0p3 — 12 4 5p) 4 p (—8p” + BB pb — BOpS
+220p* = p3 + B2 —6p) 4 (3p7 — Lpo+ 12p° — 1DBpt 4 MOp5 B2 4 ), (B8)

D. Error operators (Set-2)

The sets of weight-0 and weight-1 correctable errors are A= |5 7ix2 A7 — |5 7\x3 AV = |57l x*
given in Egs. (B1) and (B2), respectively. The chosen set of 43 Pay ’ “ Pa ’ 4 Pas ’
correctable weight-2 error operators is Al =/ Pl 7'x5, Al =Pl 7' X6, A=/ pls 7'x7,

AZ9= 131922)(3’ Ag(): ﬁg’022X4, A,5,1 = ﬁglzzxs’
"o =11 7172 "o o__ =1 7153 "o o__ =11 7174
A22 = pzzz Z y A23 = p23Z VA y A24 = p24Z VA s A/5/2 — ﬁgZZZX6, A/5/3 _ ﬁ§'3ZZX7, A/5/4 — ﬁg4Z3X4,
A// — ~// ZIZS, A// — ~// ZIZ6, A// — ~// ZIZ7,
25 Prs 26 D2 27 P27 Al = 13%23)(5, Al = ﬁg’6Z3X6, Al = ﬁg7Z3X7,
A// — ~// 22237 A// — ~// 2224, A// — ~// ZZZS,
28 DPag 29 D29 30 P30 Al = ﬁg824X5, Aly = ﬁg’9Z4X6, Al = ﬁgOZ4X7,
A// — ﬁ” ZZZG, A// — ﬁ” 2227, A// — ﬁN Z3Z4,
HV 2TV P BTV M= [P ZX, A= \[peZX", A= \[pz'X".
AL =\PLZ7, A= \[p52°2°, Ai=\/p%Z’Z, (B10)

A’3’7 = 153/724257 Agg = 153/324Z6v Ag9 = ﬁ§,9Z4Z7’

E. Entanglement fidelity (Set-2)

<11 576 ~11 557 ~11 657

Ap=\PnZ’2", AL=\ph2°Z", AL=\ppZ°Z", . Thi explicit expression for Féglé’m (u,p) in Eq. (71) is
(B9) given by
|

,1,3
Feea " (op) = 1 (307 + p°* = 5p° + §p*) + 1 (=8p7 + Fp° +16p° — §p* + 3 p?)
+ut (20p7 — pb 4+ Dp5 +23p* — D p3 4 18p2)
+ud (=5 + Fp0 = P+ Fpt - PP = BpP + 1)

012306-13
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+u* (20p7 — F pb +235p°
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— 5Pt S =25+ 3p)

+u(—8p7+ %pﬁ - 43&[75 +200p* — 4%173 + %pz —4p)

NI VA

APPENDIX C: ASYMMETRIES AND CORRELATIONS

A. Entanglement fidelity
Substituting Eq. (80) in Eq. (79), the explicit expression for
FUTL3N (1, p) becomes

asym

Fasm ™ (,p)

= As (1, p) + As (0, p)
|

Dpt 4 Wp3 —Lp241).

(B11)

+ Ay (1, p) + Az (1, p)
+ Ay (u,p) + Ai (u,p) + Ao (u,p). (C1)

The quantities Aﬁ (I“Lap)’ AS (I'Lap)’ A4 (I'Lap)a and A3 (/"Lﬂp)
are given by

As(u, p) = pb[(6p7 — 11p° + 5p%) 4+ az(6p°® — 10p° + 4p*) + (02 + axaz)(—21p" +45p° —30p° + 6p™)],

A p) s (=36p” +90pS — 74p3 + 20p*) + az(—30p°® + 70p° — 52p* + 12p?)
[,p) =
b + (02 + axaz)(126p7 — 330p° + 300p° — 108p* + 12p%)

As(p.p) = ap’
P + (aF + axaz)(=315p" + 975p° — 1110p° + 558p* — 114p* + 6p?)

(—120p7 4 460p® — 680p° + 480p* — 160p° +20p?)

As(u,p) = 1| +az(—60p° +220p° — 304p* +192p3 — 52p* +4p)

+ (% + axaz)(420p” — 1500p° + 2040p° — 1296 p* + 372p* — 36p?)

while A>(u, p), Ai(u, p), and Ao(i, p) are
(90p7 — 405 p® + 725p° — 650p* + 300p> — 65p2 + 5p)

Ay(u,p) =12 +az(30p° — 130p° +220p* — 180p3 + 70p> — 10p)

+ (a2 + axaz)(=315p7 + 1275p° — 2010p° + 1530p* — 555p° + 75p?)

(=36p7 + 186p° — 390p° + 420p* — 240p> + 66p> — 6p)
Ai(u,p)=p| +az(—=6p°+30p° —60p* + 60p* — 30p* + 6p)

+ (% + axaz)(126p” — 570p° + 1020p° — 900p* + 390p* — 66 p?)

(90p” —285p® 4+ 330p° — 165p* 4+ 30p3) 4+ az(60p° — 180p° + 192p* — 84p3 4 12p?)

(C2)

Ao(p,p) = (1 = p) +7p(1 = p)° +21p*(1 = p)’ [ + axaz]. (C3)
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