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Finite nuclear mass corrections to electric and magnetic interactions in diatomic molecules
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In order to interpret precise measurements of molecular properties, finite nuclear mass corrections to the Born-
Oppenheimer approximation have to be accounted for. It is demonstrated that they can be obtained systematically
using nonadiabatic perturbation theory. The formulas for the leading corrections to the relativistic contribution
to energy, the transition electric dipole moment, the electric polarizability, and the magnetic shielding constant
are derived. They can be conveniently calculated for a fixed position of nuclei, as in the Born-Oppenheimer
approximation, and then averaged over the rovibrational function.
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I. INTRODUCTION

In the calculation of some molecular properties, the
magnetic shielding, for example, one usually assumes the
nuclei have fixed positions, the so-called Born-Oppenheimer
(BO) approximation, and at the final stage averages over the
appropriate vibration-rotational wave function. The principal
question we address in this work is what are the finite
nuclear mass corrections to various physical properties of
the molecule, such as relativistic energies, polarizabilities,
or the previously mentioned magnetic shielding evaluated
in the BO approximation. Direct nonadiabatic calculations
are possible only for small molecules and only for simple
properties such as the electric dipole polarizability [1,2].
This approach, however, is not universal and has not yet
been applied to more complex molecules such as H,O or
to the evaluation of the nuclear spin-rotation and shielding
constants. In this work, we demonstrate the applicability of
nonadiabatic perturbation theory (NAPT) [3] to obtain in a
systematic way the formulas for various physical properties
of a diatomic molecule, with possible extensions to larger
molecules. We rederive the known result for the electric
static polarizability, the rotational magnetic moment, and the
spin-rotation constant, and we obtain the leading finite nuclear
mass corrections (which we will call in this work nonadiabatic
corrections) to relativistic rovibrational energies, the transition
electric dipole moment, the electric static polarizability, and
the magnetic shielding constant. These finite nuclear mass
corrections are important for comparison between accu-
rate measurement and precise calculations, for example in
the dissociation energy of H, [4,5], the transition electric-
dipole moment of LiH [6], or in the shielding constant of H;
and isotopomers [7].

We demonstrate in this work that the leading finite nuclear
mass corrections can be conveniently calculated for a fixed
position of nuclei, as in the BO approximation, and averaged
out over the rovibrational wave function. We do not consider
here the second-order corrections in the nuclear Hamiltonian
H, but for consistency regard them also as nonadiabatic
corrections, although of higher order.

In Sec. II, we define the reference frame and split the
nonrelativistic Hamiltonian into electronic and nuclear parts.
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In Sec. III, we briefly present NAPT on the basis of Ref. [3],
include nonadiabatic corrections to the BO wave function, and
derive general formulas for first- and the second-order matrix
elements. In Sec. IV, as a first example, we derive formulas
for relativistic recoil corrections to rovibrational energies in
diatomic molecules. Further examples are finite nuclear mass
corrections to electric properties of molecules, derived in
Sec. V, and to magnetic properties of molecules, derived in
Sec. VI. We briefly summarize our results in Sec. VII.

II. NONRELATIVISTIC HAMILTONIAN
We consider a neutral diatomic molecule with the
Hamiltonian
s
2m B

bl Pi

2m  2my +

+V, (1)

where the summation index a goes over all electrons and
A and B refer to nuclei. In order to derive formulas for
nonadiabatic effects, one must fix }he reference frame. We start
withﬁtheqlaboratory frame {R4, Rp, 7,} and change variables
to {R, Rg, X,} according to

I_éA = EG + €p 13, )
Rp = Rg —€a R, 3)
Fo = Rg + %, )

with the relative position of nuclei R=R A — I_éB, and the
new frame origin, arbitrarily chosen on the molecular sym-
metry axis, EG =€y EA +€p 133, where €4 + € = 1. The
conjugate momenta are related by

Pa=eaPo+P—e, D dar ®)
a
Pr=esPo—P—eg Y G (6)
a
ﬁa = Ziav (7)
where P = —i %R and g, = —i %xa- The nonrelativistic wave

function with vanishing total momentum does not depend
on Rg, so ¢ = ¢(X,, R), and since P; commutes with H
when expressed in the new variables, it can be set to 0. The
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Hamiltonian H in the new variables becomes

H—Z‘;“2+V+ Ly ) pe
_u2m ZmA ZmB

_ (E_A — E_B> P-Y Ga. (8)
nmy mpg

a

The last term in the preceding equation is transformed by the
unitary transformation

H=e¢'""He'Y =H —i[p, H + -, )
where
€ € - g
gp:m(m_i_m_i)ga:xa.p (10)
and
e—iwq;'eW=q;'+m(€—A—€—B) P A
my mp

with higher order O (m/M)? terms in the electron nuclear mass
ratio being neglected, with M equal to m4 or mp. As a result
of this transformation, the Hamiltonian takes the form

I:I = Hel+an (12)
52
H, = ﬁ-{-v, (13)
2
1 1 > €2 €3
Hn: P2 A B _'a
<2mA + 2m3> + (ZmA + 2m3> <Xu:q)
€A €R N -
—-_m( = -—= L Vr(V 14
’”(mA m3> ;x r(V) (14)
= H, + H/, (15)

where H, includes the first term and H,' the two remaining
terms. This form of the nuclear Hamiltonian is convenient for
the calculation of nonadiabatic effects. Moreover the freedom
in choosing €4 p will be used in order to simplify formulas for
nonadiabatic corrections to electric and magnetic properties.
Later, we will need the angular momentum operator J, which
for states with vanishing total momentum is defined by

J= Z(Fa — Rew) X Pa+ (Ra — Rea) X pa
a

+(Rg — Rew) X Pa, (16)

where I_éCM is the molecular center of mass. In the new
variables, the operator J

-

J=3%uxGat Rx P=Ja+1, (17)

is split into electronic jel and nuclear jn parts, and this Jis
not modified by the unitary transformation of Eq. (9).
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III. NONADIABATIC PERTURBATION THEORY

The total nonrelativistic wave function ¢ of an arbitrary
molecule is the solution of the stationary Schrédinger equation

[H — E]|¢) =0, (18)

with the Hamiltonian H being a sum of the electronic H
and nuclear H, parts, Eq. (12). In the adiabatic approximation
¢ = ¢,, where

¢, R) = dpa(¥) x(R) (19)

is represented as a product of the electronic wave function
¢e1 and the nuclear wave function x. We note that ¢
depends implicitly on the nuclear relative coordinate R. The
electronic wave function obeys the clamped nuclei electronic
Schrodinger equation

[Her — Ea(R)] @) = O, (20)

while the nuclear wave function is a solution to the Schrédinger
equation in the effective potential generated by electrons

[Hn + &(R) + Ea(R) — Eullx) =0, 21
where
Ea(R) = (¢e1| Hnler)el- (22)
In NAPT, the total wave function
¢ =¢at+5¢Pn = b1 X + S¢na (23)

is the sum of the adiabatic solution and a nonadiabatic
correction. The nonadiabatic correction §¢n, is decomposed
into two parts,

Sna = Pe1 8x + 8 Pna, (24)

obeying the following orthogonality conditions:
<8/¢na|¢e]>el = O’ (25)
(dx1x) =0, (26)

which imply the normalization condition (¢, |¢) = 1.
In the first order in H, of NAPT, one has

18"V = Ty o lax). (27)
(s e
and in the second order
18'Pna) @ = o~ Hay (Hy+ & — Ey)
1
X m Hy |pa x), (28)
(S e

where 1/(E; — Hg)' denotes the resolvent with the reference
state ¢ subtracted out. The total nuclear function x + &x
satisfies the effective Schrodinger equation which includes
adiabatic and nonadiabatic corrections [3]. Thus, the nonadi-
abatic wave function can be recovered order by order in the
perturbative approach. Equations (27), (28) involve H, and,
thus, derivatives with respect to R. These derivatives can be
calculated with the help of the following formulas:

Vilde) = Ve(V)lger), (29)

1
(861 - Hel)/
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N 1 1 > 1
v - VeV — Ea) ————
4 [(561 = Heo/} oty VT Ty
T Ea— Ha)? VR(V)|@e1) (@ell
1
— |¢pet) (et VR(V) o H)? (30)

It has been shown recently in [3] that the application of
these formulas allows for a significant improvement in the
numerical accuracy of adiabatic and nonadiabatic corrections
in the H, molecule, and this probably will hold for any diatomic
molecule. Alternatively, one may use the formula

Ve =i~ Vg)—ii x (i x Vg), (31)
where 7 = R /R, with only the first radial part replaced in
terms of the derivative d(V — &)/0 R, namely

1 ;
n % Jnler).-

Vilde  S— e 32
Rla) =i s aR|<z>1> (32)
For example, the adiabatic correction to energy becomes

ER) = (Get| Hu| Per)
72
= (el H, + —R2|¢el>
1
Py —— 33
<¢el| IR (5e1 — el)/z IR |¢el) ( )

where m, is the nuclear reduced mass and for X electronic state
J |@e1) can be replaced by Je1|¢e1> In this way one avoids
summation over intermediate states with the IT symmetry.

A. First-order matrix elements

We will use here NAPT to derive the finite nuclear mass
corrections to various matrix elements in a general form.
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Later we will analyze specific examples. Consider at first the
Hermitian electronic operator Q (no derivatives with respect
to nuclear variables, for example, the relativistic correction to
kinetic energy of electrons) and its matrix element between
(different) rovibrational states. In the BO approximation, this
matrix element can be represented in terms of the electronic
matrix element nested in the nuclear matrix element, namely

(0)? = (da x| Qloer i) = (el QYD 1xi),  (34)
()Y = (0)a = (Pal Qlder)- (35)

‘We will show that the same holds for nonadiabatic corrections
to this matrix element, which are

(0)V = (@1 xt|Ha Olde xi)

1
(gel - el)/

+ (o1 xt1Q Hylpel xi).  (36)

(Ea — Ha)
Although in this work we con51der only the first-order
O(m/M) corrections, let us present here the second-order
corrections to the diagonal matrix element to demonstrate the
application of NAPT

1

1
@ = (¢, Hy o (Ha & — E)
(Q> (d) : X| (561 el)/ ( e ) (Sel - Hel),
X QlPer x) + (¢t 10 o Hay (Hy+ & — Ey)
1 1
o 17 v Hn (& (& Py —
* (gel - Hel)/ |¢ ! X> (¢ : X| (gel - el)/
— 0)
x(Q —(0) )( “Ha Hy| el X)- (37)

Additional corrections due to éx in Eq. (24) can easily be
included in the (Q)© and (Q)" by replacing x by x + 8x
and will not be considered any further. Let us return now to
the leading order correction to the matrix element in Eq. (36):

w_ [ .
(o) = /d R {(Xf Xi) |:(Hn ¢e1|—(5el ~Hay O |par) + (el Q Y |H, ¢e1)]
V(x{ %)
By [( R¢e1|—( Hoy 0 ¢el) + (@all Q o Hy | R¢e]>j|
06 Vi = % V) 1
_ S [(VR¢e1|—( Hay Q |pe1) — (¢l O G Hay | R¢el>:|} (38)

and consider two special cases. If Q is a real operator, then the
third term vanishes and with the help of integration by parts,
we obtain

(@Y = Gl 1x1), (39)

(0)Y = (¢al H iy —— 0 lpu)

¢l (Se] el), e

1 <~
(3 P Hn el/s 40
+ (¢l O Eo— Hay | @er) (40)
where for arbitrary ¥ and ¥

(Wl Hol ) = (Ve W41 VR V) /R mn) + (W4 H W), (A1)

This case of the real Hermitian Q finds applications in studying
relativistic corrections to rovibrational energies and to all
electric properties. If 0 = Q is an 1mag1nary vector operator
composed of electronic operators and R, such that R - Q =0,
then the first two terms in Eq. (38) vanish and

1 d*R .
s | S 00 s 17 (U )]

1
|:<¢el|Q m|

(0" =
nj¢el>

+ (/] el o/ |¢el>:|, (42)

1
(Sel - Hel),
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where J is defined in Eq. (17). Let us assume that ¢ is a

state, so that J |pe1) = —Je1 |per) and
(0N = — (sl —2 ; <¢>e1|11 L Q7 ¢a) | xi)-
n ¢ (gel - Hel)/
(43)

This case of imaginary Hermitian Q finds application in
studying the magnetic properties of molecules.

B. Second-order matrix elements

Consider the second-order matrix element with two ar-
bitrary electronic operators @ and Q. Let us assume that
(Pe1] Qil@e1) = 0 and introduce the notation

1
(Q1 O2) = (0101 E_H)y 021¢) +c.c. (44)
In the leading order of NAPT, this matrix element is
(01 0207 = (x (01 2)1x). (45)
1
O _
(O1 O2)e = (Pal Q1 Ea— Ha) Ozl¢er) +c.c.,  (46)
and the nonadiabatic correction is
(Q1 02)"
1 1
= e —— (H, ge —E) ——
<X ¢) 1|Ql (gel - Hel)/ ( + : ) (gel - Hel),
1 1
(S (S H
X Q2|Pet ) + (X Pell Ea— Ha) Ql(gel “Hay
1 1
X Q2|pa x) + (X ¢e1l O1 0>

(561 - Hel), (gel - Hel)/

X Hyl¢e x) +c.c.. (47)

This correction can also be rewritten in terms of the nested
electronic matrix element, namely

(01 020V = (x (@1 02) 1),
(01 0

= (¢l Q1

(48)

g 1
(H, =¢, ) ——Hel)/ Q2|¢el)

1
(ge] - He])/ " ‘ (561
Q2|¢er)

1
o H
+ (el Ea— Hay 0,

1
+ (Pl 01 Ea_Hay 0>

(gel - Hel),
Hy ¢a) +c.c.
(49)

1
(gel - Hel)/

These formulas will be used in the calculations of the
nonadiabatic corrections to the shielding constant. The more
general case with (¢e| Q;|@e1) 7# 0 for Hermitian real operators
Q; is considered in the following section using a slightly
different approach.

C. Diagonal matrix elements with real Hermitian operators

The finite nuclear mass corrections to the diagonal matrix
element of a Hermitian and real operator Q can obtained

PHYSICAL REVIEW A 81, 032505 (2010)

by taking a derivative §o with respect to Q of the nuclear
Schrodinger equation, which includes the diagonal adiabatic
correction &, in Eq. (21)

So[Hy + Eu(R) + Ea(R) — E,l 1x) =0, (50)
that is
[Hy + E(R) + Ea(R) — E, 160 x)
+[60&(R) +89&a(R) — 8o Eu] |x) = 0. (51

Taking the product with (x| on the left-hand side, one obtains
the matrix element with the leading finite nuclear mass
corrections

(91Q19) = SoE = 8gEa = (x18g&a(R) + do&a(R)|x)-
(52)

The perturbation of electronic energies & (R) and E,(R)
due to some operator Q can be obtained using stan-
dard Rayleigh-Schrodinger perturbation theory and the
result

@101¢) = (xHOD1x) + (XD 1x) + -

coincides with the former derivation. The fact that leading
finite nuclear mass corrections to the matrix elements can be
obtained from the adiabatic nuclear equation simplifies their
derivation.

For the corrections to the second-order matrix element, we
will need 8¢|x), which is

(53)

1
8
o) = B, H, — &) — Ea(RYT
e e (S H e 17 v (S
X [<¢>1IQI¢1> (el Eas el),Q|</>1>
1
€ Hn (& . 54
+ 94l T |¢>1>] %) (54)

Consider now the second-order matrix element (Q; Q)
in Eq. (44) with two electronic operators Q; and Q5.
In order to find the Born-Oppenheimer form and the fi-
nite nuclear mass corrections, we take the second-order
derivative 8g,p, of Eq. (21), and multiply from the left

by (x|

(x180,0,Ea(R) + 80,0,E(R) — 80,0, Ea | X)
+(x180,E(R) 4+ 80,E1(R) 180, %) + (x180,E(R)
+ 5Q2531(R) 180, x) =0. (55)

This second-order matrix element (Q Q») is identified with
80,0, Ea, and thus,

(01 O2)

02|9) + (9102 ——— Qil9)

1
= 010 =y

= (x180,0,Ea(R) | x) +

+ (X180,€a(R) 180, x) +
+ (X180, E(R)180, ) +

= (01029 +(01 0»)

032505-4

1
(E—-HY
(x180,&a(R) 180, x)
(X180,0,E(R)IX)

M +

(X180,Ea(R)[S80, x) + - -+

(56)
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where 8¢, 0,&1 and 8¢, 0,&, are corrections to corresponding
energies due to electronic operators @ and Q,, and

(01 02

= (x{¢ell Q1 Oala)x) + (x1 (0N

1
(gel - Hel)/
1
Hn - Ea(R)

* B = (02 %) +ec. (57)

- Ea(R))
and

(01 02)

1 <~
= e ——— (H, _Ea TR
el @al Q1 e ¢ ) €0~ Hay

X sl 1)+ (x| (Gl Hy ———— (01 —(01)Y)
(Sel - Hel),

1 1
X Ea — Hay Qaler) 1)+ (x| (@l Q1 o~ Hay

_ oy _ - < o)
x (Q2—(02)e) Ea— Ha) Hy [¢er) [X)+ (X1 (Q1)g

(0 1)+ (xl (N

" [Ea— Hy— E(R) — Ea(R)]
1
Hy — E(R) —

<Q2> [x) +cc. (58)

X
[Ea - el(R)

In the case (Ql)sl)) = (QZ)(O) 0, these formulas coincide
with those derived in the previous subsection.

D. Matrix elements of Hermitian operators with R derivatives

_ Consider an operator of the form Q = é . ﬁ, where
P = —i Vg and Q is a Hermitian, electronic operator, such
that [P', Q'] =0, for example, the electron-nucleus Breit
interaction Eq. (65). Its matrix element between different
rovibrational states is of the form

(¢e1 Xi| Qler i)

= 15 (Xel[(Vk Pl Oldper) — (etl O1 V)1 i)

+ ’5 Vel (Q)erl xi) — (xel(Q)ell Vi) 1. (59)

It Q is an imaginary operator, then the second term vanishes
and

(et xe| Q11 Xi) = (xel{Q)al i), (60)
(Q)et = =i (et QIVR Ge1) =i (VR bet| Qler).  (61)

If Q is a real operator, then the first term in Eq. (59) vanishes
and

(e X1 Ol xi) = (X1(D)el P (O)alxi)-

(62)

- Ply) = (xil

IV. RELATIVISTIC RECOIL CORRECTION TO
ROVIBRATIONAL ENERGIES

This is the first and the simplest application of NAPT, the
finite nuclear mass correction to the relativistic energy. The
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total relativistic correction to the binding energy of a X state,
neglecting interactions with nuclear spins and the higher order
O(m/M)2 terms, is given by [8,9]

SH = S5Hy + S H,, (63)
4
2 Pq ZXJT T3
o= |~ D+ D0 i 820
a a,X a>b
1 (81 ribrjb) j
_ — o[ p et , 64
; 2m2 Pa (ra;, rd Py (64)
Zx e
8Hn — 2 [ aX aX 65
« aXX: 2mmy p”(rax + riy px (©5)

The relativistic correction E.; to the energy, taking into
account the transformation in Eq. (9), is

Ewa = (|5H|p) (66)

= (xISHY 1) + X IEH) P 1x) + 0m/ M2, (67)
where

($H)) = (pa1|8 Hatlper) =

($H)S = (aald Halpa) — (8—/‘——) m[Zxa Ve,

<8H61>617 (68)

1
BHS (5 2 el 8He HH el/-
1]|¢ 1) + 2 (@eil 6 Her Ea— Hay |Per)

(69)

As has already been noted in [5], relativistic recoil effects are
of order O(m /M) and can be expressed as a correction (SH)(1>
to the BO energy E.i(R).

Since the wave function ¢ does not depend on ﬁc, the
momentum Pg implicitly present in §H, can be set to 0.
Moreover, we chose Rg in dependence on the particular
operator in 8H, in such a way that the result of the
transformation ¢ in Eq. (9), namely the second term in Eq. (69),
vanishes. For example, for the first, third, and fourth term
in §Hy, RG is the nuclear mass center [e4 =ma/(ma +
mp), epg =mp/(my + mp)], for 83(rax), RG is placed at the
nucleus X (ex = 1), and for §H, in the geometrical center
(¢4 = e = 1/2). Inthis particular choice of 130, the derivative
98 H.1/9 R that comes from H, in Eq. (69) also vanishes and the
relativistic finite nuclear mass correction can be rewritten in
the form

(8H)') = (¢eil8 Holper) + 2 (¢t 6 Her

1
(gel_Hel)/

BT - B TP By

X —_— E— E—

n o m, R2 )TN T o, TR

! (6H, (6 Hel)el) ! v
X el — el/e D
(Ea— Hay ~ © Vel (€q — Ha)? OR

1 AV — &)
¢! - ¢! 8He
><|<i>1)‘|‘mn (@l "G Hy  9R
1
He)? R

X (gel_— |¢e1) (70)
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The expectation value of §H, is calculated according to
Eq. (32), namely if

8Hy= Q- Vg + 0, (1)

with Q; electronic operators and %R él =0, then

1 Vv
(gel — Hy)

+ (palii - 01 SR
Soldea).  (72)

(¢el|8Hn|¢el> = (¢el| Q2|¢el)

X Iga) + = (@alii x 01 -
One may expect significant cancellations in the leading
finite nuclear mass correction (6H )S) between the first
and second terms in Eq. (69). For example, for separate
hydrogen atoms in the ground state, this correction vanishes.
Therefore, the next order correction, which is O(m/M)3/?,
may become relatively significant. This is due to, for
example, the second order in H, nonadiabatic correction
given by Eq. (37), or by the orbit-orbit interaction between
nuclei.

V. ELECTRIC PROPERTIES

We will study here the nonadiabatic corrections to the
transition dipole moment and the electric dipole static po-
larizability. The direct nonadiabatic calculations have only
been performed for simple molecules like H;’ in [10-13],
H, in [1], and LiH in [2]. There is a considerable literature
on electric properties of molecules in what we are calling
here the adiabatic approximation. Let us mention the ex-
tensive review of Bishop [14] and earlier works of Brieger
in [15,16]. We recover here their results for the electric dipole
polarizability and present closed formulas for the nonadiabatic
corrections.

The interaction of a neutral molecular system with a
homogenous electric field Eis given by

SH=-D-E, (73)

where the electric dipole operator Dis

ﬁ:eZia+eA£A+€B£B, (74)

a

and where x4 = eBI_é and Xp = —€4 R. We note that for
charged molecular systems, the electric dipole moment has
to be defined with respect to the center of mass of the total
molecule.

Let us fix the reference frame to the center of the
nuclear charge €4 = es/(es + ep), €g = ep/(ea + ep), then
D=e >, X4, and this D is not affected by the unitary
transformation in Eq. (9). We will show that the interac-
tion of the molecule with the homogenous electric field,
despite including leading finite nuclear mass effects, can be
effectively described by the Hamiltonian Hs in the nuclear
space

(R)

Het = —Da(R) - E — E'E/, (75)
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where Del(R) is given in Eq. (78) and a (R) in Eq. (82). From
the previous equation, the transition dlpole moment is

Ds = (xs|Dalxi), (76)

and one notes that the matrix elements [)ﬁ between the same
nuclear states always vanish. Similarly, the total electric dipole
static polarizability is

1

Di Dj s
<X| ol Ea_Hn_ga_gel el'X)

ol = (xladx) —

where the first term is due to the electron excitations and
the second one is due to the rovibrational excitations. For
molecules with the so-called permanent electric dipole mo-
ment, the second term dominates, with particularly significant
contributions coming from intermediate nuclear states with the
same vibrational number but with different J.

The electronic matrix elements D, and o, are obtained
as follows. According to Eqs. (35), (40) and Egs. (29), (30),
the electric dipole moment including the leading nonadiabatic
effects is

Do = DY + D, (78)
where
DY = (¢ul| Dlpa), (79)
. _ 1
DY =2 (palD ———— Hy e (80)
el (gel — H el )/

For X electronic states, the nonadiabatic correction can be
rewritten in the form

>,

BY =2 (paD—— (B! + /a ) + ——
¢ (gel — Hq) " 2my R? my R2
. 1 - 1 -
DX ——J —_ D
xm|x@_%ymwﬂmm|
1 AV — &) 1

X e
(Ea — w R (@—eMaRW”
1 1 > > 1
ol — ——— (D= DY) ———
(¢ l| IR (gel _ el), ( el ) (gel _ Hel)/z
xﬁwm @1)

This result is in agreement with the previously obtained much
simpler formula for the HD molecule [17], where only the
last term in H, contributes in the previous equation due
to the inversion symmetry of the ground electronic state.
We observe that despite including first-order nonadiabatic
corrections, the transition dipole moment Dy can be repre-
sented in terms of the matrix element of the electronic dipole
moment Dy evaluated with nuclear functions x; and yx;; see
Eq. (39). A similar result holds for the electric dipole static
polarizability

al{ _a(o)ll +a (1)11 (82)

which in the BO approximation is

. 1 .
(0) ij i
= 2 (¢alD' ———— D/|gu), 83
o ($alD' s, D 1) (83)
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and the nonadiabatic correction, using Eq. (58), is

PHYSICAL REVIEW A 81, 032505 (2010)

(Dij i i 0y
dy " = =2|{(palD' —————(Hy &) ——F D’|pa) + ($al Hn ——— (D' =Dy ) m——F— D’Ia)
! |: ¢ (gel - Hel)/ ! ¢ (gel - Hel), ¢ ¢ ! (gel - Hel),( ! ) (gel - Hel), ¢
+(¢pal D' ——— (D) = DY) ——— H, |¢1)]- (84)
¢ (Sel - Hel),( e ) (ge] - Hel)/ ne
[
The explicit formula after taking the derivative with respect to and perform the following unitary transformation:
R‘1s too lengthy to be written here but can easily be obt.amed Hy=e Y Hye' + a0, (87)
with the help of Egs. (29)—(31). We note that Eq. (77) in the :
adiabatic approximation, namely &y — &\, Dy — DY, was @ = Z eg / du iy - A(RGg +u* 5)
already obtained in the literature [14—16]. ) 0
=Y eg[xh A+ xix] AL /2], (88)
VL. MAGNETIC PROPERTIES Xﬁ: ol 55 A2
We .consider here I}onadiabatic corrections to.rnagrllet.ic ”é — pé — e Al (Fp)
properties of a diatomic molecule. These properties within . ) o
the BO approximation have been reviewed in detail by Flygare =pp—ep [A7 + x5 A% (39)

in [18]. Here, we demonstrate that the nonadiabatic corrections
can be implemented in the effective nuclear Hamiltonian,
similarly to that in the BO approximation, namely

Hep = —n(R) I - J — y; I[1 — 6a(R)]1B

~vs(R)J - B — 3 BR(R)B, (85)
where it is understood that the electronic part of the angular
momentum operator Je; in Eq. (17) vanishes on y, n is
the spin-rotation constant, ;; = I y; is the nuclear magnetic
moment, wny; = Jy; is the orbital magnetic moment, o
is the R-dependent shielding constant, ¥ is the magnetic
susceptibility, and B is the magnetic field. The Hamiltonian
in Eq. (85) should in principle involve also quadrupolar
interaction (I* 7)) (J* JH® or (I' [/)® Ji B/, The first
term comes from the quadrupole moment of nucleus or tensor
interactions between nuclear magnetic moments, while the
second term has not been investigated in the literature so far.
Neither term will be considered in this work. If two different
nuclei are involved, each one has its own spin and magnetic
moment, and the interaction between them should be included,
but we do not consider it either. In the following we rederive in
asimple way known results for the rotational magnetic moment
wy and the spin rotation constant 7, and obtain nonadiabatic
corrections to the shielding constant. These corrections, to our
knowledge, have not yet been investigated in the literature
[19].

A. Nonrelativistic Hamiltonian in the external magnetic field

In order to obtain finite nuclear mass corrections, we start
with the Hamiltonian of a molecular system in a homogenous
magnetic field

(86)

where 8 sums over both electrons and nuclei. We assume the
coordinate system as defined in Egs. (2)—(4): X =75 — Rg

where A = g(iéc). The result of this transformation on the
canonical momentum is

el = pl + %a (X, x BY, (90)

. . . e N > € - - .,

el e? = pl + 7“(“ x B) + 7A(D x B)Y, (91)
. .. R e N S . € - S

e*'wngelwzp'3+73(x3xB)f+73(DxB)J, 92)

where D is the total electric dipole moment D = > pepip
and we have assumed that Zﬂ eg =0, so the molecule is
neutral. In consequence, the transformed Hamiltonian does not
depend on R, so we are allowed to set P; = 0. In order to
further simplify, we perform the next transformation as defined
in Eq. (9), neglect O(m/M)?> terms, and the transformed
Hamiltonian then takes the form

H0=Hel+Hn+H/L+H’ (93)

(94)

2 NBos 5yl 6124 6123 =
(eaez +epe) RxP-B+ |2 +-2L|D

2 my mpg
- = €A€B [ €xp ;] = > 3
.- B A _ZBR .- B,
< DBt () R
) 95)
e N -
Hy =) o G x B +8H,. (96)
8HX:8mA(€A)-C)AXE+€A5Xé)2
(ep ¥p x B+ €D x B). 97)

mp

The center of the reference frame I_é(; is placed arbitrarily
on the symmetry axis. This freedom will be used to simplify
formulas for nonadiabatic corrections.
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B. Rotational magnetic moment

The rotational magnetic moment was first investigated by
Wick in [20] for H,, and later by Ramsey, who extended
Wick’s result to arbitrary masses of nuclei, and performed first
measurements in Ref. [21], later presenting improved mea-
surements with Harrick in Ref. [22]. The rotational magnetic
moments results from coupling of the molecular rotation to
the magnetic field. The expectation value on the ¥ state of
the first term in Eq. (94) e/(2m) .761 - B vanishes, so that the
leading coupling comes from nonadiabatic corrections to the
matrix element as given by Eq. (43) and from § H,,, namely

_<€_A_E_B>l_jel~1_é (e‘AElZ;—i‘eBGi)

¥i= ny mpg R? 2mn
LYY, g (98)
Zm my, Rz el el ( H )/ el el/ -

In the center of nuclear mass frame €4 = m/(ms + mp),
eg =mp/(ms +mp), the rotational magnetic moment in
units of the nuclear magneton p; becomes

Z Z
ﬁ: Hy :mnmp<_A+_B>

wro I 2 mi
1 .
+——— (palJg o JalPa),  (99)
mpym el (Ea — Hy) 1ol

where m, is the proton mass, in agreement with the result
from Ref. [21] [Eq. (4) with assuming Z4, = Zp = 1]. One
observes that rotational magnetic moment in Eq. (98) does
not depend on the choice of reference frame but does depend
on the distance R between nuclei. For large R, it vanishes
at least as fast as R~%. The dependence of y; on R leads
to the appearance of the magnetic dipole transition in H,
between states of the same angular momentum but of different
vibrational number. These transitions, to our knowledge, have
not yet been investigated in the literature, and may play a
role in the astrophysical environment: Their importance should
be verified by explicit calculations.

As was first noted in Ref. [22], the rotational magnetic
moment is related to the paramagnetic part of magnetic
susceptibility x. In the BO approximation, x. is given by

2
X = = D (balis — xi xlga)
a

2
1 .
€ —Jj el/-
<¢1| el (581 Hel)/ e]|¢ 1)

For X states, it can be simphﬁed to the form

(100)

W= Z [2 (Gal¥y — (i - X0’ |t} ' 0

2

- - - if i i e
+ (pell Xp + (1 - Xa)*|¢pea) (87 —n' n!) — —
4m

X (¢l Jul Jalga) (87 —n'nf),  (101)

1
(561 - Hel)/
The last terms in both Egs. (98) and (101), which are the
second-order matrix elements, are similar, while the first
terms in both equations are simple to evaluate. This allows
one to express the difficult-to-measure magnetic susceptibility
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in terms of the rotational magnetic moment. This relation,
however, works only in the BO approximation, as nonadiabatic
corrections will be different. As noticed by Herman and
Asgharian in [23], this second-order matrix element with J;
operator is present also in the nonadiabatic equation for the
nuclear function x as the W, function (in the notation from
our previous work [3]).

C. Spin-rotation Hamiltonian

The general spin-orbit Hamiltonian for arbitrary nuclei,
including the external magnetic field,is (h = c = 1) [8,9,24]

(2 eﬂ 8a > - >
6H = . X T
Z 4w 273 |:ma mg S Tap P
(ga - 1) - - -
— m—g Sq “Tap X Tq |, (102)

where the summation over «, 8 goes over electrons and nuclei.
In particular, the coupling of the nuclear spin I = 54 to the
rotation and to the magnetic field using Eq. (102) is

eae T g - - (ga—1D.
SH = e 3 —rAbxnb——erban
dm 2ry, Lmam my
eaeg I 84 - o =
4 2}’1343 muaymp AB B
(a—D. .
— 5 TABTA (103)
my

For convenience, we cllose th_e; reference frame centered at
the considered nucleus Rg = Ry, S0 €4 = l,ep = 0, perform
unitary transformations in Egs. (88), (9), and obtain

eqe I X
SH=_S8¢_© x—’; 84 q,,+—P+ %, x B
47 2my x; 2

(gA—l) - N 5 - €p€ép i
%A p_ Z Bl =
my qe]+2x dwr 2my
R 8a (3
= P+ RxB
oL (PG R
- (- . D -
8z D (P —Gat+ = x B)} (104)
na 2

where G =Y, qa, X =Y , %4, and the electric dipole
operator is D= €Xe —ep R. This Hamiltonian will be used
in next sections to rederive the known formulas for the
spin-rotation and the shielding constants, and to obtain a closed
expression for the nonadiabatic corrections to the magnetic
shielding, which contribute at the level of m./m,, which for
H, is about 1073,

D. Spin-rotation constant

The theory of the spin-rotation interaction was introduced
by Wick [20], Ramsey [21], and Foley [25], and further
developed by Ramsey [26,27], by Frosch and Foley [28], and
again by Ramsey [29]. These theoretical results were not in
agreement for a long time, until Reid and Chu in [30] found
a complete set of corrections. Here we rederive their result on
the basis of Eq. (104).
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_. The spin-rotation interactions results from § H above with in agreement with Ref. [30], their C is related to our 5 by
B = 0. For considered ¥ states, terms with g, vanish and § H C =2 n. Since there is cancellation between the first and

takes the form the third term, n vanishes at least as fast as R~ for large
8H=Q1~f+éleg'f, (105) values of R.
= exe  ga  Xp X Gy
Q== -5 —=5 (106)
T 2mmygy x; e e i
E. Magnetic shielding constant
- 1 1 A . .
0)=— Z ac x;; _tacs The shielding of the external magnetic field due to atomic
4m 2m3 X 4 2my electrons was first considered by Ramsey in [26] with the help
(g a—1) of the Breit-Pauli Hamiltonian including the external magnetic
|:m m—] ek (107)  field. Here we rederive his result and obtain nonadiabatic
B A corrections to it. A similar calculation for atoms has recently
The expectation value of (¢| Ql |@e1) vanishes and the él op- been performszd if{ [9,31]. ' )
erator contributes only through nonadiabatic matrix elements ~ The Hamiltonian of a molecule in the magnetic field
Eq. (43), so the total spin-rotation constant is given by including the nuclear spin, but neglecting that of electrons,
- o is a sum of Hy in Eq. (93) and § H in Eq. (103). In the BO
f J=— I-J <¢el|jel 1 Ql ) approximation, & A( ) is a sum of diamagnetic and paramagnetic
my R? (Ea — Ha) parts. In atomic umts they are correspondingly
+ (¢l Oalgu) x P - 1. (108) ;

I6B=d’ [—— ¢e]|2<lx ’“—) @ x B)lgpa) + (el

The expectation value of the first term in Qz can be expressed
in terms of derivative of BO energy, namely

eqe X _[0& eqep 1 - 1 Xp X G
— a5 - Xy X qq- B I
¢el| Z 3 | el n ( IR + . R2), (109) ; aX {a (5 — Hel)/; Xb |¢el>
and thus, n in atomic units becomes [ex = —Zxe,a = (1D
e? /(4 m)] Nonadiabatic corrections ae(l ) , namely all corrections which
1 7z 1 are linear in the electron-nuclear mass ratio, come from several
n= o’ — A 84 (el Z Xog X §og ——— sources, and we split them into four parts
R2 2m my (Eel — Hel)/
%y X qb I 0 | | ZaZpga 6y ="+ 65"+ + 6. (112)
e e R e A | | | .

) 2’”A dR ~ R> 2Zmpmy &1 is the correction due to H, to the matrix elements in

(110) Eq. (111), namely using Eq. (49) one obtains

|
- 1 <~ - 1 <~ 1
A (1) b - 2 > p_ - _ -
16,"B = [ ¢el|Z(1x ) (% x B) Toay |¢el>+<¢el|;xa X G- B g (=€) e

x,,xq,, o 1 . .= 1 xhXQh =
- e € H Y Xa a'B -1 (S
> 9) + (9all Hn s Z XGa+ B e ; |per)

b xh

1 xb X qb - 1 hag
¢el| Zxa X Qa : (5 Hl)/ Z Xg . (5 — Hel), Hn |¢el>]- (113)

~

6" is a correction to the diamagnetic part due to the direct ~ 6{" is a correction to paramagnetic part due to spin-rotation
coupling of the nuclear spin to the magnetic field in §H,  interaction in 3H Eq. (104):

Eq. (104): . 1
Ié! B= ¢d|2xuxqa- G Hl),{mAZI

- = (ga—1) - X
I6,"B = <¢el| 3 (1 x —’;) )
ma

b X xbx[ﬁ+( Doul—2ZaT R
(% +Zs R) x B (f E) x; g4 Vel = 28 1 T3
- (Xel B x B — X —
K g5, @a-D 5
; (ga—1) [m_P+ (P —ga) | {I¢pa). (115
Zy - Z . B -

.[_BR—L(eﬁZBR)}xB@d)_ o | B |
" A The derivative over nuclear coordinates P in the equations

(114) shown here can act on the right or on the left, since these matrix
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elements do not depend on this. Finally, 6, 51 is a correction to

the paramagnetic part due to § H,, in Eq. (95),
- Xp X qp - 1

16VB = . :
& a <¢1|Z . iy

. 5 - Zp s =) =
{_(xel +ZgR) x 2P —qea) — — R X P} - Bloer).
ma npy
(116)
The total magnetic shielding 6 is obtained by averaging with
the nuclear wave function

ol = (xlo" + 71X, (117)
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and one notes that the orbital magnetic moment with the spin-
rotation coupling gives additional contribution to the shielding
constant

so'l =

voJ1x), (118)

2 .
— (xIn J*
Yi [Ea — Hy — & — &al
which however is negligible.

“Let us present in more detail the averaged shielding o =
0" /3 in the case of H, and isotopomers Z4, = Zp = 1,

O (1

o= (xlog +og’lx) (119)

and

o = O’; [ (@l Z g + (gl Ziéa x g _IH oy ‘”’|¢>el>] (120)
) X
o) = %2 [2 (el Z A Hy 9a)
(00l 3 iy o =0 > x”xqu” 91
+{gal H, ﬁ X x g —lHe,y > ’”’xxb"b 6
+ (¢ul Zfa xda 7z —lHel)’ ; zb:;b G _IHSI), H, |¢e|>] (121)
o = ¢e1| ; —:; (Fe + R) - ﬁlRwel), (122)
o) = “—: (¢pell Zx X G ﬁ{m% Xb:% x [P+ (ga — 1)l
- % x [,f;—/; P+ % (P - cieo“mn, (123)
oV = ¢>el| Z Xbxxg"b @ 1H1)’|: G+ R)2 P — o) — i R x ﬁ}wen (124)

These formulas can be further simplified by shifting the
reference frame to the geometrical center and by using gerade
symmetry of the ground electronic state of H, and isotopomers.

VII. SUMMARY

We have presented a general approach to finite nuclear mass
corrections in molecular properties which is based on NAPT
[3]. These corrections were represented in terms of electronic
matrix elements averaged with the nuclear wave function,
similarly to that in the adiabatic approximation. We obtained
formulas for nonadiabatic relativistic corrections which can
be used to perform accurate calculations of dissociation and
rovibrational energies. Currently the accuracy of theoretical
predictions in H, [5] is limited by these not well-known
effects. Similarly, we obtained formulas for the nonadiabatic

corrections to the transition electric dipole moment and
the electric dipole polarizability. They can be used for the
comparison with precise measurements of polarizabilities, for
example, in such a complicated system as excited vibrational
states of the water molecule [32,33]. Finally, we presented
nonadiabatic corrections to the magnetic shielding, which are
important for molecules involving hydrogen or deuterium,
where the finite nuclear mass significantly ~10~2 affects the
magnetic shielding.
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