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Localized modes in defect-free two-dimensional circular photonic crystals
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The localization of electromagnetic waves in defect-free circular photonic crystals (CPCs) is investigated using
a multiple-scattering method. It is shown that electromagnetic waves of certain freqencies are localized in some
special regions inside a perfect CPC with a high order of rotational symmetry. Localized modes with a high Q

factor, greater than 106, are obtained. In particular, some unique localized modes such as circular modes and
localized modes for both polarized waves are found in the present system, which are completely different from
those in defect-free photonic quasicrystals and periodic structures. Their physical properties are also analyzed.
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I. INTRODUCTION

Photonic crystals (PCs) have been intensively studied both
theoretically and experimentally during the past two decades
[1–3]. Since PCs can have spectral gaps in which electromag-
netic wave propagation is forbidden in all directions, they offer
the possibility of controlling the flow of photons in a manner
analogous to that for electrons in a semiconductor [4–8]. For
example, if some defects are introduced by locally breaking
the spatial periodicity in PCs, the defect modes or cavity
modes can be found for frequencies in the band gaps [9–11].
These localized modes can be used to develop new types of
lasers, design various waveguides, and provide other related
applications in optoelectronics [12–15].

In fact, band gaps exist not only in periodic PCs but also
in some photonic quasiperiodic structures [16–19]. The same
method for and concept of the defect states in periodic PCs can
be applied to photonic quasicrystals (QCs) [20]. If no defect
is present, the structure is called “defect-free.” In contrast to
periodic PCs, photonic QCs possess some special properties
which can occur in localized states in some defect-free systems
[21–23]. However, these defect-free localized modes are only
for a certain polarized wave, the S wave (TM polarization) or
P wave (TE polarization). The localized mode for all polarized
waves has not been observed in these defect-free systems
so far.

Recently, another type of nonperiodic photonic structure,
that is, the circular photonic crystal (CPC), was brought to our
attention [24–28]. The lattice arrangement of the CPC is the
same as that of ring structures in microstructured optical fibers
[29,30]. The CPC possesses 2π/n rotational symmetry, where
n is the rotational fold number. It has been shown that isotropic
photonic gaps exist in the CPC [24]. Based on the CPC, a
high-Q-factor microcavity and a transmission waveguide with
a low radius of curvature at a bend can be easily realized
[24–28]. In this work, we investigate localized properties of
electromagnetic waves in defect-free CPC structures. Some
unique localized modes, such as circular modes and localized
modes for both polarized waves, are found in these systems.
Their physical properties are also analyzed. The rest of the
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paper is arranged as follows. In Sec. II, we define the system
and introduce the method of numerical simulation. The results
and discussion are presented in Sec. III. The conclusion is
given in Sec. IV.

II. SYSTEM AND METHOD

We consider a CPC consisting of dielectric cylinders
embedded in an air background. The positions of the dielectric
cylinders in the xy plane for an n-fold symmetric structure are
given by [24]

x = aN cos

(
2mπ

nN

)
,

(1)

y = aN sin

(
2mπ

nN

)
,

where N represents the number of concentric circles (with
the number of rods being 1 for N = 0), a is the difference of
radii in neighboring concentric circles, and m represents the
mth cylinder in the N th concentric cycle (0 � m � nN ). This
type of CPC can exhibit arbitrary-order rotational symmetry.
A 10-fold sample with N = 5 is shown in Fig. 1 as an
example. In the following, we study the gap structures and
localized properties of electromagnetic waves in CPCs with
various rotational symmetries using the multiple-scattering
method.

The multiple-scattering method is best suited for a finite
collection of cylinders with a continuous incident wave of
fixed frequency. For circular cylinders, the scattering property
of the individual cylinder can be obtained analytically, relating
the scattered fields to the incident fields. The total field, which
includes the incident plus the multiple-scattered field, can
then be obtained by solving a linear system of equatwhose
size is proportional to the number of cylinders in the system.
Both near-field and far-field radiation patterns can be obtained
straightforwardly.

To obtain the band-gap information for a CPC, we calculate
the total energy flow of the system, which is excited by a point
light source at a fixed frequency located near the center of
the sample (see Fig. 1). The Poynting vector of the radiated
field at position �r , �S(�r), can be calculated by the multiple-
scattering method, from which the total radiation power Ps
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FIG. 1. (Color online) Scheme of a 10-fold CPC lattice structure
and setup for calculation of the total radiation energy flow.

can be expressed as

Ps =
∮

L

�S(�r) · �τd�r, (2)

where L represents a close path outside the CPC and �τ is a
unit vector perpendicular to the integrating line L. Since the
spectrum of Ps includes transmission from all directions, it
can be used to determine the position of a complete photonic
gap. For frequencies inside a full gap, the density of state
is zero, which in turn gives a divergent input impedance and
vanishing Ps . Therefore, a gap in the spectrum of Ps represents
the existence of a complete photonic gap in the system. The
validity of this method was demonstrated in our previous
investigation [18].

In addition, we can obtain some information on localized
states from the spectrum of the radiation power. In general, if
localized states exist in the gap, sharp peaks can be observed
in the spectrum. Then, combining the calculation of the local
density of states (LDOS) and the eigenfield, we can investigate
the properties of these localized states. For a finite structure,
the LDOS is given by the imaginary part of the electric Green’s
tensor Ge(�r, �rs ; ω) [31]:

ρ(
⇀

r ; ω) = −2ωε

πc2
Im[Ge(

⇀

r,
⇀

r ; ω)]. (3)

Here Ge(
⇀

r,
⇀

r s ; ω) is the electric Green’s function for a source
at

⇀

rs and observation point at
⇀

r , ω is the frequency, and c is the
velocity of the light in vacuum. The Green’s function in the
CPC can also be calculated by using the multiple-scattering
method [31]. Thus, the LDOS can be obtained exactly.

III. NUMERICAL RESULTS AND DISCUSSION

In this section, we provide the calculated results for
localized properties of electromagnetic waves in defect-free
CPCs with different orders of rotational symmetry. The
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FIG. 2. Radiation powers for various CPC structures. The point
source is located at x = −0.5a and y = 0.0. The dielectric constant
of the cylinder is taken as 11.4. (a) Sixfold CPC with radius R =
0.25a and number of concentric circles N = 6; (b) 10-fold CPC with
R = 0.22a and N = 5; (c) 12-fold CPC with R = 0.20a and N = 5.

calculated results of the radiation power for 6-, 10-, and 12-fold
CPCs are plotted in Figs. 2(a)–2(c), respectively. Here only the
TM polarization is considered and the dielectric constant ε of
the cylinder is taken as 11.4. The radius R of the cylinder is
taken as 0.2a for 12-fold, 0.22a for 10-fold, and 0.25a for
6-fold CPCs. The number of concentric circles N is taken as 5
for 12-fold and 10-fold, and as 6 for 6-fold, CPCs. The point
source is arranged at x = −0.5a and y = 0.0. The spectra of
the radiation power show clearly that band gaps exist in all
structures. For the sixfold CPC, defect-free localized states
are found in the band regions [27]. However, the spectrum is
smooth inside the gaps. In contrast, some sharp peaks (defect
states) appear within the gaps for the 10- and 12-fold CPCs.
For example, there are seven sharp peaks in the first gap of the
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FIG. 3. (Color online) Distributions of the electric field in a
10-fold CPC at different frequencies, (a) ωa/2πc = 0.2363, Q =
6.95 × 103, (b) ωa/2πc = 0.5125, Q = 1.43 × 103, (c) ωa/2πc =
0.2201, Q = 640, and (d) ωa/2πc = 0.3171, Q = 3.22 × 105,
which correspond to the peaks in the low-transmission regions in
Fig. 2(b).

10-fold CPC, and more in the second gap. These defect states
were not caused by any physical defects within the structure
but occurred because the order of the rotational symmetry was
changed. At the same time, they also depend on the size of the
sample and the dielectric constant of the cylinder. If the size
of the sample is increased, the quantities of localized states
increase. In the following, we focus our discussion on these
localized states.

To study these localized states in a more detailed
manner, an eigenvalue analysis is required. The distribu-
tions of the eigenfield at the frequencies corresponding
to the peaks in the low-transmission regions in Fig. 2
were calculated. The results show that localizations of the
electromagnetic wave have indeed taken place. Different types
of localized modes have been observed. For example, the distri-
butions of the electric field in a 10-fold CPC at several frequen-
cies are plotted in Figs. 3(a)–3(d). The modes at ωa/2πc =
0.2363, 0.5125, and 0.2201 possess monopole, dipole, and
quadrupole radiation patterns, respectively, whereas there
is 10-fold symmetry at ωa/2πc = 0.3171. These localized
modes resemble spherical harmonic functions that depend on
the frequency and order of the rotational symmetry of the CPC.
This is similar to the data for localized modes in photonic QCs,
and their physical origins are also the same. The superiority
of the present system is that modes with a high Q value can
be found via the isotropic confinement effect. For example,
at ωa/2πc = 0.3171 the Q factor can reach 3.217 × 105,
although a resonant cavity does not exist. According to a
previous investigation [32], here the Q factor for the localized
state is defined as λ/�λ (where λ is the wavelength and �λ

represents the half-width of the peak).

FIG. 4. (Color online) Distributions of the electric field in a
10-fold CPC at different frequencies, (a) ωa/2πc = 0.3128, Q =
1.51 × 105, (b) ωa/2πc = 0.5599, Q = 4.34 × 103, (c) ωa/2πc =
0.5952, Q = 8.88 × 103, and (d) ωa/2πc = 0.5325, Q = 2.66 × 103,
which correspond to the peaks in the low-transmission regions in
Fig. 2(b).

The unique feature of the present system is that the electro-
magnetic waves can be localized along various circular layers.
Figure 4 displays this feature. Figures 4(a)– 4(d) describe
the distribution of the electric field in a 10-fold CPC at

FIG. 5. (Color online) Distributions of the electric field in a
12-fold CPC at different frequencies, (a) ωa/2πc = 0.2459, Q =
1.52 × 104, (b) ωa/2πc = 0.5475, Q = 1.41 × 103, (c) ωa/2πc =
0.2207, Q = 9.46 × 102, and (d) ωa/2πc = 0.3666, Q = 1.32 ×
106, which correspond to the peaks in the low-transmission regions
in Fig. 2(c).
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FIG. 6. (Color online) Distributions of the electric field in a
12-fold CPC at different frequencies, (a) ωa/2πc = 0.3478, Q =
5.05 × 105, (b) ωa/2πc = 0.5936, Q = 1.60 × 104, (c) ωa/2πc =
0.6009, Q = 7.78 × 103, and (d) ωa/2πc = 0.6807, Q = 6.95 ×
103, which correspond to the peaks in the low-transmission regions
in Fig. 2(c).

ωa/2πc = 0.3128, 0.5599, 0.5952, and 0.5325 [correspond-
ing to some of the sharp peaks in Fig. 2(b)], respectively.
The circular localized modes in the different circular layers
are shown clearly. Such localized modes cannot be found in

0.20 0.25 0.30 0.35 0.40 0.45
10-7

10-5

10-3

10-1

101

0.20 0.25 0.30 0.35 0.40 0.45

10-4

10-3

10-2

10-1

100

101

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

X/a

Y
/a

(c)

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

X/a

Y
/a

(d)

R
ad

ia
tio

n 
P

ow
er

 P
s

a/2 c

 N=4
 N=5
 N=6
 N=7

(b)

R
ad

ia
tio

n 
P

ow
er

 P
s

a/2 c

 N=5
 N=6
 N=7
 N=8

(a)

FIG. 7. (Color online) (a, b) Radiation powers for 12-fold CPC
structures of various sample sizes at ε = 11.4 and R = 0.231a for the
TE and TM modes, respectively. The point source is located at x =
−0.5a and y = 0.0. (c, d) Distributions of the LDOS at ωa/2πc =
0.3249 for TE and TM polarization, respectively. The LDOS map is
in linear false-color scale [red (dark), high; white, low].
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FIG. 8. (Color online) Absolute localized modes in a ninefold
CPC with ε = 11.4, R = 0.226a, and N = 5. (a) Radiation powers
for TE (solid line) and TM (dashed line) polarization. (b) Distribution
of the LDOS for TE polarization at ωa/2πc = 0.5594. The LDOS
map is in linear false-color scale [red (dark), high; white, low].
(c) The corresponding distribution of the LDOS for TM polarization
at the same frequency.

defect-free photonic QCs or periodic structures, which are
determined by the special property of the CPC structure.

In fact, these unique properties not only exist in the 10-fold
CPC but also can be found in other CPC structures with
different orders of rotational symmetry, such as 9-, 11-, 12-,
13-, and 14-fold structures. For example, some localized
modes in a 12-fold CPC are plotted in Figs. 5 and 6.
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Figures 5(a)–5(d) represent the distribution of the electric
field at ωa/2πc = 0.2459, 0.5475, 0.2207, and 0.3666 [corre-
sponding to some of the sharp peaks in Fig. 2(c)], respectively.
The results are similar to those for the 10-fold CPC in Fig. 3.
However, localized modes which possess a higher Q value
can be demonstrated. For example, the Q factor can reach
Q = 1.301 × 106 at ωa/2πc = 0.3666.

We also found that the localized modes with the highest Q

values correspond to the rotational symmetry of the structure.
For example, the localized modes with the highest Q values in
9-, 10-, 11-, 12-, 13-, and 14-fold CPC structures are those
possessing 9-, 10-, 11-, 12-, 13-, and 14-fold symmetries,
respectively. In addition, circular localized modes in different
circular layers can be observed, as shown in Fig. 6, which are
also similar to Fig. 4 for the 10-fold CPC. This means that
a bent waveguide can be designed by use of a CPC without
any defect that allows high transmission with any radius of
curvature at a bend.

The preceding discussion has focused on only one kind
of polarized mode, the TM localized mode. In fact, similar
phenomena can also be observed for the TE polarized mode. It
is interesting that the localized mode for both polarized waves
in CPC structures can be observed by tuning the parameters of
the cylinder. Figures 7(a) and 7(b) display the radiation power
as a function of the frequency for 12-fold CPCs of different
sample sizes at ε = 11.4 and R = 0.231a for TE and TM
polarized waves, respectively. The sample size is depicted by
the number of concentric-circle layers N . It is shown clearly
that the dips increase in depth with the sample size for some
frequency regions, ωa/2πc = 0.283 to 0.381 for the TE mode
and ωa/2πc = 0.2 to 0.345 for the TM mode. This exhibits
the gap feature, which is in contrast to the band region. In band
regions, radiation powers or transmission coefficients do not
decrease with an increase in sample size. This means that the
resonant peaks in these regions actually represent the defect
states within the gap region.

Among these defect states, we find that two resonant peaks
for TM and TE polarizations overlap at ωa/2πc = 0.3249.
The corresponding distributions of the LDOS for TM and
TE polarizations at this frequency are plotted in Figs. 7(c)
and 7(d), respectively. The localizations of the electromagnetic

wave around the same region at the same frequency are
demonstrated. This means that both polarized waves at
ωa/2πc = 0.3249 can be confined in the sample at the same
time. This phenomenon can also be realized in a ninefold
CPC if we choose a cylinder with R = 0.226a to construct the
sample. The solid line and dashed line in Fig. 8(a) represent
the radiation powers for the TE and TM polarized modes in a
ninefold CPC with N = 5, respectively. Two resonant peaks
for TE and TM polarizations overlap at ωa/2πc = 0.5594, as
marked by the arrow. The corresponding distributions of the
LDOS for TE and TM polarizations are plotted in Figs. 8(b)
and 8(c), respectively. The localizations of the electromagnetic
wave around the same region at the same frequency are
again observed.

IV. CONCLUSION

Based on the multiple-scattering method, we have investi-
gated the localizations of electromagnetic waves in defect-free
CPC structures. The radiation power, LDOS, and eigenfield
in these systems have been calculated. We have found that
electromagnetic waves of certain frequencies can be localized
to some special regions inside the perfect CPC with high orders
of rotational symmetry. Not only have some localized modes
with a high Q factor, greater than 106, been obtained, but also
circular modes and localized modes for both polarized waves
have been found in the present structures. These localized
modes are unique, being determined by the circular structure
of the CPC, and cannot be found in defect-free photonic QCs
and other periodic structures. We believe that our findings
can provide important references for developing new types of
lasers and designing waveguides with high transmission and
any radius of curvature at a bend.
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