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Symmetry for the nonadiabatic transition in Floquet states

Keigo Hijii1,2 and Seiji Miyashita1,2

1Department of Physics, Graduate School of Science, University of Tokyo, Bunkyo-ku, Tokyo 113-0033, Japan
2Core Research for Evolutional Science and Technology (CREST), Japan Science and Technology Agency (JST), 4-1-8 Honcho Kawaguchi,

Saitama, 332-0012, Japan
(Received 7 June 2009; revised manuscript received 5 July 2009; published 5 January 2010)

The frequency of the Rabi oscillation driven by a periodic external field varies with the parameters of the
external field, e.g., frequency and amplitude, and it becomes zero at some points of the parameters, which is called
coherent destruction of tunneling. This phenomenon is understood as a degeneracy of the Floquet quasienergies
as a function of the parameters. We prove that the time-reversal symmetry of the external field is a necessary
condition of the degeneracy. We demonstrate the gap opening in the quasienergy spectrum in asymmetrically
periodically driven systems. Moreover, an adiabatic transition of the Floquet states is demonstrated and analyzed
in the analogy to the Landau-Zener transition.
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I. INTRODUCTION

The coherent dynamics of quantum states under a time-
dependent external field is an important subject in establish-
ing methods for manipulation of quantum systems. Various
mechanisms have been developed in both experimental and
theoretical physics, as well as in chemistry and engineering.
These are also fundamental ingredients for quantum informa-
tion processing [1].

In particular, driven two-level systems have been studied
for a long time [2–13]. A combination of the energy gap at the
avoided crossing point and the periodic external field causes a
kind of Rabi oscillation. Its mechanism has also been investi-
gated in the context of the quantum chaos. Grossmann et al.
found that the quantum tunneling in double-well potentials was
destroyed at a certain oscillating external field. They called
this phenomenon coherent destruction of tunneling (CDT)
[14,15]. The mechanism of CDT is understood as a quantum
interference at periodic avoided level crossings [16]. Dunlap
and Kenkre have found that a long time average of the wave
packet neither moves nor spreads in the infinite tight binding
system when the system is derived in a certain frequency.
This quenching effect is called dynamical localization (DL)
[3,17]. Recently, the relationship between CDT and DL was
clarified by Kayanuma and Saito [18]. Various examples have
been pointed out, e.g., a resonance of the magnetization in
nanoscale uniaxial magnets, superfluid-insulator transition in
an optical lattice [19], and the Landau-Zener interference of
a charge qubit based on the Cooper-pair box [20]. So far,
mainly the cases with the sinusoidal field which is symmetric
in a period have been studied, although some cases with
asymmetric fields have also been studied, e.g., “multiphoton
transition” [21,22] and “the Zamboni effect” [23]. Moreover,
recently, dependence of CDT on the symmetry of the system
has been studied for tunneling in a driven double-well potential
achieved by an optical light shift potential [24].

These phenomena can be interpreted as a result of the de-
structive interference in repeated Landau-Zener-Stückelberg
transitions, and its mechanism has been studied in terms of a
Floquet dynamics [25–27]. This is a universal phenomenon in
effective two-level systems driven by periodic external fields.
The CDT corresponds to nontrivial degeneracy of Floquet
quasienergies. In general, the symmetries of the system cause

conserved quantities and also degeneracy of the eigenstates.
Therefore, we expect some symmetry for such degeneracy of
Floquet states.

In the present work, we study conditions for the nontrivial
degeneracy of the Floquet quasienergy, and we prove that the
time-reversal symmetry of the external field is a necessary
condition for the degeneracy. According to this mechanics, we
demonstrate the gap opening in the quasienergy spectrum of
the transverse Ising model driven by an asymmetrically peri-
odically external field. Moreover, we demonstrate a sweeping
velocity dependence of the nonadiabatic transitions between
Floquet states at the avoided crossing point of the quasienergy
levels of a Floquet operator in analogy to the Landau-Zener
transition [28–30].

II. FLOQUET THEORY AND THE COHERENT
DESTRUCTION OF TUNNELING

It is convenient to describe the dynamics of periodically
driven systems in terms of the Floquet theorem [25]. In
solid-state physics, the analogous result is known as the
Bloch’s theorem [31]. We shortly review the Floquet theory
in this section. The time evolution in the quantum systems is
described by the time-dependent Schrödinger’s equation

i
∂

∂t
|� (t)〉 = H(t)|�(t)〉, (1)

where we set h̄ = 1. A formal solution of this equation is

|�(t)〉 = T exp

[
−i

∫ t

t0

H(τ )dτ

]
|�(t0)〉, (2)

where T denotes the time-ordering operator. A time-evolution
operator is defined as

U (t, t0) = T exp

[
−i

∫ t

t0

H (τ ) dτ

]
. (3)

When the Hamiltonian of the system is periodic with a
period T , that is, H (t + T ) = H (t), the time evolution for
one period is given by

F ≡ U (T , 0) = T exp

[
−i

∫ T

0
H (τ ) dτ

]
. (4)
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This F is called the Floquet operator. Eigenvalues of the
Floquet operator are given in form

F |α〉 = exp[iεα]|α〉, (5)

where |α〉 is an eigenvector of the Floquet operator and
exp [iεα] is its eigenvalue. Here, εα are defined in modulo
2π and is called a quasienergy. This quasienergy is sometimes
related to the nonadiabatic geometrical phase (the Aharonov-
Anandan phase) [3,32,33]. Since the set of {|α〉} is the complete
orthonormal set, we can expand any state using {|α〉}:

|�〉 =
∑

α

|α〉 〈α|�〉 =
∑

α

cα|α〉, (6)

where cα = 〈α |�〉. The expectation value of a physical
quantity O after n periods (|�n〉 = Fn |�0〉) is given by

〈�n|O |�n〉 =
∑
α,β

e−i(εα−εβ )ncβc∗
α 〈α|O|β〉. (7)

If some of eigenvalues degenerate, say εα = εβ , then the
expectation value 〈�n|O |�n〉 has time (n) independent
components. The CDT can be regarded as an example of this
degeneracy.

III. ENERGY LEVEL STRUCTURE AND QUASIENERGY
LEVEL STRUCTURE OF A SIMPLE MODEL

The CDT has been demonstrated in models which possess
an avoided level crossing structure in their energy level as a
function of an external field. The CDT can be interpreted as
a degeneracy of the Floquet eigenstate, and it takes place not
only in cases with fast frequency but also in those with slow
frequency. This situation was demonstrated in the following
model [26]:

H0 = −J
∑
〈i,j〉

σ z
i σ z

j − 	

L∑
j

σ x
j − H (t)

L∑
j

σ z
j , (8)

where H (t) = h0 cos (ωt), and σα (α = x, y, z) denote the
Pauli matrices. In Fig. 1(a), we present the energy level
structure of the model as a function of H (t) = Hz. Here, we
adopt the parameters J = 4 and 	 = 2, and the system size is
L = 4. Hereafter we fix J = 4 and measure the energy in this
unit. We find the avoided crossing near Hz = 0 between the
lowest level and the first excited level. In Fig. 1(b), we depict
the quasienergies of this model with ω = 0.2 as a function of
the amplitude of the external field h0.

Now let us study how the ground state |G〉 of the system (8)
with H (0) = h0 is expressed by the eigenstates of the Floquet
operator:

|G〉 =
∑

α

cα|α〉. (9)

In the present paper, we call |cα|2 the α population of |G〉.
It is noted that when h0 = 0, the eigenstates of the Floquet
operator coincide with those of the Hamiltonian in modulo
2π . It is found that as long as h0 is not large (h0 � 0.4),
only two states give significant contribution. That is, only two
populations have large values of |cα|. We find a ribbon structure
of quasienergies of the dominant Floquet modes, which are
shown by thick curves. Throughout the ribbon structure, each
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FIG. 1. (Color online) (a) Energy spectrum of the model Eq. (8)
with H (t) = Hz. Inset: Two lowest levels near Hz = 0. (b) Quasiener-
gies of dominant Floquet states (|cα|2 > 0.01) plotted as thick curves;
other quasienergies are plotted as thin curves.

population is found to be almost constant. This structure
was reported also by Grossmann et al. [15]. In the ribbon
structure, the quasienergies of dominant modes degenerate at
some points. A similar sequence of degeneracy was found in
the energy spectra of uniaxial magnets as a function of the
external transverse field, and we found a symmetry which
characterizes the degeneracy [34–36]. We expect that the
degeneracy of quasienergies in the present model also reflects
some symmetry.

IV. LIFT OF THE DEGENERACY OF FLOQUET
QUASIENERGY

In order to resolve the symmetry for the degeneracy, we
study the simplest case of a two-level system

H (t) = −	σx − H (t) σz, (10)

with

H (t) =
{

h0 cos (ω1t) 0 � t < T1,

−h0 cos [ω2 (t − T1)] T1 � t < T ,
(11)

where T1 = π/ω1, T2 = π/ω2, and T1 + T2 = T . This system
has a period T . For the convenience of expression, we define
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a Hamiltonian

H0 (t, ω) = −	σx − hz cos (ωt) σz. (12)

The Floquet operator is expressed by

F = U (T , 0) = U (T , T1) U (T1, 0), (13)

where

U (T1, 0) = T e−i
∫ T1

0 H0(τ,ω1)dτ ≡ V1, (14)

and

U (T , T1) = T e
−i

∫ T

T1
H(τ )dτ

= e−iπσxT e−i
∫ T2

0 H0(τ,ω2)dτ eiπσx

≡ e−iπσx V2e
iπσx , (15)

where we use the unitary transformation

e−iπσx X(σx, σy, σz)e
iπσx = X(σx,−σy,−σz). (16)

Thus, the Floquet operator is given by

F = e−iπσx V2e
iπσx V1 =

(
F11 F12

F21 F22

)
. (17)

We use the adiabatic states as the basis vectors. |G〉 is the
ground state of H0 at t = 0, |1〉 is the excited state at t = 0,
|G′〉 is the ground state at t = T1, |1′〉 is the excited state at
t = T1, |G′′〉 is the ground state at t = T , and |1′′〉 is the excited
state at t = T . Because the dynamics is periodic, |G′′〉 = |G〉
and |1′′〉 = |1〉. We can the write the time evolution from t = 0
to t = T1 as

V1|G〉 = t
(1)
11 |G′〉 + t

(1)
12 |1′〉,

(18)
V1|1〉 = t

(1)
21 |G′ + t

(1)
22 |1′〉.

And we can write the time evolution from t = T1 to t = T as

U (T , T1)|G′〉 = t
(2)
11 |G〉 + t

(2)
12 |1〉,

(19)
U (T , T1)|1′〉 = t

(2)
21 |G〉 + t

(2)
22 |1〉.

We relate {|G〉, |1〉} and {|G′〉, |1′〉} using a unitary operator,
because

e−iπσxH0(0, ω1)eiπσx = H0(T1, ω2). (20)

So we obtain |G′〉 = e−iπσx |G〉, and |1′〉 = e−iπσx |1〉. We
represent the time evolution, using the basis |G〉, |1〉 as⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

V1|G〉 = t
(1)
11 |G′〉 + t

(1)
12 |1′〉

= t
(1)
11 e−iπσx |G〉 + t

(1)
12 e−iπσx |1〉,

V1|1〉 = t
(1)
21 |G′〉 + t

(1)
22 |1′〉

= t
(1)
21 e−iπσx |G〉 + t

(1)
22 e−iπσx |1〉,

(21)

and similarly for V2,{
V2|G〉 = t

(2)
11 eiπσx |G〉 + t

(2)
12 eiπσx |1〉,

V2 |1〉 = t
(1)
21 eiπσx |G〉 + t

(1)
22 eiπσx |1〉.

(22)

Thus, we can write V1 = e−iπσx T (1), V2 = eiπσx T (2), and

F = e−iπσx V2e
iπσx V1 = T (2)T (1). (23)

Operators T (1) and T (2) given by {t (1,2)
ij } are unitary, so these

must have following forms:

T (j ) = exp[iαj ]

×
(

exp[iθj ]
√

pj exp[iφj ]
√

1 − pj√
1 − pj − exp[i(−θj + φj )]

√
pj

)
, (24)

where αj , θj , and φj are real numbers, and 0 < pj < 1 for
j = 1 and 2. The concrete form of this Floquet operator is
given by

F11 = ei(θ1+θ2)√p1p2 + eiφ2
√

(1 − p1)(1 − p2),

F12 = ei(θ2+φ1)
√

p2(1 − p1) − ei(φ1+φ2−θ1)
√

p1(1 − p2),

F21 = eiθ1
√

p1(1 − p2) − ei(φ2−θ2)
√

p2(1 − p1),

F22 = eiφ1
√

(1 − p1)(1 − p2) + ei(φ1+φ2−θ1−θ2)√p1p2, (25)

with a phase factor ei(α1+α2).
We can diagonalize the unitary matrix F using a unitary

matrix M ,

M†FM =
(

exp [iε1] 0
0 exp [iε2]

)
. (26)

In the case with degenerate eigenvalues, ε1 = ε2, M†FM must
have a form eiε1I . From this form, we have the following
conditions:

exp [i (θ1 + θ2 − φ2)] =
√

p1 (1 − p2)

p2 (1 − p1)
, (27)

and

φ1 = φ2. (28)

The right-hand side of Eq. (27) is real and positive, thus

θ1 + θ2 − φ2 = 0 (mod 2π ), (29)

Moreover, from the fact that the absolute value of the left-hand
side of Eq. (27) is unity, we have another condition for the
degeneracy:

p1 = p2. (30)

It is noted that the above logic works for the general cases in
which H (t + T ) = H (t) and H (T1) = −H (0).

When we estimate pj (j = 1, 2) by the Landau-Zener
formula, transition probabilities are given by a function of
the sweeping velocity and of the energy gap at the avoided
crossing point 
E:

pj = 1 − e−π(
E)2/(4ωj |hzM0|), (31)

where M0 is the magnetization at t = 0. When we sweep the
field within a finite range, the transition probability pj is not
precisely given by the Landau-Zener formula. However, it is
expected that pj is a single-valued function of v (or frequency).
Therefore the condition (30) is equivalent to ω1 = ω2. Thus,
we conclude that the time-reversal symmetry ω1 = ω2 is the
necessary condition for the degeneracy. This means that the
velocity at the avoided crossing point must be the same for
the degeneracy. Therefore, for the cases with ω1 �= ω2, the
degeneracy is lifted and the CDT does not occur.
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V. DEMONSTRATION OF THE LIFT OF THE
DEGENERACY

A. Two-level system

First, we demonstrate the gap opening in an asymmetrically
periodically driven model [Eq. (10)] with ω1 = 0.2 and ω2 =
0.22. Here, we redefine the range of Floquet quasienergies
in two-level systems (10) with (11) from 0 � ε � 2π to
−π � ε � π . Hereafter, we call the state of a negative Floquet
quasienergy state “the first Floquet state,” and the one with a
positive Floquet quasienergy “the second Floquet state.” In
the case ω1 = ω2, the system has a ribbon structure with a
sequence of crossings (not shown) as that in Fig. 1(b) with
the bold curve. In Fig. 2(a), we depict the quasienergies as
a function h0, where only a part of one crossing is shown.
Now, we study the population |cα|2 for the ground state of the
model at t = 0. Here, we find the tunneling frequency has a
nonzero minimum value and the CDT does not take place any
more. While in the symmetric case, the populations are almost
constant (not shown); in the asymmetric case, the populations
of the modes smoothly exchange as depicted in Fig. 2(b).
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FIG. 2. (Color online) (a) Quasienergies of Floquet states near
avoided crossing points. 	 = 0.1, ω1 = 0.2, ω2 = 0.22. The blue
symbol (◦) denotes the lower-level quasienergy (for the first Floquet
state). The red symbol (×) denotes the upper-level quasienergy (for
the second Floquet state). (b) Populations of the ground state of the
system at t = 0 in the states. Symbols denote data for the same levels
as in (a).
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FIG. 3. (Color online) Floquet quasienergies of dominant modes.
Inset: Quasienergy near a node of the ribbon structure.

B. Transverse Ising model

Next, we demonstrate the Floquet quasienergy gap opening
in the transverse Ising model defined by Eq. (8) with the
asymmetric alternating field (11). Here, we use the parameters
J = 4, 	 = 2, ω1 = 0.2, and ω2 = 0.22.

We show the Floquet quasienergy of dominant modes in
Fig. 3. We find ribbonlike structures of Floquet quasienergies
similar to those in Fig. 1(b). But in detail, we find gap openings
at the crossing points of the ribbon structure (magnified in the
inset).

We also show the initial state population of the dominant
modes [|cα|2 = |〈�(t = 0)|α(h0)〉|2] in Fig. 4, where we
find a kind of ribbon structure. This ribbon structure shows
exchanges at the avoided crossing points of the quasienergies,
as we see in Fig. 2(b). In the symmetric case, we find the
similar structure but without the exchanges. Here, it should
be noted that crossings in Fig. 4 simply mean that the two
modes have the same populations and do not have any specific
meaning.
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FIG. 4. (Color online) The initial state populations {|cα|2} of
dominant Floquet modes. Inset: Dominant Floquet modes near a
node of the ribbon structure of the Floquet quasienergies.
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VI. ADIABATIC CHANGE OF FLOQUET STATES

Analogous to the adiabatic change of the eigenstate of the
Hamiltonian, when we change h0 the Floquet state shows a
kind of adiabatic change. Such a phenomenon was pointed
out as a “multiphoton transition” in laser pulse manipulation
[21,22]. The amount of scattering of states at the crossing
point under a field sweeping is given by a kind of Landau-
Zener-mechanism. We study the transition in the two-level
system (10) as a function of the sweeping velocity v of the
amplitude of the external field, that is,

h0 → h0 (t) = h0 (0) + vt. (32)

Here, we adopt v much smaller than T −1 in order to apply the
Floquet description, e.g., v ∼ (10 000T )−1.

We study the motion of the magnetization

Mh0(t) = 〈�(t)|
∑

j

Sz
j |�(t)〉, (33)

by solving the Schrödinger equation (1) for the Hamiltonian
(10) with the time-dependent field (11).

In Fig. 5, the sweep-velocity dependence of Mh0(t) is
depicted. There, values of the magnetization at periodic points
of time t = nT (n is an integer) are plotted. The initial state
was set to be the first of the Floquet eigenstates for h0(0) = 0.3.
Other parameters are the same as in the previous section
(	 = 0.1, ω1 = 0.2, ω2 = 0.22). In the figure, the solid curve
denotes the value of the magnetization (33) of the Floquet
eigenstates for the given value of h0 which is regarded as the
adiabatic Floquet state:

F(h0) |α(h0)〉 = eiεα |α(h0)〉. (34)

When v is small (v = 0.000001), the values of magnetiza-
tion plotted by (+) are almost equal to that of the adiabatic
state, and they are on the solid line for the adiabatic case (hardly
seen). On the other hand, when the velocity is increased, the
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0.4

M
h
0
(t

)

0.3 0.4 0.5 0.6 0.7
hz

FIG. 5. (Color online) Magnetization under the sweeping,
h0(t) = h0 + vt . The data are plotted at periodic times. The solid red
line denotes the adiabatic case, which corresponds to v = 0. The blue
symbols (+) denote data for v = 0.000001, which are almost on the
line (hardly seen). The green � and purple � symbols denote the data
v = 0.000002, and v = 0.000003, respectively. All points are plotted
at t = nT , where n is given by multiples of 30 for v = 0.000001
(n = 30m; m is an integer), n = 16m for v = 0.000002, and n = 10m

for v = 0.000003.
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FIG. 6. (Color online) Magnetization Mh0(t) (33) under the
sweeping (32). The solid line denotes Mh0(t) of the adiabatic Floquet
state (34). The symbols (�) and the red dotted line denote the data
for v = 0.000001. The symbols (�) and the green dashed line denote
the data for v = 0.000002. The symbols (+) and the blue dash-dotted
line denote the data for v = 0.000003. The symbols are plotted at
the periodic points (t = nT ; n is an integer). (a) Motions before
the scattering; i.e., h0(t) < 0.5. (b) Motions after the scattering; i.e.,
h0(t) > 0.5.

magnetization becomes scattered around the solid curve. In
Fig. 5, the data for v = 0.000002 and 0.000003 are plotted by
green squares and purple triangles, respectively. The amount
of the scattering increases when the velocity becomes large.
The scatterings indicate mixing of two Floquet states.

Here, it should be noted that in Fig. 5 the values at the
periodic points (t = nT ; n is an integer) are plotted by pluses
for v = 0.000001 with n = 30m, squares for v = 0.000002
with n = 16m, and triangles for v = 0.000003 with n = 10m,
where m = 1, 2, 3, . . .. In Fig 6, we depict the full time
evolution of data in the continuum time t for various sweeping
velocities v. Between the points at the periodic points, the
magnetization Mh0(t) (33) shows a motion due to the time
evolution of the system (1).

The solid line denotes the value of Mh0(t) for the adiabatic
Floquet state (34). The dash-dotted, dashed, and dotted
lines show Mh0(t)s for v = 0.000001, v = 0.000002, and
v = 0.000003, respectively. The values at the periodic points
(t = nT ; n is an integer) are plotted by pluses, squares, and
triangles. In Fig. 6(a), the evolutions before the scattering (i.e.,
h0(t) < 0.5) are plotted. The points are on the solid line, which
means that the states evolve adiabatically.
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FIG. 7. (Color online) Time evolution of the population |dα|2 (35)
of the adiabatic Floquet state for value h0 = h0(t). The value of v

changes from 0.000002 to 0.00008 from the top to the bottom.

In Fig. 6(b), we depict the same quantities after the
scattering (i.e., h0(t) > 0.5). There, only the state with v =
0.000001 evolves almost adiabatically; i.e., the triangles stay
at the solid curve. The squares and crosses show deviations
from the solid curve, which indicates a nonadiabatic transition
takes place at the scattering region h0(t) � 0.5.

Now we study amount of nonadiabatic transition between
the Floquet states. We calculate the population of first Floquet
states |α〉 at a time t ,

|dα|2 = |〈α(h0)| �(t)〉|2 . (35)

The time evolution of the populations for various values of v

are plotted in Fig. 7. The change of the population of each
value of v denotes the amount of nonadiabatic change, which
increases with the values of v. We study velocity dependence
of the among quantitatively in the analogy of the Landau-Zener
theory. That is, in Fig. 8, we plot the logarithm of the amount
of scattered populations ln(1 − |dα|2) as a function of 1/v. We
find a good linear dependence, which confirms the Landau-
Zener type dependence of the form exp[−a/v] with a positive
constant a.

VII. SUMMARY AND DISCUSSIONS

In summary, we studied the CDT from the viewpoint of
degeneracy of the Floquet quasienergies and the symmetry
for that degeneracy. We studied conditions for degeneracy
in models with a periodically oscillating field. We obtained
explicit conditions for the two-level model (10) with (11),
where we found that the CDT takes place only in the
symmetric case. We demonstrated a quasienergy gap opening
in asymmetric cases. We also studied the relation between the
Floquet states and the ground states of the Hamiltonian at the

−6
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−2

0

ln
(1

−
p
)

0 1×105 2×105 3×105 4×105 5×105

1.v

FIG. 8. Landau-Zener type dependence of the scattering of the
Floquet state under the sweeping of h0. We plot ln(1 − p) vs 1/v,
where p = |dα|2 denotes the population of the adiabatic Floquet state
(|α〉) at the final time where h0 = 0.7.

initial value of the periodic external field, and we found a sharp
change of the nature of the Floquet state at the quasicrossing
point.

We demonstrated that the mechanism generally works for
models with the avoided level crossing structure of the energy
[e.g., the model (8)] with an asymmetric external field. There,
we found that as long as the amplitude of the external field
is not large, the ground state of the Hamiltonian at the initial
value of the periodic external field consists of two dominant
Floquet states.

We also studied a kind of adiabatic change of the Floquet
states under a sweeping of the amplitude of the oscillating field
and found that the velocity dependence of the population of
the adiabatic change is well described by Landau-Zener type
dependence.

The properties found in the present work would give basic
ideas regarding the manipulation of the quantum dynamics
among quantum states by alternating fields such as NMR and
light irradiation.
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