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In this paper we examine the N-photon absorption properties of maximally path-entangled number states
�N00N states�. We consider two cases. The first involves the N-photon absorption properties of the ideal N00N
state, one that does not include spectral information. We study how the N-photon absorption probability of this
state scales with N, confirming results presented by others in a previous paper by a different method. We
compare this to the absorption probability of various other states. The second case is that of two-photon
absorption for an N=2 N00N state generated from a type-II spontaneous down-conversion event. In this
situation we find that the absorption probability is both better than analogous coherent light �due to frequency
entanglement� and highly dependent on the optical setup. We show that the poor production rates of quantum
states of light may be partially mitigated by adjusting the spectral parameters to improve their two-photon
absorption rates. This work has application to quantum imaging, particularly quantum lithography, where the
N-photon absorbing process in the lithographic resist must be optimized for practical applications.
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I. INTRODUCTION

We investigate the multiphoton absorption probabilities of
maximally path-entangled number states—also called N00N
states, after the way the state vector is written: �N : :0�
���N ,0�+ �0,N�� /�2. The two positions in each state vector
represent two spatial modes in an optical interferometer. So,
for example, for modes 1 and 2 we abbreviate �x�1�y�2 as
�x ,y�. These states are of interest due to the fact that they
greatly improve the resolution and sensitivity of interferom-
etry for metrology. Also, it has been shown that they would
improve the resolution with which lithographic features may
be written. We show that �monochromatic� N00N state ab-
sorption fares poorly as N increases, reinforcing through
separate means a more sophisticated model presented in �1�.
Thus, when considering possible applications of these states,
such as to quantum lithography �2,3� or metrology �4,5�, we
need to keep an eye toward maximizing these absorption
rates by varying their spectral parameters. We do this know-
ing that it has been found that squeezed light can exhibit
novel two-photon absorption properties, such as linear
growth of absorption rate with intensity and decreasing ab-
sorption, for increasing field �6–8�.

We consider in detail the case of a �2: :0� state used in a
quantum lithography or quantum metrology setup. We in-
clude spectral information and derive a general expression
for the two-photon absorption probability. Then we numeri-
cally maximize the probability function and find the setup
which maximizes the two-photon absorption. The absorption
probability can be improved by several orders of magnitude
by carefully adjusting the filter bandwidths, pump pulse
length, and the length of the crystal. The absorption probabil-
ity of �2: :0� is shown to be much better than analogous
coherent light. Though the �2: :0� state would not be a desir-
able source for quantum lithography, our work shows that the
absorption enhancement that the spectral properties of en-
tangled light sources provide can compensate for their poor
production rates. We go beyond most previous studies in that

we obtain the two-photon absorption probability directly in-
stead of only considering the second-order correlation func-
tion.

In Sec. II we compare the absorption properties of ideal
N00N states to other states of light. In Sec. III we calculate
the biphoton amplitude in the general case and then examine
the absorption properties of this type of light in two regimes:
the pulse-pumped and the continuous-wave-pumped. Some
of the more lengthy calculations are left to the appendixes.

II. ABSORPTION PROPERTIES OF IDEAL N00N
STATES

Initially one may consider the ideal N00N state: �N : :0�
�2�. This state contains no spectral information. It is an ab-
straction which can only exist in an optical cavity. Nonethe-
less, it will provide some insight into how the absorption
properties of N00N states compare to other sources.

Agarwal studied how multiphoton absorption rates are in-
fluenced by the specific properties of the incident light �9�.
He found that the equation of motion for the field can be
written as

�	â†â�
�t

= − 2n��n�	â†nân� .

Here, ��n� is the absorption coefficient for the n-photon ab-
sorption process and contains information about the medium
that is acting as the absorber, which is assumed to be much
smaller spatially than the field �alternatively the field may be
regarded as being spatially mode pure�. Classically n-photon
absorption is proportional to nth order intensity. Since we are
comparing light sources of like intensities we make the sub-
stitution

	â†nân� = rn	â†â�n,

where rn represents the degree to which the quantum statis-
tical characteristics of the light affect the n-photon absorp-
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tion. Now the rate of change of the field due to multiphoton
absorption is equivalent to rn and a factor of several con-
stants. Collecting these constants into one factor � and re-
naming rn as the relative absorption rate Rn we arrive at

Rn = �
	â†nân�
	â†â�n ,

where � is set to 1 in the interest of simplicity. We can use
this information to produce a graph to see how the multipho-
ton absorption rate of N00N states scale with N, when com-
pared to quantum states that are not path entangled such as
thermal, number, and coherent.

Thermal states are described by the following density ma-
trix:

�̂thermal =
1

Z


j=0

�

e−Ej/kT�j�	j� ,

Z =
e−��/2kT

1 − e−��/kT , Ej = ��� j +
1

2
� .

Obtaining the matrices for number, coherent, and N00N
states is straightforward. For a two-mode state the annihila-
tion operator is given as â=1 /�2�â1+ â2� where 1 and 2 label
the two paths the photon may take �2�.

See Fig. 1. Thermal states clearly have the greatest rates
of multiphoton absorption. This can be attributed to the fact
that thermal states exhibit bunching. That is, that photons
from thermal radiation tend to be tightly correlated in time.
Fock �number� states fare the worst. This feature of Fock
states is connected to the fact that number states represent
standing waves where the locations of the individual photons
are evenly spaced out �or antibunched� in space and time
with no definable phase. The multiphoton absorption proper-
ties of coherent states stay constant with respect to photon
number. Since photons in coherent states are randomly dis-

persed in space and time the chance of two or more photons
being correlated is simply proportional to the intensity �av-
erage photon number�. Since we are considering how
n-photon absorption scales against average photon number,
the graph is flat, providing a convenient measuring stick to
gauge other fields.

For N00N states the multiphoton absorption behaves as

RN = 1 for N = 1,

=2
N!

NN for N � 2.

N00N states fare a factor of 2 better than Fock states, al-
though absorption rates are still far from optimal. The reason
N00N states have this factor of 2 is due to the path entangle-
ment. Mathematically this 2 comes from the normalization
constant that path entanglement requires.

These results seem to reinforce the findings of Tsang in
Ref. �1�: generally the absorption properties of N00N states
are poor. It should be re-emphasized that these states, con-
taining no spectral or temporal information, are idealizations.
Figure 1 can only be seen as providing a rough idea of how
absorption scales.

Quantum lithography or metrology will only be useful if
the detector or material needs to be exposed to the field for a
reasonable period of time. The above ideal-field results seem
to make this unlikely. However, they show only that the
quantum-mechanical properties �i.e., the bare state vector� of
N00N states lead to poor absorption rates. They say nothing
about how the spectral properties of realistic N00N state
pulses affect the multiphoton absorption probability. We thus
examine in detail a specific well known case: the �2: :0�
state. Though this state is not practical for metrology or li-
thography its optimization would provide a proof of prin-
ciple that the absorption properties of higher N states could
be improved in a similar manner.

III. ABSORPTION PROPERTIES OF REALISTIC 2: :0‹
STATES

It is possible to write realistic states, which include the
spectral information of the light of interest. Furthermore, af-
ter these states are used to obtain absorption rates, the ar-
rangement of optical elements which optimizes absorption
can be found.

Going back to 1977 it has been shown that reducing the
time interval between photons sharply increases two photon
absorption probabilites �10�. Several works have examined
how biphotons produced by parametric down-conversion or
electromagnetically induced transparency may be com-
pressed or otherwise modified so that they exhibit tighter
correlations �11–16�. There is an excellent paper by Dayan
which studies the properties of a semistationary undepleted
beam of squeezed light produced by a spectrally narrow
pump �17�. Also worthy of particular note is a paper by
O’Donnell and U’Ren which demonstrates experimentally
the ultrafast nonclassical correlation between entangled pho-
tons �18�.

We consider the case of a �2: :0� state used in a quantum
lithography �2,3� or remote quantum metrology �4,5� setup.
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FIG. 1. Multiphoton absorption rate of various sources as a
function of the average number of photons in the field �Nth order

absorption vs N̄ average photons�. All rates normalized relative to
coherent states �solid line�. The dashed line is a thermal state. The
dotted line is a Fock �number� state and the dot-dashed line is a
N00N state.
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The �2: :0� state we investigate is produced by collinear
type-II degenerate down-conversion and a beam splitter �see
Fig. 2�. This setup is very simple, but by tuning these few
basic optical elements we can see a large improvement in
two-photon absorption rates, without recourse to exotic tech-
niques. We make no assumptions about stationarity or about
the relative sizes of the field bandwidths �apart from one very
broadly applicable assumption—that the field’s bandwidth is
narrower than the atomic transition frequencies; this will be
discussed further in Appendix B�.

A. Type-II biphoton

The output state of the crystal during type-II down-
conversion is described by �19�

��� = C

kk�
�

0

�

d�p�
0

L

dze−D��p − 	p�2/
p2eiz�kk�

���ok + �ek� − �p�âok
† b̂ek�

† �0�o�0�e �1�

for a collinear pump. The sum extends over all possible
wave-vector modes. A polarizing beam splitter separates the
ordinary and extraordinary beams into different spatial

modes. The operators â and b̂ represent these modes. �kk� is
the phase mismatch defined as kp−k−k�; �p is the frequency
of the pump laser and the z integral extends over the length
of the crystal. 	p and 
p are the central frequency and the
spectral full width at half maximum �FWHM� of the pump,
respectively. e and o label the extraordinary and ordinary
beams. The factor D is defined as 4 ln�2�. We are assuming
the pump laser is Fourier-transform limited.

This state corresponds to squeezing just above threshold
such that mainly �0,0� and �1,1� are produced. The �0,0�
term is then dropped because it cannot affect the two-photon
absorption process.

Since the two beams are distinguishable after the polariz-
ing beam splitter, one of the beams must be subject to a
polarization rotator in order for it to be made indistinguish-
able from the other. The beams must be indistinguishable so
that the �1,1� states interfere destructively and produce
�2: :0� �20�.

To study the two-photon absorption probability of this
state we utilize the well confirmed �21,22� Eqs. �2.15� and
�2.16� from Mollow �23�,

P2 =� � d��d�g�����S�2��� f − ��,��;� f − �,��g��� ,

�2�

where g��� is the atomic response function, � f is the fre-
quency of the final state, and S�2� is the spectral correlation
function �the Fourier transform of the temporal correlation
function�, which in our case is

S�2���1�,�2�;�1,�2� = Z��1�,�2��
�Z��1,�2� , �3�

where

Z��1,�2� � � � dt1
ddt2

dei�1t1
d
ei�2t2

d
A�t1

d,t2
d� .

Here, �1� and �2� represent the negative-frequency compo-
nents of the field associated with t1�

d and t2�
d. The factors �1

and �2 represent the positive-frequency components of the
field associated with t1

d and t2
d. The above equation does not

include the effects of natural linewidth, which will be dis-
cussed later. We should note that other equations, also de-
rived by Mollow �23�, assume that the field is stationary,
something which is not true in general for our calculation
here. A is the biphoton amplitude defined below.

We start with the two-photon correlation function �24�

G�2� = 	��Ê�−��t1�
d�Ê�−��t2�

d�Ê�+��t1
d�Ê�+��t2

d���� . �4�

The primed and unprimed time variables represent the pos-
sibility of the biphoton traveling via two different paths of
different lengths, as is the case in an interferometric setup,

and d labels the times as being detection times. Ê�+��t� is the
positive-frequency electric-field operator defined by

Ê�+��tj
d� = i


sjkj

� ��kj

2�0V
�1/2

e−D��kj
− 	f�

2/
f2e−i�kj
tj
d
âsjkj

�0� ,

�5�

where the approximation e�ik·r�1 has been made and s de-
notes either horizontal or vertical polarization. The time td

=0 is defined as the time the photon is created. Note that

Ê�+�†= Ê�−�. Also, 	 f, and 
 f are the central frequency and the
FWHM of the filter in a specific arm, respectively.

Now, by inserting a complete set of number states in the
correlation function, and observing that all but the �0�	0�
term will cancel, we can rewrite Eq. �4� as

G�2� = 	��Ê�−��t1�
d�Ê�−��t2�

d��0�	0�Ê�+��t1
d�Ê�+��t2

d����

� A�t1�
d,t2�

d��A�t1
d,t2

d� .

The above equation defines the biphoton amplitude A�t1
d , t2

d�.
The expressions for A for SPDC were first calculated by
Keller and Rubin in Ref. �25� and elaborated upon in Refs.
�26–28�. We follow their calculations somewhat closely. For
more details see Appendix A. The result is A�t1

d , t2
d�

=A�t1
d , t2

d�+A�t2
d , t1

d�, where the script A represents the bi-
photon amplitude for down-conversion followed by a polar-
izing beam splitter. The italic A is the biphoton amplitude for
our setup. The result of our calculation for A is

FIG. 2. �Color online� The basic setup. A nonlinear crystal
�BBO in this case� creates a degenerate pair of photons. Each pho-
ton is subjected to a filter. A polarization rotator ensures that the two
photons are indistinguishable. A beam splitter creates a �2: :0� state
that results in an interference pattern.
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A�t1
d,t2

d� = e−i�	et2
d+	ot1

d�e−�t1
dOU
o + t2

dEU
e�2/4DU2

�
UeUoUp
e
o
p

U�D
�erf�T� − erf�T + l�� , �6�

where

T =
�t1

d − t2
d�PU
e
o + t1

dEU
o
p − t2
dOU
e
p

2U�D�
e
2 + 
o

2 + 
p
2�

,

l =
LU

2UeUoUp
�D�
e

2 + 
o
2 + 
p

2�
,

and

PU = Up�Ue − Uo�
e
o, EU = Ue�Up − Uo�
p
o

OU = Uo�Ue − Up�
e
p, U2 = PU
2 + EU

2 + OU
2 .

The error function is commonly defined as

erf�x� =
2

��
�

0

x

dye−y2
.

The terms Ue, Uo, and Up represent the group velocities of
the extraordinary, ordinary, and pump beams, respectively.
The factors 
e and 
o are the bandwidths of the filters in the
arms of the interferometer. The term 
p is the bandwidth of
the pump. The factors 	e and 	o are the central frequencies
of the extraordinary and ordinary beams. For now the nor-
malization constant has been left off for the sake of simplic-
ity as it will only affect the height of the amplitude, not its
overall shape.

Hence, we give the general biphoton amplitude in its most
general form. In order to evaluate this expression we must
find the group velocities of the pump, ordinary, and extraor-
dinary beams inside of the ��2� crystal. The index of refrac-
tion as a function of wavelength can be found using the
Sellmeier equations. Below are the Sellmeier equations for
�-barium borate �BBO� �29�

no��o� =�2.7359 +
0.018 78

�o
2 − 0.018 22

− 0.0135�o
2,

ne��e� =�2.3753 +
0.012 24

�e
2 − 0.016 67

− 0.015 16�e
2,

where the wavelength is given in micrometers. In type-II
down-conversion in BBO the pump beam experiences the
same index of refraction as the extraordinary beam. It is also
important to consider the angle the beams form with respect
to the optic axis of the crystal. Since we are investigating the
degenerate collinear case with planar phase matching the op-
tic axis must be set to be 42.4° off the pump beam’s direction
of propagation for a 400 nm pump �the ordinary and extraor-
dinary beams are collinear with the pump and selected with a
pinhole downstream� �27�. For the pump and extraordinary
beams we must use the effective index of refraction given by

neff��e,�� = � cos2���
no

2���
+

sin2���
ne

2��� �−1/2

,

where � is the angle between the beam and the optic axis of
the crystal. We can now calculate the group velocity

Ue,o,p��e,o,p� = �ne,o,e
eff ��e,o,p�

c
−

�e,o,p

c

�ne,o,e
eff ��e,o,p�
��e,o,p

�−1

and no
eff=no. We then find for the degenerate case �	o=	e�

for �p=400 nm that Uo�	o�=1.781�108 m /s, Up�	p�
=1.756�108 m /s, and Ue�	e�=1.845�108 m /s.

Figure 3 contains a contour plot of the absolute value of
the biphoton amplitude for our setup �A�. This graph displays
an interesting splitting which is symmetric about a line given
by t1

d− t2
d=0. Each point on this line represents a different

average arrival time of the biphoton �t1
d+ t2

d� /2, a line drawn
perpendicular to this line of symmetry represents another
axis. That axis defines an entanglement time �the temporal
distance between the two photons� as t1

d− t2
d. The symmetric

splitting represents the fact that two photons generated far
away from the exit surface of the crystal will drift apart in
time. Thus, as the average arrival time increases �a delay
being indicative of more time spent in the crystal� the pho-
tons drift apart. The symmetry is a result of the interferom-
eter scrambling the information corresponding to which pho-
ton took which path. So for a set average arrival time there is
an equal probability that the e photon will arrive first or that
the o one will.

We can check Eq. �6� by taking limits and comparing to
known formulas. Taking the limit of the biphoton amplitude
as 
o and 
e go to infinity �the case of no filtering� and
keeping in mind that one of the definitions of the Heaviside
step function is

H�x� = lim
k→�

1

2
�1 + erf�kx�� , �7�

we are left with

FIG. 3. �Color online� Contour plot of the absolute value of the
biphoton amplitude for our setup �A�. 
e=
o=
p=1013 Hz and L
=1.5 cm. t1

d and t2
d are in units of 10−13 sec.
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A�t1
d,t2

d� = e−
p
2J�2H�A −

B

2
� − 2H�A +

B

2
�� ,

where

A =

�t1
d − t2

d�UeUo +
1

2
L�Ue − Uo�

2UeUo�D
,

B =
L�Ue − Uo�
2UeUo�D

,

J =
�t1

dUo�Ue − Up� + t2
dUe�Up − Uo��2

�D�Ue − Uo�2Up
2

.

Utilizing the identity

Rect� x

�
� = H�x +

�

2
� − H�x −

�

2
� ,

where

Rect�x� = �
0 if �x� � 0.5,

1

2
if �x� = 0.5,

1 if �x� � 0.5,
�

we obtain the expression

A�t1
d,t2

d� = − 2e−
p
2J Rect�A

B
� ,

which is equivalent to the expression given by Kim et al. in
Ref. �27�.

Equation �2� given together with Eq. �A4� gives all the
necessary information for calculating the two-photon absorp-
tion probability for N00N states of N=2. Details of this cal-
culation are given in Appendix B. The result is

P̃2 =
C�

L
p
�

−�

�

d� fe
−2D�f

2��ue + U2�2/
e
2U2

2+ue
2/
o

2U2
2+1/
p

2�

�
�erf�E� f� − erf�E� f − L��2

�1 + 4� � f

� f
�2� .

, �8�

where

ue =
1

Up
−

1

Ue
,

U2 =
1

Uo
−

1

Ue
,

E =
i�D�U2
o

2 + ue�
e
2 + 
o

2��

U2
e
o
�
e

2 + 
o
2

,

L =
LU2
e
o

2�D�
e
2 + 
o

2�
,

C� =
8

U2
�1 + ���2�2�7D , �9�

and � f is the FWHM of the final state. The atomic response
function g��� can be moved outside the integral for the light
sources we consider �see Appendix B for details�. Unfortu-
nately this integral is intractable analytically; we therefore
perform the integration over � f numerically.

B. Numerical calculation of type-II absorption rate

We wish to use Eqs. �2�, �8�, and �9� to calculate the
relative absorption rate for type-II down-conversion. After
this is done, we can use the information to maximize absorp-
tion by adjusting the available spectral parameters.

1. Pulse-pumped case

We start with the case of a pulsed pump. Since the two-
photon absorption probability is a complicated quantity with
five adjustable parameters �
e, 
o, 
p, L, and � f�, we present
several graphs to help elucidate the structure of this math-
ematical object. All of the graphs are scaled so that the maxi-
mal absorption probability—within the parameters we

consider—is set to 1. Thus, P̃2=1 does not represent an ab-
sorption probability of unity. The normalization is consistent
across all the graphs so that they may be compared to one
another on the same scale.

Figure 4 is a plot of the two-photon absorption as a func-
tion of the base-10 logarithms of the filter bandwidths. We
see that a wider filter is preferable. This is because if the
spectrum of the light is wide then the temporal distribution
will be narrow, increasing the probability that the photons
will arrive close together, triggering a two-photon absorption
event.

Figure 5 is a plot of the two-photon absorption probability
as a function of the logarithm base 10 of the bandwidth of
the pump for several different atomic linewidths. Clearly a
broader atomic linewidth will result in better absorption, as
this will allow a greater range of frequency pairs to be ab-
sorbed. For the pump beam a smaller bandwidth is prefer-
able. Once the bandwidth of the pump approaches that of the
filters, or the linewidth of the atom, the absorption drop-off is

FIG. 4. �Color online� A plot of the scaled two-photon absorp-
tion probability for the realistic �2: :0� state as a function of the logs
�base 10� of the bandwidths of the filters in the arms of the inter-
ferometer �in hertz�. L=2.3 mm, 
p=1012 Hz, and � f =1014 Hz.
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dramatic. Furthermore, a narrower pump bandwidth con-
strains the frequencies of the daughter photons increasing the
probability that the sum of their energies will be resonant.

Figure 6 is a plot of the two-photon absorption probability
of a �2: :0� pulse as a function of crystal length for two
separate cases. This is perhaps the most interesting of the
representations of Eq. �8�. The plot indicates the feature that
for each setting of 
o, 
e, 
p, and � f there is an optimal
crystal length that maximizes the probability of two-photon
absorption.

As light travels through the crystal the dispersive nature
of the medium causes the two photons to drift apart in time.
This effect results in a drop-off in absorption as length in-
creases. Conversely, if the crystal length is very short, the
spectrum of the light will be very broad, and the filters will
strongly limit the amount of light that can reach the absorber.
For broad filters, any deviation from the optimal length
causes a dramatic drop-off in absorption. Information of this
type would be useful when designing a two-photon quantum
lithography experiment. A crystal cut to a specific length, for
a given setup, would have the potential to enhance the two-
photon absorption properties of the generated light.

By adjusting all the available parameters, significant im-
provement may be obtained. For example, take the case we

have defined to be P̃2=1: here we have chosen 
e=
o
=1013 Hz, 
p=109 Hz, L=2.3 mm, and � f =1014 Hz. For
the same absorber �� f the same�, 
e=
o=1011 Hz, 
p

=1013 Hz, and L=2 cm, the absorption probability is P̃2
=2.07�10−5.

We may obtain completely analytical results for the case
where there are no filters in the arms of the interferometer.
Using Eq. �7�, Eq. �8� becomes

lim

e,
o→�

P̃2 =
C�� fe

D�f
2/8
p

2

2L
p
K0�D� f

2

8
p
2 � , �10�

so long as L�0. The function Kn is the modified Bessel
function of the second kind. Features of this function include
a simple dependence on L and a modified 
p dependence as
shown in Fig. 7. Interestingly, for absorbers with very wide
final states, the two-photon absorption probability becomes
almost independent of the bandwidth of the pump.

In all cases, given a particular � f, a balance must be struck
between the related quantities of temporal and spectral cor-
relation. Tight temporal correlation increases the probability
of absorption. However, this necessitates broad spectral dis-
tributions which have a lower probability of matching the
correct energy for transition.

2. Comparison to coherent light

We can now tell how varying the spectral properties of
�2: :0� states will affect the absorption probability. However,
we have discovered nothing about how �2: :0� light’s absorp-
tion properties compare to other, more familiar, states of
light. We would like to say whether �2: :0� has any benefits
or disadvantages when compared to, for example, coherent
light. Coherent light has the advantage of being relatively
well understood �or at least very extensively studied�. Thus,
we shall attempt to find a state of coherent light which will
serve as a fair comparison to �2: :0�, as produced in the
fashion presented in this paper. We would like this fair state
to have the same spectral profile as �2: :0�, but to lack the
unique properties that the N00N state possesses: momentum
entanglement and a high degree of temporal correlation. For
details on the derivation of this state see Appendix C. The
result for the two-photon absorption probability is

FIG. 5. �Color online� A plot of the scaled two-photon absorp-
tion probability for the realistic �2: :0� state as a function of the log
�base 10� of the bandwidth of the pump �in hertz� for three separate
settings of the width of the final state of the absorber �in hertz�. L
=2.3 mm and 
e=
o=1013 Hz.

FIG. 6. �Color online� A plot of the scaled two-photon absorp-
tion probability for the realistic �2: :0� state as a function of the
length of the crystal for two different settings of the filters �in
hertz�. 
p=1012 Hz and � f =1014 Hz.

FIG. 7. A plot of the scaled two-photon absorption probability
for the �2: :0� state �in the limit of no filtering� as a function of the
bandwidth of the pump. We indicate three separate settings of the
width of the absorber. We also set L=1 mm. The scaling is the
same as on the other pulse-pumped plots.
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P̃2
� = �I2 erf�Luo
p

�2D �−2�
−�

�

d� fe
−D�uo − ue�2�f

2/uo
2
p

2

�
�erf�E�� f� − erf�E�� f + L���2

�1 + 4� � f

� f
�2� , �11�

where

E� =
i�D�uo − ue�

�2uo
p

,

L� =
Luo
p

�2D
, �12�

and ue=1 /Up−1 /Ue and uo=1 /Up−1 /Uo. Here, I is the in-
tensity of the light in each arm of the interferometer �i.e., 2I
would be the total amount of light in the device�.

This fair-comparison light can be thought of as a very
spectrally broad coherent source incident on a magic “filter,”
which imposes on it the same spectral profile as the �2: :0�
state. Two spatial modes of this light are then used as the
input into an interferometer without filters in the arms. The
two-photon absorber is placed at the far end.

The error functions in the above coherent-state expression
diverge much more rapidly than for the �2: :0� case. Thus, it
is only possible to compute P2

� for relatively narrow argu-
ments of the integral over � f, so we must consider a non-
maximal setup as a test case. So for 
p=109 Hz, � f
=1010 Hz, and L=1 cm we have

P̃2
� = 5.65 � 10−6P̃2I2,

where P̃2 has been calculated using Eq. �8�.
If the intensities of the two kinds of light are set to be

equal �I=1 in the above equation� then �2: :0� is absorbed
with a much higher probability than coherent light. This is
directly a result of the frequency entanglement. Maximal ab-
sorption probability occurs when the photon energies add,
such that the total is the same as the center of the final level.
For SPDC it is ensured that this condition will be closely met
�exactly met in the case of a cw pump and a very thin crys-
tal�. However, for the coherent analog there is no such re-
quirement; in fact the probability of two randomly chosen
photons from the coherent pulses adding up to the resonance
energy is miniscule. Even so, the above equation may be
overly optimistic about the absorption properties of coherent
light. Recall that we were forced to consider narrow-band
fields to make the calculation numerically tractable. The ef-
fect that causes coherent light to have a poor two-photon
absorption probability will be worsened when the bandwidth
is broader; a regime in which the �2: :0� states’ absorption
probability improves.

These positive results for the multiphoton absorption of
entangled light are in seeming contradiction to the results of
Sec. II, which shows that coherent states should fair better
than �N : :0� states, where N-photon absorption is concerned.
However, that treatment does not take into account the spec-
tral properties of highly quantum-mechanical states of light,

which are likely to have high degrees of temporal correla-
tion.

In a paper by Tsang �1�, it was shown that the spatial
properties of N00N states cause them to have poor N-photon
absorption rates. The relationship found in that paper is that
N00N states have absorption rates that are lower than a clas-
sical analog �in his case a monochromatic Fock state incident
on a beam splitter� by a factor of 1 /2N−1 due to spatial con-
siderations independent of temporal correlations. He leaves
open the question of whether time-domain effects can com-
pensate for this effect. Given our above results it seems
likely that the answer to this question is yes.

However, the advantage entangled light enjoys is offset
by the fact that SPDC has an extremely small intensity. Even
relatively high production efficiencies are only approxi-
mately one pair per 1012 incident photons �see, for example,
Ref. �30��. Furthermore, it has been shown that correlated
two-photon absorption �absorption from two photons of the
same pair as opposed to absorption from two photons of
different pairs� from entangled light dominates only when
the intensity is small �31�. This makes it even more impor-
tant to improve absorption rates.

It could also be pointed out that �2: :0� light is not a good
candidate for lithography or metrology due to the fact that
the pump light could just be used at double the frequency to
achieve the same enhancement. This paper does not suggest,
however, that it would be. Instead the purpose of our analysis
is to take a simple case of the �N : :0� state �N=2� and show
that the phenomenon of frequency entanglement prevalent in
quantum-mechanical states of light, boosts multiphoton ab-
sorption to a degree which may counteract, or at least par-
tially mitigate, small production rates. In this light our work
may be viewed as a proof of principle. When �N : :0� states of
large N become available it is highly likely that an analysis
similar to the one presented in this section may be utilized to
enhance the N-photon absorption rate. One might even
conjecture—from the above discussion—that for higher N
the temporal advantage of using entangled light may be more
pronounced, since for classical light the problem of arrang-
ing for N photons to arrive at the same time is compounded
as N increases.

3. Continuous-wave-pumped case

Let us now investigate the case of a continuous-wave
pump. The expressions derived in the previous section only
make sense when considering a biphoton pulse. They give
the absorption probability of a biphoton of finite extent being
absorbed as it passes an atom or other absorber. Note that
since the pulses are Gaussian-like they are not strictly finite,
but they are so closely temporally correlated that we may
treat them as such. However the continuous-wave case is
stationary. We must now speak of a two-photon absorption
rate.

First we recalculate the biphoton amplitude. Take Eq.
�A1�, for a cw pump we set 
p=0 and �ko

+�ke
=	p. We can

then rewrite this equation as
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A�t1
d,t2

d�cw = 

koke

e−D��ko
− 	o�2/
o2e−i�ko

t1
d
e−D��ke

− 	e�2/
e2e−i�ke
t2
d

��
0

L

dzeiz�koke��ko
+ �ke

− 	p�

=
e−i�	ot1

d+	et2
d�

UeUo
�

−�

�

d��
0

L

dze−D��/
�2
e−i��t2

d−t1
d�eiz�koke,

where


 =

e
o

�
e
2 + 
o

2
.

In the second equality we have taken the continuous limit,
changed variables from momentum to frequency, performed
one of these integrals to eliminate the delta function, and
then changed variables again to ��e�= ��o���. We are able to
do this due to conservation of energy for a cw pump: once
the momentum of one photon is chosen the momentum of
the other one is determined. Also the phase mismatch be-
comes

�keko
= ��Ue − Uo

UeUo
� � u� .

We now write in analogy to Eq. �A4�

A�t1
d,t2

d�cw =
e−i�	ot1

d+	et2
d�

UeUo
�

0

L

dzF̂�� → �t2
d − t1

d��Y��� ,

Y��� = e−D��/
�2
eizu�.

The solution for A is easily found,

A�t1
d,t2

d�cw =
e−i�	ot1

d+	et2
d�

Ue − Uo
�erf�


�t1
d − t2

d�
2�D �

− erf�

�t1

d − t2
d� − Lu

2�D �� .

The absorption rate for stationary states is given by Eq.
�3.17a� in Ref. �23�,

w2 = 2�g�1

2
	p��2�

−�

�

dte2i	pt−�f �t�G�2��− t,− t;t,t� ,

where � f is the width of the final state of the absorber. We
have for the second-order correlation function,

G�2��− t,− t;t,t� =
2e−2i	pt

�Ue − Uo�2�erf� Lu


2�D��2

,

and thus

w2 =

2�g�1

2
	p��2

�Ue − Uo�2 �erf� Lu


2�D��2�
−�

�

dte−�f �t�.

The modulus squared of the error function is the only part
that is dependent on the spectral properties of the field, so we

fold the overall constants into the atomic response function,
which we will then ignore. We then obtain the relatively
simple result

w̃2 =
1

L�erf� Lu


2�D��2

, �13�

where the factor of 1 /L comes from the state normalization.
Unlike for the general case, the cw expression is fully ana-
lytical. Figures 8 and 9 are plots of the absorption rate as a
function of crystal length and filter bandwidths. The graphs
have been normalized such that the greatest absorption rate
for the range of parameters we consider is set to w̃2=1.

So for a cw pump we have generally the same results as in
the pulse-pumped case, with absorption improving as band-
width increases. We also again observe that the graph of w̃2
as a function of L displays peak values.

IV. CONCLUSION

First, we analyzed the multiphoton absorption probability
of states of the form �N : :0� in the ideal case �with no spec-
tral information�. We found that the absorption probability
scales poorly with N when compared to coherent states, but
well when compared to Fock states. Thus, we reinforced the
original findings of �1� through less sophisticated means.

Second, we considered the case of a realistic �2: :0� state
produced by type-II spontaneous parametric down-
conversion, a polarization rotator, and a beam splitter. We

FIG. 8. �Color online� Plot of the two-photon absorption rate
from a cw-pumped crystal, as a function of crystal length, for four
separate settings of the filters �in hertz�.

FIG. 9. �Color online� Plot of the two-photon absorption rate
from a cw-pumped crystal as a function of the bandwidths of the
filters in the ordinary and extraordinary arms. Here L=6 mm.
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found that generally the two-photon absorption properties of
this state are highly dependent on the specific optical setup
used. Using numerical methods it is possible to analyze the
absorption probability as a function of the realistic param-
eters of the experiment. We can then adjust the optical setup
of our model including the length of the crystal, the band-
widths of the filters in the extraordinary and ordinary beams,
and the pulse length of the pump. Running a maximization
procedure over these variables it is possible to find the setup,
which optimizes two-photon absorption. The difference be-
tween the optimal setup and a slight deviation may be dra-
matic.

This research constitutes a proof of principle of the idea
that the poor production rates and detrimental spatial effects
of highly quantum-mechanical states of light may be miti-
gated by improving the absorption rates through spectral
means. Though we consider in detail only the �2: :0� case, it
is likely that once methods of developing N00N states of
higher N are developed, similar methods may be applied to
improve their N photon absorption properties as well.

Also, in a broader sense, similar techniques may be ap-
plied to increase the multiphoton absorption properties of
any desirable state of light. All that is required is the
quantum-mechanical state vector.
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APPENDIX A: CALCULATION OF THE BIPHOTON
AMPLITUDE

We start with a field at the detector given by Eq. �5�.
Using the standard 50:50 beam splitter transformation we
write out the electric-field operator at the crystal

E�+��td� = �

k1

�e−D��k1

2 /
o
2�âk1

+ ie−D��k1

2 /
e
2�b̂k1

�
e−i�1�

�2

+ �

k2

�ie−D��k2

2 /
o
2�âk2

+ e−D��k2

2 /
e
2�b̂k2

�
e−i�2�

�2
,

where constants have been subsumed into the overall factor
of �. The polynomials �kj

have been ignored because they
vary slowly when compared to the exponential terms. The

operators â and b̂ are the annihilation operators acting on the
first and second modes. The two mode annihilation operators
are used to signify that the amplitude is dependent on the
fields in both spatial modes. �= td− l /c, where l is the dis-
tance between the crystal and the detector. We only consider

the case where the interferometer is path balanced. This im-
plies we calculate the absorption properties of the central
fringe. We assume that the absorption properties of the other
fringes will behave similarly.

Now using the above and Eqs. �1� and �4� we can find an
expression for the biphoton amplitude of our setup

A�t1
d,t2

d� = A�t1
d,t2

d� + A�t2
d,t1

d� ,

where A is the biphoton amplitude for just the output of
BBO and filters

A�t1
d,t2

d� = iC�2

koke

e−D��ko
− 	o�2/
o2e−i�ko

t1
d
e−D��ke

− 	e�2/
e2

�e−i�ke
t2
d�

0

L

dze−D��ko
+ �ke

− 	p�2/
p2eiz�koke. �A1�

We have dropped the factor of e−il/c as it just introduces an
overall phase. The central frequencies of the filters have been
chosen to be the same as for the e and o rays.

Now, define the following variables:

�o � �o − 	o,

�e � �e − 	e,

�p � �p − 	p. �A2�

Due to the delta function in Eq. �1�, 	o+	e=	p and �o
+�e=�p. Now, Taylor series expand the wave vector out to
second order,

k�� j� = k�	 j� + � j�dk�� j�
d� j

�
�j=	j

= k�	 j� +
� j

Uj�	 j�
,

where j=e ,o , p, and U is the group velocity and U=d� /dk.
Taking into account that kp�	p�=ke�	e�+ko�	o� the phase
mismatch can now be rewritten as

�koke
=

�p

Up�	p�
−

�o

Uo�	o�
−

�e

Ue�	e�

=
�o + �e

Up�	p�
−

�o

Uo�	o�
−

�e

Ue�	e�
. �A3�

Taking the continuous limit of Eq. �A1� and utilizing Eqs.
�A2� and �A3� we obtain

A�t1
d,t2

d� = iC�2� dko� dke�
0

L

dze−D��o/
o�2
e−D��e/
e�2

�e−i��e+	e�t2
d
e−i��o+	o�t1

d
e−D��o + �e�2/
p2eiz�ue�e+uo�o�,

where ue=1 /Up−1 /Ue and uo=1 /Up−1 /Uo. Note that dk
= dk

d�d�= 1
Ud�= 1

Ud�, so that up to a constant we may switch
integration variables between momentum and frequency.
�Actually the U’s are frequency dependent; however, they do
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not vary significantly over the bandwidth of the field.� Here
we diverge from Kim and Shih in that we integrate over �o
and �e instead of �−��o−�e and �p and we do not take the
filter bandwidths to be equivalent. Now

A�t1
d,t2

d� =
iC�2

UeUo
e−i�	ot1

d+	et2
d�� d�o� d�e�

0

L

dze−D��o/
o�2

�e−D��e/
e�2
e−i�et2

d
e−i�ot1

d
e−D��o + �e�2/
p2eiz�ue�e+uo�o�.

We have the unitary Fourier transform over �o, �e �up to a
factor of �2��, and the integral over z given by

A�t1
d,t2

d� =
2�iC�2

UeUo
e−i�	ot1

d+	et2
d��

0

L

dzF̂��e → t2
d�

�F̂��o → t1
d����o,�e,z� ,

���o,�e,z� = e−D���o + �e�2/
p2+��o/
o�2+��e/
e�2�eiz�ue�e+uo�o�,

�A4�

where we have defined the biphoton kernel ���o ,�e ,z�. In
the interest of clarity the Fourier transforms have been writ-
ten as operators

F̂�x → y� �
1

�2�
�

−�

�

dxe−ixy .

Using MATHEMATICA™, we perform these operations in the
above order. Note that another ordering will lead to the prob-
lem becoming intractable. The result is given by Eq. �6�. For
the sake of simplicity in most of our calculations we will
take �=1.

State normalization

The state ��� needs to be normalized. Take again Eq. �1�
where the integral over �p has been performed,

��� = C

keko

�
0

L

dze−D��e + �o�2/
p2eiz�kekoâe
†âo

†�0� .

Now we take the inner product

	���� =
4C2

Ue
2Uo

2�
−�

� �
−�

�

d�ed�oe−2D��s + �i�
2/
p2

�

sin2�L

2
��eue + �ouo��

��eue + �ouo�2 ,

where we have taken the continuous limit and switched in-
tegration variables. It is required that 	� ���=1. We make
another change of variables: p=�e+�o and q=�eue+�ouo, as
long as Ue�Uo this is a well defined one-to-one transforma-
tion with a Jacobian J=UeUo / �Ue−Uo�. This allows us to
separate the integral. Thus,

4C2

UeUo�Ue − Uo��−�

�

dpe−2D�p/
p�2�
−�

�

dq

sin2�L

2
q�

q2

=
2C2

UeUo�Ue − Uo�
�3/2L
p

�2D
.

So

C = �D
2
�1/4�UeUo�Ue − Uo�

�3/4�L
p

.

This factor is added onto Eq. �8�. Using a similar procedure
we obtain for the continuous-wave case

Ccw =�UeUo�Ue − Uo�
2�L

,

which we append to Eq. �13�.

APPENDIX B: CALCULATION OF THE TWO-PHOTON
ABSORPTION PROBABILITY FOR N00N STATES

Noting that Eq. �3� represents a unitary transform back
from time space into frequency space we may write the Z
function as

Z��o,�e� = 2�F̂�t1
d → �o��F̂�t2

d → �e��A�t1
d,t2

d� .

Therefore,

Z��o,�e� = 2�F̂�t1
d → �o��F̂�t2

d → �e��A�t1
d,t2

d�

= 2�F̂�t1
d → �o��F̂�t2

d → �e��A�t1
d,t2

d� + 2�F̂�t1
d → �o��F̂�t2

d → �e��A�t2
d,t1

d�

= C�F̂�t1
d → �o��F̂�t2

d → �e��e−i�	ot1
d+	et2

d��
0

L

dzF̂��e → t2
d�F̂��o → t1

d����o,�e,z�

+ C�F̂�t1
d → �o��F̂�t2

d → �e��e−i�	ot2
d+	et1

d��
0

L

dzF̂��e → t1
d�F̂��o → t2

d����o,�e,z�

= C��
0

L

dzF̂�t2
d → �e��F̂��e → t2

d�F̂�t1
d → �o��F̂��o → t1

d����o,�e,z�
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+ C��
0

L

dzF̂�t1
d → �o��F̂��e → t1

d�F̂�t2
d → �e��F̂��o → t2

d����o,�e,z�

= C��
0

L

dz���o,�e,z� + C��
0

L

dz���e,�o,z� . �B1�

In the second equality we have made a substitution using Eq.
�A1�. In the third equality Eq. �A4� was used. In the fourth
equality the overall phases have combined with the Fourier-
transform operators to change their output variables. So the
Fourier transforms from the biphoton amplitude exactly can-
cel with the Fourier transforms from the definition of the
spectral correlation function leaving a relatively simple re-
sult. Note that ���o ,�e ,z�����e ,�o ,z� and

C� = 2�i�8�D�1/4� U2

L
p
,

where U2 is defined in the main text. Returning to Eq. �2� we
make the assumption that g����g� 1

2	p�. To see why, we
need to investigate the definition of the atomic response
function, Eq. �3.8� from Mollow �23�,

g��� = �

j

pf jpj0
1

� − � j +
1

2
i� j

,

where � is a constant representative of the absorber, j labels
the possible intermediate �virtual� levels, pj0 and pf j are the
momentum matrix elements of the electron making a transi-
tion between the initial and jth states, and the jth and final
states, respectively. � j is the linewidth of the intermediate
level. Each term in the series represents the two-photon ab-
sorption process proceeding via a different intermediate level
transition. We assume that the central frequency of the field
is one half the resonant frequency of the final state. Note that
each term of g is highly peaked around the characteristic
frequency of the level, which will be far detuned from the
central frequency of the field. Unless the bandwidth of the
field is on the order of the transition frequency, the value of
the atomic response function will not change much as � is
varied over the bandwidth of the incident light. Therefore,
our assumption is justified. Note that this is the only assump-
tion we make about bandwidths in this paper. It is worth
noting that there has been much work done toward engineer-
ing materials which have large two-photon cross sections
�32,33�, so as light sources are improving, so are absorbers.

So, using Eqs. �B1� and �2� we have

P2 = �C�g�1

2
	p��

−�

�

d��
−�

�

dz���� f − �,�,z�

+ ���,� f − �,z���2

. �B2�

The importance of the atomic response function being
separated from the integral should be noted. Essentially this
means that the spectral properties of the light may be con-
sidered apart from the structure of the absorber. The remain-
ing integral is not difficult to perform,

�
0

L

dz�
−�

�

d���� f − �,�,z�

=
�

U2
e−D�p

2��ue + U2�2/
e
2U2

2+ue
2/
o

2U2
2+1/
p

2�

��erf�E�p� − erf�E�p − L�� ,

where U2, ue, E, and L are defined in the main text in Eq. �9�.
The integral over ��� ,� f −� ,z� differs only by a constant
factor.

However, the utility of this expression is limited. It only
describes the probability of a single frequency from the
pump beam being absorbed. Furthermore, it implies that this
frequency will be on resonant with the final level. Realisti-
cally, all frequencies will have a chance to be absorbed and
only � f =0 will be resonant. To correct for this we can aver-
age the function over a Lorentzian line shape with its peak at
� f =0 and a height of 1. The full equation is given in the main
text by Eq. �8�.

APPENDIX C: THE FAIR COMPARISON COHERENT
STATE

Again, our �2: :0� state is produced from a photon pair
from a type-II spontaneous parametric down-conversion
event, incident on two filters and a symmetric beam splitter.
We can examine ���, Eq. �1�, and see that—given the as-
sumptions in Appendix A—this state has a spectral profile
�the relative probability amplitude of the photons having fre-
quencies �e and �o� given by

F�2::0���e,�o� = C�
0

L

dze−D��e + �o�2/
p2eiz„��e+�o�/Up−�e/Ue−�o/Uo….

��� represents two entangled down-conversion modes. To
remove the nonclassical nature of this light we project out
one of the modes. We arbitrarily choose the ordinary mode.
The remaining state will have the spectral profile we desire
for one mode of our fair coherent state �F��, that is,

�
−�

�

d�o	1�o
��� =��
p

2

D 

k�

F�,z��e�âek�
† �0�e,
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F���e� = �
0

L

dze−iz�e�uo−ue�e−uo
2z2
p

2/4D,

where ue=1 /Up−1 /Ue and uo=1 /Up−1 /Uo. This will rep-
resent one mode of the “fair comparison” coherent light. The
normalization will be discussed shortly. The other mode will
have a separate, but identical, spectral profile. Both modes
will be mixed with a symmetric beam splitter.

In order to assimilate this spectral information into a co-
herent state we identify the spectral profile with �, thus, �k
=F�k

��k�. The beam splitter transformation operating on the
displacement operators which create the two-mode coherent
state, ���1���2, produces an output of � �+i�

�2
�3� i�+�

�2
�4, where 1

and 2 label the input modes and 3 and 4 label the output
modes.

So now we can write the temporal correlation function for
the fair coherent state

G�
�2��t1�

d,t2�
d,t1

d,t2
d� = �4�

�
�� + i�

�2
�3�

3�
� i� + �

�2
�4�

4�



�a

â3�a

† ei��a+	�t1�
d
e−D��a/
��2


�b

â4�b

† ei��b+	�t2�
d
e−D��b/
��2

�

�c

â3�c
e−i��c+	�t1

d
e−D��c/
��2


�d

â4�d
e−i��d+	�t2

d
e−D��d/
��2

�
�
�� + i�

�2
�3�

3�

� i� + �

�2
�4�

4�

= �4�2��3�2��4�2ei	�t1�
d+t2�

d−t1
d−t2

d�F̂��a → t1�
d��F̂��b → t2�

d��F̂��c → t1
d�F̂��d → t2

d��F�
���a� − iF�

���a��

��− iF�
���b� + F�

���b���F���c� + iF���c���iF���d� + F���d�� ,

where the factors � are the normalizations in the indexed
modes. The central frequencies �	� have been taken to be
the same. The filters in the arms 
e=
o have been removed
in order to make the calculation which follows mathemati-
cally tractable. The frequencies have been labeled a, b, c,
and d. As before � represents the constants associated with
the electric-field operators. We shall eventually take the two
two-photon absorption probabilities in ratio, the �’s will can-
cel exactly. In light of this we simply set �=1. We need to
normalize such that the information about the intensity of the
coherent light in each arm is contained in the �’s,

I = �
−�

�

dt�
�

	����

��

â��
† ei��t


��

â��e
−i��t

�

�
�����

= ���2�
−�

�

d���
−�

�

d����� − ���F�
�����F�����

= ���2�
−�

�

d���F������2

= ���2�
−�

�

d���
0

L

dz1�
0

L

dz2ei�z1−z2����uo−ue�e−uo
2
p

2�z1
2+z2

2�/4D

=
���2�2�

uo − ue
�

0

L

dz1�
0

L

dz2�z1 − z2�e−uo
2
p

2�z1
2+z2

2�/4D.

The double integral is tractable yielding the result

� = � I2�uo − ue�2uo
2
p

2

D�2 �1/4

erf�Luo
p

�2D �−1/2
.

Using the same procedure as in Eq. �B1� we obtain the
spectral correlation function

S�2� = 2�2��3�2��4�2�F�
���1�� − iF�

���1����F���1� + iF���1��

��iF���2� + F���2���F�
���2�� − iF�

���2��� .

Now we can write the two-photon absorption probability Eq.
�2� as

P2
� = �2���4��

−�

�

d�F��� f − ��F�����2

= �2���4��
−�

� d�u

uo − ue
�

0

L

dz1�
0

L

dz2

�e−iz2�f�uo−ue�e−i�z1−z2��ueuo
2
p

2�z1
2+z2

2�/4D�2

=
�2���4

�uo − ue�2��
0

L

dz1�
0

L

dz2e−iz2�f�uo−ue�

��z1 − z2�euo
2
p

2�z1
2+z2

2�/4D�2

=
�3D���4

2uo
2
p

2�uo − ue�2e−D�uo − ue�2�f
2/uo

2
p
2

��erf�E�� f� − erf�E�� f + L���2,

where E� and L� are defined in the main text. In the interest
of simplicity the initial coherent states have been taken to be
equivalent. As in Appendix B we must now take the integral
of the above expression, times a Lorentzian line shape, over

� f. This new function, P̃2
�, is given in the main text by Eq.

�11�.
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