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Electron tunnel ionization is considered as the mechanism for producing free electrons in gases under laser
radiation. The Keldysh result and the Ammosov-Delone-Krainov �ADK� formulation are amended by consid-
ering the excess forces due to the interaction of the electric field of the laser with the electron cloud in a simple
mass-on-a-spring approximation. The result of this excess force is a kinetic energy that is directed along the
polarization vector of the laser field and an induced potential energy that are proposed as a determining factor
in electron tunnel ionization. Relative ionization rates for various pairs of gases are calculated and compared
with reported figures. Comparisons were made between several combinations of O2, Xe, Ar, N2, Cl2, H2, CO,
Kr, NO, F2, and D2. Predicted ratios of ionization rates between pairs of gases are compared to ADK predic-
tions. Apparently anomalous ionization rates of O2, D2, and H2 are explained. A simple expression is developed
that reveals why the ionization rate of Xe is about an order of magnitude larger than that of O2 even though
their ionization potentials are nearly identical; why CO is only about half that of Kr even though their
ionization potentials are nearly the same; why the ratio of O2 to O is about ten times larger than predicted by
ADK; and why the ratio of NO to Xe is about an order of magnitude less than predicted by ADK.
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I. INTRODUCTION

Present multiphoton and electron tunnel ionization de-
scriptions of laser-induced ionization in gases do not prop-
erly account for observed ionization rates �1–10�. The
Keldysh �11� and Ammosov-Delone-Krainov �ADK� �12�
models for electron tunnel ionization predict that O2 and Xe
should have the same ionization rate under strong optical
electric fields because their ionization potentials are very
nearly the same. The experiments of Talebpour et al. �1�
revealed an order of magnitude difference in the ionization
rates for these two gases. This apparently anomalous result
has led researchers to compare the ionization rates of other
pairs of gases with nearly equal ionization potentials. It has
also fueled concerted efforts to offer explanations for each
apparently anomalous result. Among the processes consid-
ered were: dissociative recombination, other dissociation
processes, Stark shift, the presence of any accidental elec-
tronic resonance in the molecule, and electron localization in
diatomic molecules �2�; the two-center nature of the potential
and orientation of the molecular axis with respect to the laser
polarization �3�; electron screening due to multielectron mo-
tion �4�; bonding symmetry versus antibonding symmetry of
the valance orbitals of homonuclear diatomic molecules �5�;
length and velocity gauge formulations of the molecular
strong-field approximation and the effects of nuclear motion
�9�; and S-matrix formalism of conventional strong-field ap-
proximation supplemented by the standard linear combina-
tion of atomic orbitals and molecular orbitals utilized for
approximate analytical reproduction of the two-centered
wave function of an initial molecular bound state �10�.

None of these proposed explanations of results that are at
variance with the Keldysh �11� and ADK �12� formulations
has proven satisfactory. In many instances one apparent
anomaly is explained while another remains elusive. Most of
the authors conclude that a correct explanation has not yet
been given. Finally, although the work of Usachenko et al.

�10� showed some promise, it appears to require a separate
explanation for each comparison and as such must be re-
garded as somewhat less than desirable.

It would appear that a single explanation, however simple,
might reduce the increasingly complicated reasons given for
the observed ionization rate ratios. It is the purpose of this
paper to suggest a single explanation for the observed ratios
of ionization rates between several species. This is a very
elementary treatment, which is described in order to seek a
first-order explanation for the perceived discrepancies.

Electron tunnel ionization, taking into account the kinetic
and potential energies temporarily gained by the bound elec-
trons through their polarizabilities, offers an explanation of
the Xe /O2 anomaly that agrees with the observed results. It
also correctly predicts the relative ionization rate ratios for
11 species considered. Making use of the polarizability was
suggested by the observation �13,14� that optical materials
with larger refractive indices damage at lower fluence levels
under laser radiation than lower index materials. The fit of
the model proposed here is better than the fit of the ADK
model for every comparison between gases with similar ion-
ization potentials except for the trivial cases of N2 versus Ar
and F2 versus Ar in which both the ionization potential and
the polarization were sensibly the same.

II. THEORY

The present work follows the lead of Gamow in which he
treated alpha particles within a nucleus as classical motion
and applied wave theory to calculate the tunneling probabil-
ity �15,16�. For simplicity, the assumption is made that the
optical electric field of the laser interacts with the neutral
atom or molecule as if all of the induced motion were con-
centrated in a single active electron �SAE�. This electron
exists in a potential well whose depth is the first ionization
potential, Ip. Upon application of an electric field, E�t�, a
potential, eE�t�x�t�, is developed, where e is the electron
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charge and x�t� is the distance measured from the electron’s
equilibrium position. As has been done from Keldysh �11�
onward, the potential barrier formed by the Coulomb field of
the atom and the applied field of the laser can be approxi-
mated to first order by a triangular potential. We shall pro-
ceed by using a semiclassical approximation to describe the
motion induced by the optical field on the SAE and calculate
the probability for tunneling through this barrier. If the bar-
rier is sufficiently wide, one is justified in using a semiclas-
sical approach. Furthermore, for a wide barrier, there is very
little leakage of electrons out of the atoms and the wave
functions inside the atom will be nearly those of the undis-
turbed stationary states. This allows one to ignore the time
dependence of the Schrödinger equation and apply the WKB
approximation �17,18� to the spatial portion of the equation.
For simplicity we will consider only spherically symmetric
wave functions corresponding to emission of electrons with
zero angular momentum. This allows the three-dimensional
problem to be considered as a one-dimensional problem.

We assume that the SAE is in a stable circular orbit and
that the optical field acts on it to drive it about its stationary
orbital position. The electron then executes simple harmonic
motion about its equilibrium position in the direction of the
polarization of the applied field. This motion, of course, is
the source of development of the refractive index in dense
media under low applied fields. The contention is that even
though the fields are strong enough to ionize individual at-
oms and molecules, they are still well below the internal
fields of the atoms and, as such, may be considered as small
perturbations. In fact, for Xe the instantaneous potential en-
ergy gained by the electron is less than 7% of the ionization
potential under interaction with a laser flux of 1
�1015 W /cm2. The corresponding maximum displacement
of the SAE is about 0.2 Å, which is roughly 20% or less of
the radius of most atoms in this paper. A question arises
about adiabaticity when discussing kinetic and potential en-
ergies gained by the SAE. Just as in ordinary light passing
through substances this motion of the SAE is merely a small
oscillation about its equilibrium position, and there is no net
energy exchange. Thus, this will be considered an adiabatic
process. Also note that no splitting of energy levels is envi-
sioned, thus this does not involve the Stark effect.

As will be shown, the present treatment results in an
equation that may answer some of the apparently anomalous
results when comparing single ionization rates for two neu-
tral species that have nearly the same ionization potential but
different polarizability.

Consider the motion of the SAE in the potential energy
shown in Fig. 1 or its equivalent in Fig. 2.

For convenience of calculation and with no loss of gener-
ality, the zero point of the potential energy is set at the bot-
tom of this total potential well �19�. The ionization potential,
Ip, is then positive and the applied field, E, creates the por-
tion of the potential, Ip−E�pot�0−eEx, which separates region
II from region III. These diagrams are a snap shot in time
that changes as the laser cycle proceeds. In a simple mass-
on-a-spring approximation the equation for the induced mo-
tion of the SAE is

mẍ + m�ẋ + kx = eEei��t, �1�

where m is the mass of the electron, x is the induced dis-
placement, � is an effective damping coefficient, e is the
electron charge, �� is the laser frequency, and k /m=�0

2 is the
natural frequency of oscillation. Because the displacement
oscillates at the driving frequency, x�t�=xei��t, one obtains a
simplified equation of motion:

x�t� =
e/m

− �l
2 + i��l + �0

2E�t� . �2�

Clausius and Mosotti �20,21� showed that this is equivalent
to

x�t� = �0�E�t�/e , �3�

where �0 is the free-space permittivity and � is the polariz-
ability.

Letting E�t�=E sin���t�, the induced kinetic energy is

FIG. 1. Approximate potential barrier encountered by driven
electron. E�pot�0 is the potential energy gained by the SAE against
the Coulomb restraining force at any time during the laser cycle and
E�kin�0 is the kinetic energy gained at the same time during the cycle
and is shown additive to the E�pot�0. The Coulomb potential is ide-
alized as a rectangular potential with the zero taken at the bottom.

FIG. 2. Mathematically equivalent problem. For ease of calcu-
lation the Coulomb potential and the potential energy induced
against the restraining force on the SAE are combined to more
clearly reveal the elementary case of an electron with a known
kinetic energy approaching a potential barrier. Here the induced
kinetic energy of the electron is shown above the bottom of the total
potential energy well, i.e., the difference between the ionization
potential and the induced potential energy of the SAE.
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E�kin� = 1/2m�ẋ�2 = 1/2m��0���E cos���t�/e�2. �4�

The potential energy gained by a mass-on-a-spring system
with spring constant k is

E�pot� = 1/2kx2. �5�

For ����0, Eq. �2� can be approximated as

x�t� �
�e/m�E�t�

�0
2 =

�e/m�E�t�
k/m

. �6�

Using Eq. �3� to solve for the spring constant, k, yields

k �
e2

�0�
. �7�

Then the induced potential energy becomes

E�pot��t� = 1/2k�x�t��2 = 1/2
e2

�0�
�x�t��2. �8�

With these expressions for the kinetic and potential ener-
gies associated with the motion one can write the wave func-
tion associated with the induced motion in region I as �19�

�I�x� = Aeik0x + Be−ik0x, �9�

where, k0=mv /�, with v given in Eq. �4�.
Anticipating use of the WKB approximation we write the

wave function in region II as

�II�x� =
C

�	�x�
exp	− 


0

x

	�x�dx� +
D

�	�x�
exp	


0

x

	�x�dx� ,

�10�

where

	�x� =�2m

�2 „�Ip − E�pot�0 − eEx� − E�kin�0…

=�2m

�2 ��Ip − eEx� − E0� . �11�

Here the total energy of the electron, E0=E0�t�, is the sum of
the kinetic and potential energies of the induced motion,
E0�t�=E�kin�0�t�+E�pot�0�t�, with E�pot�0�t� and E�kin�0�t� calcu-
lated from Eqs. �4� and �8�.

Finally, in region III the wave function is

�III�x� =
A1

�k1�x�
exp	i


�

x

k1�x�dx�
+

B1

�k1�x�
exp	− i


�

x

k1�x�dx� . �12�

The B1 term is zero as we assume there are no electrons
approaching from the right. To determine k1, we note that the
asymptotic wave function must be that of an electron accel-
erating to the right under the influence of the electric field.
Thus, k1=

�2m
�

�eE�x−��, where �, the turning point, is the
width of the forbidden region. The probability density,
��III�x��2, is therefore a maximum at the turning point where
the propagation number is zero and decreases as the electron

is driven away from the atom or molecule. One cannot
equate the internal and external probability current densities
in order to find the transmission coefficient because under
the influence of the applied field the probability current den-
sity is not conserved. The task, then, is to determine the
ratios of the ionization probability densities of two species at
the same applied electric field. We can arbitrarily assign k1
for a pair of species because at constant electric field they
will cancel out when forming the ratio of the probabilities for
ionization.

To proceed we require continuity of the wave functions at
the boundary between regions I and II:

�I�0� = A + B =
1

�	�0�
�C + D� = �II�0� , �13�

and the continuity of the derivatives at the boundary:

�I��0� = ik0�A − B� = �	�0��− C + D� = �II� �0� . �14�

Here we have performed the derivative on the right side of
Eq. �10� in the rapidly changing exponential only and ne-
glected the relatively minor effect of 	��x� on the amplitude.
Here the prime denotes differentiation with respect to x.

Solving these two Eqs. �13� and �14� we find

C =
2Ak0

�	�0�
k0 + i	�0�

, �15�

and to keep the solutions finite the value of D is set to zero.
To match wave functions at the boundary of regions II

and III we use the WKB connection formulas suitable for a
barrier to the left of the turning point, x=� �16�. First we
must write the wave function in region II appropriate to the
turning point, x=�.

We note that

exp	

0

x

f�x�� = exp	

0

�

f�x��exp	

�

x

f�x�� �16�

and designate exp�0
�f�x��=e
 so that

�II�x� =
Ce−


�	�x�
exp	− 


�

x�2m

�2 �Ip − E − eEx�dx� .

�17�

Then from the connection formula �14,15�

Ce−
 = ��A1, �18�

where

� = ei�/4. �19�

From Eqs. �15�, �18�, and �19� we obtain

Ce−
 =
2Ak0

�	�0�
k0 + i	�0�

e−
 = ��A1 �20�

and form the ratio of the ionization probability density to the
incident probability density
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�III

I
�2

= �A1/�k1

A
�2

=
4k0

2	�0�e−2


k1�k0
2 + 	�0�2�

. �21�

This is the ratio of the ionization probability density to the
incident probability density, which we are seeking.

To complete the calculation of the probability we evaluate
the exponential factor, e−2
.

From Eq. �16�


 = 

0

��2m

�2 �Ip − E − eEx�dx

= −
2�2m

3�eE
�Ip − E�kin�0�t� − E�pot�0�t� − eEx�3/2�0

�, �22�

which, for Ip−eE�=E�kin�0�t�+E�pot�0�t� gives


 =
2�2m

3�eE
�Ip − E�kin�0�t� − E�pot�0�t��3/2. �23�

Finally, the probability of ionization per approach is

PI =
4E�kin�0�t���Ip − E�kin�0�t� − E�pot�0�t��

�eE�x − ���Ip − E�pot�0�t��

�exp�− 4�2m

3�eE�t�
�Ip − E�kin�0�t� − E�pot�0�t��3/2� .

�24�

To obtain predictions based on this expression we numeri-
cally integrate to determine the average probability over a
period of the laser radiation.

For single ionization with magnetic quantum number of
zero and unity angular momentum quantum number, the ker-
nel of the exponential in Eq. �24� is the same as the ADK
expression with just the addition of the potential and kinetic
energies of the bound electron. The major difference in the
expressions is the inclusion of the E�kin� and E�pot� of the
induced motion in Eq. �24�. This has the effect of explaining
why two species with very similar ionization potentials can
have large differences in ionization rates. Equation �24� will
be used to compare ionization rate ratios between two atoms
or molecules with similar ionization potentials.

III. RESULTS

In order to tabulate results from Eq. �24� the material
properties of ionization potential and polarizability were in-
put for the 16 gases seen in Table I. Ratios of ionization rates
were then calculated for various pairs of gases in order to
compare the present treatment with experimental results. Just
the ratios will be compared because as pointed out by Wells
et al. �8� the individual ionization rates vary by up to eight
orders of magnitude over the laser intensity range of interest,
whereas the ionization rate ratios typically differ by less than
an order of magnitude over the same range.

In each of the graphs in Fig. 3 the solid line is the ioniza-
tion rate ratio predicted by Eq. �24� of this work and the
dashed line is the prediction of the ADK model. The predic-
tions are compared to various experiments. As can be seen

from the solid line in Fig. 3�a�, the calculated ratio for
Xe /O2 using Eq. �24� varies from 6 to 9 in the range of
I�W /cm2� from 2�1013 to 8�1014. This graph compares
favorably with the data collected by Gibson �2�, DeWitt �7�,
and Talebpour �1�. The DeWitt data are perhaps the most
reliable because both species were irradiated simultaneously
to avoid extreme difficulties inherent in replicating experi-
mental setup between the comparison gases. The rate ratio
predicted by the ADK formula is, as is to be expected, nearly
constant at unity. The major factor in this apparent anomaly
is the larger polarizability of Xe �4.04 Å3� as compared to
O2 �1.56 Å3�.

A second observation from Fig. 3�b� is that D2, with an
ionization potential of 15.467 eV and a polarizability of
0.783 Å3, is predicted by Eq. �24� to have an ionization rate
of 25–50 % of that of Ar �15.7596 eV and 1.66 Å3�. From
an ionization potential standpoint these gases should have
nearly identical ionization rates under the influence of iden-
tical strong laser fields. The ratio predicted by Eq. �24� com-
pares favorably with the experimental data of Talebpour et
al. �3� and Wells et al. �8� and is about six times larger than
the ADK prediction. Although Benis et al. �6� state that the
ionization rate of deuterium is suppressed compared to ar-
gon, this is not the case. Deuterium does have a lower ion-
ization rate than argon but the reason, if Eq. �24� is correct, is
that the polarizability of D2 is a factor of about two lower
than that of Ar. A comparison of Ar vs H2 with available data
�10� produced similar results as would be expected from the
similarity of the two forms of hydrogen with the H2 values
�15.43 eV and 0.787 Å3� nearly those of D2.

In Fig. 3�c� the rate ratios of Ar and F2 are compared.
Because Ar �15.7596 eV and 1.66 Å3� and F2 �15.697 eV
and 1.38 Å3� have very similar ionization potentials and po-

TABLE I. Relevant parameters for a number of gases �22�.
Comparisons with experimental results will be made for all of these
except He, Ne, CO2, and CH4.

Species
Ionization potential

�eV�
Polarizability

�Å3�

Ar 15.7596 1.66

CH4 12.61 2.45

Cl2 11.48 1.83

CO 14.014 1.95

CO2 13.78 2.51

D2 15.467 0.783

F2 15.697 1.38

H2 15.43 0.787

He 25.5874 0.208

Kr 13.997 2.48

N2 15.581 1.71

Ne 21.5645 0.381

NO 9.264 1.698

O 13.618 0.802

O2 12.07 1.56

Xe 12.1298 4.04
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larizabilities one would expect them to have similar ioniza-
tion rates. In fact, the slightly deeper potential well of Ar is
offset by its slightly higher polarizability when compared to
F2, making their ionization rates very close to each other. In
this case, the ADK results are closer to the experimental
results than the present treatment. This result would seem to
argue against the interference model �5�, which predicted
that F2 would have an ionization rate nearly two orders of
magnitude lower than Ar.

The case for CO �14.014 eV and 1.95 Å3� versus Kr
�13.997 eV and 2.48 Å3� is instructive. Solely on the basis
of ionization potential these two should have the same ion-
ization rates. However, the polarizability of CO is only about
80% of that of Kr, which gives CO about 60% of the ioniza-
tion rate of Kr as predicted by Eq. �24� and shown in the
experimental results in Fig. 3�d�.

Of interest is the ratio of the ionization rates of molecular
versus atomic oxygen. The larger ionization potential of O
�13.618 eV� compared to O2 �12.07 eV� leads the ADK
model to correctly predict a large O2 /O ratio. However, as
can be seen in Fig. 3�e� the predicted ratio is about a factor of
eight less than the measured value. An important consider-
ation is the polarizability of O versus O2, which is about a
factor of two lower, 0.802 Å3 for O compared to 1.56 Å3

for O2. This increased interaction in O2 leads to a much
larger ionization rate when compared to O and further in-
creases the predicted ratio. As a result, the present treatment
according to Eq. �24� provides a better fit to the data.

Figure 3�f� compares the ionization rates of NO to Xe.
The data taken by Wells et al. �8� used a 1365 nm laser for
the lower intensity values and a 790 nm laser for the higher
intensities. It is unclear why the 1365 nm ratios are so much

(b)(a)

(c) (d)

(f)(e)

FIG. 3. Comparison of predictions of Eq. �24� and ADK with various pairs of atoms and molecules. Equation �24� provides a better fit
for all except the trivial case of F2 vs Ar for which the ionization potentials and polarizabilities are nearly the same. Equation �24� is solid
and ADK is dashed line. Bracketed numbers refer to the listed references.
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lower than predicted by both Eq. �24� and the ADK model.
The data by Walsh et al. �23� was shifted on the vertical axis
to compare with their theory, so there is no absolute basis on
which to compare the rate ratios. However, by anchoring the
Walsh data to the Wells data at the higher intensities, it is
possible to form ratios of NO to Xe for the entire range of
interest. In fact, the results here have been shifted by about a
factor of two on the vertical axis to provide a best fit to the
present treatment. Both the present treatment and the ADK
formulation predict that NO, with its 9.264 eV ionization
potential will have a much higher ionization rate than Xe,
with its 12.13 eV ionization potential. However, the larger
polarizability of Xe compared to NO �4.04 Å3 vs 1.698 Å3�
partially compensates for this. As can be seen in Fig. 3�f�,
Eq. �24� predicts a rate ratio about a factor of eight lower
than ADK does.

The results of a comparison by Benis �6� of Xe �12.1298
eV and 4.04 Å3� vs Cl2 �11.48 eV and 4.71 Å3� are shown
in Fig. 4. Clearly, both the ADK model and Eq. �24� predict
that Xe will have a lower ionization rate than Cl2. This is due
to both the smaller ionization potential and larger polarizabil-
ity of Cl2. The author was unable to locate an experimental
value for the polarizability of Cl2 and the value here reflects
a calculation from �22�. The predicted results disagree with
experiment and there is presently no explanation for this.

The author was unable to locate experimental results in-
volving methane. However, such data could prove to be a
critical test of the present theory. The ionization potential and
polarizability of CH4 �12.61 eV and 2.45 Å3� places it
squarely in the middle of the predicted ionization rates of O2
and Xe. If the ionization rate of CH4 were to fall within
values predicted by the current Eq. �24�, this would extend
the present theory further into polyatomic molecules. Based
on the properties of CH4 �12.61 eV and 2.45 Å3� and O2
�12.07 eV and 1.56 Å3�, one would conclude from the ADK

formulation that O2 would have a higher ionization rate.
However, the larger molecular polarizability of CH4 leads
Eq. �24� to predict a higher rate for CH4 than O2. In fact, the
rate ratio from Eq. �24� is larger than the ADK rate ratio by
factors from 2.6 to about 2.9 over the fluence range of inter-
est here.

Both the ADK model and the present work closely predict
the experimentally determined ratios for CO2 vs CO and N2
vs Ar. The data for CO2 vs CO are again found in the
10.6 �m work of Walsh et al. �23�, thus there is not an
absolute basis for forming the ratios. However, without shift-
ing the vertical axes of their data, the fit of both ADK and
Eq. �24� are within expectations. As can be seen from Table
I, CO2 �13.78 eV and 2.51 Å3� with smaller ionization po-
tential and larger polarizability than CO �14.014 eV and
1.95 Å3� is expected to have a higher ionization rate, a fact
borne out by the unshifted Walsh data.

In the case of N2 �14.014 eV and 1.95 Å3� vs Ar �15.7596
eV and 1.66 Å3�, the data varies from 0.5�N2 /Ar�1.9
�2,7�, with both ADK and the present Eq. �24� predicting
ratios from 1.3 to 2.08 for the intensity range of interest. The
predictions closely follow the DeWitt et al. �7� data and do
not show evidence of suppression.

IV. SUMMARY

The model considered here depends on material proper-
ties such as polarizability and ionization potential as well as
laser pulse duration and laser frequency. Treating atoms and
molecules the same is certainly not the usual practice. How-
ever, the close fit of the developed equation to relative rates
of ionization in diatomic and even triatomic molecules may
be an indication that molecular structure plays a secondary
role in the ionization process and that the interaction of the
SAE with the laser field is the first-order effect. The prob-
ability for electron tunnel ionization was calculated based on
kinetic and potential energy induced in the bound electrons
in each laser cycle. A predictive model of laser-induced gas
ionization was developed. Strong-field ionization rates pre-
dicted by the model agree substantially with measured rates,
thereby suggesting an explanation for the perceived anoma-
lously low rate of O2 as compared to Xe; the suppressed
ionization rates of D2 compared with Ar; the reason D2 is
suppressed and F2 is not; the supposed suppression of O2
rates and the absence of suppressed rates in N2; and why the
rate of CO is only about half that of Kr. Left unexplained is
the low ionization rate of Cl2 when compared to Xe. Note
that in every case where a species is suspected of having
suppressed ionization rate, the polarizability—and therefore
its ability to respond to the laser field—is decidedly lower
than the companion species.

FIG. 4. Both ADK and the present work fail to predict the ob-
served rate ratios of Xe vs Cl2. Solid line, Eq. �24�; dashed line,
ADK.
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