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We develop an ab initio procedure based on the driven Schrödinger equation formalism and the external
complex scaling method for the determination of the multifold differential cross sections of the single and
double ionization of molecular hydrogen by single photon and fast electron impact. We take advantage of the
separability of the two-center Schrodinger equation in prolate spheroidal coordinates in the numerical calcu-
lation of the two-electron two-center wave function of the initial and final states of the target. After having
verified our procedure by reproducing existing confirmed triple differential cross sections of the �e ,2e� ion-
ization of H2, we have extended our calculation to the double ionization of H2. Our results on double photo-
ionization agree with existing experimental results. We observe in the mean time a small difference with
respect to the absolute results obtained by similar ab initio calculations using spherical bases. For the case of
the double ionization by fast electron impact for which very few experimental results exist, our results confirm
the existing disagreement between the theoretical results and the unique experimental one in the case of
�e ,3-1e�. This we think makes it clear that for �e ,3e� the introduction of the higher terms of the Born series for
mean energy electron-impact regime is necessary.
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I. INTRODUCTION

Single- and double-ionization experiments by electron im-
pact which consist in detecting the scattered and the ejected
electron�s� in coincidence present singular situations where
these complete experiments, in the sense that all the param-
eters, like energy and momentum vectors are measurable,
permit the verification of different theoretical models and
approaches. The study of the behavior of the multiply differ-
ential cross section of these processes brings answers in
many domains like astrophysics, radio damage by secondary
electrons in living matter or in plasma physics.

The ionization of H2 which is the most abundant gas in
the universe is particularly interesting for multiple reasons. It
can be realized more easily than that of atomic hydrogen, the
results can be compared to helium, its double ionization is
dissociative and can be used as a source of proton. It also
possesses isotopes whose behavior in these experiments
gives interesting indication on the vibrational effects.

After the pioneering works on the theory of electron-
molecule collisions �1–5� and the early experiments on the
�e ,2e� ionization of H2 �6–9� interest is renewed in recent
years on the study of the ionization of diatomic systems,
motivated by the evolution of the experimental techniques in
the coincidence detection of the fragments produced in an
ionization of diatomic molecules by electrons �10,11� or by
photons �12–17�. Many theoretical approaches are nowadays
available for diatomic targets going from simplest linear
combination of atomic transition matrices �18,19� to more
elaborate models and procedures like the ones using a two-
center Coulomb continuum description based on the Pluvi-
nage �20� type approach �21�. This model was later used to

construct two-electron two-center correlated products in �22�
to study the double photoionization �� ,2e� of H2 and in �23�
for the simple �e ,2e�. In parallel to these two-center ap-
proaches, a one-center model which requires large basis sets
are also used in the procedures which try to introduce
second-order effects �24,25� and also in a tentative to apply
the convergent close-coupling �CCC� approach to the
photodouble ionization of H2 �26�. We must also mention the
method using the partial-wave approach constructed by the
solutions of the separable Schrodinger equation in prolate
spheroidal coordinates �27�.

Recently, ab initio calculations for the double photoion-
ization of molecular hydrogen were carried out �28–30�. Be-
sides its evident efficiency, this approach presents the advan-
tage of giving an appropriate numerical treatment to the
double continuum of the two slow ejected electrons, which is
one of the major difficulties of the double-ionization prob-
lems. The aim of our paper is to extend the application of
this approach to the double ionization by fast electron impact
using prolate spheroidal coordinates which by their nature
possess the symmetry of the diatomic systems and permit the
separation of the two-center one-electron Schrodinger equa-
tion.

The outline of the paper is as follows. In Sec. II we
present the fundamental aspects of the formalism, in Sec.
II B we give the numerical approach. In Sec. III we present
and compare our results.

II. THEORY AND PROCEDURE

A. Driven Schrödinger equation

In this section we will develop briefly the procedure based
on the formalism of the driven Schrödinger equation ��31�
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and references therein� and the external complex scaling
�ECS� �32� applied to the double ionization by photons �31�
and by electrons. We begin with the general expression of the
ionization amplitude

f�k� = ��k
�−���̂��0� �1�

where �0 represents the initial state of the target, �̂ the per-
turbation operator for a given process, k the set of momenta
of the ejected electrons, and �k

�−� the continuum wave func-
tion constructed by the sum of an incident wave and an in-
going spherical wave satisfying the stationary Schrödinger
equation

�Ĥ − E��k
�−� = 0. �2�

The Hamiltonian of the target can be represented as Ĥ= Ĥ0

+V, with V�r1 , . . . ,rNe
�=�i�j

Ne 1
�ri−r j�

the interelectronic poten-

tial. Here Ne represents the number of target electrons. Ĥ0

=��=1
Ne �− 1

2��
2 +U��r���, represents the hamiltonian of the

electrons in the field of the nuclei represented by the poten-
tial U��r��. The test function �k

�−� satisfies the equation

�Ĥ0 − E��k
�−� = 0. �3�

Using the Lippmann-Schwinger equation

�k
�−� = �k

�−� +
1

E − Ĥ − i�
�− V��k

�−�,

and replacing for �k
�−�, we get

f�k� = ��1 + �E − Ĥ − i��−1V��k
�−���̂��0�

= ��k
�−���1 + V�E − Ĥ + i��−1��̂��0� .

We then use the identity 1+V�E− Ĥ+ i��−1	�E− Ĥ0��E− Ĥ
+ i��−1, to arrive to the following expression for the transition
amplitude

f�k� = ��k
�−��E − Ĥ0���+�� �4�

where the “first-order wave function” ��+� satisfies the driven
Schrödinger equation

�Ĥ − E���+� = − �̂�0 �5�

with the boundary conditions of an outgoing wave.
We consider then the region V�R3ne in the configuration

space with ne representing the number of ejected electrons.
The Hamiltonian in the entire space can be split into two
Hermitian operators: one internal

Ĥin =
Ĥ0 + L̂S, r � V;

0, r�” V ,
�

and one external

Ĥout =
0, r � V

Ĥ0 − L̂S, r�” V .�
Here r= �r�
�=1

ne is the set of radius vectors of the electrons.

The Bloch’s operator L̂S, satisfies the Green’s formula

�
R

3ne

�L̂S�dV =
1

2
�

S
��nS���dS ,

where S represents the surface inclosing the volume V. Us-
ing this separation, we rewrite transition amplitude �4� in the
form

f�k� = ��k
�−��E − Ĥ0 − L̂S���+��r�V + ��k

�−��E − Ĥ0 + L̂S���+��r�” V.

Using the Hermitian property and Eq. �3� we obtain for the
internal integral

��k
�−��E − Ĥ0 − L̂S���+��r�V = ���+��E − Ĥ0 − L̂S��k

�−��r�V
�

= − ���+��L̂S��k
�−���,

and

��k
�−��E − Ĥ + V + L̂S���+��r�” V = ��k

�−��L̂S���+��

+ ��k
�−��V���+��r�” V,

for the external. This permits us to write

f�k� = − ���+��L̂S��k
�−��� + ��k

�−��L̂S���+�� + ��k
�−��V���+��r�” V.

�6�

Now, assuming that the volume V is chosen in such a way
that V→0 for r�” V, we can write

f�k� = i�
S

�nS · j���+�,�k
�−���dS . �7�

where

j��,�� =
i

2
�� � �� − �� � ��

represents the probability flux.
In the case of usual Coulomb interaction between elec-

trons V=1 / �r1−r2�, the third term in Eq. �6� is divergent, but
expression �7� produces accurate amplitudes with an overall
phase factor, which depends on the volume V �33,34�. This
factor has no effects on any physical observable.

Finally we define the perturbation operator for the single-
photon continuous-wave photoionization in the “length
form” by

�̂ = �
�=1

ne

e · r�, �8�

where e is the polarization vector of the incident radiation.
For the fast electron-impact ionization the perturbation will
be given by
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�̂ = −
2

K2 �
�=1

ne

exp�iK · r�� , �9�

obtained by the application of the first Born approximation to
the incident-scattered electron. Here K represents the mo-
mentum transferred to the target by the projectile.

B. Numerical method

Let’s consider a diatomic molecule with fixed internuclear
vector R=RnR. The nuclear attraction potential in the case of
H2

+ and H2 is given by

U�r� = −
1

�r −
R

2
� −

1

�r +
R

2
�

We employ the confocal elliptic �prolate spheroidal� coordi-
nates

� =

�r −
R

2
� + �r +

R

2
�

R
� �1,	�;


 =

�r −
R

2
� − �r +

R

2
�

R
� �− 1,1�; � � �0,2�� .

The stationary Schrödinger equation for single-electron two
Coulomb center systems like H2

+ is separable in this system
of coordinates, which contain by their nature the diatomic
symmetry of the problem. We have thus made the choice to
use it in contrast to the choice made in �28–30�, which apply
for the same molecule the spherical coordinates. The advan-
tage of our choice appears also in the fact that the singular
points of the two-center potential are situated on �=1. Our
method differs mainly by this choice and we will thus refer
to it as prolate spheroidal external complex scaling �PSECS�.
Recently, ECS for driven Schrödinger equation in prolate
spheroidal coordinate was already implemented �35� but only
for photoionization of molecular ion H2

+.
We solve Eq. �5� for a given electronic state designated by

the eigenvalue M of the z component of the total angular
momentum of the two electrons using the expansion

�M
�+��r1,r2� = �

m
�

l1=�M−m�

Nl−1+�M−m�

�
l2=�m�

Nl−1+�m�

�
j1,j2=1

N�

�Mmj1j2l1l2
� j1l1,M−m��1,
1,�1�� j2l2m��2,
2,�2� , �10�

where

� jlm��,
,�� = bmj���Ylm�arccos 
,�� .

The “radial” basis is given by B-splines of order k, modified
for accordance with square-root asymptotics at �→1 for m
�0

bmj��� = �bj
k��� , if m is even;

��2 − 1

�
bj

k��� , if m is odd. �
Herein, N� is the number of B-splines per radial dimension,
Nl is the number of spherical harmonics per electron. Note
that l is the angular-momentum quantum number only at �
→	. The set with size Nm of m, the eigenvalue of the com-
ponent of the angular momentum parallel to the molecular
axis, is chosen in such a way as to respect the symmetry of
the wave function.

We use Neumann’s expansion �36� for the electron-
electron interaction in prolate spheroidal coordinates

1

�r1 − r2�
= �

�=−	

	

�

=���

	

U
���1,�2�Y
��arccos 
1,�1�

�Y
,−��arccos 
2,�2� , �11�

where

U
���1,�2� =
8�

R
� �
 − ��!

�
 + ��!�P

�����Q


����� , �12�

Here Pl
m�x� and Ql

m�x� represent respectively the regular and
irregular Legendre functions �37�. As in the expansion of
angular wave function �10� is limited by Nl and Nm, we take
the limits of Neumann’s expansion �11� such that ���
��max�Nm−1, 
� ��max,�max+
max�, 
max�Nl−1. As a
result, we obtain a linear system with a sparse matrix

�H1 � S2 + S1 � H2 + U12 − ES1 � S2� · � = f �13�

Here S�s represent single-particle overlap matrices with ele-
ments

Sjlm,j�l�m� = �jlm�j�l�m��

=
R3

8
� � jlm

� � j�l�m���
2 − 
2�d�d
d�

=
R3

8
�mm���ll��

1

�max

bmj�
2bmj�d�

− �lm�
2�l�m��
1

�max

bmjbmj�d�� �14�

and H�s single-particle Hamiltonian matrices having the el-
ements
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Hjlm,j�l�m� =
R

4
�mm��ll� � 
�

1

�max

bmj� ��2 − 1�bmj�
� d�

+ �
1

�max

bmj� m2

�2 − 1
+ l�l + 1� −

RZ+

2
��bmj�d�� .

We put the total nuclear charge Z+=2 for H2.
The solution of the system of linear Eq. �13� is obtained

by the conjugate gradient �CG� method with preconditioning
matrix

Ã = H1 � S2
D + S1

D
� H2 − ES1

D
� S2

D

where SD represents the diagonal part of SD with respect to
the index l, Sjlm,j�l�m

D =Sjlm,j�lm�ll�, while S is three diagonal
by l.

Photoionization perturbation operator �8� can be repre-
sented via � and � waves �30�. Similarly, first Born operator
�9� in the right-hand side of Eq. �5� can be expressed via the
plane-wave expansion �38� in prolate spheroidal coordinates.

exp�iKr� = 4� �
M=−	

	

�
L=�m�

	

�KLM
� ��KR,�KR�il�KLM�arccos 
,��

�jeML�KR

2
,�� , �15�

where the jeml�c ,�� is the elliptic Bessel function and the
“spheroidal harmonics”

�Klm��,�� = Sml�KR

2
,cos �� exp�im��

�2�
;

�0lm��,�� = Ylm��,�� , �16�

are defined via prolate angular spheroidal function Sml�c ,
�
�39�. The “first-order wave function” can be constructed by
the partial waves

��+��r1,r2;K� = �
LM

�LM
�+� �r1,r2��KLM

� ��KR,�KR� . �17�

The limits of this expansion were chosen according to the
modulus K of the momentum transfer. In the calculations
concerning the simple �e ,2e� ionization we have taken par-
tial waves up to Lmax=4, Mmax=3 in the case of �s=1° �K
=0.3233�, and Lmax=5, Mmax=4 for �s=3° �K=0.9087�. In
the �e ,3e� calculations we have K=0.6682 a.u. and we as-
sumed Lmax=4, Mmax=4.

To unify and make clearer radial grid definition, we intro-
duce an accessorial variable r̃= R

2 ��−1�. In all calculations
below, except DPI calculations, we have used cubic
B-splines on a uniform mesh, with step �r̃=0.5 and r̃max
=50, which makes the number of splines N�=103. Param-
eters of the angular basis were chosen Nl=6, Nm

� =7 for even
M and Nm

�=6 for odd M. In DPI calculations, we have used
N�=104 splines of 4-th order, Nl=6, Nm

�=8 for �–wave and
Nm

� =7 for �–wave. To ensure the outgoing wave boundary
condition, following external complex scaling approach
�31,32�, the contour on the point r̃ECS=40 was turned to
complex plane on angle �ECS=45°. Neumann’s expansion

�36� was restricted to 
max=Nl−1, �max=Nm
� /2. For such pa-

rameters, the CG method converged after about 20–30 itera-
tions to a relative discrepancy of 10−6. In �e ,2e� calculations,
we used smaller angular basis: Nm=3 for M =0 and Nm=2
for other values of M, Nl=6, 
max=3 and �max=1. We ob-
serve that larger numbers about 60–70 iterations in CG were
required to attain the same relative discrepancy. This is ap-
parently due to the fact that the final energy E�0 is below
double-ionization threshold. The comparison between cross
sections calculated with different basis sizes �see Table I� and
other scheme parameters �the radius of the space box r̃max,
the complex scaling angle �ECS, the turning point r̃ECS, and
the amplitude extraction radius r̃S� shows that the numerical
error in our calculations is inferior to 2% for DPI calcula-
tions and 5% in �e ,3e� calculations.

We begin by calculating the wave function for the bound
state of H2, which will be used as initial-state function �0
in the right-hand side of Eq. �5�. Being the eigenfunction
of the same Hamiltonian matrix it is orthogonal to the
final-state function in Eq. �1�. We use the continuous analog
of Newton’s method �CANM� �40� which produces in each
step a system of linear equations of the same type as in
Eq. �13�. For the internuclear distance R=1.4 Bohr and
the above mentioned basis parameters for DPI calcula-
tions, we have obtained Born-Oppenheimer energy EH2
=−1.174 19 Hartrees, while the precise value EH2
=−1.174 475 714 220 �41�.

C. Amplitude extraction

The test function for single ionization with the formation
of H2

+ in �nlm� state in the united atoms designation is given
by

�knlm
�−� �r1,r2� = �k

�−��r1��nlm�r2� , �18�

where �nlm�r� represents the wave function of H2
+ in the

discrete electronic state, and �k
�−��r� the two-center con-

tinuum wave function for the momentum k and the screened
charge Z+=1. The natural choice of the surface S in Eq. �7�
is the spheroid defined by �=�S. The component of the flux
on the unit vector of dS takes the form

TABLE I. Convergence of the cross section of H2 double ion-
ization by 75 eV photons with the mesh step �r̃ and the angular
basis parameter Nl. The other parameters applied are: k=4, r̃max

=50, r̃ECS=40, �ECS=45°, Nm
�=2�Nl−2�, Nm

� =Nm
�−1, 
max=Nl−1,

�max=Nm
� /2, and r̃S=38.

Nl

�r̃

1.0 0.5 0.333333

4 3165.03 3034.37 3028.05

5 2963.59 2836.08

6 2899.06 2773.35

7 2891.90
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j�dS =
R

4
��S

2 − 1����k
�−����knlm

��1
− �knlm

��k
�−��

��1
��

�1=�S

d
1d�1,

where �knlm�r1�= ��nlm�r2� ���+��r1 ,r2��. The two-center con-
tinuum wave function is given as the sum of the spheroidal
partial waves

�k
�−��r� = �2��3/24��

lm

�klm
� ��k,�k�ile−i�klmTml� kR

2
,��

��klm�arccos 
,�� , �19�

where Tml��� represent the “radial” Coulomb spheroidal
functions �39�, and �klm the phase shifts. Here Tml�c ,�� and
Sml�c ,
� are obtained by the numerical solution of the sepa-
rated equations,

� d

d�
��2 − 1�

d

d�
+ RZ+� −

m2

�2 − 1
+ c2�2 + Aml�c��Tml�c,�� = 0;

� d

d

�1 − 
2�

d

d

−

m2

1 − 
2 − c2
2 − Aml�c��Sml�c,
� = 0,

using B-splines and Legendre polynomial bases, respec-
tively, with the same grid and basis size as in Eq. �10�.

The test function for double ionization is just the product

�k1k2

�−� �r1,r2� = �k1

�−��r1��k2

�−��r2� . �20�

Following �31�, both functions are defined for Z+=2. The
surface S is assumed to be a “hyperspheroid” satisfying ��1
−1�2+ ��2−1�2= ��S−1�2. The amplitude evaluation radius
r̃S= R

2 ��S−1�=38 Bohr was applied both for single and
double-ionization calculations in all examples below.

To explain why we have used fourth-order B-splines for
DPI calculation, we must say that a small overlap term ap-
pears when the integration is performed over the hypersphere
between probe function �20� of double continuum and the
single-ionization states. Emphasize, that the numerically
evaluated H2

+ continuum functions used in Eq. �20� are ex-
actly �up to machine accuracy� orthogonal to H2

+ bound
states functions, and overlap arises only due to integration
over curved hypersurface. We have seen that this artifact is
very sensitive and depends on the smoothness of the deriva-
tives of the wave function and probe function in Eq. �7�. So
for cubic B-splines, which have a discontinuity on the third
order derivative, this overlap term manifests itself as small
oscillations in the calculated cross section. The magnitude of
these oscillations is in general smaller than the numerical
error and usually does not affect the results, but for some
cases, such as for the determination of the variation of a
asymmetry parameter � with ejection energy, these oscilla-
tions are clearly seen. To avoid this we have applied fourth-
order B-splines for DPI calculation, which as we observed
eliminates the oscillations.

III. RESULTS

To test our procedure we have calculated single photoion-
ization cross section of H2, whose values are well established

both experimentally and theoretically. In Table II we com-
pare the calculated total photoabsorption cross section of H2
with tabulated experimental values from �42� for several
photon energies �. Here, the same parameters of the numeri-
cal scheme were used as in the DPI calculations presented
below, except for the case of �=36.45 eV �that corresponds
to the ejection energy Ee=20 eV�, for which we have used
the same parameters as in �e,2e� calculations. For �
=75 eV, only the five lowest single-ionization channels �i.e.,
with rest H2

+ ion in 1s�g, 2p�u, 2p�u, 2p�̄u, and 2s�g
states� cross sections and the double-ionization cross section
were taken into account in the total cross-section calculation.
For the other cases, all the open channels are accounted for.
It can be seen that the difference between the calculated and
experimental values is within the experimental error.

Next, we have calculated the threefold differential cross
section �3DCS� for the fast electron-impact single ionization
of Helium by assuming in our program very small R
=0.002 a.u. On Fig. 1 we can see that our curve is close to
the experimental data �44� and actually coincides with the
results obtained by other ab initio methods �43,44�.

Once this verification done, we passed to the determina-
tion of 3DCS of the simple �e ,2e� ionization of randomly
oriented H2,

��3��Ei,�s,�s,Ee,�e,�e� =
d3�

dEed�sd�e
=� ��5��R�d�R

Here

TABLE II. Total photoionization cross section of H2 �in Mb�

Photon energy
�eV� ECSPS Expt.a

21.0 6.86 6.77�0.20

26.0 3.92 3.85�0.12

36.45 1.39 1.36�0.04

75.0 0.124 0.124�0.004

a�42�.

��������

�
�
�
5�
g�
g1

9

P

39

3P

89

�� 5��	1
9 6P x9 37P 3W9 88P 8T9 73P 7E9


����
���
���
�

����g

��=PE99��e ��=9g6P
�e ��=39��

FIG. 1. �Color online� The DCS of the simple �e ,2e� ionization
of He in terms of the ejection angle �e for Ei=5600 eV, �s

=0.45°, Ee=10 eV. Present results �solid line�, TDS results �43�
�dashed line�, CCC results �44� �dotted line�, CW results �dash-dot
line�, and experimental data �44� �filled circles�.
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��5��Ei,�s,�s,Ee,�e,�e;R� =
keks

ki
�f�ke,K;R��2

represents the 3DCS of the molecule with fixed orientation
nR of the internuclear axis. In Fig. 2 we compare our results
to the experimental �9� and the theoretical �27� two-center
Coulomb wave �TCCW� results for two particular values of
the scattering angle. We see that the present PSECS under-
estimates the experimental points, while the TCCW and
other approximate methods give results which fit the experi-
ment very well. Comparing to the Helium case, and admit-
ting that the TCCW method is the two-center analog of the
Coulomb wave �CW� method for Helium one-center con-
tinuum, we can see clearly, that CW results overestimates the
3DCS as TCCW overestimates for H2. This suggests that
TCCW method is not precise and its agreement with experi-
ment rather casual. On the other hand, our results for the
total photoionization cross section for the same ejection en-
ergy �see third row of Table II� are in the good agreement
with the experimental ones. The difference between the ex-
perimental data and our ab initio PSECS results for H2�e ,2e�
can be explained by the poor energy resolution �about 4 eV�
of the experiment �9�. There is a lot of autoionizing states
�45� in the ejection energy region Ee=20�2 eV. So, this
difference can be caused by invalidity of fixed nuclei ap-
proximation for such states.

We next pass to the calculation of the cross section of the
double photoionization H2. We have first of all verified that,
results obtained by PSECS agree with the existing theoretical
ECS results of �30� which themselves agree with the experi-
mental results of �17� given in absolute value and with �16�

given in arbitrary units. As we can see on Fig. 3�a� the two
curves corresponding to the variation of the TDCS for an
aligned H2 molecule

��3���,E1,�1,�1,�2,�2;R� = k1k2
4�2�

c
�f�k1,k2;R��2

in terms of one of the ejection angles obtained by ECS and
PSECS are close to each other. Here PSECS gives for the
integrated cross section �=2.77 kb, while ECS gives �
=2.61 kb �30�. The difference between these two values is
much bigger than estimated numerical error of our calcula-
tions. The one-fold differential cross section �DCS� d�

dE1

= 1
3 � d����

dE1
+2 d����

dE1
�, and its �u and �u contributions �i.e., 1

3
d����

dE1

and 2
3

d����

dE1
�, shown on Fig. 3�b� also demonstrate such a dis-

crepancy. Our �u curve actually coincides with the full DCS
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FIG. 3. �Color online� H2�� ,2e� for photon energy �=75 eV:
a� TDCS as a function of the ejection angle �1 for E1=0.8E,
�2=40°, angles between the polarization direction and the molecu-
lar axis �R=20°, �R=0°; �b� DCS as a function of the ejection
energy E1 �thick black lines� and its �u and �u contributions �thin
red and blue lines�; �c� The parameter � as a function of the ejection
energy E1. Our results �solid lines� and ECS results in spherical
coordinates �30� �dashed lines�.
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curve from �30�. On the other hand, the asymmetry param-
eter �= 2

3 � d�
dE1

�−1� d����

dE1
− d����

dE1
�, shown on the Fig. 3�b�, calcu-

lated by PSECS differs from that of ECS by only 1%, which
is within the numerical error. We cannot explain this notice-
able difference in the DCS between our results and those of
�30�. We must emphasize that convergence tests for each
parameter of our numerical scheme �the number of angular
basis functions, the size of radial grid step, the number of
used terms in the Neumann’s expansion, the radius of the
space box, the complex scaling angle and turning point, and
the amplitude extraction radius� show that the estimated nu-
merical error of our results is in the limits of few percents,
that is, much smaller than the observed difference with �30�.
Anyhow, this difference is much less than the errors of ex-
isting experimental data �46,47�.

To extend our procedure to the double ionization of H2 by
fast electron impact, we have calculated the fourfold differ-
ential cross section �4DCS�

��4��Ei,�s,�s,E1,E2,�1,�1� =
d4�

d�sdE1dEd�1
=� ��5�d�2

of this process for randomly oriented H2 molecules. We have
chosen the same dynamical situation as in the unique
�e ,3-1e� experiment �48� to our knowledge. Here the inci-
dent electron energy Ei=612 eV, the scattered electron en-
ergy Es=500 eV, the scattering angle �s=1.5°, only one of
the two ejected electrons which has the energy E1=51 eV is
detected. The conservation of the energy permits us to de-
duce the energy of the unobserved ejected electron energy
E2=10 eV. We have determined the fivefold differential
cross section �5DCS�

��5��Ei,�s,�s,E1,�1,�1,E2,�2,�2�

=
d5�

d�sdE1d�1dE2d�2
=

1

4�
� ��5��R�d�R

such that

��5��Ei,�s,�s,E1,�1,�1,E2,�2,�2;R� =
k1k2ks

ki
�f�k1,k2,K;R��2

which gives the 5DCS for a fixed internuclear axis orienta-
tion. As we mentioned above only the two atomic electrons
are treated by the ab initio procedure. Exchange between
scattered and bound electrons is neglected and the action of
this electron is taken into account through Eq. �9�. The com-
parison of our results to the experimental data �48� and the
earlier theoretical attempts �24,49�, which are based on ap-
proximate functions for the ejected electrons, is shown in
Fig. 4. The experimental data are given in arbitrary units. We
have thus renormalized it to obtain best visual fit with our
PSECS curve, which is given in atomic units. Curiously, the
results of 3C shown on the curve �24� is close to our PSECS
ones, not only in shape but in magnitude also. We chose
between the numerous MTCC curves in �49� the one with
�i=−0.2 /ki, which is the nearest to our curve in magnitude. It
seems that, the disagreement of theory with experiment in
position and relative magnitude of peaks is caused by the
sequential mechanism of the double ionization, where the
second Born interactions, which are not taken into account in
our and all earlier attempts, could be important. During this
process the incoming electron knocks out each target elec-
tron independently in contrast to the simultaneous double
ionization where the incident electron ejects an electron and
the shake off mechanism causes the ejection of the second.

The dependence of 4DCS on the nature of the target is of
additional interest. In Fig. 5 we show our results for the
�e ,3-1e� of helium compared to the experimental results of
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�48� and our H2 results from Fig. 4. It can be seen that,
helium and H2 curves are very close to each other. This
confirms what is observed experimentally �48� that is the
two-center character of H2 is not manifested in 4DCS in such
experiment conditions. This is not the consequence of aver-
aging over the molecular axis direction nR as one might ex-
pect. From Fig. 6 it is clear that 4DCS is very weakly de-
pendent on the internuclear axis direction.

IV. CONCLUSION

We have extended the recently developed ab initio
method using the driven Schrodinger equation and external
complex scaling method �28–30� to the simple and double
ionization of H2 by fast electron impact using prolate sphe-
roidal coordinates which possess naturally the symmetry of
the diatomic systems. Our procedure which combines the

advantages of ECS and the use of prolate spheroidal coordi-
nates, confirms existing results on the simple ionization of
He and H2, and double photoionization results on H2. Com-
paring our results with �e ,3-1e� experimental data demon-
strates the significance of higher order processes for mean
energy electron impact. In the future we will develop this
method in a way to take into account the contribution of the
sequential double ionization to �e ,3-1e� process.
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