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The resources required to solve the general interacting quantum N-body problem scale exponentially with N,
making the solution of this problem very difficult when N is large. In a previous series of papers we develop
an approach for a fully interacting wave function for a confined system of identical bosons with a general
two-body interaction. This method tames the N scaling by developing a perturbation series that is order-by-
order invariant under a point group isomorphic with Sy. Group theory and graphical techniques are then used
to solve for the wave function exactly and analytically at each order, yielding a solution for the general N-body
problem which scales as N° at any given order. Recently this formalism has been used to obtain the first-order
fully interacting wave function for a system of harmonically confined bosons interacting harmonically. In this
paper, we report the application of this N-body wave function to a system of N fully interacting bosons in three
dimensions. We derive an expression for the density profile for a confined system of harmonically interacting
bosons. Choosing this simple interaction is not necessary or even advantageous for our method, however this
choice allows a direct comparison of our exact results through first order with exact results obtained in an
independent solution. Our density profile for the wave function through first order in three dimensions is
indistinguishable from the first-order exact result obtained independently and shows strong convergence to the

exact result to all orders.
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I. INTRODUCTION

The interacting quantum N-body problem becomes par-
ticularly challenging when N is large. Unlike the correspond-
ing classical problem where the resources required to solve
the problem scale as a polynomial in N, the resources needed
to solve the quantum N-body problem scale exponentially
with N, frequently doubling for every particle added [1,2].
When interparticle interactions are weak, the mean-field ap-
proximation may be used to avoid this exponential scaling
with N. When interactions are larger, phenomenological
models are often used. Typically the phenomenological mod-
els are only valid for a range of interaction strengths, masses,
etc., so more general first-principles approaches which tackle
the quantum mechanical exponential N-scaling issue head on
are needed [3,4]. Such first-principles methods for confined
N-particle quantum systems include coupled cluster methods
[5], the method of correlated basis functions [6,7], and den-
sity functional theory [8]. Of particular note in this regard are
Monte Carlo methods [3,4,9-18].

We take a different approach and develop a non-numerical
method for systems of confined identical bosons which uses
group theory and graphical techniques to tackle the N-scaling
problem (see Ref. [19] and the references therein). This
method circumvents the severity of the N-scaling problem by
using a perturbation expansion about a maximally symmetric
structure in large dimensions which has a point group iso-
morphic to Sy. Group theory is then used to separate the N
scaling problem away from the interaction dynamics, allow-
ing the N scaling to be treated as a straight mathematical
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issue. The perturbation expansion of the Hamiltonian is
order-by-order invariant under the Sy point group, yielding a
problem at each perturbation order that can be solved, essen-
tially exactly and analytically, using group theory and
graphical techniques. Once this mathematical work, which
involves significant analytical effort, has been completed at a
given order, it never has to be repeated again for a new
interaction or a different number of particles, i.e., the prob-
lem scales as NC.

As part of this solution, small finite, Sy-invariant basis
sets are used that are complete at each order, and as N in-
creases, the group theory and graphical techniques ‘“hold
their own” with the result that the number of elements of this
basis does not grow with N. (The basis elements must remain
invariant under the N! operations of the Sy group which puts
increasing restrictions on the growth of the set as N gets
larger.) The completeness of this basis at each order was
established in Ref. [19]. Since the elements of this basis,
called binary invariants, are themselves invariant under the
maximal point group symmetry, the invariance of the Hamil-
tonian at each order is naturally ensured by expressing it in
terms of this relatively small basis (7 elements at lowest
order in the wave function and 25 elements at next order).

The equation for the lowest-order wave function is solved
by a transformation to normal coordinates. At first this would
seem to be a formidable task since there are N(N+1) coor-
dinates to transform into normal coordinates. However, this
transformation is facilitated analytically, for arbitrary N, by
the fact that the large-dimension Sy point group symmetry
greatly reduces the size of the basis to only seven members
at this order for any N.

Applying this approach at lowest order, we have previ-
ously derived beyond-mean-field energies [20,21], frequen-
cies [20], normal mode coordinates [22], wave functions
[22], and density profiles [23] for general isotropic interact-
ing confined quantum systems (a brief four page summary of
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the method at lowest order, along with some lowest-order
results, may be found in Ref. [24]). More recently, in a major
development of the method presented in Refs. [19,25], we
have extended this analysis to first order in the wave func-
tion, which required the development of new techniques to
handle, exactly and analytically, the complexity of coupling
the many normal coordinates of the lowest-order solution.
This basic approach, developed at first order, is general
enough to be extended to higher orders in the perturbation
expansion. In Ref. [19], the general theory in Ref. [25],
which derives the wave function through first order for an
arbitrary isotropic system, was tested on the exactly soluble
system of N harmonically interacting particles under har-
monic confinement. When this wave function was compared
to the exact analytic wave function obtained in an indepen-
dent solution and then expanded analytically through first
order, exact agreement was found, confirming this general
theory for a fully interacting N-body system in three dimen-
sions [19].

In the present paper, we test this general fully interacting
wave function in Ref. [25], exact through first order, by de-
riving a property—namely, the density profile which is di-
rectly observable in the laboratory for a Bose-Einstein con-
densate (BEC). We test it on the same exactly soluble system
of N harmonically interacting particles under harmonic con-
finement. Our density profile analytically derived from the
first-order wave function and evaluated at D=3 is indistin-
guishable from the D=3 first-order result from the indepen-
dent solution and shows strong convergence to the exact D
=3 result to all orders.

This derivation of the density profile for the wave func-
tion through first order builds upon previous isotropic work.
The isotropic lowest-order ground-state wave function was
derived in Ref. [22] and the corresponding lowest-order
ground-state density profile was derived from this in Ref.
[23]. The isotropic first-order ground-state wave function
was derived in Ref. [25] and checked in Ref. [19]. This work
is reviewed in Sec. II. The derivation of the density profile
for the general wave function through first order is found in
Sec. III. Section IV presents the application and results. The
Appendix presents the exact independent solution for the
density profile through first order from the full
D-dimensional density profile for this system, which is also
derived independently in the Appendix from the full
D-dimensional wave function for the harmonically interact-
ing system discussed in Ref. [19]. Section V is the summary
and conclusions section.

II. DIMENSIONAL EXPANSION AND LARGE-DIMENSION
POINT GROUP SYMMETRY

A. Dimensionally scaled Jacobian-weighted S-wave
Hamiltonian in internal coordinates

In previous papers we have been developing an approach
to the quantum mechanical problem of N interacting particles
confined by an external potential, where N may be less than
10to 107 or larger. This approach uses the inverse dimen-
sionality of space as an expansion parameter. Both the
lowest-order and first-order wave functions have been de-
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rived, as well as the lowest-order density profile and corre-
sponding energy [19-23,25,26].

In dimensionally scaled oscillator units, the Jacobian
weighted, L=0 Schrodinger equation reads [23,27]

FI(D—( L 7,v )cD—E"cb (1
- K(D) + eff - 5 )

where

N
_ 1 &
T=#*->, ——
[ E{zmiﬁf
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i=1 2MT; > k>i OV 4 IYik

v;j is the angle cosine between particle i and particle j,

r; — —

=——, E=«k(D)E, H=«(D)H, 3
= D) (D) (D) 3)
r; is the distance of particle i from the center of the confining
potential, and (D) is a dimensional scaling factor which
regularizes the large-dimension limit (it is discussed in more

~

detail below). The effective potential Vg is composed of the
nonderivative (“centrifugal”) portion of the kinetic energy U

plus the confining and interparticle potentials, V., and V,
respectively, i.e.,

Veff = U + Vconf + ‘7? (4)
where
N
Vconf = 2 17conf(’_‘i) s (5)
i=1
r®
N NWN-2)+(D-N- 1)2(?
U=, #* , 6
z k(D)8m; }7[-2 (©)
N-1 N
V=2 2 V() (7)
=1 j=i+l

I" is the Gramian determinant, the determinant of the matrix
whose elements are y;; (see Appendix D in Ref. [21]), and
' is the determinant of the same matrix minus the ith row

and ith column. The limj .. x(D)xD? to ensure that U is
finite as D — . Defining & to be the inverse dimensionality
(so that limj,_,., is equivalent to lims ) and (&) to be the
ratio of D? to «(D),

1
o= D’ (8)
4(6) = FxD)’ )

then () is finite as §— 0 (D — ). The actual form of (D)
is chosen to simplify the problem at hand subject to the
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requirement that lim;, ., k(D) D?. Examples of (D) for
various systems are listed after Eq. (10) in Ref. [23].

Defining a position vector, y, consisting of all N(N
+1)/2 internal coordinates,

T2
Y13
Y3

Yi4 _

- V24 _
_ r _ ry
y =< ), where y= Va4 and r={ . |,
Vis .
V25

YN-2.N

YN-1.N
(10)

and taking all of the masses of the particles to be the same,
m;=m, Eq. (1) can be written as

HDO =[8L(OT + Vo ]® = ED, (11)
where
{HT=-7

ﬁfVlG(i;&)Vl»Vz 07'\7]/2’ (12)

‘_/eff@; 5’N) = [j@» 57N) + Vconf(i; 67N) + ‘7@7 6?N)7

(13)
F(i)
N NN-2)8+[1-(N+ 1)5]2<?>
U@y:8.N) =2, 528 p— :
i=1 mr[
(14)

d5 =0l dy, are the derivatives of the elements of the y column
vector and G(y;0) is the N(N+1)/2XN(N+1)/2 dimen-
sional block-diagonal tensor,

2
. h 5(5)IN 0
Gy:0)=| m . (15)
0 |67 y:9

with Iy as the NXN dimensional diagonal unit tensor,
G"(r,y;6) as the N(N-1)/2 X N(N-1)/2 dimensional ma-
trix of elements,

12 48) (Vi — vy vw) 5
) i
4r;

l

[G(F,v:0)ip.an = o (16)

and &; is the Kronecker delta (as distinct from the inverse
spatial dimension, &). This paper uses the implicit summa-
tion convention, i.e., repeated indices are summed over (un-
less explicitly noted otherwise), and this convention has been
used in Eq. (12).
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B. Dimensional expansion

As discussed in previous papers, the Hamiltonian and
Jacobian-weighted wave function and energy are expanded
in powers of &"2, where =1/D. Dimensionally scaled in-
ternal displacement coordinates, 7-’ and '7,-' j» are introduced,

F=Fe+ 877 and  yy=y.+ 87y, (17)

where the 7; are the dimensionally scaled radii and the v;; are
the angle cosines between the position vectors of the N par-
ticles. They are collected together to form the internal dis-
placement coordinate vector y,, where
=
Y12
—
Y13
=/
V23
—
Y4 —
Yau =
5/ r vy =/ ! r2
y'=\_, ], where ¥ = N and r'=| . |,
Y — :
Yis —
—r
V25

—r
YN-2.N
—

YN-1.N

(18)

and the dimensionally scaled, Jacobian-weighted Hamil-
tonian, Jacobian-weighted wave function and the dimension-
ally scaled energy are expanded in powers of &' to give
H=H.+8"H_+ 5> (8" H,,
j=0

O (7, %j) = 2 (51/2)j @
Jj=0

)

E=E.+ 87 E_ +52 (8" E,, (19)
Jj=0
where
H,=E., (20)
H—l =Ezn—1 =0, (21)

e 1
Hy=- 2 <20)GV1 vy a_, O’L, 2 (ZO)F"] &) y”lyv +(()0)F (22)

Fo_Log i, 0 _Log 7
1= 23 VIVZVEyVl V3 21
i (1) —r = = (1) —r
+ 3' 3 FVI’VZ’VS yVlyV2yV3+ 1 FVyV' (23)

The superprescript on the F and G tensors in parentheses
in Eqs. (21)—(23) denotes the order in 62 that the term en-
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ters (harmonic being zeroth order). The subprescripts denote
the rank of the tensors.

In general, H,, is of order n+2 in the elements and deriva-
tives of y' (second order in the derivatives) and formed of
either all even or all odd powers of the elements and deriva-
tives of ¥’ when n is even or odd, respectively.

C. Large-dimension point group

According to Eq. (17) the system localizes as D— o on a
configuration centered about r;=7., and 7;;= .. This struc-
ture has the highest degree of symmetry where all particles
are equidistant from the center of the trap, equiangular from
each other, and hence equidistant from each other (a configu-
ration that is only possible in higher dimensions). The point
group of this structure is isomorphic to Sy which in effect
interchanges the particles in the frozen D — o structure. This
together with the fact that the full D-dimensional Hamil-

tonian, I:I, is invariant under particle exchange means the
dimensional expansion of Eq. (19) is order-by-order invari-

ant under this Sy point group, i.e., the H ; are each invariant
under the Sy point group.

D. Normal mode coordinates and lowest-order wave function

According to Eq. (22), H,, which determines the lowest-
order wave function, is that of a multidimensional harmonic
oscillator, and so a solution for the lowest-order wave func-
tion is effected through a transformation to normal coordi-

nates. Since H, is invariant under the Sy point group, these
normal modes transform under irreducible representations
(irreps.) of the Sy group. The transformation to normal
modes is linear, and so the irreps. which the normal modes
transform under are determined by the irreps. present in the
reducible representations under which the ' and %’ vectors
transform. These are found to be the [N], [N-1,1], and
[N-2,2] irreps. Two normal modes transform under two
one-dimensional [N] irreps. of Sy, 2(N—1) normal modes
transform under two (N-1)-dimensional [N—1,1] irreps.,
and the N(N-3)/2 normal modes transform under an N(N
—3)/2-dimensional [N-2,2] irrep. We denote the two one-
dimensional [N] irreps. by 0% and 07, the two
(N—1)-dimensional [N-1,1] irreps. by 1* and 17, and the
N(N-3)/2-dimensional [N-2,2] irrep. by 2.

If the normal modes are chosen to transform under or-
thogonal [N], [N-1,1], and [N-2,2] irreps. of Sy, then H,
takes the form

I:I0 =— %(9;,(7‘1, + %q’TAq’ + BO)F, (24)

where A is the diagonal matrix of the square of the frequen-
cies. While there are N(N+1)/2 frequencies, one for each of
the normal modes, the large-dimension Sy point group
greatly limits the number of distinct frequencies to at most
only five, one for each of the five sets of normal modes
labeled by 0%, 0-, 1*, 17, and 2.

From Eq. (24) the lowest-order wave function is a product
of N(N+1)/2 one-dimensional harmonic-oscillator wave
functions in the normal mode coordinates,
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I1 H Pu(u, g)(\’

u={0"1%2} &1

Do(q') = Wlade,  (25)

where ¢, g)(\w [¢,]o) is a one-dimensional harmonic-
oscillator wave function of frequency @, and n(u,é) is the
oscillator quantum number, 0=<n(u, §)<oo which counts
the number of quanta in each normal mode. The index u
labels the manifold of normal modes with the same fre-
quency @, while degeneracy of the uth normal mode is de-
noted d,=1, N-1, or N(N-3)/2 for u=0%, 1%, or 2, respec-
tively.

E. Transformation to normal modes: Symmetry coordinates

The transformation to normal modes would appear to be a
formidable proposition since if N is in the millions, the num-
ber of normal modes P is of the order 10'? or larger. How-
ever, the D— oo structure is maximally symmetric (see Ref.
[21]), and it is this maximal point group symmetry which
allows the normal modes to be derived (see Ref. [22]).

The normal modes may be written as

g% =c%(cos 0% [S; ¢ +sin 62 [S2, 1)) (26)
for the @=[N] and [N—1,1] sectors, where the * denote the
two normal mode vectors for each a and

R L (27)

where the symmetry coordinates [S}, ] (defined in Ref. [22])
may be written as

2 E Yias

N
1
[N] —1 [NV]
S , = ’,—_E T, S =
TN ! 4 N(N— D2 i

[IN-11Ty _
e {3 5

i I-1 i N
[sh"1,= —*([E PRSI 7’]
7 Vii+DWN=-2\| S = M o S
—z[E 7’k;+1+ E ')’l+11:|>
1=i+2

where 1 =i=N-1, and

J=1 ' = Lilyn
2 2 Yy

j’:2 k=1

1
Vii+1)(j=3)(j-2)

[S[;\/]_lﬂ]ij =

i—1 i i
+2 2 Wy -0-3)2 ¥
k=1

k=1

i
_Z(E 7/: 1+1)+ 2 y(1+1 )

j'=i+2
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+i( = 3) Y1y |- (28)
where 1=i=<j-3 and i+3=j=N.

F. Next-order Hamiltonian correction in the normal
coordinate basis: Clebsch-Gordan coefficients of Sy

After applying the linear transformation to normal modes
to the higher-order terms in the expansion of H in Eq. (19),

each of the higher-order terms, H » is polynomial in the nor-
mal modes and their derivatives. Defining Gy and Fy to be
the G and F tensors in the normal coordinate basis, the first-
order Hamiltonian takes the form

_ 1 1
1 — 1 —r —r —
Hl == E[g )GV]VI,VZ,V3 q;l‘?ti’%(?t?’y} + ;[g )FV]VI,VZ,V3 CA@Q{Q‘]%

1 —r
- E[gl)GV]V &’7” + [(11)Fv]v q,- (29)

Since each higher-order term is scalar under the maximal Sy
point group symmetry i.e., they transform under the [N] rep-
resentation of the maximal Sy point group, the normal coor-

dinates in each monomial term in H ; must be coupled to-
gether by Clebsch-Gordan coefficients of Sy to produce a

scalar quantity. Thus we can write

[(11)Gv]u = [(11)7'[sz]]¥ 5[N]a’
[(11)Fv]u: [<11)7{N]]Y 5[N]m

1 1) G R
[g )GV]VI’VZ’VS = % [(3 )Tal,az,a3,R]Y1,Y2,Y3 [Ca1a2a3 ]§I’§Z’§3’

1 1 R
:(5 )FV]VI,VZ,V3 = % [:(5 )il,az,a3,R]Y1,Y2,Y3 [Calaza3 ]§|,§2,§3a

(30)

where the Jyy, and Cu12%R are the appropriate Clebsch-
Gordan coefficient of Sy. Here repeated «, a», and a5 labels
are not summed over. The indices Y run over + and —. There
are two linearly independent Clebsch-Gordan coefficients
coupling three [N—2,2] irreps. together to form a scalar [N]
irrep. Thus R has two values, running from 7 to /I when
ajaya3=222. All other couplings of the [N], [N-1,1], and
[N-2,2] irreps. have only one Clebsch-Gordan coefficient,
and so R has only one value, /. The small coefficient tensors,
7, depend on the specifics of the system.

G. First-order wave function

Previous applications of dimensional expansions went to
very high order, but for systems with a large number of de-
grees of freedom, the derivation of these high order terms is
computationally prohibitive and subject to numerical diffi-
culties. In Ref. [28] Dunn et al. presented an algorithm by
which these corrections may be derived exactly using tensor
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algebra. Using this formalism, the first-order correction to
the lowest-order wave function is derived in Ref. [25]. Writ-
ing the wave function through first order as

®(q") = (1+6"A)P(q"), (31)
then A satisfies the commutator equation

[A,Hyl®) = H,®,. (32)

To solve this equation, it is helpful to note that since ®y(q")

is a Gaussian function, the derivatives in H; and H,, written
in normal coordinates “bring down” normal coordinates from

the exponent so that H, effectively becomes a third-order
polynomial of only odd powers in q’.

1. Evaluation of derivatives in H 1Py

We evaluate the derivatives implicit in Eq. (32), noting
the Gaussian form of ®,(q’), to reduce the operator equation
to a polynomial equation in g,

g Po(q') == B,q, Po(q’). (33)

7, Po(q') =[- &, + @(q;)"1Po(q"). (34)
Therefore with the substitutions

(?qL—> -w, q,’,, (35)

o o —
: - wviwvj qViQVj - 51] wvi? (36)

A, Ay
%4,

the action of H; on ®,(q’) becomes equivalent to the action
of a third-order polynomial (H,).; on ®(q’),

H ®y(q") = (H)) ey Po(q), (37)
where
_ 1
(Hy)egr= > <__[:(51)GV]V1,V2,V3(I) @

vy V.
273
V1,V,13 2

1 1
+ ;[(3 )FV]VI,VZ,V3>QI,/lq]’J2q1,}3

1 1
— (1) — 2r() —
+ E (22 [3 GV:IVI,Vz,VZ wV2 + 2[1 GV]Vlel
Vl VZ

+ [S”FVL])q;I. (38)

We define the (4 X 4 X 4) tensor 7";11’#2,#3 and the length-4
column vector 7/;1' so that the above equation may be written
in terms of Clebsch-Gordan coefficients of Sy, CH1#aksR (see

£1:60:83
Sec. V.B in Ref. [25]), and their coefficient tensors

8, 3, +~ O
Mo Ry ™ g 31 3 Ty R

(39)

Hy _

1
__mG
Tﬂ]»l‘«zs,“:;sR_ 2 3 T:ul
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1
a1 .6 _ WG~ .0
Ty = E Dty 3 Tt gt @y * 51 T Oy ¥ 1 T

(40)
where repeated u, and us; indices in Eq. (39) and repeated
w; indices in Eq. (40) are not summed over. Therefore, the

polynomial (H,).; may be written in the following compact
form:

= H
(H)er= 2 oty gty R
Hpspo:k3,R

X 2

£.6.6

+ >

w#={0+,0-}

CMWzMsR

1 2 §'; [qlﬂ]gl [qM2]§2 [q/ﬁ}]gﬁ

g, (41)

2. Derivation of the cubic A
From Egs. (32) and (41) (in Sec. I G 1), we obtain the
polynomial equation
[A,Hol®g = (H,)etr Po. (42)
Solving this equation for the polynomial A, we obtain
= (1) iy o3, R
A= E E G /‘1 Motz R Cfll 522’533 )
Bt u3 R €608

xla, Jela Jelan Je+ 2 Vgl (43)

#={0+,0-}
where
O
(DA S o Vi o il (44)
Dokt tTG + 6, + 6,
ma _ Lo oo
1 Tge=—"[=1 T2 (45)

+E d ((1)7'0 unt (l P +g])7'A 2] (46)

Therefore, the first-order many body wave function is ob-
tained by multiplying the lowest-order wave function by A, a
polynomial in q given by Egs. (43) and (44),

®(q") = (1+5"A)Dy(q"). (47)

III. DERIVATION OF THE DENSITY PROFILE FOR THE
WAVE FUNCTION THROUGH FIRST ORDER

A. Recap: The lowest-order density profile

In Ref. [23], we derived the Jacobian-weighted density
profile at lowest order by integrating over many of the de-
grees of freedom of the wave function and transforming that
integral from normal to internal coordinates. We arrived at
(Eq. (68) in Ref. [23])

PHYSICAL REVIEW A 80, 062108 (2009)

R
S(D)Ni(r) = N/ Z?D)Rexp{ ( K\('g)—\"D?w> ]

(48)
The factor S(D) is the D-dimensional solid angle [27],
270"

S(D) = (49)

and the quantity R (a number) is defined in Eq. (87) below.

Notice that the lowest-order Jacobian-weighted density
profile is a Gaussian (normalized to N) centered around r
=k(D)7.,, the D— o configuration radius in oscillator units
(see Egs. (9) and (13) in Ref. [23]). The form of this Gauss-
ian function is flexible in the sense that its shape depends on
the values of two quantities, R and 7.,. However, this lowest-
order Jacobian-weighted density profile is still limited to a
symmetric shape about r=«(D)r.. The corrections derived
from the first-order wave function will add further flexibility
by allowing for asymmetry.

B. Density profile corrections from the wave function
through first order

The derivation of the density profile for the first-order
wave function is similar to that of the lowest-order density
profile in that the same transformations are used to perform a
change of coordinates. Integrals over the normal coordinates

’ ’ ’ ’ - =1 ol[N]
Go+ o [41+In-1, and [g_]y_; are transformed to 7, 7, ST" ,

and [S[Ti\,/_l’l]](,v_l), where

N-1
o=, 7. (50)
i=1

The density profile for the first-order wave function is
derived from the first-order wave function in a similar way
the to lowest-order derivation. In Ref. [23] we showed that
we can write

S(D)N(V)=Nf J Odr—ry)

dy
JogH? II Ildg)le|. 51

u=0"1%2 &1
By simply substituting [, ®(q’ )= L2(1+5”2A)2[ ®y(q)]?
for [ ®(q')]? in Eq. (51), where L, is the normahzatlon con-

stant for the wave function through first order, we obtain the
density profile for the first-order wave function as

NL . -
S (D)

dy
H H d[q"‘]§

—* u=0"1%2 &1

N1(V)

X S(r = ry)(1+28"7A + 6A*)[ Do(q") ]
= Li[1+ 8" \N(r) + 8 N (1) INy(r), (52)

where &/(r—r;) is the Dirac delta function (differentiated
from the inverse dimension, &, by the subscript f). Since the
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density profile is a positive quantity (it involves the square of
the wave function, a real quantity), for V;(r) to be a positive
function of r for all real positive & implies a relationship
between | N;(r) and ,N,(r), specifically

NP
2/\[1(”)=—[1 ;( )] , (53)
so that
Ni(r) =Lf{1 + 672 Milr )] Ny(r). (54)

Thus to derive the density profile, N;(r), from the through
first-order wave function we only have to derive | N, (r) [L;
and ,|(r) are determined by |/V{(r) through Eq. (53)].
From Eq. (54), the correction to first order in 6" to the
lowest-order Jacobian-weighted density profile is

8L (N (D No(r)

NL? o
" S(D) MI Lo 1,_[+ y Ala,le

PHYSICAL REVIEW A 80, 062108 (2009)

1N1(V)N0(V)

x dy
:—Zf o8 B S N R AP R
S(D) J_. —2 1% £ ey N

(1)
X( 2 2 3 ﬁ‘lvﬂzvﬂsﬂ
Ml’ﬂz,lt}’R 51’52,53

C#ll-‘zl-%

! ! !
Ebrs [qM1]§1 [CIMZ],gZ [QM3]§3 + 2

w#={0+,0-}

1
ﬁ)n‘iq;)

X [®o(@")T, (56)

where w;, uy, and u3 each run over 0%, 07, 1* 17, and 2, and
1<§1 §2 &=d, where d,,=1, N-1, and N(N-3)/2 for u
=0+, 1%, and 2, respectlvely When wn=2, =R =II; other-
wise R=1.

1. Normal coordinate integrals

We simplify Eq. (56) by defining the (P X P X P) tensor
M vy of integrals and the length P column vector ;M , of
integrals as special cases of the rank n tensor of integrals,

nle,Vz,. f f

!
XQVIQVZ tee

du
H H d[q;L]g 5f(”— )

*® =017 2 &1

¢}, [ ®o(@)P" (57)

X &lr—r N)A[gq)()(q,)]z' (55) Indexing ;M and M by (u;,§;) rather than v; (see Table IIT
of Ref. [29]), we can write the density profile as a tensor
Substituting A from Eq. (43), we obtain contraction,
|
NN = o o, = 3 U ot 302 ) (58)
(D) Kpppou3 R 61,626 By gl §2 & TThkG u={0+,0-}

Each element of the M tensor is an integral.

Due to the presence of the Dirac delta function in ;M and
1M we must treat integrals over normal coordinates involv-
ing ry differently from those that do not involve ry. As in
Ref. [23] which derives the lowest-order density profile
Ny(r), we note that ry appears in only four normal coordi-
nates, ie., in gg. gg- [q£+]d1+, and [qi_]dl, [see Egs.
(26)—(28)]. The remaining [N(N+1)/2-4] integrals, the
overwhelming majority of the integrals, are easily evaluated
using the integral identity

] _ o [1+exp(im7r)] <m+l>
Vi rym,~o,(q,) da' = r
»f_oo ™ (g% v 20 —m/2 2 ’

(59)

which is zero when m is odd. Thus many terms are zeroed
out; only those terms involving even powers of the normal
coordinates which are independent of ry contribute.

Thus from Egs. (58) and (59) we find

2N A !
Ni(DN(r D C“"‘2“3'1 My
1 l( ) 0( ) S(D) M,%ﬂ, 3 M 'u, p, 1 d Zr,d'ur 3 dﬂr dﬁzd %
1Mo M3
1) _A (1) _A (1) A app I (1) A !
+2 22_ ( ##M,I'i'g T/-LM MI ;U~ ﬂ#l)cgfdr ’,Otl TM; IM'M#V N (60)
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where all primed indices range over 0~ and 17, O, 0= equals
1 when u'=0" but is 0 otherwise, j ranges over 1~ and 2,
and 1=¢é=d;~—1=N-2 when g=1" or 1=¢=d,=N(N
—3)/2 when p=2.

2. Clebsch-Gordan tensor contractions

The relevant Clebsch-Gordan elements and sums in the
above equation are

=1,
100, 10, 01,
C -1 111_ 1N—111_ 1 INII_O’
110,/ 101,/ 011,/
Chvoi et 1=Cci T =6 v v = 1 (61)
cll1l M
-1 N—l N-1— ’N(N_— 1),
N-2
110/
2 Gy, =N-2, (62)
§=
N(N-3)/2
S @ NNES) (63)
< E¢e1 T 2
&1
N-2
1117 N-2
> Cr ) m——, (64)
o VAN -
N(N-3)/2
2 1.1
> Gil=o (65)
&l

Equation (65) simply follows from the fact that since the 2
irrep. indices are saturated, there is nothing to couple the 1
irrep. index with to form a scalar 0 irrep.

Equation (60) may be further simplified by defining two
tensors which hold the coefficients of the elements of

M“'ffz“ﬁd , and M“, tensors. We define a 4 X 4 X 4 tensor,
’E ! ;2' e to be the nonzero coefficients of the elements of
M"'ff”‘i . (which are cubic in ry),
1 2 3
S = WA csimnsd (66)
Ppobigoiy = 3 Tupph il T dyndyd

We emphasize that the above equation is a simple elemental
multiplication; no summation is implied. Using the above
Clebsch-Gordan elements, we obtain

SEoi’oi’Oi = TOAi’Oi’()t, (67)
3E1t,0i’0t = 3E0t’1t,0t = 3E0:’01’11 =0, (68)
3E1r’1r,01 = Tfi’li’ot, (69)
3E0t’0t’1t = Tfiyoiq0i7 (70)
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A
3E0‘_r,1t,1t = Tox 1= (71)
3 - (N_ 2) A
Eyrqz== UERER ED (72)
1-1-1 \'N(N— 1) 1-1-1

In Egs. (67)—(72), each = associated with a sector w is taken
to be independent of the * associated with the other two
sectors.

We also define a length-four column vector 'E ' to be the

nonzero coefficients of the elements of IM"“', (which are
o
linear in ry),
g, =S L (1)
W= S T a3 T
B %
(1), A i’ I (1), A
+3 TM’sﬁﬁJ)2 Cgédﬂy + 5#/’0‘; 1 TM" (73)
4
ie.,
1 (N=2) 1 A A
Eg== 2 oy, (7'1+1+0*+ Trors T Torrere)
(N 2) 1 A A
> w_(7'110*+7'10 -+ Torrr)
NN=3) 1 A
tTy _(7'220++ 7'20 2t 7'0 2+ {7pss
(74)
N-2
1 (1)_A A A
== NN N(N—_1)w_(3)7'1+1+1++(3 Tppzpe 5 Tpee)
N-2
- = (A (A (A
2\'mw G Tty Tty T
(75)

Using Egs. (66) and (73), Eq. (60) may be written in a sim-
pler form as

P - gy g
Mo K3

NI(PNo(r) = S(D )< /E %Eﬂll‘z/’«z 3Md1ﬂﬁu3d,

S e, ,ij;,). (76)
o'

3. Transformation of the integrals to symmetry coordinates

The elements of the M tensors are integrals over the nor-
mal coordinates. We use the T transformation in Ref. [23],
where
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10"
q

q/07

2%

=Ta', (77)
g In-

lg’ 1_:|1v—1

to write these M tensors in terms of integrals over the coor-
dinates of the four-element vector

o w

where
—r
rg
(V]
b'= Sy , (79)
N-1,1
[ P
i.e.,
"Mgfiff’i;% = > Ty i Tusiy- Tut i oMy s
2 n il’i2*""in
(80)

where T is given in Egs. (53)—(55) in Ref. [23]. Applying the
analysis of Sec. VI in Ref. [23] to the , M, ; ; tensor, we
arrive at

TJ 5f(r—a1)

M

iy =

Xaa,...a; exp(— Koa? - 2a,K"b’
-b'"ICb ) da, &> b, (81)

where K, K, and IC are defined in Egs. (59)—(61), respec-
tively, in Ref. [23] and J; is the Jacobian of the transforma-
tion from g, g,-, [qur’ and [q;_]dl_ to the internal coor-
dinates @’ (Eq. (55) in Ref. [23]).

Substituting Eq. (80) into Eq. (76) we obtain the density
profile in terms of integrals over internal coordinates, i.e.,

N ()N (r) =

sl

> 3Ei|i2i3 M+ 2 E 1M5),
iLinsi i

(82)
where the (length 4) column vector |=; and the (4 X4 X4)
tensor 5=, ;. are

15522 IE'U'/T/J'/’[-, (83)
I’LI

== 3 . .
3 iiyiz 2 E,u.i,,ué,,ué T,u{,zl T,u,é,z2 Tp,é,z3- (84)

! ! ’
MpsMos My

4. Evaluation of the integrals

To perform the integrals of Eq. (81) for 3M; ii, and 1 M;
in Eq. (82), we define the four-component vector

PHYSICAL REVIEW A 80, 062108 (2009)

_(%o
V—< . ) (85)

Equation (81) can be written as a series of derivatives of a
term proportional to Ny(r),

M

@X<—1L>

ofL9 -1 4
27 aV;, )\ 27 9V,

I

X exp(— Ky a? —2a,K"b" —b'"KCh") da,d’b’

(86)
where we have also used Eq. (67) in Ref. [23],
- — — _
Wo+Wg- (1)1+(1)1—JT
R=——"—=(K,-K'K'K). 87
= (Ko 6]
Upon using the integral identity
f f exp(=b'TICh’ — 2a,K"b")d"b’
/2 ,
= ——exp(a’KTK'K), (88)
ydet IC P

in Eq. (86) we obtain

Mo =\~ (89)
iy = N (D)2
w(zL 9 V(=L 9 -1
27 v, J\ 27 v, ) T\ 27 oV,

Xexp[— (Ko — KTICT'K)7?], (90)

which yields
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R ~
P e 7 e 71 n=2 ce.
Miiy.i, =\ 5K(D)2’7TC(1X[' WXy X XX P X 1 Xy X, X XX T+ oX iy 2 Xy 1Xg 1 X

2Xijiy 2Xiziy X 7 X oXi i when n is even
X lXi F’n_4+ cee gt 12 3%4 n—1'n . . (91)
! 2Xiyiy 2Xigiy X 0 X 2Xi i, 1Xi T when n is odd,
|
where the x’s are elements of 3Eijx= > > > T Ty T
1 < 1 ) =01} pp={0= 1%} pa={0£,12}
=—-Vy(-R)= , 92
]X 2 V( ) _ K—IK ( ) XSE/J(I‘MTMS, (100)
1V 1/0 O 03 1, i=1 (101)
2X=75 v®1)(—2 0 K-/ (93) 1Xi = _(KK),,, 1<i=4,

four-dimensional ~vector and ,x is a

X s
4 X 4-dimensional matrix. The C operator acts on each term
in Eq. (91) to produce a sum of terms over all the distinct
combinations of indices.

From Eq. (91) we can now evaluate each element of the
M tensors,

R

(M= e (D)m X (94)

R —3
3Mi1i2i3 = 5 k(D)mr [1)(:'1 1Xiy 1Xi5"

+ (2Xiiy 1Xiy F 2Xi iy 1X0y + 2Xigiy 1X )T ]
(95)
C. Result: Density profile for the first-order wave
function

1. Density profile in displacement coordinates

Using Eqgs. (94), (95), and (82) in Eq. (54) yields the
density profile

_NL} [ R ( oM _,3)2
Nl(r)—S(D) 5<D)n 1+ > (A7 +A5F°)

Xexp(— R7'?), (96)

where the quantities A; and Az in the polynomial are

A =2[E Xi 1Bt E (2Xi1i2 1Xiy T 2Xiiy 1Xiy

i s
* 2Xiyiy 1Xi1)3Ei152i3], (97)
A3=2 2 1Xiy 1Xi, 1Xi, 3Eili2i3’ (98)
i3
where
Ei= 2 T, 'E, (99)
p={0=,1=}

and

-1 -1
2Xij 1Xk= K:i—l,j—l 1Xk ®i—]®j—] + ’Cj—l,k—l 1Xi ®j—l®k—l

+ ’C;—ll,i—l 1X; 010y, (102)
where
0 when m=0
0,= (103)
1 when m=1.
Since
+00 52 2
f (1 (AT A 7’3)> exp(- RF'?)dr’
[ 4A2R? + 124 ,A4R + 15A2
- %( LA — 3)> (104)
\rR 32R\
for R >0, we conclude that
32R3
Ly (105)

T 3R+ 5 (4AXR® + 124,45 R+ 1542)

The density profile for the through first-order wave func-
tion has the form of a sixth-order polynomial multiplied by
the lowest-order density profile. Note that the density profile
is a function of the coordinate r, which is not the dimension-
ally scaled internal displacement coordinate 7' (r;D). Thus
one must make the following substitution in Eq. (96) to ob-
tain the density profile as an explicit function of r:

7'(r;D)=5'1/2( : —Fx). (106)

(D)

We have derived the N-body density profile for the wave
function through first order in 2. This density profile,
N (r), of Eq. (96) includes the full interactions of N particles
through first order in the perturbation series exactly and ana-
lytically. The details of the interactions at each order are
folded into R, A;, A3, and 7.

2. Density profile in oscillator units

For the case of a system under harmonic confinement
(such as the present trapped Hooke’s law gas or a BEC in a
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parabolic trap) we may choose an oscillator-unit scaling
k(D) =Daj,,, where

_ 1
o = 372 ho- (107)
Therefore
«(D) = \Day,, (108)
r [y
7= (— - \’DFOO), (109)
Ao
and defining
r
Fose=—— (110)
Aho

in oscillator units, we obtain the Jacobian-weighted density
per particle,

NO(VOSC) X w = \/Eexp[_ R(rosc - \*"Bfoc)2],

N T

(111)
S(D 52

Nl(rmc) X % = L%(] + T[Al(rosc - \’/Bfoo)
— 2
+ A3(rosc - \”DFOO)3]> X NO(rosc) X % .
(112)

IV. TEST APPLICATION: HARMONICALLY
INTERACTING PARTICLES UNDER HARMONIC
CONFINEMENT

In this paper we have derived the Jacobian-weighted den-
sity profile for the wave function through first order as an
example of an observable which may be derived from the
N-body interacting wave function. We test this general for-
malism for the density profile by comparing it to the density
profile of the analytically solvable system of N harmonically
interacting particles in a harmonic-confining potential with
Hamiltonian

(S @
pot(S[- Lo i) ay
7

2\5 i i<j

The exact analytic density profile for this system is indepen-
dently derived in the Appendix [see Egs. (A48) and (A54)],
and this is expanded through first order in "2 to yield the
exact density profile through first order [see Eq. (A70)]. This
analysis shows that the density profile for any N or interac-
tion strength follows a universal curve when a simple scaling
is applied to the radial variable (it should be noted that this is
not true of the wave function) and is given by

PHYSICAL REVIEW A 80, 062108 (2009)

[n(7)/N]sdr 7

00~ e
0.0 0.5 1.0 1.5 2.0 2.5 3.0

=4[ Aetf T/ano

FIG. 1. Scaled density profile at D=3 for N harmonically inter-
acting particles under harmonic confinement in oscillator units of
the confining potential. The dotted curve is the lowest-order density
profile, while the dashed curve is the density profile for the first-
order wave function. The solid curve is the exact result. The scaling
factor, Y\, is explained in the Appendix.

2D"? _D-1 2
NF) = D Tor eXp(— DFag)., (114)
r(3)
2
where
Fer = \NegiT» (115)
NA R
Netr= o A=V +NN, N,=w,/w, (116)
and

1
My :TN(V)- (117)
eff

By expanding Eq. (114) to first order and using Eq. (53) we
obtain

512 273 2/ 5\ 12
N, 1(7éff) = L%[ 1+ T\E - Féff ; exp(- 27e’f2f),

(118)

where

, 9%
3= .
96 +50

This scaled density profile for D=3 (5=1/3) is plotted in
Fig. 1. One readily sees the improvement obtained from the
first-order wave function, confirming the efficacy of this ap-
proach to the general confined N-body problem, which may
be systematically improved by going to higher orders.

The general theory developed in this paper for the density
profile involves no such harmonic interaction specific scaling
since it is applicable to any interparticle potential, not just
harmonic interparticle potentials. Consequently in Figs. 2
and 3 we plot the density profile for D=3 (5=1/3) without
this harmonic-interaction specific scaling for two very differ-

(119)
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N=10,000, 1,*=100

s T N T

[n(7osc)/N 4 rosc2

P P P P M
0.00 0.02 0.04 0.06 0.08 0.10

Tosc=T/lno

FIG. 2. Unscaled density profile at D=3 for N=10 000 particles
under harmonic confinement with strong attractive harmonic inter-
actions ()xf,: 100) in oscillator units of the confining potential. The
dotted curve is the lowest-order density profile, while the dashed
curve is the density profile for the first-order wave function. The
solid curve is the exact result. The parameter )\12,, as explained in the
Appendix, is the interaction frequency squared in oscillator units of
the confining potential.

ent interparticle interaction strengths. Both are for N
=10 000 particles, but Fig. 2 features strongly attractive in-
teractions, while Fig. 3 is for a repulsive interaction just be-
low the dissociation limit. In the former case the system is
tightly bound and very compact. In the latter case the con-
fining potential is barely able to hold the system together
against the combined effect of the repulsive interactions, and
the system is very extended.

The density profile derived from the general N-body for-
malism developed in this paper and implemented in MATH-

N=10,000, 1,°=—1/N+10""

0.025

~N

0.020 |
0.015f

0.010

[0(7ro5c)/N]47 rosc2

0.005 |

Wd
0.000

Tose=T/Ano

FIG. 3. Unscaled density profile at D=3 for N=10 000 particles
under harmonic confinement with repulsive harmonic interactions
()\[2,=—1/10 000+ 10719 in oscillator units of the confining poten-
tial. The system is just below the dissociation threshold and very
extended. The dotted curve is the lowest-order density profile, while
the dashed curve is the density profile for the first-order wave func-
tion. The solid curve is the exact result. The parameter )\12,, as ex-
plained in the Appendix, is the interaction frequency squared in
oscillator units of the confining potential.
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EMATICA [30] code [31] is indistinguishable from the density
profiles derived from the exact independent solution of the
harmonically interacting system. The agreement between the
general formalism, which uses a perturbation series invariant
under Sy, and the direct density profiles of Egs. (114) and
(118) obtained in the Appendix, confirms the correctness of
the general formalism developed in this paper and its imple-
mentation in MATHEMATICA [30] code.

V. SUMMARY AND CONCLUSIONS

While the resources required to solve classical systems
scale as a polynomial with the number of particles, N, allow-
ing calculations to be performed involving large numbers of
particles, the situation regarding large-N quantum systems is
not so felicitous. In this case the resources required scale
exponentially with N, making calculations for large-N quan-
tum systems a far more formidable challenge unless N and
the interparticle interaction strengths allow an approxima-
tion, such as the mean-field approximation.

In a series of papers, we have been developing an ap-
proach to the general interacting quantum system of N iden-
tical bosons, which while essentially analytic makes no as-
sumptions regarding the form or strength of the interparticle
interactions. This approach derives the interacting N-body
wave function for identical bosons, from which any observ-
able quantity can in principle be derived. In the process,
collective normal mode coordinates are derived revealing the
nature of the microscopic motions of the particles of the
system for any interaction. Using this wave function, prop-
erties such as energies and density profiles have been de-
rived.

The method involves expanding the system in inverse
powers of the spatial dimension D. At large D, systems ex-
hibit a point group structure of a far higher degree of sym-
metry (isomorphic to Sy) than is possible in three dimen-
sions, allowing group theory and graphical techniques to be
used to tame the exponential N scaling, leading to an essen-
tially analytic solution at lowest order in the wave function.
This large-dimension Sy point group partitions the normal
modes of the system into five groups, each of which trans-
forms under an irreducible representation of Sy. The physics
of the problem involves center-of-mass excitations (for a sys-
tem under harmonic confinement), breathing-mode excita-
tions, single-particle excitations, and phonon excitations. The
two normal modes which transform under scalar [N] irreps.
are, for a harmonic-confining potential, the center-of-mass
and breathing modes; there are two groups of normal modes
which transform under [N—1, 1] irreps. which are radial and
angular single-particle modes and one group transforming
under the [N-2,2] irrep. for phonon modes.

More recently, in a major development of this approach,
this method has been successfully extended, analytically and
exactly, to first-order in the wave function, and in principle
the techniques developed to do this can be extended to yet
higher orders. To any finite order, the problem scales as N°.

This paper is concerned with the application of this first-
order wave function to the derivation of a physical property
of interacting N-body quantum systems, namely, the density
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profile of the first-order wave function. In a test of this
theory, the density profile derived from the first-order wave
function is tested on an exactly solvable model, namely, a
system of harmonically interacting particles in a harmonic-
confining potential. The harmonic interparticle interactions
may be attractive or repulsive and if the interactions are suf-
ficiently repulsive the system will dissociate despite the pres-
ence of the harmonic-confining potential.

The general theory developed in this and prior papers
agrees with the exact results for this system obtained from
the independent solution, showing strong convergence to the
exact three-dimensional result for both strongly attractive in-
teractions and repulsive interactions just below the dissocia-
tion threshold.

While this paper (as well as Ref. [19]) has focused on the
harmonically interacting system in a harmonic-confining po-
tential, the theory is not limited to these systems and in past
papers we have examined other systems at lowest order, such
as the Bose-Einstein condensate, N-electron atoms, and
quantum dots. While the lowest-order approximation for the
BEC captures the behavior of the system for a range of N
and interaction strengths, when N or the interaction strength
is larger than this range, the lowest-order density profile in-
creasingly does not have the flexibility needed to capture the
behavior of the system. The result derived from the first-
order wave function does have this flexibility and so it is
very desirable to apply this density profile to strongly inter-
acting BECs as well as other strongly interacting systems. Of
particular note is the fact that the functional form of the
density profile of Eq. (112), derived from the first-order wave
function, admits structure (wiggles) indicating the onset of
crystallization or fermionization. Although such behavior is
not seen for the long-range harmonic interactions examined
in this paper, other systems do exhibit such transitions.

While we focused in this paper on density profiles, the
theory derives the exact first-order wave function from which
any observable may be derived. Also excited states may be
derived, and the theory needed to extend these results to
higher-angular-momentum states has been set up [32,33].
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APPENDIX: DENSITY PROFILE OF HARMONICALLY
INTERACTING PARTICLES SUBJECT TO A
HARMONIC CONFINING POTENTIAL—AN

INDEPENDENT SOLUTION

The Hamiltonian of the harmonically interacting model
system of identical particles is

N
_ 1(2 [_ L wgrg} .S wg,r,.%j). (A1)

2\% ; i<j

1. Exact N-body wave function

Making the orthogonal transformation to center-of-mass
and Jacobi coordinates,
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1o 1 i
R=?E r, and Pi=—(2 "j—i"i+1>,
j=1

VN k=1 Vii + 1)
(A2)
where 1 =i=N-1, the Hamiltonian becomes,
N-1
1 & ) 1 ( e
=-S5+’ R |+ |- —S + ol p?],

2 ( (?Rz w; 2 E (9P,2 Wine P;

(A3)

the sum of N, D-dimensional harmonic-oscillator Hamilto-
nians, where

Wi = \ wtz + Nwi. (A4)

The ground-state solution of the Schrédinger equation

HY = EV (AS)

is the product of harmonic-oscillator wave functions,

N-1

‘l’(R,{p,},D) = w(R;wt’D)z lvzf(pi;wint’D)a

i=1

(A6)

where (r; w,D) is the D-dimensional, harmonic-oscillator,
ground-state wave function,

P72 ©
(r;w,D) = D CXP —Erz , (A7)
and (r;w,D) satisfies the normalization condition,
f [W(r;o,D)? P 'dPr=1, (A8)
0
so that
w N-1
f [Y(R.{p}:D)PI] d°pd’R=1. (A9)
—e i=1

2. Exact N-body density profile

Since the wave function is a completely symmetric func-
tion under any permutation of the particles, one can write the
Jacobian-weighted density profile as

N-1

./\/(r)=NJ [WR.{p};D)Po(r—ry) [] dPp;d®R,

i=1

(A10)
where from Egs. (A6) and (A7), the unweighted wave func-
tion is

DI2 D/2\ (N=1)/2
w w (Uin
vty - 2ol 5 )| 2

(A11)

N-1
xI1 eXP(— wzimp?)-
i=1

Since the transformation from single-particle coordinates,
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ry,...,ry, to Jacobi and center-of-mass coordinates,
{p;} and R, is orthogonal,
WP\ [ P2 \N-1
Nr) = N(ﬁ) ( ng;2> M(r)=r"p(r), (Al12)

where p(r) is the unweighted density profile, and

M(r) = f dPr,d®r, ... d°ryO(r —ry)

N-1
Xexp[— (w, - winoRZJexp[— wim<R2 + 2 p?) ] :
i=1

(A13)
Defining
r
r
Nr:rIEBrZGB"'EBrN: . s (A14)
ry
W=y Ip, (A15)

where I, is the DX D dimensional unit matrix in the
D-dimensional coordinate space and Jy is the N X N dimen-
sional matrix of elements equal to 1 in the particle label
space, then we can write

1

R*=— " yJ 1, (A16)
N
N-1 N
R+ 2 pi=2 rj=y Iy (A17)
i=1 i=
where

Iy is the N X N dimensional unit matrix in the particle label
space. Since [dPry=[ry'dry[dQy, where [dQy is the in-
tegral over the D-dimensional solid angle, we can write

M(r) = f dPr,dPr, ... d°ryO(r —ry)

®,—
XCXP(— %N’INJN')eXP(_ @i T AT

+(N-1)ow;
= S(D)"! exp(— Lot (V= 1) )“’m‘]#)
N
X f dDrldDr2 dDrN_l
Xexp(= y_yr" A y_yr = 2B i), (A19)

where
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27"
S(D) = —— (A20)
D
3)
2
is the D-dimensional solid angle,
Nl =r@r, @ - ©ry, Oy, (A21)
((1) — win)
A=y + TN_IJ’ (A22)
B= (wz _ wint) Cl r, (A23)
N
N-tJ =y ©Ip, (A24)

Jy_i is the (N—1) X (N—1)-dimensional matrix of elements
equal to 1 in the particle label space of the first N—1 par-
ticles,

N_II=]IN_1 ®ID, (A25)

and ly_; is the (N—1) X (N-1)-dimensional unit matrix in
the particle label space of the first N—1 particles,

d=1,01,, (A26)

where 1, is the (N—1)-dimensional column vector of ele-
ments equal to 1 in the particle label space of the first N—1
particles so that

N-1

AT =2 1 (A27)
k=1

Using the result

o] 7Tn/2
f d"b exp(—-b"Ab - 2B"b) = /—exp(BTA_lB)
vdet A

—o0

(A28)

in Eq. (A19), with the identification n=D(N-1) and b=r, we
obtain

M(r) = S(D) ! exp<_ Mﬂ)

77,D(N—l)/Z
X /—A exp(BTA™'B).

(A29)
AY det

Thus we need to evaluate det A and A~". First A~'. One has

that (U®V)"'=U"'® V~!. Thus writing
U=aly_ + Bly_1» (A30)

where a=w;, and B=(w,—w;,)/N, and using the closed al-
gebra,

et Ine =N =1) Jnegs
Inver Iver = Ivey e = e

Iyvor Iver = Iy, (A31)

we obtain
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a+(N- 1),8JN_1>'
(A32)

1
U™ =(aly +Bly.) " = ;(IN—I - B

So with V=Ip, one finds that

(0, = @)

1
A‘lz—(l CLUME
Wing M v - 1)@, + @y

JIN_1> ®1Iy. (A33)

To evaluate det A we note that
det(U ® V) = (det U)(det V), (A34)

where d; and dy are the dimensionalities of matrices U and
V, respectively. The determinant of I}, is simple enough and
equals unity. For det U of Eq. (A30), we show that

det U=det[aly_; + Bly_1]1= ™I a+(N-1)B].
(A35)
Proof: We have
detfaly_; + Bly-1]=IE

) (A36)

where E is the diagonal matrix of eigenvalues of V and |E||
is the norm of E, the product of its eigenvalues. Now since
Jno1= lclcT, Xy_1= ﬁlc is seen to be a normalized eigenvec-
tor of U satisfying

Uxy_1=En_1 Xy_1s (A37)

where
EN_1=a’+(N— I)B (A38)

The remaining N-2 eigenvectors, x ; V 1=j=N-2, are or-
thogonal to xy_; so Jy_1x;=0 V 1=;=N-2, from which it
follows that

where
Ei=a, V I=j=N-2 (A40)
Putting it all together we arrive at Eq. (A35) (QED).
Using Eq. (A35) in Eq. (A34) we arrive at
detA = a® V2 [a+ (N-1)8]°, (A41)
D(N-2)
==\ LV =Dy + o], (A42)

As for exp(B"A™'B), Egs. (A23) and (A33), along with

171y 1.=(N=1), (A43)
17 )y 1.=(N=1)%, (A44)
give us
(N=1)(0,— 0)*
BTA™'B) = ( 2] (A45
exp( ) =exp N- Do+ o (A45)

Thus from Egs. (A29), (A41), and (A45) we obtain
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71,D(N—l)/2 ND/Z

VOP V2N = 1), + @i ]

nt

M(r) = S(D)rP!

exp(— weftrz) s

(A46)
where
e = Nwtwint
I [+ (N =D’

Finally using Egs. (A20), (A46), and (A47) in Eq. (A12) we
obtain

(A47)

IN(\ D/2
N(r) = Lwa’) Pl exp(= Ao, %),  (A48)
(3)
2
where
Nwint 1
Nepf=———————— = —. A49
M+ (N- Do, 27 (449)
Note that
f N(r)dr=N. (A50)
0

3. Dimensional expansion of the number density
a. Dimensional scaling

To obtain the dimensional expansion of the density profile
of Eq. (A48), we first need to regularize the large-dimension
limit by dimensionally scaling the parameters and variables.
As in Ref. [21], we define dimensionally scaled frequency @,
and the dimensionally scaled oscillator-scaled radial variable
r,

0,=D%w,, (A51)
_ =r w;
FENG 5= / o (A52)
from which we derive
()\eff w,)D/zrD_ldr = ()\eff D)D/sz_ldF. (A53)

Thus the number density in dimensionally scaled coordinates
is

D/2
N7 = %#’-' exp(= Ay DP),  (AS4)
r(3)
2
where
J N({#F)dr=N. (A55)
0

Equation (A54) implies [as does Eq. (A48)] that up to a
scaling, the density profiles for harmonically interacting par-
ticles in a harmonic-confining potential follow a universal
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curve for any N or interparticle interaction strength in oscil-
lator units A\, = w,/ @;, where

— NA
N=VI+NA2 and A= ———.
A

(A56)
This is simply seen by scaling the dimensionally scaled ra-
dius 7

_ — _
Fet = VAefs T (A57)

and scaling the wave function by the multiplier 1/\#:“ from
the change of variables

1
dF= - d? ffs
Warr

(A58)

which gives the equation for the universal curve of the den-
sity profile as

INDP2
N(Fesp) = D i exp(= Drgy), (A59)
r(5)
2
where
f N(Tey) dregs=N (A60)
0

As D—oo, the number density of Eq. (A54) becomes
more and more strongly peaked at (7). determined from

AN (Ferr)

— =0, (A61)
dregy

D—o

and thus the peak of the number density occurs precisely at
the large-D radius parameter,

1=

(Feff)oc =7 (A62)

\r

[\S)

b. Series expansion

As in Ref. [21], we introduce the dimensionally scaled
displacement coordinate

Teff = (retf)oo + 5 eff_ Dl/z [reff+ D (’Teff)oc]
(A63)
so that
_ |
dreff= m dreff. (A64)
Thus
2N _ .
M) = D Frgp+ D' (Fgp) ]!
()
2
Xexp[— (o + D" (Feff)oo)z]’ (A65)
where
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f _ M (Fét‘f) d Féff =N

-\D (Feff)oc

(A66)

To derive the dimensional expansion of Eq. (A65), let us
first consider expanding [7.g+ D" (7)., ]P~!. We derive

[7ee+ D V2 (Fogp)oe ]!

(D-1)/2 —3 —r
D
_ (—) [1 + 5‘”(—?“ LS ) + 0((5)}
2 3(Tep)se (Pegp)oo

125
X exp( efr)exp( ). (A67)
(Tefe)oe
Likewise we also have
exp{—[Tor+ D' (Fegr) '}
D R
= exp(— —)exp(— p2—=ft )exp(— ).
2 (reff)oo
(A68)
Equations (A62), (A67), and (A68), along with
D
1 5(D-2)/4 exp( Z)
(A69)

oy o
(P ‘
2

give us the result we are after, namely,

— 12 [~ 2’7éf3f — 2\
M) =N| 1+ 8"V2 3 et +0(9) pu

Xexp(- 275, (A70)
where through order 5 the normalization condition
f Mrgdrye=N (AT1)

is still satisfied.

As we noted after Eq. (A55), the density profile for har-
monically interacting particles in a harmonic-confining po-
tential follows a universal curve for any N or interparticle
interaction strength A ,=w,/ ,. Although the density profile
has this property, the same cannot be said for the wave func-
tion for N harmonically interacting particles in a harmonic-
confining potential. For example, many terms in the wave
function through first order in 6'? [see Egs. (24)-(26) in Ref.
[25]) are zero for the free trap (\,=0—N=1—Ag=1, 7,
=1/42, and v.=0). Thus there is no simple scaling between
the wave function for noninteracting particles in a harmonic-
confining potential and the wave function for harmonically
interacting particles in a harmonic-confining potential.
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